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This paper presents a bar-elastic substrate model to investigate the axial responses of nanowire-elastic substrate systems
considering the effects of nonlocality and surface energy. The thermodynamics-based strain gradient model is adopted to
capture the nonlocality of the bar-bulk material while the Gurtin-Murdoch surface theory is utilized to consider the surface
energy. To characterize the bar-surrounding substrate interaction, the Winkler foundation model is employed. In a direct
manner, system compatibility conditions are obtained while within the framework of the virtual displacement principle, the
system equilibrium condition and the corresponding natural boundary conditions are consistently obtained. Three numerical
simulations are conducted to investigate the characteristics and behaviors of the nanowire-elastic substrate system: the first is
conducted to reveal the capability of the proposed model to eliminate the paradoxical behavior inherent to the Eringen nonlocal
differential model; the second is employed to characterize responses of the nanowire-elastic substrate system; and the third is
aimed at demonstrating the dependence of the system effective Young’s modulus on several system parameters.

1. Introduction

Nowadays, nanotechnology and nanoscience are at the front
line of modern research and play a crucial role in developing
novel devices and systems at nanoscale. Such devices and sys-
tems are found to have a broad spectrum of modern applica-
tions in engineering and science such as bionanoactuators,
nanosensors, nanowires, nanoprobes, and graphene sheets
[1–6]. Usually, structural members (bar, beam, plate, and
shell) are integrated as components of such devices and sys-
tems [7]. Therefore, understanding and characterizing struc-
tural behaviors at a nanoscale are deemed essential in
designing these devices and systems. Both experimental and
analytical research works have been conducted on nano-
structures by researchers worldwide. Nonetheless, it is usu-

ally difficult and expensive to carry out experimental work
on such tiny structures while atomistic computational
models [8–10] generally demand high computational cost
in nanostructure modelling. Therefore, researchers world-
wide have sought for alternative approaches to characterize
the structural behaviors at nanoscale. As an excellent alterna-
tive, structural models are able to balance model validity and
model effectiveness, and their formulations are generally
based onmechanics-of-materials theories ranging from com-
paratively simple bar theory to a sophisticated curvilinear
shell theory. However, conventional structural models fail to
characterize some intrinsic features of nano-sized structures,
namely small-scale effect and size-dependent effect. These
two effects influence elastic property as well as responses of
nano-sized structures as confirmed by experiments and
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atomistic simulations [11–13]. In general, it is well accepted
that the long-range interatomic interaction induces the
small-scale effect while energy associated with atoms at the
free surface causes the size-dependent effect. Several structural
models have been armed with the ability to account for these
two effects. This has been achieved by incorporating nonclas-
sical continuum-mechanics theory and surface elasticity the-
ory into conventional structural models.

The effect of long-range interatomic interaction becomes
more pronounced and is increasingly required to be taken
into account when the dimension of a structure is in the
order of nanometer. The discrete nature of materials is
responsible for this effect. To account for the discrete nature
of materials, researchers have proposed several enhanced
continuum-mechanics theories [14–18]. The most popular
one is the Eringen differential form of the strain-driven non-
local elasticity model [15, 16]. A countless list of structural-
mechanics models have been cooperated with this nonlocal
differential model [19–22]. As one of the earliest research
works on the application of the Eringen nonlocal differential
model, Peddieson et al. [19] investigated flexural responses of
nanobeams under different support systems and various
loading types using the nonlocal Euler-Bernoulli beam
model. However, there is no nonlocal effect detected by this
nonlocal beam model for the case of a cantilever nanobeam
subjected to end force. Peddieson et al. [19] called this peculiar
response a “paradox”without any diagnosis. Romano et al. [23]
have recently diagnosed the cause of this paradox and showed
that the paradoxical response inherent to the Eringen nonlocal
differential model is associated with the ill-posedness of Erin-
gen’s nonlocal differential model in structural-mechanics prob-
lems. Various forms of improved nonlocal constitutive models
have been invented and employed by several researchers to
remedy this paradoxical response, thus resulting in a well-
posed nonlocal structural problem [24–26], for example, the
stress-driven integral nonlocal constitutive model proposed
by Romano and Barretta [24], the thermodynamics-based
strain gradient model proposed by Barretta and Marotti de
Sciarra [25], and the nonlocal strain gradient model pro-
posed by Barretta and Marotti de Sciarra [26]. Among these
improved nonlocal constitutive models, the thermodynamics-
based strain gradient model proposed by Barretta and Marotti
de Sciarra [25] is of particular interest in the present study since
it can be implemented with reasonable effort. It is worth
mentioning that nanobeams based on the thermodynamics-
based strain gradient model show no paradoxical response.

As the dimension of a structure approaches a nanoscale
range, energy corresponding to atoms at the free surface var-
ies from that associated with the atoms in the core-bulk
material, thus resulting in an excess of energy corresponding
to the surface atoms. In nano-sized structures, this excess
energy-known as “surface free energy” becomes sizable when
compared to the bulk energy due to a large surface-to-volume
ratio. The surface elasticity theory was first proposed by Gur-
tin and Murdoch [27, 28]. To include the surface-energy
effect, this theory has been integrated with the classical
continuum-mechanics model. Several structural models
(bar, beam, and plate) have employed the Gurtin-Murdoch
surface elasticity model [29–33].

