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Theuncertain analysis of fixed solar compoundparabolic concentrator (CPC) collector system is investigated for use in combination
with solar PV cells. Within solar CPC PV collector systems, any radiation within the collector acceptance angle enters through the
aperture and finds its way to the absorber surface by multiple internal reflections. It is essential that the design of any solar collector
aims to maximize PV performance since this will elicit a higher collection of solar radiation. In order to analyze uncertainty of the
solarCPCcollector system in the optimizationproblem formulation, three objectives are outlined. Seasonal demands are considered
for maximizing two of these objectives, the annual average incident solar energy and the lowest month incident solar energy during
winter; the lowest cost of the CPC collector system is approached as a third objective. This study investigates uncertain analysis of
a solar CPC PV collector system using fuzzy set theory. The fuzzy analysis methodology is suitable for ambiguous problems to
predict variations. Uncertain parameters are treated as random variables or uncertain inputs to predict performance. The fuzzy
membership functions are used for modeling uncertain or imprecise design parameters of a solar PV collector system. Triangular
membership functions are used to represent the uncertain parameters as fuzzy quantities. A fuzzy set analysis methodology is used
for analyzing the three objective constrained optimization problems.

1. Introduction

Solar CPC PV collector systems are capable of dealing with
general situations under concentrated sunlight and issues
resulting from higher cell operating temperatures; that is
essential in utilizing concentrating systems as solar PV sys-
tems. Solar CPCs of PV concentrations have been considered
for use in combination with solar cells.

Within solar CPC PV systems, any radiation within the
collector acceptance angle enters through the aperture and
finds its way to the absorber surface by multiple internal
reflections. Improving the efficiency and reducing the cost
of these solar collectors is a hot research topic in the field of
solar collectors. Winston et al. (1975) [1] suggested a design
concept for the compound parabolic concentrator (CPC)
intended to collect a greater amount of solar energy using a
parabolic reflector by means of increasing the capability of
reflecting to the absorber with the widest possible acceptance

angles. Abdul-Jabbar et al. (1988) [2] and Kim et al. (2008)
[3] studied the CPC collector system with double-axis and
single-axis tracking systems and proved the achievement of
higher thermal efficiency of the CPC system compared to
a stationary CPC solar collector system using experimental
and numerical methods. Conversely, Antonelli et al. (2014,
2015) [4, 5] investigated the advantages of the solar CPC
collector design with an appropriate concentration based on
a nontracking system. Antonelli et al. (2016) [6] analyzed
thermal heat losses inside CPC solar collectors using the CFD
simulation approach with new collector’s concepts and mate-
rials. To obtain higher and more stable thermal efficiency,
Mills et al. (1977) [7] compared two different design concepts
for symmetrical and asymmetrical CPC concentrators. In the
case of Trupanagnostopoulos et al. (2000) [8], researchers
applied two different scales of the CPC units to three small-
size CPC units and a single large-scale CPC unit and found
that the smaller CPC unit system had higher performance
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efficiency than the CPC collector system applied to three
small pieces of the CPC units.

This CPC concentrator is used with a combination of
a photovoltaic and thermal (PV-T) collector to be a solar
CPC PV-T system. To improve energy efficiency, the concept
of a dual-fluid concentrating photovoltaic thermal (PV-T)
solar collector was first introduced by Trupanagnostopoulos
(2007) [9]. Aste et al. (2014) [10] studied water as a single
fluid for flat plate PV-T collectors, and Proell et al. (2017) [11]
proposed the idea that a new conceptual design raises energy
efficiency with a low concentrating ratio of CPC reflectors in
order to reduce the electrical losses caused by high heating
energy in PV efficiency. In the case of Baljit et al. (2017)
[12], they researched an upgraded design concept for hybrid
concentrating PV-T collectors between air andwater as work-
ing fluids, leading to improved hybrid system performance
using a mathematical modelling approach. Mallick (2004)
[13] investigated the design, construction, and tests of an
asymmetric CPC collector with different types of PV strings
connected. The experiment was implemented both with the
CPC concentrator and without it, and a comparison of the
efficiency showed that, at the maximum power point, the
CPC concentrated collector was increased by 62% compared
to a stationary plate PV collector system. Nilsson et al. (2007)
[14] proposed a concentration ratio using a PV CPC collector
that only requires the tilt angle for seasonal optimal adjust-
ment of the collector rather than a tracking system. Xu et al.
(2014) [15] showed an optical analysis of a parabolic trough
solar collector using amathematical model for the purpose of
determining the optimal acceptance angle and yearly optimal
tilt angle of aperture for maximizing radiation. Haitham et
al. (2014) [16] presented a comparative experimental and
numerical study on flat photovoltaic strings and symmetric
compound parabolic concentrator photovoltaic systems. The
research showed that the power output of the PVCPC system
is higher than the flat PV string with and without cooling,
respectively.

