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We investigate the kinematic feasibility of a tendon-based flexible parallel platform actuator. Much of the research on tendon-
driven Stewart platforms is devoted either to the completely restrained positioning mechanism (CRPM) or to one particular type
of the incompletely restrained positioning mechanism (IRPM) where the external force is provided by the gravitational pull on
the platform such as in cable-suspended Stewart platforms. An IRPM-based platform is proposed which uses the external force
provided by a compliant member. The compliant central column allows the configuration to achieve 𝑛 DOFs with 𝑛 tendons.
In particular, this investigation focuses on the angular deflection of the upper platform with respect to the lower platform. The
application here is aimed at developing a linkable module that can be connected to one another so as to form a “snake robot” of
sorts. Since locomotion takes precedence over positioning in this application, a 3-DOF Stewart platform is adopted. For an arbitrary
angular displace of the end-effector, the corresponding length of each tendon can be determined through inverse kinematics.
Mathematical singularities are investigated using the traditional analytical method of defining the Jacobian.

1. Introduction

In this research we have designed and developed a smart
material actuated tendon-based flexible single link actuator.
The smart material used in this project is called electroactive
polymer (EAP).This actuator is a special version of a Stewart
platform developed as a small-scale tendon-driven flexible
actuator. Much of the research on tendon-driven Stewart
platforms is devoted either to the completely restrained
positioning mechanism (CRPM) or to one particular type of
the incompletely restrained positioning mechanism (IRPM)
where the external force is provided by the gravitational pull
on the platform such as in cable-suspended Stewart plat-
forms.The actuator developed here is based on IRPM. It uses
a central compliant member connecting two parallel plat-
forms while the two platforms are connected by three active
tendons placed at the outer edges of the platforms. The ten-
dons are parallel to the central compliantmember while none
of the tendons are activated. The compliant central column
allows the configuration to achieve 3 DOFs with different
activation (force) of the 3 tendons. In particular, this investi-
gation focuses on the angular displacement between the two

platforms. This actuator has lots of applications in systems
where ball-and-socket joints are used.The application here is
aimed at developing a linkable module that can be connected
to one another so as to form a 3-DOF “snake robot” of sorts.
For an arbitrary angular displacement between two plat-
forms, the corresponding length of each tendon can be deter-
mined through inverse kinematics. Input voltage variations
to the amplifier of the tendons will maintain required length
of each tendon to achieve the requested angle between the
platforms. These are then understood geometrically to esti-
mate the possible workspace.

1.1. Research on Tendon-Based ParallelManipulator. For up to
20 years, research has continued on parallel robots, and today
many, especially the planar parallel manipulators, have found
their way into practical applications such as positioning
devices, motion generators, and ultrafast pick and place
robots [1]. Perhaps the most well-known and widely used of
these parallel robots is the Stewart platform, which gained
prominence due to its use in flight simulators.The traditional
Stewart platform actuated by pistons attached to the base and
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the platform by universal or ball-and-socket joints has given
rise to other variations of such platforms. Of these variants
those are of interest are firstly using compliant members and
secondly using tendon or cable actuation.

In Korea, Choi et al. proposed the use of a passive compli-
ant Stewart platform to accurately measure both position and
force on eachmember of the platform [2]. Linear springs with
encoders were placed in place of active pistons to determine
the position and forces on the master robot to be mimicked
by the slave.Though the compliantmembers were not used as
active actuators, their use in Stewart platform opens up new
grounds. Moon and Kota took this concept and applied it to
active members [3]. They added compliant joints to piston-
like linear actuators and incorporated a central constraining
leg when fewer than 6 DOFs were required.