As a common type of nanostructure, a wide range of
applications have been found for nanowires, and they cover
biosensors, optoelectronics, biotechnology, and micro/na-
noelectromechanical systems (M/NEMS) [3, 34, 35]. In
nanodevices, elastic substrate media have often been used
to integrate nanowires into larger parts. Consequently, the
nanowire-surrounding substrate interaction plays an essen-
tial role in controlling the response of those nanodevices. In
literatures, various nanowire-elastic substrate models have
been proposed to investigate the responses of nanowire-
elastic substrate systems (bending, buckling, and vibration).
For example, static bending responses of silver nanowire-
elastic substrate systems were analytically investigated by
Khajeansari et al. [36]; buckling loads of nanowire-elastic
substrate systems were analytically determined by Zhao
et al. [37]; effects of nonlocality and surface energy on vibrat-
ing responses of nanowire-elastic substrate systems were
studied byMalekzadeh and Shojaee [38] using beam theories.

In the present study, the main focus is on the behavior of
nanobar-elastic substrate systems under tensile loadings. Up
to date, only few numerical models have been proposed to
investigate the tensile behavior of nanobar-elastic substrate
systems [31, 39] and the “paradoxical” Eringen nonlocal dif-
ferential model has been incorporated into those models.
Therefore, there is still room to propose a “paradox-free”
nanobar-elastic substrate medium model for the research
community. The general idea and framework of the proposed
model follow the nanobar-elastic substrate medium model
proposed by Limkatanyu et al. [31] but the “paradox-free”
thermodynamics-based strain gradient constitutive law [25]
is employed to account for the nonlocality of the bar-bulk
material, thus resulting a more rational nanobar-elastic sub-
strate medium model.

Organization of the present work is as follows: brief
introductions to thermodynamics-based strain gradient
model and surface elasticity model are first described. The
former is employed to account for small-scale effect while
the latter is used to include the size-dependent effect. A com-
plete set of basic equations (compatibility conditions, equilib-
rium equation, and sectional constitutive relation) are then
derived for the nanobar-elastic substrate system. To study
the characteristics and behaviors of the nanowire-elastic sub-
strate system, three numerical simulations employing the
proposed model are finally conducted: the first considering
only the small-scale effect is employed to present the capabil-
ity of the proposed model to eliminate the paradoxical
response associated with the Eringen nonlocal differential
model; the second is employed to characterize responses of
the nanowire-elastic substrate system; and the third is
employed to demonstrate the dependence of the system
effective Young’s modulus on several system parameters.

2. Nanobars with Small-Scale and Size-
Dependent Effects

The present work employs two nonclassical elasticity
models: the thermodynamics-based strain gradient model
and the surface elasticity model to take into account the
unique characteristics intrinsic to nano-sized structures.
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Brief introductions of these two nonclassical elasticity models
are given as follows.

2.1. Thermodynamics-Based Strain Gradient Model. Unlike
classical elasticity model, the thermodynamics-based strain
gradient model defines the stress field at a generic point as
a function of both the strain and the strain gradient at that
particular point to account for higher-order deformation
mechanism present in nano-sized structures [40]. The origi-
nal form of the strain gradient model dates back to the model
proposed by Mindlin [41] and contains 18 independent
material constants for an isotropic homogeneous elastic
body, thus causing difficulty in determination and calibration
of those material constants. A modified version of the strain
gradient model was subsequently proposed by Altan and
Aifantis [42] and contains only one single material constant,
thus simplifying the material-constant determination and
calibration. The present work employs this modified strain
gradient model formulated within the framework of thermo-
dynamics by Barretta and Marotti de Sciarra [25] to repre-
sent the nonlocality of the bar-bulk material.

For a uniaxial response, the strain energy density func-
tional of the strain gradient material is given by Barretta
and Marotti de Sciarra [25] as

Ψ εxx xð Þ, ε∇xx xð Þ� �
= 1
2 Exxε

2
xx xð Þ + 1

2 e0að Þ2Exx ε∇xx xð Þ� �2, ð1Þ

where Exx defines the Young modulus, εxxðxÞ the axial
strain, ε∇xxðxÞ = ∂εxxðxÞ/∂x the axial strain gradient, e0 the
material constant which can be determined approximately
or experimentally, and a the internal characteristic length.
The rate form (time derivative) of the strain energy density
functional Ψ is

_Ψ εxx xð Þ, ε∇xx xð Þ� �
= ∂Ψ
∂εxx

_εxx +
∂Ψ
∂ε∇xx

_ε∇xx = σ0
xx _εxx + σ1xx _ε

∇
xx,

ð2Þ

with a dot ð · Þ representing the time derivative and σ0xx and
σ1xx being defined as

σ0xx =
∂Ψ
∂εxx

= Exxεxx,

σ1
xx =

∂Ψ
∂ε∇xx

= e0að Þ2Exxε
∇
xx:

ð3Þ

From the energy (work) point of view, Equation (3)
clearly indicates that σ0

xx represents the local (conventional)
axial stress and is the conjugate-work pair of the axial strain
εxxðxÞ while σ1

xx represents the higher-order axial stress and
is the conjugate-work pair of the axial strain gradient ε∇xxðxÞ.
To satisfy the thermodynamic condition, Equation (2) is put
into the framework of thermodynamics represented in
Equation (4):

ð
L

ð
A
σxx _εxxdA

� �
dx −

ð
L

ð
A

_ΨdA
� �

dx = 0, ð4Þ

where σxx is the nonlocal axial stress. Substituting Equation
(2) into Equation (4) yields the following expression:

ð
L

ð
A
σxxdA

� �
_εxx dx −

ð
L

ð
A
σ0xxdA

� �
_εxxdx

−
ð
L

ð
A
σ1xxdA

� �
_ε∇xxdx = 0:

ð5Þ

In Equation (5), the following sectional axial-force con-
tributions can be defined:

N xð Þ =
ð
A
σxxdA ;N0 xð Þ =

ð
A
σ0xxdA,

N1 xð Þ =
ð
A
σ1
xxdA,

ð6Þ

where NðxÞ, N0ðxÞ, and N1ðxÞ represent the sectional axial
forces associated, respectively, with the nonlocal axial stress
σxx, the local axial stress σ0xx, and the higher-order axial
stress σ1xxon the bar section.