In many real-world problems, the design data, objec-
tive functions, and constraints are presented in vague and
linguistic terms. However, the optimization problem should
be stated in precise mathematical terms. It seems that it
is more reasonable to describe a transition progress from
absolute possibility to absolute impossibility. The role of
fuzzy logic is to establish a bridge between qualitative and
quantitative modeling. In this view, as the complexity of
a system increases, our ability to make precise and yet
significant statements about its behavior diminishes until a
threshold is reached beyond which precision and significance
become almost mutually exclusive characteristics. For a non-
linear engineering problem, fuzzy set theory is very helpful,
and a tool that transforms this linguistic control strategy
into a mathematical control method in modeling complex
and vague systems. Therefore, the fuzzy logic approach is
intended to streamline the decision analysis process and
produce an evaluation according to the decision-maker's
value system and judgment, whilemaintaining simplicity and
tractability. The fuzzy set theory was introduced by Zadeh
over half a century ago (1965) [17]. Nowadays, this theory
is being applied to countless fields within and beyond the

scope of conventional engineering. Bellman et al. (1970)
[18] extended fuzzy set theory to the fuzzy set-based opti-
mization with decision-making in a fuzzy environment.
Xiong et al. (2004) [19] presented fuzzy nonlinear pro-
gramming for mixed-discrete design optimization through
hybrid genetic algorithms. They proposed a mixed-discrete
fuzzy nonlinear programming approach that combines the
fuzzy 𝜆-formulation with a hybrid genetic algorithm using
mathematical techniques for finding the minimum cost
design of a welded beam. Eman (2006) [20] investigated
a fuzzy approach for a bi-level integer nonlinear program-
ming problem (BLI-NLP), which consists of the higher-level
decision-maker (HLDM) and the lower-level decision-maker
(LLDM). The paper was focused on two planner integer
models and a solution method for solving the problem using
the concept of tolerance membership function and a set of
Pareto optimal solutions. Liang (2008) [21] studied fuzzy
multiobjective production/distribution planning decisions
with multiproducts and multitime periods in a supply chain.
The paper was focused on a fuzzy multiobjective program-
ming model (FMOLP) with linear membership function to
solve integrated multiproduct and multitime period produc-
tion/distribution planning decision (PDPD) problems with
fuzzy objectives. Dubey et al. (2012) [22] and Razmi et al.
(2016) [23] studied general procedures for solving multi-
objective programming. These papers focused on employing
the concept of intuitionistic fuzzy optimization in the process
of solving nonlinear programming problems. Randi et al.
(2016) [24] used two numerical examples in transportation
and manufacturing system areas for solving multi-objective
nonlinear programming problems using an intuitionistic
fuzzy approach. Jafarian et al. (2018) [25] proposed support
for the process of solving multiobjective nonlinear program-
ming problems subject to strict or flexible constraints using
a geometric programming technique.This paper includes the
suggestion of integral intuitionistic fuzzy sets in the solving
procedure and uncertain probabilities in terms of multiple
objectives and constraints.

In the collection of the maximum amount of solar energy,
the most important considerations in a solar energy system
are elevation, declination, and azimuth angles. Although the
horizontal face of the solar energy system absorbs the solar
energy formaximum performance in summer, the amount of
solar radiation is not always maximized due to the particular
location and the season as shown Figure 1.

The angle of incidence of the sun’s ray on the concen-
trator is a main concern in collecting as much sunlight as
possible. As a high concentration ratio, it is possible to use
a multijunction photovoltaic cell with maximum efficiency.
Reflector technology can be applied to low concentration
photovoltaic module systems to collect sunlight via a solar
cell. Determining the angle of the mirrors is dependent on
the direction of a photovoltaic module system, which is fixed,
and includes inclination of installation and location.

The main concern in a solar CPC PV collector is to max-
imize amounts of collected solar radiation by the collectors
as shown in Figure 2. Thus, the maximizations of annual
monthly average incident solar energy and average incident
solar energy for the lowest month are determined by the
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Figure 1: Comparison of solar radiation and length in terms of month on horizontal surface by region.
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Figure 2: Cross section of compound parabolic concentrator and
enlarged schematic of receiver.

design of a solar CPC PV collector. The maximization of
solar PV performance is essential in the design of any solar
collector.

Compound parabolic concentrators (CPCs) are a part of
concentrating collectors, which contain parabolic reflectors
and planar receivers as shown in Figure 3. CPC applications
are dependent on the concentration ratio. This ratio is an
area concentration ratio defined as the ratio of the area of
the aperture to that of the receiver. A larger concentration
ratio indicates a higher temperature, and hence more solar
energy can be delivered. Low concentration ratio applications
of CPC collectors can be classified into thermal and optical
CPC collectors. In the case of thermal CPC collectors, the
main concern is to improve the performance by reducing heat
losses. In the case of optical CPC collectors, a higher solar cell
operating temperature and a nonuniform illumination of the

solar cell have the influence of reducing the performance of
photovoltaic solar cells.