The idea of the constraining central leg introduces
another method of configuring the Stewart platform. In the
area of tendon-driven or cable-suspended platforms, few
configurations have been proposed. The best known cable-
suspended planar parallel robots are the RoboCranes devel-
oped at NIST [4, 5], where the end-effector sits on a platform
suspended from a fixed frame using 6 cables to achieve 6
DOFs. Issues regarding the workspace and design of general
cable-based planar robots were addressed by Fattah and
Agrawal [6], where the platform was not only suspended but
also constrained by cable fromabove and below.A tendon can
provide some amount of load and, to assure that the tendon is
always under tension, different solutions are advised. Some-
times the end-effector is suspended from the tendons and, by
use of the gravity force or any other passive force against the
moving platform, this is ensured [7]. Another more applica-
ble solution for high acceleration applications is to use redun-
dant actuators and to resolve the redundancy to ensure posi-
tive tension in all the tendons.This can be performed in a fully
constrained or overconstrained moving platform [8], but
withmore difficulties to analyze the geometry [9] or force and
possible workspace [10, 11].

Tendon-Based Parallel Manipulator Application

(1) RoboCrane. NIST implemented RoboCrane to carry on a
series of applications such as assembly, lifting, spraying, and
building structures [12]. Also, NIST worked on some theoret-
ical analysis of kinematic modelling, stiffness, and workspace
issues for the cable robot. The results concluded that the
design neglected the weight of the cable; thus the stiffness of
this robot depends on cable stiffness, the position of end-
effectors, and the mass of the lifting load.

(2) FALCON-7. FALCON project is implemented in Japan
with cable-driven parallel robots as a supervelocity robot [13].
Furthermore, a 7-cable 6-DOF cable-driven parallel manipu-
lator was analyzed in their case study concerning modelling
method and workspace calculation. It is also worth noting
that the dynamic performance can be improved by increasing
tensions based on the relationship of stiffness and tension in
this kind of cable robot and it is verified experimentally [13].

(3) SACSO Wind-Tunnel Model. SACSO was developed as
another application of cable-driven parallel manipulators by
ONERA, France, which is a 9-cable parallel robot [14]. In
this study, the types and functionality of cable-driven parallel
robots are discussed and a kinematic cable-driven parallel
manipulator is presented. Besides, investigations regarding
tension and dynamic characteristics are also taken in [14].

(4) SEGESTA Experimental Platform. Some researchers in
Duisburg-Essen University of Germany built SEGESTA, a
cable robot. Researchers used this platform to study the kine-
matic modelling, workspace calculation method, instant ten-
sion distribution, and trajectory planning issues [15].

(5) SMA Actuated Cable-Driven Parallel Manipulator. Shape
memory alloy (SMA) actuator is a potential advanced compo-
nent for servo systems of aerospace vehicles and aircraft. SMA
triple wires perform two degrees of freedom (DOFs) con-
nected with a joint where the mobility range close to ±60∘ in
the research [16].The fuzzy proportional-integral-derivative-
(PID-) controlled actuator drive was designed using antag-
onistic SMA triple wires. This research showed the investi-
gation of the external interference to the system proved the
controllable maximum output [16].

2. Modeling of Smart Actuator

A smart material-based actuator model is proposed here to
develop a flexible manipulator. Investigation of the kinematic
and dynamic feasibility of the actuator is taken into account
in this research. Considering the advantages of the compliant
members and that of the tendon-actuated planar parallel
mechanisms, a design is suggested here where both the com-
pliant aspect and tendon actuation could be used to develop
simple miniature Stewart platforms that could be used as
linkable modules of a locomotion device.

