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A microbistable piezoelectric energy harvester has been developed. The harvester was based on a center-fixed and quadrilateral-free
microbistable plate with mass blocks placed at the four corners. Considering the thermoelectromechanical coupling effect, a
nonlinear oscillation differential equation was established by Hamilton’s principle. Strain gradient theory was applied to
consider the size effect, and von Karman theory was used to consider the large deformation effect. The influences of the laying
position and area of the piezoelectric layer on the efficiency of energy capture were investigated. The voltage-frequency response
of the nonlinear system was investigated, and the snap-through behavior of the bistable plate results in energy harvesting
achieving the ideal broaden frequency range before the resonance region.

1. Introduction

Piezoelectric energy harvesters are devices that convert
ambient environmental vibration into electrical energy by
absorbing ambient vibrations. The bistable plate can trig-
ger snap-through by overcoming the critical load to realize
large amplitude oscillations. Therefore, piezoelectric energy
harvesting with the characteristics of a bistable plate can
improve the energy harvesting efficiency [1]. With the devel-
opment of microelectromechanical system (MEMS) technol-
ogy, the size of wireless sensors is simultaneously becoming
smaller. To cope with the trend of miniaturization, piezoelec-
tric energy harvesters that provide energy for wireless sensors
often tend to be miniaturized [2].

In recent years, bistable piezoelectric energy harvesting
has been widely explored. The nonlinear behavior of the
bistable plate, such as chaos and the transition between the
two steady states, is used to drive the piezoelectric plate to
achieve broadband vibration in the nonresonant frequency
environment. In 2010, Arrieta et al. [1] proposed a bistable
composite laminate with four attached piezoelectric patches
and an asymmetric set-up to capture energy in broadband
frequency. They found that high energy conversion can be
obtained with snap-through between the stable states. In
2012, Betts et al. [3] used an electrical function to study the
effects of the aspect ratio, thickness, stacking sequence, and

piezoelectric area on the efficiency of energy capture. In
2013, Betts et al. [4] continued their previous experimental
work to understand the dynamic response of the structure,
and they used high-speed digital image correlation to identify
the dynamic modes and study the energy capture character-
istics. Experiments showed that the large deformation caused
by snap-through improves the efficiency of energy capture.
In 2015, Syta et al. [5] experimentally identified the dynamics
of the system response by generated voltage time series, and
the frequency spectrum, bifurcation diagrams, and phase
portraits were investigated. In 2016, Syta et al. [6] used non-
linear time series analysis methods of the Fourier spectrum
and recurrence quantification analysis to experimentally
investigate the dynamic response of energy harvesting and
relational capturing energy generation.

With the development of MEMS technology, the micro-
bistable structure has been widely investigated. In 2010,
Andò et al. [7] considered the nonlinear behavior of a
bistable cantilever beam to broaden the spectrum and lower
the frequency. They then performed a numerical study based
on stochastic differential equations to evaluate the behavior
of a MEMS device. In 2016, Medina et al. [8, 9] demonstrated
dynamic snap-through of micromechanically initially curved
beam structures under electrostatic actuation. Experimental
and theoretical results showed that snap-through motion
can be achieved by tailored time-dependent electrostatic
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actuation. In the same year, this group constructed a model
of a microscale circular curved bistable plate and investigated
its reliability, accuracy, and suitability. By applying reason-
able low voltages, the actuation feasibility of a microbistable
plate with realistic dimensions was demonstrated.

Most reports have discussed triggering of snap-through
in macroscale bistable plates. However, few studies have
described the snap-through behavior in microscale plates
for energy harvesting. In this study, we investigated the
effects of the laying position, area, and thickness of the piezo-
electric layer on the efficiency of piezoelectric energy harvest-
ing for microbistable piezoelectric energy harvesting. The
unique snap-through behavior of the bistable plate was inves-
tigated, and several wide frequency ranges were discovered.