With Equation (6), the thermodynamic condition of
Equation (4) can be written as

ð
L
N xð Þ _εxx dx −

ð
L
N0 xð Þ _εxxdx −

ð
L
N1 xð Þ _ε∇xxdx = 0: ð7Þ

Subsequently, Equation (7) will be used to reveal the gov-
erning differential equilibrium equation as well as the associ-
ated natural boundary conditions for a nanobar-elastic
substrate system.

2.2. Surface Elasticity Theory.When the surface-to-bulk ratio
becomes large like in the case of nano-sized structures, exces-
sive energy corresponding to the surface atoms induces the
so-called surface-energy effect and renders the nano-sized
structures exhibiting the size-dependent phenomenon. To
include the surface-energy effect on a nano-sized bar, the
Gurtin-Murdoch continuum model [27, 28] is called for. In
this nonclassical continuum model, the bar cross-section is
considered to be formed by a solid core and an outer surface
shell perfectly bonded to its core, as shown in Figure 1. Since
only axial stress is of interest in the present work, the consti-
tutive relations of the surface proposed by Gurtin and Mur-
doch [27, 28] can be degenerated as:

τSurxx − τSur0 = ESurεSurxx , ð8Þ

with τSurxx being the axial component of the surface stress ten-
sor, τSur0 being the residual surface stress under uncon-
strained conditions which can be obtained via atomistic
simulations [43], ESur being the surface elastic modulus,
uSurxx being the surface axial displacement, and εSurxx = ∂uSurxx /∂
x being the surface strain.
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3. Basic Equations of Nanobar-Elastic
Substrate Systems

3.1. Compatibility Equations: Direct Approach. The bar-
section strain εxxðxÞ, the bar-section strain gradient ε∇xxðxÞ,
the surface strain εSurxx , and the substrate deformation ΔsðxÞ
are the system section deformations and are related to the
bar axial displacement uxðxÞ under the following compatibil-
ity conditions:

εxx xð Þ = ∂ux xð Þ
∂x

,

ε∇xx xð Þ = ∂εxx xð Þ
∂x

= ∂2ux xð Þ
∂x2

,
ð9Þ

εSurxx xð Þ = ∂uSurxx xð Þ
∂x

= ∂ux xð Þ
∂x

, ð10Þ

Δs xð Þ = ux xð Þ: ð11Þ
The bar-section compatibility conditions obey the infini-

tesimal strain assumption; the surface compatibility condi-
tion follows the assumption of a fully bonded condition
between the solid core and an outer surface shell [44]; and
the substrate compatibility condition conforms to the Wink-
ler foundation hypothesis [45].

3.2. Differential Equilibrium Equation and Boundary
Conditions: The Virtual Displacement Approach. Figure 2
shows a nanobar-elastic substrate system. Its governing dif-
ferential equilibrium equation and its associated natural
boundary conditions are consistently derived within the
framework of the virtual displacement principle. To account
for the nanobar-surrounding substrate interaction, the
Winkler foundation model [45] is employed. The general
form of the virtual displacement principle is expressed as

δW = δW int + δWext = 0, ð12Þ

with δW being the system total virtual work, δW int being the
system internal virtual work, and δWext being the system
external virtual work.

For the current system, δW int and δWext are:

δW int =
ð
L

ð
A
σxx xð ÞdA

� �
δεxx xð Þ dx

+
ð
L

þ
Γ

τSurxx xð Þ − τSur0
� �

dΓ
� �

δεSurxx xð Þdx

+
ð
L
Ds xð ÞδΔs xð Þdx,

ð13Þ

δWext = −
ð
L
px xð Þδux xð Þdx − δUTP, ð14Þ

where DsðxÞ represents the elastic substrate force, ΔsðxÞ
the elastic substrate deformation, and pxðxÞ the longitudi-
nal distributed load. The vector P = P1 P2 P3 P4f gT
collects forces acting at the bar ends, and the vector U =
U1 U2 U3 U4f gT collects their conjugate-work dis-

placements at the bar ends. It is noted that in Equation (13)
the first, second, and third terms define, respectively, contri-
butions of the bar-bulk material, of the surface layer, and
of the surrounding elastic substrate to the system internal
virtual work.