2.1. Proposed Model. One of the more comprehensive of
treatments given to tendon-driven Stewart platforms is that
of Verhoeven et al. [17]. In their formulation, they divide such
platforms into two major classes, the first being the “com-
pletely restrained positioning mechanism” (CRPM), where
tendons are attached with the platforms like a compression
spine.This makes perfect sense since tendons are only able to
exert tensile forces and not compressive ones and therefore
are paired into opposing sets, much like antagonistic muscles
found in limbs of living organisms. However, another cable is
necessary to balance forces and effective torques to maintain
stable positions. In such situations the number of cables will
always be onemore than the desiredDOF.Thus 𝑛+1wires are
needed to actuate a platform of 𝑛 DOFs. The second class of
platforms is known as the “incompletely restrained position-
ing mechanism” (IRPM) where tendons are positioned only
below or above the platform. In this configuration an external
force must be added to reverse the tensile actuation of the
wires. The most common example of such a force is gravity,
as in the RoboCrane where the platform is suspended by
cable attached to fixed points above it. In this configuration,
as the wire is relaxed or released, the weight of the platform
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will force it to traverse to the desired position. Since gravity
acts vertically in the −𝑧-direction, it does not generate torque
about 𝑧 and hence an extra cable is not necessary to stabilize
the platform, allowing 𝑛 cables to produce 𝑛 DOF [18, 19].

The proposed design, here, also falls into the IRPM but,
rather than relying on gravity to provide the external force, a
compliant member is added to maintain the external force at
any orientation.While the RoboCrane can only functionwith
cable above the platform, the new configuration will allow
the platform to operate with cables below it, much like the
traditional Stewart platform.

In the proposed Stewart platform, both the upper and
lower platforms are of configurations of equilateral triangles
with cables attached close to the vertices. One cable attaches
each of the vertices of the lower platform to the vertices
directly above it on the upper platform. The three tendons
thus enable the platform to exhibit 3 DOFs. In order for the
upper end-effector platform not to collapse onto the fixed
base platform, a compliant central column must be added.
The joint between the column and the upper platform as
well as with the lower platform is fixed. The central column
therefore at the point of attachment with the platform will
always form a right angle regardless of orientation. Moments
and forces are transferred into the column at both ends;
hence the column can be modeled as a cantilever beam with
moment and force acting upon the free end. Furthermore, the
column needs to be able to compress upon itself and bend in
the desired direction to achieve 3 DOFs. If the column were
to bend only, then only 2 DOFs are achievable.Thus, a spring
of a fairly large diameter is proposed as the central support.
The spring is able to undergo compression and bending, and
the large diameter will prevent the spring from buckling out
of position when a bending force is applied together with
compression. With this configuration, the three tendons can
be actuated independently to achieve the desired position of
the end-effector.

In this application, however, due to the nature of the
3-DOF device, position actually determines the orientation
rather than the exact Cartesian position of the end-effector.
The interest in this situation is the angular displacement of
the upper platform with respect to the lower one.The desired
output of the system therefore is the angle between the upper
and lower platform.When linked to one after another of such
module it is the angle that will allow the chain of platforms to
bend in different formation to achieve locomotion. For the
output, therefore, three generalized coordinates are selected.
The first is the height of the central column, ℎ, effectively a
translation along 𝑧, which can be compressed by applying
tension on all three tendons as shown in Figure 1.The second
and third coordinates are the angles formed by the upper plat-
form and the lower platform about the 𝑥- and 𝑦-axes. Rather
than composing this angle from rotations around 𝑥 and 𝑦,
spherical-like coordinates are adopted as shown in Figure 2.
That is, in the 𝑥-𝑦-plane, angle 𝜃 denotes the anticlockwise
anglemeasured from the positive𝑥-axis.Theprojection of the
bent central column onto the 𝑥-𝑦-plane is therefore assigned
the variable 𝑑. The second angle 𝜑 thus denotes the angle
between the plane of the upper platform and 𝑑. This angle
differs from the equivalent spherical coordinate, as the vertex
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of this angle is not at the origin. In fact, the vertex of the angle
moves further away from the origin as the angle decreases and
comes closer as it increases.

Given the coordinates of ℎ, 𝜃, and𝜑 in Figure 2, theCarte-
sian coordinates 𝑥, 𝑦, and 𝑧 can be determined, which then
are in turn used to calculate the length of the three cables.
Before performing the inverse kinematics assumptions are
made in order to simplify the calculations. The assumption
made here is that, for any desired position of the end-effector,
the central column shall always bend to assume a circular
arc of radius of curvature 𝑅. Though the column may not
necessarily form a circular arc, this assumption is made as
an approximation. The validity of this assumption shall be
investigated upon constructing a physical model.