2. Device Modeling

With the aim of microbistable piezoelectric energy harvest-
ing, the four corners of the base layer were covered with
mass blocks and the pedestal provides harmonic excitation:
w =w1 ⋅ sin ωt , where w1 is the amplitude and ω is the
vibration frequency, as shown in Figure 1.

The displacements of any point in the x, y, and z
directions are

u x, y, z, t = u0 x, y, t − z ⋅
∂w
∂x

,

v x, y, z, t = v0 x, y, t − z ⋅
∂w
∂y

,

w x, y, t =w0 x, y, t +w1 sin ωt ,

1

where u0, v0, and w0 are the displacements of any point on
the neutral surface in the x, y, and z directions.

According to von Karman’s large deformation theory, the
nonlinear strain expressions are given by

εxx =
∂u
∂x

+ 1
2

∂w
∂x

2
,

εyy =
∂v
∂y

+ 1
2

∂w
∂y

2
,

γxy =
∂u
∂y

+ ∂v
∂x

+ ∂w
∂x

⋅
∂w
∂y

2

The stress expressions for the base layer are obtained
from the constitutive relation:

σSxx =
ES

1 − υ2S
εxx − αS ⋅ ΔT + υS εyy − αS ⋅ ΔT ,

σSyy =
ES

1 − υ2S
εyy − αS ⋅ ΔT + υS εxx − αS ⋅ ΔT ,

τSxy =
ES

2 1 + υS
⋅ γxy

3

Similarly, the piezoelectric layer stress expressions are
defined as

σPxx =
EP

1 − υ2P
εxx − αP ⋅ ΔT + υP εyy − αP ⋅ ΔT ,

σP
yy =

EP

1 − υ2P
εyy − αP ⋅ ΔT + υP εxx − αP ⋅ ΔT ,

τPxy =
EP

2 1 + υP
⋅ γxy,

4

where E is the elastic modulus, υ is Poisson’s ratio, α is the
thermal expansion coefficient, hp is the thickness of the pie-
zoelectric layer, e31 and e32 are the piezoelectric coefficients,

w = w1sin (𝜔t) w = w1sin (𝜔t)

y

z

x

R

Figure 1: The energy harvesting structure diagram.
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V is the electric potential, superscript S represents the base
layer, subscript P represents the piezoelectric layer, and ΔT
is the temperature change between the processing and nor-
mal operating temperatures. All of the MEMSmanufacturing
processes, such as sputtering [10], deposition [11], and the
sol-gel [12] method, involved high-temperature processing.
The difference between the thermal expansion coefficients
of the piezoelectric layer and base layer leads to the genera-
tion of the original thermal stress.

Suppose that displacements at any point in the middle
plane were expressed by

u0 x, y = d1x + d2xy
2 + d3x

3 + d4xy
4 + d5x

3y2 + d5x
5,

v0 x, y = d7y + d8xy
2 + d9x

3 + d10xy
4 + d11x

3y2 + d12x
5,

w0 =
1
2 ax2 + by2 ,

5

where di i = 1, 2,… , 12 are undetermined coefficients with
time t and a and b are the curvatures along the x and y
directions, respectively.

The total strain energy within the microplate is com-
posed of two parts. One part is based on the classical
continuum mechanics theory and can be expressed as

Uh
S =∭

VS

1
2 σSxx ⋅ εxx + σSyy ⋅ εyy + τSxy ⋅ γxy dxdydz,

Uh
P =∭

VP

1
2 σPxx ⋅ εxx + σP

yy ⋅ εyy + τPxy ⋅ γxy dxdydz

6

Based on the strain gradient theory proposed by
Mindlin, ηijk i, j, k = x, y, z , and the other part can be
expressed as