Recalling the stress resultant definition of Equation (6)
and subsequently imposing the thermodynamics condition
of Equation (7), Equation (13) becomes

δW int =
ð
L
N0 xð Þδεxx xð Þdx +

ð
L
N1 xð Þδε∇xx xð Þdx

+
ð
L
NSur xð ÞδεSurxx xð Þdx +

ð
L
Ds xð ÞδΔs xð Þdx,

ð15Þ

where NSurðxÞ is the sectional axial force associated with the
surface stress and is defined as

NSur xð Þ =
þ
Γ

τSurxx xð Þ − τSur0
� �

dΓ: ð16Þ

Imposing compatibility conditions of Equations (9), (10),
and (11), Equation (15) can be expressed as

δW int =
ð
L
N0 xð Þ ∂δux xð Þ

∂x
dx +

ð
L
N1 xð Þ ∂

2δux xð Þ
∂x2

dx

+
ð
L
NSur xð Þ ∂δux xð Þ

∂x
dx +

ð
L
Ds xð Þδux xð Þdx:

ð17Þ
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Figure 1: Nanobar with a surface layer.
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With Equations (14) and (17), Equation (12) can be
expressed as

δW =
ð
L
N0 xð Þ ∂δux xð Þ

∂x
dx +

ð
L
N1 xð Þ ∂

2δux xð Þ
∂x2

dx

+
ð
L
NSur xð Þ ∂δux xð Þ

∂x
dx +

ð
L
Ds xð Þδux xð Þdx

−
ð
L
px xð Þδux xð Þdx − δUTP = 0:

ð18Þ

In order to move differential operators to all sectional
stress resultants (N0ðxÞ, N1ðxÞ, and NSurðxÞ), integration by
parts is imposed once on the first and third terms and twice
on the second term of Equation (18), thus leading to the fol-
lowing expression:

ð
L

 
∂2N1 xð Þ
∂x2

−
∂N0 xð Þ
∂x

−
∂NSur xð Þ

∂x
+Ds xð Þ − px xð Þ

!

� δux xð Þ dx + N0 xð Þ +NSur xð Þ − ∂N1 xð Þ
∂x

� �
δux xð Þ

� 	L
0

+ N1 xð Þ ∂δux xð Þ
∂x

� 	L
0
− δUTP = 0:

ð19Þ

The boundary terms in Equation (19) show the nature of
conjugate-work pairs between static and kinematic variables.
The local-stress resultant N0ðxÞ, the surface stress resultant
NSurðxÞ, and the higher-order stress resultant gradient ∂N1
ðxÞ/∂x are the conjugate-work pair of the axial displacement
uxðxÞ, while the higher-order stress resultant N1ðxÞ is the
conjugate-work pair of the axial-displacement gradient ∂ux
ðxÞ/∂x.

Following the Cartesian sign convention, Equation (19)
can be expressed as

ð
L

 
∂2N1 xð Þ
∂x2

−
∂N0 xð Þ
∂x

−
∂NSur xð Þ

∂x
+Ds xð Þ − px xð Þ

!

� δux xð Þ dx − δU1

��
N0 xð Þ +NSur xð Þ − ∂N1 xð Þ

∂x

�
x=0

+ P1

	
− δU2 N1 xð Þð Þx=0 + P2

� �L
0

+ δU3 N0 xð Þ +NSur xð Þ − ∂N1 xð Þ
∂x

� �
x=L

− P3

� 	

+ δU4 N1 xð Þð Þx=L − P4
� �L

0 = 0:

ð20Þ

The following governing differential equilibrium equa-
tion of the nanobar-elastic substrate system can be obtained
by accounting for arbitrariness of δuxðxÞ:

∂2N1 xð Þ
∂x2

−
∂N0 xð Þ
∂x

−
∂NSur xð Þ

∂x
+Ds xð Þ − px xð Þ

= 0 : for x ∈ 0, Lð Þ:
ð21Þ

The following end-boundary force conditions (natural
boundary conditions) can be gained by accounting for the
arbitrariness of δU:

P1 = − N0 xð Þ +NSur xð Þ − ∂N1 xð Þ
∂x

� �
x=0

, P2 = − N1 xð Þð Þx=0,

P3 = N0 xð Þ +NSur xð Þ − ∂N1 xð Þ
∂x

� �
x=L

, P4 = N1 xð Þð Þx=L:

ð22Þ

3.3. Sectional Constitutive Relations. In order to establish the
sectional constitutive relations, Equations (3) and (8) are,
respectively, substituted into Equations (6) and (16) and the
compatibility conditions of Equations (9) and (10) are
imposed, resulting in the following expression:

N0 xð Þ = ExxA
∂ux xð Þ
∂x

,

N1 xð Þ = ExxAð Þ e0að Þ2 ∂
2ux xð Þ
∂x2

,

NSur xð Þ = ESurΓ
∂ux xð Þ
∂x

,

ð23Þ

where A = Ð AdA being the section area and Γ = Þ
Γ
dΓ being

the section perimeter.
Enforcing the compatibility condition of Equation (11),

the constitutive relation of the elastic substrate medium
becomes

Ds xð Þ = ksux xð Þ, ð24Þ

with ks being the elastic substrate modulus.
A complete set of basic equations (compatibility condi-

tions, equilibrium equation, and sectional constitutive rela-
tion) are presented together in the classical Tonti’s diagram
[46] as shown in Figure 3. A whole picture of the problem
formulation can be seen from this diagram.