2.2. Inverse Kinematics. For every position of end-effector,
precise lengths of each of the tendons must be given. Since
both the lower and upper platforms have three points of
attachment, the length from one point on the lower platform
to another on the upper platform can be determined by taking
the norm of the vector. To simplify the vector calculations,
reference points are introduced: one on the center of the base,
𝑂
𝑏
and one on the center of upper platform𝑂

𝑝
, which is also

designated as the reference of the end-effector. The points
where the tendons are attached on the base are then 𝐵

1
, 𝐵
2
,

and 𝐵
3
, and due to their position at the vertices of a triangle

which can be thought of as lying exactly within a circle of
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radius 𝑟, their position vectors with respect to 𝑂
𝑏
would be

given as

𝐵
1
=

[

[

0

𝑟

0

]

]

, 𝐵
2
=

[

[

𝑟 cos 30∘
−𝑟 sin 30

∘

0

]

]

,

𝐵
3
=

[

[

−𝑟 cos 30∘
−𝑟 sin 30

∘

0

]

]

.

(1)

Similarly the points on the upper platform with respect to𝑂
𝑝

would be

𝑃
1
=

[

[

0

𝑟

0

]

]

, 𝑃
2
=

[

[

𝑟 cos 30∘
−𝑟 sin 30

∘

0

]

]

,

𝑃
3
=

[

[

−𝑟 cos 30∘
−𝑟 sin 30

∘

0

]

]

.

(2)

Before continuing further with the determination of cable
lengths, the transformation from one set of coordinates to
another must be delineated. From the coordinates deter-
mined earlier as ℎ, 𝜃, and 𝜑, the first value that must be calcu-
lated is that of the radius of curvature,𝑅, of the central spring,
given by

𝑅 =

180ℎ

𝜋𝜃

. (3)

Then the coordinate (𝑥, 𝑦, 𝑧) is determined to be

𝑥 = 𝑅 (1 − cos𝜑) sin 𝜃,

𝑦 = 𝑅 (1 − cos𝜑) cos 𝜃,

𝑧 = 𝑅 sin𝜑.

(4)

As for the positioning mechanism, in order to determine the
vector from 𝐵

1
to 𝑃
1
, for example, when the end-effector is

positioned at [𝑥, 𝑦, 𝑧]
𝑇, the vectors equation becomes

→

𝐵
1
𝑃
1
= −

→

𝐵
1
+

→

𝑂
𝑏
𝑂
𝑝
+

→

𝑃
1

(5)

which, in column vector form, would be

→

𝐵
1
𝑃
1
=

[

[

0

−𝑟

0

]

]

+
[

[

𝑥

𝑦

𝑧

]

]

+
[

[

0

𝑟

0

]

]

. (6)

The orientation of the upper platform must be broken down
into roll, pitch, and yaw angles. Clearly as there is no rotation
about 𝑧 in this application, only the pitch and the yaw angles
must be determined from the input coordinates of 𝜃 and 𝜑.
Assigning 𝛼 as rotation about 𝑥 and 𝛽 as rotation about 𝑦, the
following is calculated:

𝛼 = tan−1 (
tan𝜑

sin 𝜃

) ,

𝛽 = tan−1 (
tan𝜑

cos 𝜃
) .

(7)

Using angles 𝛼 and𝛽, the transformed position vectors on the
platform would be given by

𝑃
𝑡
=

[

[

cos𝛽 sin𝛼 sin𝛽 cos𝛼 sin𝛽

0 cos𝛼 − sin𝛼

− sin𝛽 sin𝛼 cos𝛽 cos𝛼 cos𝛽
]

]

𝑃
𝑖
. (8)

For any position and orientation, then, the lengths are given
by

𝑙
1
=








→

𝐵
1
𝑃
1








, 𝑙
2
=








→

𝐵
2
𝑃
2








, 𝑙
3
=








→

𝐵
3
𝑃
3








. (9)