This study investigates uncertain analysis of a solar CPC
PV collector system using fuzzy set theory. The fuzzy analysis
methodology is considered suitable for ambiguous problems
to predict variations and provides a more complete set of
uncertainty information as part of the solution as well as
uncertainty only associated with the initial uncertain input
data. The fuzzy set theory is concerned with membership
of precisely defined sets and is a mechanism for describing
objective matters with countable events. Fuzzy set theory is
beneficial in three clear ways. First, the theory contributes
to realistic analysis of uncertainty since it provides tight
bounds on the solutions of possible optimization and presents
a method to compute a risk (deviation) as given by the level
of the interval uncertainty. Second, a membership function
can be established for each of these linguistic values using a
certain shape on a certain range as fit for given conditions
using triangles, which have been the most popular set shape
for approximating nonlinear systems. Last, the fuzzy set
theory provides a useful framework for better representing
the information about desired projects and explicit benefits
in risk modelling for better depicting situational reality.
Graphically, a membership function can be represented by a
variety of shapes, but it is usually convex. These membership
functions can be determined subjectively; the closer an
element to satisfy the requirements of a set, the closer its
grade of membership is to 1 and vice versa. The fuzzy
theory can help design engineers to predict and analyze
the performance of objectives with variations in design
parameters and/or uncertain input values for uncertainty and
design and behavior constraints. For example, the statement
“the solar CPC PV collector system generates 100 kW with
a probability of 0.8” is imprecise because of randomness in
the input of uncertain parameters with material properties,
manufacturing processes, and environmental conditions of
the system. Similarly, in the optimum design of the width
of a flat receiver of 𝑎𝑟, the found length is contained by an
upper bound value of (𝑎𝑚𝑎𝑥𝑟 ) as 𝑎𝑟 ≤ 𝑎𝑚𝑎𝑥𝑟 . If 𝑎𝑚𝑎𝑥𝑟 = 0.30
m, it implies that a design with 𝑎𝑟 = 0.3 m is acceptable
whereas a design with 𝑎𝑟 = 0.3001 m is not acceptable. It
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(a) Tilted installation of single CPC PV Collector considering elevation, declination, and azimuth

(b) Multiple-row compound parabolic collectors with shading effects in a given area

Figure 3: Design process for maximization of a solar CPC PV collector system.

appears that it is more reasonable to have a transition stage
from absolute permission to absolute impermissibility. This
implies that the constraint is stated in fuzzy terms. Therefore,
the fuzzy logic approach is intended to streamline the deci-
sion analysis process and produce an evaluation according
to the decision-maker's value system and judgment, while
maintaining simplicity and tractability. This indicates that
membership of an element from the universe in this set is
measured by a function that attempts to analyze vagueness
and ambiguity and the element of a fuzzy set is mapped to
a universe of membership values using a function-theoretic
operation. Thus, the uncertain analyses are conducted with
the results of three objectives, including the maximization
of the annual average incident solar energy, maximization of
incident solar energy in winter seasons, and minimization of
cost.

2. Formulation of Single Optimization
Problems and Results

Concentrator CPC PV array systems use reflectors to con-
centrate sunlight onto PV cells. This technique leads to a

reduction in the cell area required for generating a desired
amount of power. In a mathematical optimization prob-
lem, two different types of values are used for finding the
solution: design parameters and variables for design and
behavior constraints. They are summarized in Table 1. Design
parameters cannot be chosen arbitrarily; rather, they have to
satisfy certain specified functions and other requirements.
Those restrictions must be satisfied to find an acceptable
design performance. In order to determine the suitable
performance of the system, the variables for design and
behavior constraints should be a represented constraint on
the performance of the CPC PV collector system.

In the case of a flat receiver, the geometry of a CPC
unit is designed in accordance with two main factors: the
acceptance angle of 𝜃𝑐 and the width of flat receiver of 𝑎𝑟.
This controls the concentration ratio, which adjusts a height
ratio of 𝑟𝑇 (the height of truncated CPC/the height of full
CPC). The length of aperture of 𝑎 and the height of ℎ should
be considered with the width of flat receiver of 𝑎𝑟 and the
acceptance angle of 𝜃𝑐. For analyzing partial shading effects
adjacent to multiple-row collectors, all the solar collectors
are considered with a tilt angle 𝛽 in terms of the horizontal
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Table 1: Design parameters and variables for design and behavior constraints.

