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We propose theoretically a spectroscopic ellipsometer in which the polarizer and the analyzer are rotating synchronously in the
same direction with the same angular speed. The light intensity received by the detector contains four components, one dc and
three AC terms, with frequencies of 2ω, 4ω, and 6ω. The main advantage of the proposed ellipsometer is that one can extract
the ellipsometric parameters ψ and Δ from the AC Fourier coefficients without relying on the dc component which is considered
to be a serious problem in rotating-analyzer or -polarizer ellipsometers. This allows measurements in a semidark room without
worrying about stray light problems, dark currents in detectors, and long-term fluctuations in light sources. The results from the
simulated spectra of the complex refractive index of c-Si and Au are presented. The noise effect on the proposed ellipsometer was
simulated and plotted for the two samples.

1. Introduction

Ellipsometry has proven to be an extremely powerful tool
for the study of the optical properties of materials with
high optical data precision in measurement. Being accurate,
fast and nondestructive in data acquisition and characteri-
zation of the samples, ellipsometry has been widely applied
especially in the scientific research labs and microelectronic
industry with continuous efforts and progress made by
developing different theoretical models and experimental
techniques [1–5].

An ellipsometric measurement allows one to quantify the
phase difference between Ep and Es, Δ, and the change in
the ratio of their amplitudes given by tanψ. For a reflecting
surface, the forms of Δ and ψ are

Δ = δp − δs, tanψ =
∣
∣
∣rp
∣
∣
∣

|rs| , (1)

where δp and δs, are the phase changes for the p and s
components of light and rp and rs are the complex Fresnel
reflection coefficients: for the p and s components which may

be written as

rp = ρpeiδp ,

rs = ρseiδs .
(2)

The expressions for rp and rs for a single interface between
medium 0 (ambient), with a complex refractive index N0,
and medium 1 (substrate), with a complex refractive index
N1 are given by [1]

rp = N1 cos θ0 −N0 cosθ1

N1 cos θ0 +N0 cosθ1
,

rs = N0 cos θ0 −N1 cosθ1

N0 cos θ0 +N1 cosθ1
,

(3)

where θ0 and θ1 are the angles of incidence and refraction.
Once, ψ and Δ are measured at a given wavelength one

can invert Fresnel equations to extract the optical parameters
of a bulk sample. For a substrate/thin film/ambient structure,
one must at least measure at several wavelengths and require
that the same value of the film thickness d gives the best fit for
the real and imaginary parts of the film index n and k at each
wavelength, or, yet, measure spectra at at least two different
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angles of incidence. If the film is known to have k = 0, then
n and d can be found from one measurement.

Early in the seventies, the dynamic scanning ellipsometer
has shown a great ability of determining optical constants of
materials in the range of 1.5–6 eV photon energy [6, 7]. Since
then, ellipsometry has received an increasing interest and the
technique has been improved. The simplest and most widely
available Fourier ellipsometer uses a single rotating polarizer
or analyzer to measure ψ and Δ of an isotropic reflecting
surface. Different models that can work in the visible
region have been proposed and constructed [8–12]. Among
the various configurations of spectroscopic ellipsometers
commonly used is the rotating analyzer ellipsometer RAE
[6]. In such a model, the polarizer angle P is fixed while the
analyzer angle A rotates at an angular speed ω. In terms of
A = ωt, the intensity of light emerging from the analyzer can
be written as one dc and two ac components from which the
ellipsometric parameters ψ and Δ are obtained. The RAE has
the advantage of simple system design but it involves the dc
component which causes a serious problem. The reduction
of the dc background requires particular techniques and
the calibration of such system is also time consuming
[13]. Azzam [14] suggested synchronously rotating both the
polarizer and the analyzer with the ratio of 1 : 3. In his
work, the intensity of light reaching the detector includes
four cosine and four sine terms. His system suffers a lack of
clear explanation of each coefficient and its relation to the
ellipsometric parameters ψ and Δ [10].

In 1987, a rotating polarizer and analyzer RPA spectro-
scopic ellipsometer was proposed and constructed [10]. In
the design, the polarizer and the analyzer rotate with a speed
ratio 1 : 2. The final light intensity then contains three cosine
terms from which ψ and Δ are calculated. In this design, the
errors arising from the phase shift and dc background are
eliminated.

An improved RPA spectroscopic ellipsometer was pro-
posed [11, 12] with the speed ratio still being 1 : 2 but
with the incident angle being fully variable. Moreover, a
fixed polarizer was placed in the optical path to eliminate
the source polarization effect. The final light intensity thus
contains four ac components. The optical constants and the
ellipsometric parameters were obtained by calculating any
one of the two sets of ac signals.

An et al., have developed RPA ellipsometer in which
the polarizer and the analyzer rotate in the same direction
with the same angular speed [15] but their study lacks the
extraction of the optical parameters from the ellipsometric
parameters. In their study, the ellipsometric parameters were
obtained using two ac coefficients and the dc term.