Deriving the values for 𝑙
1
completely, consider

𝑙
1
=














[

[

0

−𝑟

0

]

]

+
[

[

𝑥

𝑦

𝑧

]

]

+
[

[

cos𝛽 sin𝛼 sin𝛽 cos𝛼 sin𝛽

0 cos𝛼 − sin𝛼

− sin𝛽 sin𝛼 cos𝛽 cos𝛼 cos𝛽
]

]

[

[

0

𝑟

0

]

]














(10)

or

𝑙
1
= ([𝑟 sin𝛼 sin𝛽 + 𝑥]

2

+ [𝑟 cos𝛼 − 𝑟 + 𝑦]
2

+ [𝑟 sin𝛼 cos𝛽 + 𝑧]
2

)

1/2

.

(11)

Similarly, 𝑙
2
and 𝑙
3
can be determined by

𝑙
2
= ([−𝑟 cos 30 + 𝑥 + 𝑟 cos𝛽 cos 30 − 𝑟 sin𝛼 sin𝛽 sin 30]

2

+ [𝑟 sin 30 + 𝑦 − 𝑟 cos𝛼 sin 30]
2

+ [𝑧 − 𝑟 sin𝛽 cos 30 − 𝑟 sin𝛼 cos𝛽 sin 30]
2

)

1/2

,

𝑙
3
= ([−𝑟 cos 30 + 𝑥 + 𝑟 cos𝛽 cos 30 − 𝑟 sin𝛼 sin𝛽 sin 30]

2

+ [𝑟 sin 30 + 𝑦 − 𝑟 cos𝛼 sin 30]
2

+ [𝑧 − 𝑟 sin𝛽 cos 30 − 𝑟 sin𝛼 cos𝛽 sin 30]
2

)

1/2

.

(12)

The same can be repeated for 𝑙
2
and 𝑙
3
. Then adjusting each

of the cables to the calculated lengths would result in the
desired position of the end-effector. Figures 3 and 4 show
the simulated result for different configuration of the upper
platform.

2.3. Dynamic Analysis of the Actuator. In order to develop
the dynamic model of the robot, the Lagrange-Euler method
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is used. The simplified version of Lagrange-Euler equation is
presented by

𝑛

∑

𝑗=1

𝑀
𝑖𝑗

̈𝑞
𝑖
+ 𝐶
𝑖
( ̇𝑞, 𝑞) −

𝜕𝑈 (𝑞)

𝜕𝑞
𝑖

+

𝜕𝑓
𝑐

𝜕 ̇𝑞
𝑖

= 𝑄
𝑖
, 1 ≤ 𝑖 ≤ 𝑛,

(13)

where 𝑞
𝑖
is the generalized coordinates, 𝑄

𝑖
is the generalized

force corresponding to 𝑞
𝑖
, 𝑀 is the inertia matrix, 𝐶

𝑖

the centrifugal and the coriolis matrix, 𝑈 is the potential
energy, and 𝑓

𝑐
is Rayleigh’s dissipation function.

Figure 5 shows that forces 𝑓
𝑗1
and 𝑓

𝑗2
are applied by the

actuator (with respect to spine), located between ribs AB and
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Figure 5: Approximate manipulator workspace.
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Table 1: EAP mechanical characteristics.

Variable Value
𝜌𝑝 (density of electrode, Kg/m3) 21500
𝜌𝑔 (density of EAP, Kg/m3) 2600
𝐿 (length of the EAP actuator, m) 0.040
𝑏 (width of the EAP actuator, m) 0.020
hb (thickness, m) 0.010
Eb (Young’s modulus of elasticity for EAP, Pa) 3 × 106

CD. Based on Figure 12, the following relations are valid for
forces 𝑓

𝑗1
and 𝑓

𝑗2
components along the 𝑥- and 𝑦-axes:

𝐹
𝑗1𝑥

= 𝑓
𝑗1
cos (𝜑

𝑖
+ Δ𝜑
𝑖
) ,

𝐹
𝑗1𝑦

= 𝑓
𝑗1
sin (𝜑

𝑖
+ Δ𝜑
𝑖
) ,

𝐹
𝑗2𝑥

= 𝑓
𝑗2
cos (−𝜑

𝑖
+ Δ𝜑
𝑖
) ,

𝐹
𝑗2𝑦

= 𝑓
𝑗2
sin (−𝜑

𝑖
+ Δ𝜑
𝑖
) .