Elastic substrate

Elastic substrate px (x) P3

P4

P1

P2

Figure 2: Nanobar-elastic substrate system under axial loads.
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3.4. Displacement Solution of Basic Equations. Within the
framework of the displacement formulation, the solution to
the problem is presented. The axial displacement uxðxÞ thus
serves as the primary unknown. Substituting Equations (23)
and (24) into Equation (21), the governing differential equi-
librium equation can be written in terms of the axial displace-
ment uxðxÞ as

ExxAð Þ e0að Þ2 ∂
4ux xð Þ
∂x4

− ExxA + ESurΓ
� � ∂2ux xð Þ

∂x2
+ ksux xð Þ − px xð Þ = 0 : for x ∈ 0, Lð Þ:

ð25Þ

Equation (25) serves as a backbone equation to solve for
the displacement solution of the problem and its higher order
(4th order) is associated with the strain gradient contribution
to the bar-bulk material model. For the solution to Equation
(25), both nonlocal and surface-energy effects influence the
homogeneous part but play no role in dictating the particular
part. It is worth mentioning that the governing differential
equilibrium equation obtained for the nanobar-elastic sub-
strate medium system proposed by Limkatanyu et al. [31] is
of the 2nd order, and both nonlocal and surface effects influ-
ence the homogeneous part while only nonlocal effect affects
the particular part. When nonlocal and surface-energy effects

are both ignored (ðe0aÞ = ESur = 0), the differential equilib-
rium equation of a conventional (local) bar-elastic medium
system is recovered. This degenerated form of Equation
(25) finds a wide spectrum of applications in civil engineering
problems, such as axially loaded piles [47] and reinforcing
bars embedded in concrete [48].

To analytically determine the axial-displacement solu-
tion, both essential and natural boundary conditions are
required. Special care is needed to handle the natural bound-
ary conditions related to prescribed lower-order end force
and/or higher-order end force. In other words, it is necessary
to define both lower-order end force and higher-order end
force in terms of the axial displacement uxðxÞ. This can be
accomplished by substituting Equation (23) into the end-
boundary force conditions (natural boundary conditions) of
Equation (22), resulting in the following expressions:

P1 = − ExxA + ESurΓ
� � ∂ux xð Þ

∂x
− ExxAð Þ e0að Þ2 ∂

3ux xð Þ
∂x3

 !
x=0

,

P2 = − ExxAð Þ e0að Þ2 ∂
2ux xð Þ
∂x2

 !
x=0

,

P3 = ExxA + ESurΓ
� � ∂ux xð Þ

∂x
− ExxAð Þ e0að Þ2 ∂

3ux xð Þ
∂x3

 !
x=L

,

P4 = ExxAð Þ e0að Þ2 ∂
2ux xð Þ
∂x2

 !
x=L

:

ð26Þ

4. Numerical Simulations

The present work employs three numerical simulations to
study the characteristics and behaviors of the proposed

Figure 3: Tonti’s diagram for nanobar-elastic substrate system: basic governing differential equations.

L = 1000 nm
x

Bulk modulus: Exx = 76 GPa

Nonlocal parameter: (e0a) = 200 nm 

Circular section: 
D = 50 nm

Px (x) = 10 nN/nm 

Figure 4: Circular section silver nanowire under uniformly
distributed load for Simulation I.
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nanobar-elastic substrate model. The first considering only
the small-scale effect is employed to present the capability
of the proposed model in eliminating the paradoxical
response associated with the Eringen nonlocal differential
model; the second is employed to characterize the responses
of the nanowire-elastic substrate system; and the third is
employed to demonstrate the dependence of the system
effective Young’s modulus on several system parameters.

4.1. Simulation I: Eringen Nonlocal Bar Model vs.
Thermodynamics-Based Strain Gradient Bar Model. The first
simulation considers only the nanostructure-dependent effect
of the bar-bulk material. Therefore, model parameters associ-
ated with surface-energy effect and the surrounding elastic
substrate media are set to be zero (ESur = 0 and ks = 0). A cir-
cular silver nanowire of Figure 4 is exerted by a uniformly dis-
tributed load pxðxÞ of 10nN/nm. Geometric properties of the

silver nanowire follow those employed by Juntarasaid et al.
[20]. The span length L and diameter D of the silver nanowire
are 1000nm and 50nm, respectively. As suggested by He and
Lilley [49], the bulk modulus Exx of the silver nanowire is
76GPa. The nonlocal parameter ðe0aÞ of 200nm follows
the one used by Yang and Lim [50]. Three different bar
models based on different constitutive models are employed
to simulate the responses of the silver nanowire. The first
one employs the local (conventional) model; the second, as
proposed by Limkatanyu et al. [31], employs the Eringen dif-
ferential nonlocal model; and the third, as proposed in the
present work, employs the thermodynamics-based strain
gradient model. To ease the model comparison, governing
differential equilibrium equations and the boundary condi-
tions for all bar models are summarized in Appendix I.

Figure 5 compares the axial-displacement distributions
obtained from all bar models and shows that the axial-
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Figure 5: Nanowire axial displacement versus distance along the nanowire for Simulation I.
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displacement responses obtained from both the local bar
model and Eringen nonlocal bar model are identical. In other
words, the influence of nonlocality on the nanowire displaced
shape is nullified for this particular case when subjected to a
uniformly distributed load. Peddieson et al. [19] also noticed
a similar observation in the case of a cantilever beam sub-
jected to end force. In literatures, several researchers [51,

52] have considered this observation a paradox. Romano
et al. [23] diagnosed this paradoxical result and indicated that
adoption of Eringen nonlocal constitutive model caused the
ill-posed condition, thus admitting no solution. More details
regarding to this issue can be found in Romano et al. [23]. As
shown in Figure 5, the thermodynamics-based strain gradi-
ent bar model proposed in this study shows no paradoxical
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higher-order axial force N1ðxÞ. (c) Nanowire higher-order axial-force gradient ∂N1ðxÞ/∂x.
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result and yields a stiffer axial-displacement response. This
increased system stiffness associated with nanostructure
effect conforms well to both analytical results and experi-
mental evidences published in literatures [18, 25, 53].