Design parameters Variables for design and behavior constraints
CPC unit design Seasonal characteristic Cost

𝑎𝑟 ℎ 𝑞𝑏 𝑠1𝜃𝑐 ℎ𝑇 𝑞𝑠ℎ𝑏 𝑠2𝐿 0𝑇 𝑞𝑠ℎ𝑑 𝑠3𝛽 𝑎𝑇 𝜏𝑐𝑝𝑐,𝑏 -
𝐷 𝜃𝑐𝑝𝑐 𝜏𝑐𝑝𝑐,𝑑 -
𝐾 𝑟𝑓𝑢𝑙𝑙𝑐𝑝𝑐 𝐺𝑠𝑐 -
𝑁 𝑟𝑇𝑐𝑝𝑐 A -
𝑟𝑇 𝐴 𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑜𝑟 - -
- 𝑊 - -

area. The design parameters of the CPC collector are given
as

→𝑋 = {𝑎𝑟 𝜃𝑐 𝐿 𝛽 𝐷 𝐾 𝑁 𝑟𝑇}𝑇 (1)

The purpose of the solar collector is to collect the maximum
solar energy through the system in terms of seasonal demand.
Thus, the objective function for maximization is formulated
as [26]

𝑄 = 𝑎𝑟 × 𝐿 × 𝑟𝑇𝑐𝑝𝑐 × 𝑁 × [𝑞𝑏𝜏𝑐𝑝𝑐,𝑏 + 𝑞𝑑𝜏𝑐𝑝𝑐,𝑑
+ (𝐾 − 1) (𝑞𝑠ℎ𝑏 𝜏𝑐𝑝𝑐,𝑏 + 𝑞𝑠ℎ𝑑 𝜏𝑐𝑝𝑐,𝑑)]

(2)

The objective function for minimization is taken as the neg-
ative annual monthly average incident solar energy (𝑓1), so
that the annual average incident solar energy𝑄 is maximized.

𝑓1 (→𝑋) = −𝑄
= annual monthly average incident solar energy

(3)

The variation in solar angles has a major impact on the
amount of incident solar energy that is collected by a solar
collector. The most important design parameters in a solar
energy system are elevation, declination, and azimuth angles
to collect the maximum amount of solar energy to ensure
that winter seasonal characteristics affect winter electricity
consumption. Consumption of electricity rises in the winter
because the days are shorter and the nights are longer;
thus demand for usage of electricity increases. Installation
and consumption of power during this season should be
a major consideration. Therefore, maximization of incident
solar energy should be a factor for the lowest month as the
objective function.

𝑓2 (→𝑋) = −lowest incident monthly solar energy (4)

The design parameters and behavior constraints are applied
in the case of the optimization problem of maximization of
annual average incident solar energy.

𝑟𝑇𝑐𝑝𝑐 can be derived from using

𝑓 = 𝑎𝑟 (1 + sin 𝜃𝑐) (5)

𝑎 = 𝑎𝑟
sin 𝜃𝑐 (6)

ℎ = 𝑓 cos 𝜃𝑐
sin2𝜃𝑐 (7)

𝑎𝑇 = 𝑓 sin (0𝑇 − 𝜃𝑐)
sin2 (0𝑇/2) − 𝑎𝑟 (8)

ℎ𝑇 = 𝑓 cos (0𝑇 − 𝜃𝑐)
sin2 (0𝑇/2) (9)

𝑟𝑇 = cos (0𝑇 − 𝜃𝑐) sin2 (0𝑇/2)
sin2 (0𝑇/2) cos 𝜃𝑐 (10)

𝑟𝑓𝑢𝑙𝑙𝑐𝑝𝑐 = 1
sin 𝜃𝑐 =

𝑎
𝑎𝑟 (11)

𝑟𝑇𝑐𝑝𝑐 = 𝑎𝑇𝑎𝑟 (12)

For the constraints, the maximum width of an individual
stationary collector should reflect the number of multiple-
row CPC reflector units and cannot exceed the aperture
length (𝑎𝑇) of a single collector while considering partial
shading effects. This means that the geometry of the CPC
units determines the land selected for installation.

𝐾𝑁𝑎𝑇 cos 𝛽 + (𝐾 − 1)𝐷 −𝑊 ≤ 0 (13)

In order to install the solar PV collectors with CPCunits from
a given land, the side constraints are expressed by

𝐻 = 𝑁𝑎𝑇 ≤ 𝐻𝑚𝑎𝑥 (14)

𝑎𝑚𝑖𝑛𝑟 ≤ 𝑎𝑟 ≤ 𝑎𝑚𝑎𝑥𝑟 (15)

𝜃𝑚𝑖𝑛𝑐 ≤ 𝜃𝑐 ≤ 𝜃𝑚𝑎𝑥𝑐 (16)
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0 ≤ 𝛽 ≤ 90 (17)

𝐿𝑚𝑖𝑛 ≤ 𝐿 ≤ 𝐿𝑚𝑎𝑥 (18)

𝐷𝑚𝑖𝑛 ≤ 𝐷 (19)

0 ≤ 𝑟𝑇 ≤ 1 (20)

1 ≤ 𝐾 ≤ 𝐾𝑚𝑎𝑥 (21)

1 ≤ 𝑁 ≤ 𝑁𝑚𝑎𝑥 (22)

1 ≤ 𝑟𝑇𝑐𝑝𝑐 ≤ 3 (23)

along with a positive integer requirement (constraint) for the
number of collectors in a row 𝑁 and the number of rows of
collector 𝐾.