(14)

Figure 6 shows the maximum torque value reaches at time
1.5∼2 sec. The actuator has the largest torque value about
3.08N⋅cm.

2.4. Modeling and Simulation of Smart (EAP) Actuator. The
mechanical parameters of the EAP are shown in Table 1.
The width of EAP is assumed to be 0.020m. The blocking
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Table 2: EAP electrical parameters.

Variable Value
𝑅 (Ω) 78
𝐶 (F) 1.382𝑒 − 2

𝜏𝑄 (RC), sec 0.0106
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Figure 7: Voltage-elongation and force-elongation relationships of
the EAP actuator.

force is measured by positioning a force sensor at the tip
of an EAP actuator. The electrical parameters obtained from
system identification procedure are shown in Table 2.

An experiment has been conducted to investigate the
properties of a system driven by EAP. One of the EAP rolls
is fixed to the base frame. On the other side, it is connected
through stainless steel tendons to a pulley which moves a
metallic bar. The EAP has thus the functionality of a muscle,
whose levels of activation control the angular position of the
joint. The actuation properties of the employed EAP roll is
completely described in terms of developed stress and strain
as a function of the applied voltage as shown Figure 7. In this
framework, the controller is responsible of actuating the actu-
ator and the elongation of the tendon. In order tomeasure the
cable forces, force sensor is used and placed on the tendons.

2.5. Design and Fabrication of EAP-Based Flexible Actuator

2.5.1. Solid Model of the Actuator. The actuator of a single
link contains two bases, three EAP tendons, and one spring-
like soft material as shown in Figure 8. Figure 9 shows the
top view of the actuator, where the three tendons are able to
perform 3-DOF motion by the linearly tension-compression
actuation of the tendons.

2.5.2. Fabrication of the Actuator. The EAP-based flexible
actuator used in this research is shown in Figure 10. It consists
of flexible central body and three EAP tendons are attached
for tendon-driven Stewart platforms actuator.The actuator is

Figure 8: Perspective view of the 3D solid model of the actuator.

Table 3: Actuator dimensions and parameters.

Variable Value
𝐿 (length, m) 0.050
𝐷 (diameter, m) 0.020
𝑚 (mass, kg) 0.010

powered externally.The actuator’s dimension and parameters
are given in Table 3.

The parameters of the prototype as shown in Figure 10 are
stated in the Table 3. The initial length of each of the EAP
tendons is 50 cm.The fixed diameter of the platform is 20 cm
and the total mass of the actuator is 10 gm.

In order to provide safety to the user, the EAP actuator
was mounted inside a transparent rubber pocket. Three EAP
tendons were attached between two platforms. This actuator
performs 3-DOF motion.

3. Singularities of the Proposed Mechanism

Though the inverse kinematics of a parallel robot is relatively
straightforward compared to serial mechanisms, the defini-
tion of the Jacobian requires a more complex method. Tra-
ditionally, the understanding of parallel robot singularities
requires the formulation of two Jacobian matrices, both of
which are derived from the implicit function joint parameters
and end-effector coordinates. This function is obtained from
the kinematic constraints of the manipulator:

𝑓 (𝑥, 𝑞) = 0, (15)

where 𝑞 is the set of input coordinates and 𝑥 is the output.
Differentiating the implicit function, we get

𝐽
𝑥
⋅ �̇� = 𝐽

𝑞
⋅ ̇𝑞, (16)

from which both Jacobians are deduced:

𝐽
𝑥
=

𝜕𝑓

𝜕𝑥

,

𝐽
𝑞
= −

𝜕𝑓

𝜕𝑞

.