Uw
S =∭

VS
LS1 ⋅ ηiik ⋅ ηkjj + LS2 ⋅ ηijj ⋅ ηikk + LS3 ⋅ ηiik ⋅ η jjk

+ LS4 ⋅ ηijk ⋅ ηijk + LS5 ⋅ ηijk ⋅ ηkji dxdydz,

Uw
P =∭

VP
LP1 ⋅ ηiik ⋅ ηkjj + LP2 ⋅ ηijj ⋅ ηikk + LP3 ⋅ ηiik ⋅ ηjjk

+ LP4 ⋅ ηijk ⋅ ηijk + LP5 ⋅ ηijk ⋅ ηkji dxdydz,

7

where Lξi i = 1, 2 5 are the material parameters. The refer-
ence value for each material parameter has been obtained
by Ramezani [13]:

Lξ2 =
1
2 l

2
ξλξ,

Lξ4 = l2ξμξ,

Lξ1 = Lξ3 = Lξ5 = 0,
 ξ = S, P,

8

where lξ is the internal length scale parameter depending
on the specific material and λξ and μξ are the common
Lame constants:

λξ =
Eξυξ

1 − 2υξ 1 + υξ
,

μξ =
Eξ

2 1 + υξ
,

 ξ = S, P

9

The potential energy of the system U consists of
two parts:

U =Uh
S +Uh

P +Uw
S +Uw

P 10

Because the kinetic energies in the x and y directions
are small compared with that in the z direction, they can
be ignored [4]. The kinetic energy expression of the
structure is

T1 =∭
VS

ρS
2 w2dVS +∭

VP

ρP
2 w2dVP, 11

where ρS and ρP are the densities of each layer of
material.

The kinetic energy of the mass block is

T2 =
1
2 M1w

2
c1 +M2w

2
c2 +M3w

2
c3 +M4w

2
c4 , 12

where wci i = 1,… , 4 are the displacement of the four
corner points and Mi is the mass of the mass block.

The total kinetic energy of the system is

T = T1 + T2 13

The virtual work done by the damping force is

δW = −∭rSwδwdVS −∭rPwδwdVS, 14

where rS and rP are the damping coefficients.
Because the sizes of the piezoelectric layer in the

length and width directions are much larger than those
in the thickness direction and the polarization direction
is along the thickness direction, the electric displacement
D3 in the thickness direction is much larger than the
electric displacement in the other two directions (D1
and D2). Thus, D1 and D2 can be ignored and D3 can
be expressed as

D3 = e31εxx + e32εyy − ε33
V
hp

, 15

where V is the electric potential and ε33 is the dielectric
constant.
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Because the electric displacement D3 does not change
with the thickness, the above equation is subjected to homog-
enization in the thickness direction:

D3 =
h/ 2+hp
h/2 e31εxx + e32εyy − ε33 V/hp dz

hp
16

The charge on the electrode can be obtained as follows:

Q = −∬ΩP
D3dxdy = −

1
hp VP

e31εxx + e32εyy − ε33
V
hp

dVP

17

According to the generated charge, the current can be
obtained by

I = −
∂Q
∂t

= 1
hp VP

e31εxx + e32εyy − ε33
V
hp

dVP 18

When the external resistance is set to R, the current is

I = V
R

19

From Eqs. (18) and (19), we can obtain

−
∂Q
∂t

= V
R

20

That is,

1
hp VP

e31εxx + e32εyy − ε33
V
hp

dVP =
VP

V
RVP

dVP 21

The electric equation can be obtained by

V =
e31εxx + e32εyy − hpV/RVP hp

ε33
22

Substituting the variation of the kinetic energy and
potential energy and the virtual force of the damping force
into Hamilton’s principle gives