Figure 6 presents the nanowire axial-force distributions
obtained from all three bar models and indicates that the
axial-force distributions obtained from all models are identi-
cal. In other words, the axial-force responses are not affected
by bar-bulk material constitutive models. This attribute is
related to the statically determinate nature of the simply sup-
ported bar system. It is worth noting that the axial-force
distribution must be linear as required by the differential
equilibrium equation. To further investigate the axial-force
distribution nature of the proposed bar model, Figure 7 plots
the distributions of local axial force N0ðxÞ, higher-order axial
force N1ðxÞ, and higher-order axial-force gradient ∂N1ðxÞ/
∂x. Figure 7(a) shows the local axial-force distribution and
clearly indicates that the local axial forceN0ðxÞ is not in equi-
librium with a uniformly distributed load pxðxÞ = 10 nN/nm
and violates the force boundary condition at the right end.
The higher-order axial-force distribution shown in Figure 7(b)
confirms satisfaction of higher-order force boundary conditions
at both bar ends (N1ð0Þ =N1ðLÞ = 0). Figure 7(c) shows the
distribution of the higher-order axial-force gradient. It is

worth remarking that in the proposed bar model, the axial
force NðxÞ is defined in terms of the local axial force N0ðxÞ
and the higher-order axial-force gradient ∂N1ðxÞ/∂x as dic-
tated by the boundary term of Equation (22).

Figure 8 compares the axial-strain distributions obtained
from all three bar models. Clearly, axial-strain distributions
obtained from the local bar model and the Eringen nonlocal
bar model are identical due to the aforementioned para-
doxical displacement response and resemble the shape of
axial-force distributions shown in Figure 5. However, the
proposed bar model results in a different axial-strain distri-
bution as characterized by the bar-bulk material constitutive
model. It is also noted that the axial-strain distribution
obtained with the proposed model resembles the shape of
local axial-force distribution shown in Figure 7(a) as dictated
by Equation (23).

4.2. Simulation II: Response of a Nanowire-Elastic Substrate
System. As shown in Figure 9, the second simulation investi-
gates the response of a free-free nanowire-elastic substrate
system under an end force P of 2400nN. The geometric
and material properties of the nanowire follows those
employed in Simulation I. The surface elastic modulus ESur

of 1.22 nN/nm comes from that used by He and Lilley [49].

Elastic substrate

Elastic substrate

P

P = 2400 nN; L = 1000 nm; D = 50 nm Exx = 76 GPa;

ESur = 1.22 nN / nm; (e0a) = 200 nm; ks = 14.92 nN/nm2

L

Figure 9: Free-free nanowire-elastic substrate system under an end force for Simulation II.
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For the substrate medium, a stiffness coefficient Ks of 95 ×
10−3 nN/nm3 is assumed, yielding an elastic substrate stiff-
ness ks of 14.92 nN/nm

2. This value for the substrate is sug-
gested by Liew et al. [54] to represent the surrounding
substrate medium as polymer. In this simulation, four analy-
sis scenarios are investigated using the proposed nanobar-
elastic substrate model. In the first two scenarios, the
surface-energy effect on the nonlocal nanowire-elastic sub-
strate responses is investigated while in the two remaining
scenarios, the surface-energy effect on the local nanowire-
elastic substrate responses is studied. Governing differential
equilibrium equations and boundary conditions for all sce-
narios are summarized in Appendix II.

Figure 10 compares axial-displacement responses
obtained from all the four scenarios. It is noted that for these

specific values of system parameters, influences of the
surface-energy effect are less pronounced than those of the
nonlocal effect. Inclusion of the nonlocal effect results in a
stiffer nanowire-elastic substrate system. When the nonlocal
effect is taken into account, a larger portion of the nanowire
is mobilized. It can also be observed that approximately half
of the nonlocal nanowire-elastic substrate system is in the
leftward (negative) direction while a whole portion of the
local nanowire-elastic substrate system is in the rightward
(positive) direction. This peculiar but unique displacement
response is associated with the higher-order governing differ-
ential equation and the statical indeterminacy of the
nanowire-elastic substrate system.

Figures 11(a) and 11(b) show the nanowire axial-strain
and axial-force distributions obtained from the four analysis
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scenarios, respectively. Like observations made on Figure 10,
influences of the surface-energy effect are less noticeable
than those of the nonlocal effect. It is observed from
Figure 11(a) that the characteristics of axial-strain distribu-
tions obtained from the local bar model and the strain gradi-
ent bar model are drastically different at the far right end.
The axial-strain distribution associated with the local model
tends to be localized near the loading end while that associ-
ated with the strain gradient model appears to be spreading
smoothly from the loading end. The maximum axial strain
obtained with the local model is approximately three times
larger than that obtained with the strain gradient model.
The characteristics of axial-force distributions obtained from
the local model and the strain gradient model are compared
in Figure 11(b). The axial-force diagram obtained with the
strain gradient model shows that a larger portion of the
nanowire participates in the axial-force action. Furthermore,
it also indicates that a large portion of the nanowire is in
compression (negative value). This peculiar but unique
axial-force response is associated with the higher-order gov-
erning differential equation and the statical indeterminacy of
the nanowire-elastic substrate system.