(17)

For fully parallel mechanisms, such as the proposed design,
the final relationship can be written as

̇𝑞 = 𝐽
𝑞

−1

⋅ 𝐽
𝑥
⋅ �̇�. (18)
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Figure 9: Top view of the actuator.

Figure 10: Prototype of the EAP-based flexible actuator.

In Figure 11, the mechanism, therefore, will be in a singular
position if either of the two or both Jacobians are singular.
For the present design, the implicit functions are determined
by the kinematic loops found in the mechanism; however,
rather than solving for singularities in the 3D model, a 2D
representation is adopted to simplify the calculations and be
taken as a point of departure.

From the above configuration, the lengths of the two
cables are resolved into its 𝑥- and 𝑦-components leading to
the following equations:

𝑓
1
= (𝑥 + 𝑟 − 𝑟 cos 𝜃)2 + (𝑦 − 𝑟 sin 𝜃)

2

− 𝑞
1

2

= 0,

𝑓
2
= (𝑥 − 𝑟 + 𝑟 cos 𝜃)2 + (𝑦 + 𝑟 sin 𝜃)

2

− 𝑞
2

2

= 0.

(19)

Taking partial derivatives of both functions, the following
equations are obtained:

𝜕𝑓
1

𝜕𝑥

= 2 (𝑥 + 𝑟 − 𝑟 cos 𝜃) ,

𝜕𝑓
1

𝜕𝑦

= 2 (𝑦 − 𝑟 sin 𝜃) ,

𝜕𝑓
1

𝜕𝜃

= 2 (𝑥 + 𝑟 − 𝑟 cos 𝜃) 𝑟 sin 𝜃 − 2 (𝑦 − 𝑟 sin 𝜃) 𝑟 cos 𝜃,

x

y

𝜃

q1

q2

Figure 11: 2D representation of the model.
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Figure 12: Approximate manipulator workspace.

𝜕𝑓
2

𝜕𝑥

= 2 (𝑥 − 𝑟 + 𝑟 cos 𝜃) ,

𝜕𝑓
2

𝜕𝑦

= 2 (𝑦 + 𝑟 sin 𝜃) ,

𝜕𝑓
2

𝜕𝜃

= − 2 (𝑥 − 𝑟 + 𝑟 cos 𝜃) 𝑟 sin 𝜃 + 2 (𝑦 + 𝑟 sin 𝜃) 𝑟 cos 𝜃,

𝜕𝑓
1

𝜕𝑞
1

= − 2𝑞
1
,

𝜕𝑓
1

𝜕𝑞
2

= 0,

𝜕𝑓
2

𝜕𝑞
1

= 0,

𝜕𝑓
2

𝜕𝑞
2

= − 2𝑞
2
.

(20)
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Figure 13: Prototype presents the actual process of actuator movement.

The Jacobians are thus defined as

𝐽
𝑥
=

[

[

2 (𝑥 + 𝑟 − 𝑟 cos 𝜃) 2 (𝑦 − 𝑟 sin 𝜃) 2 (𝑥 + 𝑟 − 𝑟 cos 𝜃) 𝑟 sin 𝜃 − 2 (𝑦 − 𝑟 sin 𝜃) 𝑟 cos 𝜃
2 (𝑥 − 𝑟 + 𝑟 cos 𝜃) 2 (𝑦 + 𝑟 sin 𝜃) −2 (𝑥 − 𝑟 + 𝑟 cos 𝜃) 𝑟 sin 𝜃 + 2 (𝑦 + 𝑟 sin 𝜃) 𝑟 cos 𝜃

0 0 0

]

]

,

𝐽
𝑞
= [

−2𝑞
1

0

0 −2𝑞
2

] ,

(21)

where the determinants would be expressed as

det 𝐽
𝑥
= 2 (𝑥 + 𝑟 − 𝑟 cos 𝜃) − 2 (𝑦 − 𝑟 sin 𝜃)

+ 2 (𝑥 + 𝑟 − 𝑟 cos 𝜃) 𝑟 sin 𝜃 − 2 (𝑦 − 𝑟 sin 𝜃) 𝑟 cos 𝜃,

det 𝐽
𝑞
= −4𝑞

1
𝑞
2
.