T1

T0

δU − δT + δW dt = 0, 23

where t1 and t2 are the initial and final moments of the
system movement, respectively. The equations about a, b,
and di can be obtained by Eq. (23). di is about the algebraic
equation of a and b, which can be expressed in terms of a

and b. By substituting di into the first two equations, the
system dynamics differential equation can be obtained:

a = −m1a +m2b −m3a
2 +m4b

2 +m5ab +m6a
2b −m7ab

2

+m8aΔT −m9bΔT −m10aV +m11bV1 −m12ΔT
+m13V −m14rpω cos ωt −m15rsω cos ωt

−m16rpa −m17rsa +m18rpb +m19rsb +m20ω
2 sin ωt ,

b = n1a − n2b + n3a
2 − n4b

2 + n5ab − n6a
2b + n7ab

2

− n8aΔT + n9bΔT + n10aV − n11bV + n12ΔT − n13V

− n14rpω cos ωt − n15rsω cos ωt + n16rpa + n17rsa

− n18rpb − n18rpb − n19rsb + n20ω
2 sin ωt ,

24

where mi i = 1 – 20 and ni i = 1 – 20 are the coefficients
determined by the material and size parameters.

Equation (24) is connected to electrical Eq. (22) to
form a dynamic model for microbistable piezoelectric
energy harvesting.

3. Study on the Efficiency of Capturing Energy

To improve the efficiency of energy capture, the effects of the
laying position, area, and thickness on the efficiency of the
piezoelectric energy were investigated.

3.1. Selection of Layout Location. In this section, we discuss
the generated voltage of two types of laying positions. Piezo-
electric layers of type I and type II are shown in Figure 2. The
size of the base layer is 300μm× 300μm× 0.7μm, and the
size of the piezoelectric layer is 200μm× 200μm× 0.7μm,
where S1 = S2−1 + S2−2 + S2−3 + S2−4.

The material parameters of the two layers are given in
Table 1. The piezoelectric layer material is polyvinylidene
fluoride, whose elastic modulus is much smaller than that
of the base layer. In scanning the vibration frequency of the
pedestal ω, the variation of the voltage with the frequency is
obtained (Figure 3).

From Figure 3, for the same excitation and laying area,
the natural frequency of type I is lower than that of type II
and the peak value of the capturing voltage under the natural
frequency is about twice as high as that of type II. This is
because under the boundary conditions of center-fixed quad-
rilateral free, the closer to the center, the greater the strain. To
clearly observe the elliptical part of the graph, a local enlarged
plot is shown in Figure 3. Therefore, the laying position in the
middle has better energy capturing efficiency than at the four
sides. Thus, we select type I for the ideal laying position.

3.2. Influence of Thickness and Area of Piezoelectric Layer. In
this section, the thickness and area of the piezoelectric layer
are discussed for type I when the temperature decreases from
the high MEMS processing temperature to room tempera-
ture; that is, ΔT = −400°C. Using I and II laying types, we
investigated the influence of the piezoelectric layer area on
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the energy efficiency of the piezoelectric layer thickness in the
range of 0.1–0.9 (Figure 4).

From Figure 4, for the same piezoelectric layer area, the
efficiency of energy capture increases with increasing thick-
ness. This is because a thicker piezoelectric layer results in
more charge generation and higher capturing voltage. For
the same piezoelectric layer thickness, the efficiency of energy
capture first increases and then decreases with the increasing
area of the piezoelectric layer. In this study, the elastic
modulus of the piezoelectric layer is much smaller than that
of the base layer. In the initial stage of the increase of the
piezoelectric layer area (0 1 < SP/SS < 0 5), the thermoelec-
tromechanical coupling effect is greater than the effect of

Table 1: Material coefficients.

Physical quantity Value

ES 190Gpa

EP 2.1Gpa

υS 0.2788

υP 0.31

αS 3·10−5/°C
αP 2.5·10−6/°C
e31 2C·m2

e32 2C·m2

ε33 6500ε0
ρS 2300 kg/m2

ρP 5670 kg/m2

S1

200

30
0

(a) Type I

S2-1 S2-2

S2-3 S2-4

30
0

10
0

25 50

(b) Type II

Figure 2: Type I and type II piezoelectric laying position.
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Figure 3: Type I and type II capture voltage versus stimulated
frequency.
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Figure 4: The thickness effect of the layout area on device efficiency.
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the increased stiffness. As the area increases in the range
(0 5 < SP/SS < 0 9), the increased stiffness effect becomes
dominant, system deflection begins to decrease, and the
capturing energy efficiency decreases.