Figure 12 shows the substrate interactive-force distri-
butions obtained from the four scenarios. Following the
Winkler foundation hypothesis, the shapes of the substrate
interactive-force diagrams resemble those of the axial-
displacement diagrams. Similar to the observation made in
Figures 10 and 11, the nonlocal effect is more pronounced

than the surface-energy effect in characterizing the sub-
strate interactive-force diagram for these specific values of
system parameters.

4.3. Simulation III: Parametric Studies of Nanowire-Elastic
Substrate Systems. Simulation III is aimed at illustrating the
size-dependent and nanostructure-dependent effects on the
effective Young’s modulus of the system through parametric
studies of nanowire-elastic substrate systems shown in
Figure 13. The surface elastic modulus ESur of 1.22 nN/nm
is assumed. System parameters studied herein are the nonlo-
cal parameter, the nanowire diameter, and the substrate stiff-
ness. The nonlocal parameter (e0a) varies from zero to
100 nm. The nanowire diameter parameter, defined through
the slenderness ratio L/D, varies from 8.3 to 100nm. Thus,
the corresponding slenderness ratio L/D varies from 120 to
10. The following nondimensional substrate stiffness param-
eter �Ks ranging from 1 to 10 is employed to define the sub-
strate stiffness parameter Ks, thus

�Ks =
KsΓL

2

ExxA
: ð27Þ

Adopting a similar approach suggested by He and Lilley
[49], the so-called effective Young’s modulus Eeff

xx can be
computed as follows: First, the proposed model is used to
compute the end displacement uEnd of the nanowire-elastic
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substrate system. Then, Eeff
xx is computed by solving the fol-

lowing nonlinear relation:

uEnd =
PEnd coth

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ks/Eeff

xx A
q

L
� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ksE

eff
xx A

q , ð28Þ

where the right-hand side of Equation (28) represents the
end displacement analytically obtained from the classical
bar model embedded in an elastic medium.

The variation of the effective Young’s modulus Eeff
xx with

the nonlocal parameter (e0a) and diameter D is shown in
Figures 14(a)–14(d) for nanowire-elastic substrate systems
with, respectively, nondimensional substrate stiffness param-
eter �Ks of 1, 4, 7, and 10. Generally, the effective Young’s
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Figure 14: Variation of effective Young’s modulus with nanowire diameter and nonlocal scale parameter for various elastic substrate stiffness
nanowire for Simulation III.
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modulus increases with increasing nonlocal parameter and
decreasing nanowire diameter especially for larger values of
nondimensional substrate stiffness parameters. Clearly, non-
locality, surface elasticity, and nanowire-surrounding sub-
strate interaction are critical to the characterization of the
size-dependent effect on the effective Young’s modulus of
the system. It is worth remarking that a more-slender nano-
wire (with decreasing diameter) increases the nanowire sur-
face area/section area ratio, rendering the surface-energy
effect more pronounced. Furthermore, it is noticed that when
the nonlocality is ignored (ðe0aÞ = 0), variation of the effec-
tive Young’s modulus Eeff

xx with diameter D is independent
of the nondimensional substrate stiffness parameter �Ks. This
neutralization of the substrate stiffness is due to the disap-
pearance of the nonlocal scale parameter as observed in
Equation (25).

5. Summary and Conclusions

A size-dependent bar-elastic substrate model considering
small-scale and surface-energy effects is formulated in this
paper to characterize axial responses of nanowire-elastic sub-
strate systems under tensile loadings. The nanostructure-
dependent effect of the bar-bulk material is taken into
account through the thermodynamics-based strain gradient
model while the surface energy-dependent size effect is con-
sidered using the Gurtin-Murdoch surface model. In a
direct manner, system compatibility conditions are obtained
while within the framework of the virtual displacement
principle, the system equilibrium condition and the corre-
sponding natural boundary conditions are consistently
obtained. The system sectional force-deformation relations
are established with inclusion of nonlocal and surface-
energy effects. To investigate the characteristics and behav-
iors of the nanowire-elastic substrate system, three numeri-
cal simulations are performed.

The first simulation confirms that the thermodynamics-
based strain gradient bar model can demonstrate the nonlo-
cal effect even in the case of uniformly distributed loads as
opposed to the Eringen nonlocal bar model. The paradoxical
characteristic inherent to Eringen differential nonlocal con-
stitutive model is thus absent from the proposed nanobar
model. A stiffer axial-displacement response associated with
nanostructure effect is obtained with the proposed nanobar
model when compared with those obtained with local and
Eringen nonlocal bar models.

The second simulation shows that both global and local
responses of a nanowire-elastic substrate system are dictated
by the effects of nonlocality and surface energy. A stiffer
nanowire-elastic substrate system is noticed when the effects
of nonlocality and surface energy are accounted for. Peculiar
but unique response distributions along the nanowire length
result, and they are associated with the higher-order govern-
ing differential equation and the statical indeterminacy of the
nanowire-elastic substrate system.

The third simulation indicates that surrounding substrate
stiffness, nonlocal parameter, and surface energy increase the
size-dependent effect on the system effective Young’s modu-
lus. With the disappearance of the nonlocal scale parameter,

the influence of surrounding substrate stiffness on the system
effective Young’s modulus is nullified.