In examining the role of cost objective function in the
optimization problem, there are three components to cost
effects: CPC reflectors for concentrating light energy, solar
PV cells, and a given installation area. Especially, since the
cost of an installation area varies by location, the cost of
land of 𝑠3 is applied to three different values, 1/20/50 $/m2,
respectively. Thus, the cost objective function of the CPC
collector system can be minimized and given as

𝑓3 (→𝑋) = Cost = CostPV + Costreflector + Costland (24)

𝐶𝑜𝑠𝑡𝑃𝑉 = 𝑠1𝑎𝑇𝐿 (25)

𝐶𝑜𝑠𝑡𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑜𝑟 = 𝑠2𝐴𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑜𝑟 (26)

𝐴𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑜𝑟 = 𝐴𝑠 (1 + sin 𝜃𝑐)
{{{{{
cos 𝜃𝑐
sin2𝜃𝑐

+ log[[
[

(1 + sin 𝜃𝑐) (1 + cos 𝜃𝑐)
sin 𝜃𝑐 [cos 𝜃𝑐 + √2 (1 + sin 𝜃𝑐)]

]]
]

− √2 cos 𝜃𝑐
(1 + sin 𝜃𝑐)1.5

}}}}}

(27)

𝐶𝑜𝑠𝑡𝑙𝑎𝑛𝑑 = 𝑠3𝐿𝑊 (28)

where 𝑠1 is the unit cost of cell receiver, 𝑠2 is the unit cost of
reflector, and 𝑠3 is the unit cost of land.

The optimal design of a solar CPC PV collector system
is designed to efficiently collect and concentrate the sun’s
rays with the acceptance angle. Once the acceptance angle
is adjusted, solar CPC PV collector systems are able to
concentrate sunlight on the solar cells.

When we use a mathematical optimization technique,
we need to provide an initial guess as a starting point for
the algorithm. Optimization iteratively improves the initial
guess in an attempt to converge to an optimal solution.
Consequently, the initial guess of design parameters deter-
mines how initial guess converges to a solution within the

algorithm. The results of the single-objective optimization
problems of the maximization of the annual average incident
solar energy (𝑓1), the maximization of the lowest month
incident solar energy (𝑓2), and minimization of the cost(𝑓3) are found using the MATLAB program. The MATLAB
programming can implement the optimization of a solar
CPC PV collector system performance using the program
ga, which finds mixed-integer values by minimizing a scalar
function of several variables starting from an initial set of
values of the design parameters. GeneticAlgorithms (GA) are
suitable for the optimization of complex nonlinear problems
to find global optimum solutions with a high probability.

In order to find the single objective optimization of solar
CPC collectors, lower and upper bounds, predefined values
are illustrated as follows:𝑎𝑚𝑖𝑛𝑟 = 0.10 (𝑚), 𝑎𝑚𝑎𝑥𝑟 = 0.30 (𝑚), 𝜃𝑚𝑖𝑛𝑐 = 25 (𝑑𝑒𝑔),𝜃𝑚𝑎𝑥𝑐 = 90 (𝑑𝑒𝑔), L𝑚𝑖𝑛 = 15m, L𝑚𝑎𝑥 = 30m,H𝑚𝑖𝑛 = 0.5m,H𝑚𝑎𝑥
= 2m, D𝑚𝑖𝑛 = 0.8m, K𝑚𝑎𝑥 = 150, N𝑚𝑎𝑥 = 150, P = 80%, s1 =
100 $/m2, s2 = 20 $/m2, s3 = 1/20/50 $/m2, 𝜏𝑐𝑝𝑐,𝑏 = 1.0, and𝜏𝑐𝑝𝑐,𝑑 = 1.0

The solar collector is assumed to be installed in a specific
location, Miami, Florida (USA) and the stating initial design
vectors are given as

→𝑋 = {𝑎𝑟 𝜃𝑐 𝐿 𝛽 𝐷 𝐾 𝑁 𝑟𝑇}𝑇
= {0.10 40 25 40 1.0 70 10 0.5}𝑇 (29)

The results of the single-objective optimization problems of
f1, f2, and f3 are found using the MATLAB program ga,
which searches mixed-integer values by minimizing a scalar
function of several variables starting from an initial set of
values of the design parameters along with the initial design.
These are listed in Tables 2(a) and 2(b).