4. Nonlinear Frequency Responses

From the above results, type I energy harvesting is best when
the area of the piezoelectric patch is 0.5 times the base area
and ΔT = −400°C. Although the efficiency of energy capture
increases with the increasing thickness of the piezoelectric
layer, the layer cannot be too thick because the stiffness of
the structure will increase and deflection will decrease,
ultimately leading to lower efficiency of energy capture and
snap-through being difficult to achieve. Thus, the thickness
is set at 0.7μm.

In this section, we discuss the effect of the snap-through
behavior of the bistable plate on the efficiency of energy
capture. By fixing the excitation amplitude and scanning
the frequency, we obtained the waveforms and phase dia-
grams of a and b (the curvatures in the x and y directions).
These waveforms and phase diagrams reveal that the var-
ious snap-through behaviors existing in different frequency

regions allow the system to obtain multiple wide-band
energy capture regions before the resonant region.

From Figure 5(a), when the excitation frequency is
between 150 and 1500Hz, the curvatures of the plate in
the x and y directions are always the same (a = b) and
no snap-through behavior occurs. When the frequency is
between 1500 and 1600Hz, the plate is in the state b > a
(Figure 5(b)), no snap-through occurs, and the amplitude
is small. No snap-through also occurs in the frequency
range 1600–2100Hz, and the plate is in the state a > b, as
shown in Figure 5(c). However, with increasing frequency,
two types of snap-through behavior occur. (1) The states
a > b and a < b alternately appear, and there is continuous
snap-through behavior, as shown in Figure 6(a). (2) Succes-
sive conversion of the two stable states a = 0 and b = 0
causes large amplitude vibration and enhances the effi-
ciency of energy harvesting, as shown in Figure 6(b). When
the excitation frequency is between 2200 and 3100Hz, no
snap-through behavior occurs. The waveform and phase
diagram are shown in Figure 5(a).

For microscale energy harvesting, the fundamental
frequency is so high that the frequency of vibration in the
ambient environment cannot reach the natural frequency
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Figure 5: Waveform and phase diagrams of a (red circle) and b (blue triangle) in case of no snap-through.
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and excite resonance. For bistable energy harvesting with
the mass block proposed in this paper, although the mass
block reduces the natural frequency of the structure, the
resonant frequency (6.3 kHz) is also too high compared
with the ambient vibration frequency. Therefore, in this
study, we make use of the characteristic of large amplitude
vibration caused by the snap-through behavior to capture
high voltage in several wide frequency ranges far from
the resonance region.

To describe the influence of the snap-through behavior of
the microbistable plate on the captured voltage, the fre-
quency is plotted against the voltage in Figure 7. The figure
shows that 1/3 and 1/2 subharmonic resonances occur when
the ambient vibration frequency ω is close to 1/3 and 1/2
times the natural frequency of the microscale bistable energy
harvester. There are two types of snap-through phenomena:
(1) in the 1/3 subharmonic resonance region (×), continuous
snap-through behavior occurs, as shown in Figure 6(a). (2) In
the 1/2 subharmonic resonance region (●), the two stable
states a = 0 and b = 0 alternatively occur, as shown in
Figure 6(b). The snap-through behavior can produce a higher
output voltage and wider bandwidth at a lower frequency,
which is crucial for a microscale bistable energy harvester.

5. Conclusion

Considering the size effect, the strain gradient theory is
extended to the nonlinear problem of microbistable piezo-
electric energy harvesting. Based on the dynamic model
established in this paper, a microbistable energy harvester
structure was obtained by theoretical analysis. With increas-
ing ambient vibration frequency, the snap-through phenom-
enon occurs for the microscale bistable energy harvester.
Furthermore, the effect of the snap-through behavior on the

capturing energy efficiency was investigated, and the aim of
capturing more energy in several wide frequency ranges far
from the resonance region was realized.

Data Availability

The data used to support the findings of this study are
available from the corresponding author upon request.
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