Appendix

A. Governing Differential Equations and
Boundary Conditions for All Bar Models in
Simulation I

A.1. Eringen’s Nonlocal Bar Model by Limkatanyu et al. [36].
Governing Differential Equation:

− ExxAð Þ ∂
2ux xð Þ
∂x2

= px xð Þ − e0að Þ2 ∂
2px xð Þ
∂x2

: for x ∈ 0, Lð Þ:
ðA:1Þ

Boundary Conditions:

ux 0ð Þ = 0, ðA:2Þ

N Lð Þ = ExxAð Þ ∂ux xð Þ
∂x

� �����
x=L

= 0: ðA:3Þ

A.2. Classical (Local) Bar Model. Governing Differential
Equation:

− ExxAð Þ ∂
2ux xð Þ
∂x2

= px xð Þ: for x ∈ 0, Lð Þ: ðA:4Þ

Boundary Conditions:

ux 0ð Þ = 0, ðA:5Þ

N Lð Þ = ExxAð Þ ∂ux xð Þ
∂x

� �����
x=L

= 0: ðA:6Þ

A.3. Proposed Bar Model. Governing Differential Equation:

ExxAð Þ e0að Þ2 ∂
4ux xð Þ
∂x4

− ExxAð Þ ∂
2ux xð Þ
∂x2

= px xð Þ: for x ∈ 0, Lð Þ:
ðA:7Þ

Boundary Conditions:

ux 0ð Þ = 0, ðA:8Þ

N Lð Þ =
 

ExxA + ESurΓ
� � ∂ux xð Þ

∂x

− ExxAð Þ e0að Þ2 ∂
3ux xð Þ
∂x3

!�����
x=L

= 0,
ðA:9Þ

N1 0ð Þ = ExxAð Þ e0að Þ2 ∂
2ux xð Þ
∂x2

 !�����
x=0

= 0, ðA:10Þ

N1 Lð Þ = ExxAð Þ e0að Þ2 ∂
2ux xð Þ
∂x2

 !�����
x=L

= 0: ðA:11Þ
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B. Governing Differential Equations and
Boundary Conditions for Scenarios in
Simulation II

B.1. Scenario I: Proposed (Nonlocal) Bar Model with Surface
Effect. Governing Differential Equation:

ExxAð Þ e0að Þ2 ∂
4ux xð Þ
∂x4

− ExxA + ESurΓ
� � ∂2ux xð Þ

∂x2
+ ksux xð Þ − px xð Þ = 0 : for x ∈ 0, Lð Þ:

ðB:1Þ

Boundary Conditions:

N 0ð Þ =
 

ExxA + ESurΓ
� � ∂ux xð Þ

∂x

− ExxAð Þ e0að Þ2 ∂
3ux xð Þ
∂x3

!�����
x=0

= 0,
ðB:2Þ

N Lð Þ =
 

ExxA + ESurΓ
� � ∂ux xð Þ

∂x

− ExxAð Þ e0að Þ2 ∂
3ux xð Þ
∂x3

!�����
x=L

= P,
ðB:3Þ

N1 0ð Þ = ExxAð Þ e0að Þ2 ∂
2ux xð Þ
∂x2

 !�����
x=0

= 0, ðB:4Þ

N1 Lð Þ = ExxAð Þ e0að Þ2 ∂
2ux xð Þ
∂x2

 !�����
x=L

= 0: ðB:5Þ

B.2. Scenario II: Proposed (Nonlocal) Bar Model without
Surface Effect. Governing Differential Equation:

ExxAð Þ e0að Þ2 ∂
4ux xð Þ
∂x4

− ExxAð Þ ∂
2ux xð Þ
∂x2

+ ksux xð Þ
− px xð Þ = 0 : for x ∈ 0, Lð Þ:

ðB:6Þ

Boundary Conditions:

N 0ð Þ = ExxAð Þ ∂ux xð Þ
∂x

− ExxAð Þ e0að Þ2 ∂
3ux xð Þ
∂x3

 !�����
x=0

= 0,

ðB:7Þ

N Lð Þ = ExxAð Þ ∂ux xð Þ
∂x

− ExxAð Þ e0að Þ2 ∂
3ux xð Þ
∂x3

 !�����
x=L

= P,

ðB:8Þ

N1 0ð Þ = ExxAð Þ e0að Þ2 ∂
2ux xð Þ
∂x2

 !�����
x=0

= 0, ðB:9Þ

N1 Lð Þ = ExxAð Þ e0að Þ2 ∂
2ux xð Þ
∂x2

 !�����
x=L

= 0: ðB:10Þ

B.3. Scenario III: Local Bar Model with Surface Effect. Gov-
erning Differential Equation:

− ExxA + ESurΓ
� � ∂2ux xð Þ

∂x2
+ ksux xð Þ − px xð Þ

= 0 : for x ∈ 0, Lð Þ:
ðB:11Þ

Boundary Conditions:

N 0ð Þ = ExxA + ESurΓ
� � ∂ux xð Þ

∂x

� �����
x=0

= 0, ðB:12Þ

N Lð Þ = ExxA + ESurΓ
� � ∂ux xð Þ

∂x

� �����
x=L

= P: ðB:13Þ

B.4. Scenario IV: Local Bar Model without Surface Effect.
Governing Differential Equation:

− ExxAð Þ ∂
2ux xð Þ
∂x2

+ ksux xð Þ − px xð Þ = 0 : for x ∈ 0, Lð Þ:
ðB:14Þ

Boundary Conditions:

N 0ð Þ = ExxAð Þ ∂ux xð Þ
∂x

� �����
x=0

= 0,

N Lð Þ = ExxAð Þ ∂ux xð Þ
∂x

� �����
x=L

= P:

ðB:15Þ

Data Availability

Responses of Eringen nonlocal bar model shown in Figures 5,
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