In the case of the maximization of annual monthly
average incident solar energy (f1), in order to collect the
maximum average incident solar energy during all seasons,
the geometric design parameters of the CPC collectors such
as L, 𝛽, D, and K dominate the objective function for within a
given area. For the single objective function of the maximiza-
tion of lowest month incident solar energy (f2), the design
parameters have a similar role in ensuring an increase in the
amount of solar energy, excluding the value of the truncation
ratio (rT) due to the consideration of seasonal characteristics.
Lastly, when it comes to minimizing cost (f3), the objective
function depends on the CPC PV receivers and reflectors
and installation landwith three different values, 1/20/50 $/m2 .
Therefore, we could observe the value transitions from initial
guess to optimum point of each objective finding the feasible
solution while satisfying the behavior constraints for each
objective function.

The uncertain input parameters of the CPC collector
unit have a length of receiver 𝑎𝑟, an acceptance angle of𝜃𝑐 truncated at a height ratio 𝑟𝑇 (the height of truncated
CPC/the height of full CPC), dimensions L × W (length× width), and distance D between adjacent rows. The solar
collector is to be installed in a specific location (Miami, FL),
so the altitude (A) and solar constant (𝐺𝑠𝑐) are considered
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Table 2

(a) Initial design and single-objective optimization results (design variables)

Objectives and other outputs

Objectives 𝑎𝑟 𝜃𝑐 W 𝛽 D K N 𝑟𝑇(m) (deg) (m) (deg) (m)
Initial 0.10 40.00 25.00 40.00 1.000 70 10 0.5000
Min 𝑓1 0.11 89.54 30.00 52.98 0.806 100 9 0.0036
Min 𝑓2 0.17 89.82 29.98 53.79 0.807 101 6 0.4160

Min 𝑓3
𝑠3 = 1 0.11 25.62 28.81 21.69 0.802 76 4 0.6136
𝑠3 = 20 0.14 25.03 29.37 21.26 0.800 69 4 0.2622
𝑠3 = 50 0.25 89.97 29.48 20.35 0.801 64 4 0.0012

(b) Initial design and single-objective optimization results (objective functions and other outputs)

Objectives and other outputs

Objectives cpc ratio f1 f2 f3 𝑓3/𝑓1
(106 ×𝑊) (106 ×𝑊) (106 ×𝑊) ($/W)

Initial 1.4450 -1.2675 -1.0230 0.5517 0.4353
Min 𝑓1 1 -1.3790 -1.1462 0.7190 0.5214
Min 𝑓2 1 -1.3778 -1.1480 0.7257 0.5267

Min 𝑓3
𝑠3 = 1 2.1921 -1.1032 -0.8421 0.3063 0.2776
𝑠3 = 20 1.7963 -1.1032 -0.8833 0.4007 0.3632
𝑠3 = 50 1 -1.1032 -0.8927 0.4689 0.4250

as uncertain input parameters. The uncertain input design
parameters are

⇀S =

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{

𝑎𝑟
𝜃𝑐
𝐿
𝛽
D
𝑟𝑇
𝐴
𝐺𝑠𝑐

}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{

𝑆1
𝑆2
𝑆3
𝑆4
𝑆5
𝑆6
𝑆7
𝑆8

}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}

(30)

For the purpose of analyzing the uncertainty of the solar CPC
PV collector system, fuzzy confidence intervals are needed
particularly to conduct the problems of optimization with a
fuzzy objective function or fuzzy constraints and investigate
some ambiguities in fuzzy set theory. ±1 %, ±2 %, ±3 %, ±4 %,
and ±5 % of the fuzzy confidence intervals are applied to the
solar CPC PV collector system for observing the deviations
of three single-objective problems with respect to the fuzzy
interval levels from each crisp value.

3. Fuzzy Set Analysis

The mapping of uncertain input onto an uncertain response
is called fuzzy set analysis. Fuzzy set theory provides gradual
membership from the domain of quantitative and precise
phenomena to vague, qualitative and imprecise conceptions.
A fuzzy member can be represented using the concept of
a range of interval confidence. The fuzzy set theory allows

for gradual membership functions in relation to the set. This
gradual membership is explained by a membership function.
Membership in a classical subset A of X can be defined as a
characteristic function 𝜇𝐴 from X to [0, 1] as

𝜇𝐴 (𝑥) = {{{
1 𝑖𝑓 𝑓 𝑥 ∈ 𝐴
0 𝑖𝑓 𝑓 𝑥 ∉ 𝐴 (31)

A set A is called a fuzzy set if the valuation set is allowed
to be the real interval [0, 1]. The fuzzy set A is completely
characterized as

A = {(𝑥, 𝜇𝐴 (𝑥)) , 𝑥 ∈ 𝑋} (32)

The membership function, 𝜇𝐴(𝑥), quantifies the degree of
membership of the elements 𝑥 in A. The closer the value𝜇𝐴(𝑥) is to 1, the more 𝑥 belongs to A. A is a fuzzy subset
of X that has no sharp boundary. When X is a finite set{𝑥1, 𝑥2, . . . , 𝑥𝑛}, a fuzzy set on X can be defined as