(22)

Factorizing (15) and equating the determinants to zero gives

cos 𝜃 (−2𝑟 − 2𝑦𝑟) + sin 𝜃 (2𝑟 + 2𝑟
2

+ 2𝑥𝑟)

+ 2𝑟 + 2𝑥 − 2𝑦 = 0,

−4𝑞
1
𝑞
2
= 0.

(23)

As for the lengths, it is obvious that the lengths can never be
equal to zero. However, for other singularities, each angle will
have its own set of singularities. When 𝜃 is zero, that is, when
the platform is parallel to the base, the end-effect cannot
occupy the set of positions 𝑥 and 𝑦 given by the following
linear equation:

𝑦 =

1

𝑟 + 1

𝑥. (24)

Similarly when 𝜃 is 90∘ the set of singularities is defined by

𝑦 = (𝑟 + 1) 𝑥 + 2𝑟 + 𝑟
2

, (25)

and when 𝜃 is −90∘ the equation concerned is

𝑦 = (1 − 𝑟) 𝑥 − 𝑟
2

. (26)

Though the above equations will give us the analytical
singularities, it is more likely that the physical limitations of
the manipulator will be encountered first.

Going back to the 3Dmodel, there are numerous physical
limits. The first is the maximum and minimum limits of the
vertical compressible column in the 𝑧-direction. The second
would be the limitations posed by thewires and the platforms.
The wires can be shortened only up to the point where the
edges of the platforms meet. Here the ration of the height of
spring to the radius of the base becomes critical. If the spring
is too long compared to the radius, the spring would bend too
far so as to almost complete a circle. If the height is too short
compared to the radius then the angle of deflection is limited.
If amaximumof 60∘ deflection is desired in all directions then
the desired ℎ : 𝑟 ration would be 𝜋 : 3.

Given these constraints, and taking linear approximations
of a nonlinear model, the approximate workspace of the 3
DOFs is given below for a fixed height of 25mm and radius
of 24mm is shown in Figure 12.

The center of the upper platform thus traverses a surface,
and when the height of the central spring is increased
or decreased, new surfaces are formed hence occupying a
volume in space.



Journal of Robotics 9

4. Experiment

An experimental setup has been carried out to demonstrate
proposed design. The actuator that we used for the experi-
ments is smart material actuated parallel platform as shown
in Figure 10 [20]. In this experiment, the link represents
the 3-DOF movement according to the proposed kinematic
analysis. Figure 13 shows six angular displacements between
two parallel plates attached at the two ends of the actuator
against different voltages in different tendons.

If 3 tendons’ lengths are the same, the central compliant
column only shortens along the 𝑧-axis of the actuator and
the top and bottom platforms remain approximately parallel.
In the following step, adjustment of the lengths of the three
tendons helps change the angular position of the actuator in
a new location. Thus the actuator has a wide scope of 3D
workspace. Furthermore the series of this parallel platform
can be performed by snake-like robot navigation in search
and rescue mission [21].

5. Conclusions

Smart material actuated tendon-based flexible actuator for
3D angular positioning is discussed in this research. The
design and kinematic analysis of the actuator are also
demonstrated in this work. In particular, this investigation
focuses on the angular deflection of the upper platform with
respect to the lower platform. Amanipulator consisting of an
IRPM mechanism that contains a compliant central column
connected between two parallel platforms is capable of
demonstrating angular displacement between the platforms.
The angular displacement of 30∘ between the platforms was
achieved experimentally. It was also found that the curvature
of the central compliant column assumes approximately a
shape of a circular arc within this 30∘ angular deformation.
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