A = 𝜇𝐴 (𝑥1) + 𝜇𝐴 (𝑥2) + ⋅ ⋅ ⋅ + 𝜇𝐴 (𝑥𝑛) =
𝑛∑
𝑖=1

𝜇𝐴 (𝑥𝑖) (33)

The extension principle plays a critical role in translating set-
based concepts into fuzzy-set counterparts for transforming
fuzzy sets throughmembership function.The𝛼-level method
is used for analyzing fuzzy sets. All fuzzy input parameters
are discretized using a number of 𝛼-levels. In the 𝛼-level
approach, the optimum solution is regarded as one that
has at least a certain degree of membership in the fuzzy
feasible domain. The 𝛼-cut of 𝛼-level set of fuzzy set A is
a set consisting of those elements of the universe X whose
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Figure 4: Triangular fuzzy number.

membership values exceed the threshold level 𝛼 and can be
expressed as

𝐴∝ = { 𝑥
𝜇𝐴 (𝑥) ≥ 𝛼} (34)

The membership function associated with a fuzzy set can
be explained by its triangular shape. It is a fuzzy number
represented with three points as A = (𝑎1, 𝑎2, and 𝑎3) and
is shown in Figure 4. This representation is interpreted as
membership functions and defined as

𝜇𝐴 (𝑥) =
{{{{{{{{{{{{{{{{{{{

0 𝑖𝑓 𝑥 < 𝑎1𝑥 − 𝑎1𝑎2 − 𝑎1 𝑖𝑓 𝑎1 ≤ 𝑥 ≤ 𝑎2
𝑎3 − 𝑥
𝑎3 − 𝑎2 𝑖𝑓 𝑎2 ≤ 𝑥 ≤ 𝑎3
0 𝑖𝑓 𝑥 > 𝑎3

(35)

The interval arithmetic method is used for applying the
interval confidence of lower and upper bound values of
uncertain input parameters and can be defined by the exten-
sion principle. The extension principle can be used to extend
the four standard arithmetic operators: addition, subtraction,
multiplication, and division to be used with a fuzzy number.
The lower and upper bound values are given by 𝑦𝑖 = 𝑦𝑖 ±Δ𝑦𝑖;𝑗 = 1, 2, . . . 𝑖. 𝑦𝑖 is the base value and Δ𝑦𝑖 means the tolerance
on 𝑦𝑖. A real number y is equivalent to an interval range [y, y],
which has zero tolerance. The interval arithmetic method is
used for creating the lower and upper bound values with the
tolerance using interval arithmetic operations “∙” (+, −, ×, ÷).
Thus, the interval arithmetic value of X∙Y can be formed from
two intervals X = [X, 𝑋] and Y = [Y, 𝑌]. The basic interval
arithmetic operations are expressed as

Addition: X + Y = [X + Y, 𝑋 + 𝑌] (36)

Subtraction: X − Y = [X − 𝑌,𝑋 + Y] (37)

Multiplication: X

× Y = min. [X × Y,X × 𝑌,𝑋 × Y, 𝑋 × 𝑌] , (38)

max. [X × Y,X × 𝑌,𝑋 × Y, 𝑋 × 𝑌] (39)

Division: X ÷ Y = [X, 𝑋] × [ 1𝑌, 1
Y
] (40)

Solar CPC PV collector systems are analyzed through fuzzy
set theory using a membership function in a fuzzy confi-
dence interval. The deviation is determined by the difference
between the membership function of the actual Solar CPC
PV collector system performance and the crisp value of the
PV system performance obtained using interval-valued fuzzy
set and the membership function of the deterministic opti-
mization of solar CPCPV collector systems.Themembership
function of the actual performance of a solar cell places Lb
(low bound) for the left and Ub (upper bound) for the right
segment. Themembership function of the crisp performance
of a solar PV system is expressed as CP (crisp performance).
The left side and right side errors can be calculated as

ΔLb = CP − Lb

and ΔUb = CP −Ub
(41)

The deviation of both sections can be derived from

ΔLb,% = 1 −
𝐿𝑏
𝐶𝑃


× 100 (deviation in lower bound section)

(42)

and

ΔUb,%
= 1 −

𝑈𝑏
𝐶𝑃


× 100 (deviation in upper bound section)

(43)

Thus, the deviation as the percent absolute error with respect
to solar PV system performance is calculated in both the
lower bound and upper bound sections from the result of
the crisp value of solar PV system performance. The 𝛼-cut
interval levels of 0, 0.25, 0.50, 0.75, and 1 are applied to solar
PV systems for prediction of deviations and variations.

4. Numerical Results

In the case of f1 and f2, the values of deviations of f1 are 39.37
% in the lower bound and 52.02 % in the upper bound from
the crisp value of f1. The values of deviations of f2 are 33.14
% in the lower bound and 22.39 % in the upper bound from
the crisp value of f2. These results indicate that uncertain
input parameters are associated with collecting the amount
of solar energy at a specified location and under seasonal
characteristics as shown in Figure 5.

The uncertain input parameters of S1, S2, S3, S4, and S8
are main factors that influence the values of deviations in
f1. The other uncertain input parameters are less than 2 %
as shown in Figure 5(a). Four parameters of S1, S2, S3, S4,
and S8 contribute to the amount of average month incident
solar energy. S1 is the length of the cell receiver (𝑎𝑟), which
is associated with S2 (𝜃𝑐). The value of the deviation of 𝑎𝑟 is
the highest value for influencing the CPC PV performance
because this factor helps determine the size of an array
system. The value of S2 contributes to the deviation of 7.92
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(a) Uncertainty in f1 of the solar CPC PV collector system
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(b) Uncertainty in f2 of the solar CPC PV collector system
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(c) Uncertainty in f3 of the solar CPC PV collector system

Figure 5: Variation of deviations of f1, f2, and f3from the crisp value with respect to a fuzzy confidence interval.

% in the lower bound and 1.46 % in the upper bound. In
this case, 1.46 % of the deviation from the crisp value of S2
is lower than the deviation of the upper bound because this
uncertain parameter influences the amount of solar energy,
which means the lower bound section from the crisp value
is more sensitive than the upper bound section. S3 of a solar
CPC collector contributes to 10 % of the deviation in both
bounds. S8 is 10 % in the lower bound and 9.98% in the upper
bound.

In the case of f2, the deviation values are 42.34 % in
the lower bound and 30.34 % in the upper bound from the
crisp value of f2. The values of deviation in uncertain input
parameters are similar to f1 except for 𝜃𝑐 and 𝛽. The tilt
angle (𝛽) is a critical factor in uncertain input parameters
since the amount of incident solar energy fluctuates with
varying tilt angles of an array due to Earth’s axial tilt of 23.5∘.
Also, S5 of an uncertain parameter contributes to 3.47 % of
the deviation because the inclined arrays are sensitive to the
distance between two adjacent rows with Earth’s axial tilt
angle at the lowest month (winter).

In the case of f3, the deviation values are 25.24 % in the
lower bound and 34.48 % in the upper bound from the crisp

value of f3. Uncertain input parameters of S1, S2, S3, S4, and
S6 contribute to the results of the response of cost. S1 and
S2 of the uncertain parameters influence mainly 9.64 % of
the deviation in the lower bound and 10.24 % in the upper
bound because the cost of the CPC collector is estimated by
the installation size (area) including the solar receiver, land,
and reflectors. Figures 6 and 7 show the deviations of these
three objective problems.

5. Conclusion

Fuzzy set analysis techniques used in solar CPC PV collector
systems have been estimated. The results of fuzzy set analysis
are gained by applying values of 𝛼-cut level and fuzzy
confidence intervals. This work illustrates the parametric
study involved in the probabilistic performance of solar CPC
PV collector systems. The optimal design of a solar CPC
PV collector is investigated with a consideration of solar
radiation with shading effects. The cell receiver and the
acceptance angles of CPC units are the most striking critical
factors that control the deviation values in upper bounds by
12.65 % compared to lower bounds in annual season, but
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Figure 6: Variation of triangular shapes of f1, f2, and f3 with respect
to a fuzzy set interval confidence.

the two design parameters, including angle of installation,
dominate the deviation values in lower bounds by 10.75 %
compared to upper bounds. It is observed that the average
monthly incident solar energy (annual season) and incident
solar energy for lowest month (winter) are different from the
deviation values from the crisp values. As seen in the present
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Figure 7: Influence on cost of solar CPC PV collector with respect
to uncertain input parameters.

results, when a solar CPC PV collector system is installed in
an annual season, the difference between the deviation value
of the lower bound section and the value of the upper bound
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section is smaller than in winter. The main reason is that
the CPC installation is sensitive to seasonal characteristics,
including solar radiation combined with shading effect from
the adjacent rows. In the case of cost, upper bounds deviate
by 9.24 % compared to lower bounds, so that the size of an
array, cell receiver, and reflector should be reflected in a cost
estimate as seen in the results.

From a practical standpoint, variation values of design
parameters of CPC units and PV collectors predict how
variations from the absolute values of the optimal design
parameters affect various deviations of the crisp values
of objective performances. The variations can graphically
describe multiple points along the transition range, from
absolute possibility to absolute impossibility with a variety
of shapes derived from fuzzy set theory descriptions on
uncertainty. The results from the uncertain analysis of the
design variables of single objectives contribute to the existing
research in an impactful way by arming designers with amore
economical and robust design approach based on customer
requirements when they endeavor to design more efficient
solar CPC PV collectors.
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