In this work, we present theoretically a rotating polarizer-
analyzer (RPA) ellipsometer in which the linear polarizer
and the linear analyzer are rotating synchronously at a
ratio of 1 : 1 in the same direction with an isotropic sample
placed between these two rotating elements. Consequently,
the intensity of the light measured by the detector is
modulated by the mechanical rotation of these elements
and by the reflection from the sample surface. The Fourier
spectrum of this signal includes seven coefficients; the dc
component, the first harmonics, the second harmonics,
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Figure 1: Simplified schematic diagram of the RPA ellipsometer,
(1) unpolarized light, (2) fixed linear polarizer, (3) linear polarizer
rotates at ω, (4) isotropic sample, (5) linear analyzer rotates at ω,
and (6) detector.

and the third harmonics. In this technique, it is feasible
to extract the ellipsometric parameters ψ and Δ from the
even or odd terms without relying on the dc component
which is considered to be a serious problem in RAE [10,
16, 17]. This allows measurements in a semidark room
without worrying about stray light problems, dark currents
in detectors, and long-term fluctuations in light sources. The
proposed spectroscopic ellipsometer is applied to c-Si, and
Au.

2. Theory

A schematic diagram of the proposed ellipsometer is shown
in Figure 1. It consists of the following elements: (1) light
source (2) fixed linear polarizer with an azimuth angle θ
(3) linear polarizer rotating at an angular speed ω (4) an
isotropic sample (5) linear analyzer rotating at an angular
speed ω and (6) photodetector. Here we assume that the
azimuth angles of the rotating polarizer and the rotating
analyzer are given by P = ωt+τ and A = ωt+δ, respectively,
where τ and δ are the azimuth angles of the rotating polarizer
and the rotating analyzer at t = 0, respectively. The azimuth
angles θ, P, and A are referred to p-axis of polarization. A
well-collimated beam of monochromatic unpolarized light
successively emerges through the fixed polarizer, the rotating
polarizer, then is reflected from the sample, and finally
is collected by the detector through the projection of the
rotating analyzer as shown in Figure 1. The function of fixed
polarizer is to remove the residual polarization of the light
source and to increase the number of Fourier coefficients to
four coefficients in order to avoid depending on the dc term.

Employing Jones-matrix formalism, the transmitted
electric field Et in terms of the incident field Ei is given by

[

Et
0

]

=
[

cos2A sinA cosA
sinA cosA sin2A

][

rp 0
0 rs

]

×
[

cos2P sinP cosP
sinP cosP sin2P

][

cos θ
sin θ

]

Ei.

(4)

The intensity received by the detector is given by I ∝ |Et|2.
It is found that if the rotation angles of the polarizer and the
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analyzer are set to P = ωt + τ and A = ωt + δ, respectively,
then the intensity can be expanded as a Fourier series

I(t) = g0 +
3
∑

n=1

gn cos 2nωt +
3
∑

n=1

cn sin 2nωt, (5)

where g0, gn, and cn are Fourier coefficients.
Setting the azimuth angles θ, τ, and δ to zero reduces (5)

to

I(t) = g0 + g1 cos 2ωt + g2 cos 4ωt + g3 cos 6ωt, (6)

where the coefficients gn are related to the optical parameters
by

g0 = 5
4
ρ2
p +

1
4
ρ2
p +

1
2
ρpρs cosΔ,

g1 = 15
8
ρ2
p −

1
8
ρ2
s +

1
4
ρpρs cosΔ,

g2 = 3
4
ρ2
p −

1
4
ρ2
p −

1
2
ρpρs cosΔ,

g3 = 1
8
ρ2
p +

1
8
ρ2
p −

1
4
ρpρs cosΔ.

(7)

The ellipsometric parameters ψ and Δ can be determined
from three different sets of these coefficients. These sets are
(g0, g1, g2), (g0, g2, g3), and (g1, g2, g3). In our calculations, we
will consider the third set because it doesnot contain the dc
component. We will also compare the results obtained using
this set with that of one of the first two sets. In terms of g1,
g2, and g3, tanψ and cosΔ can be written as

tanψ =
√
g1 + g3

√

g1 − 4g2 + 9g3
,

cosΔ = g1 − 2g2 − 3g3
√
(

g1 + g3
)(

g1 − 4g2 + 9g3
) .

(8)

While using g0, g2, and g3, tanψ and cosΔ can be written as

tanψ =
√
g0 + g2

√

g0 − 3g2 + 8g3
,

cosΔ = 0.5g0 − 0.5g2 − 2g3
√
(

g0 + g2
)(

g0 − 3g2 + 8g3
) .

(9)

3. Numerical Calculations and Error Analysis

Simulated light signals are generated based on (4) without
considering imperfections and misaligned optical compo-
nents. Moreover, reflection and refraction at the planar
interface between two isotropic media are assumed. The
Fresnel complex reflection coefficients for p and s light
components are calculated according to (3) based on the
published values for the samples under consideration. In
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Figure 2: Normalized calculated light intensity as a function of
the rotation angle of the analyzer in the presence of c-Si and Au
samples and in the straight through situation with no sample at
λ = 632.8 nm and θ0 = 70◦. The azimuth angles θ, τ, and δ are
equal to zero.

the calculations below, we assume that the incidence angle
θ0 = 70◦ and the azimuth angles θ, τ, and δ are set to zero.

Figure 2 shows the calculated light intensity, obtained
from (4), using our model of RPA ellipsometer as a function
of the rotation angle of the analyzer. The figure shows the
calculated intensity when no sample is used and in the
presence of c-Si and Au samples. Many interesting features
can be seen in the figure. First, a substantial change in the
intensity is observed in the presence of a sample. Second,
the intensity goes to zero at the analyzer angles of 90◦ and
270◦. This is attributed to the crossing of the fixed and the
first rotating polarizer. This condition along with (6) imposes
that the coefficients are related to each other by the relation:
g0 − g1 + g2 − g3 = 0. Third, the intensity shows maxima
at specific angles of (0◦, 180◦, 360◦) in all cases due to the
transmission axes of the fixed and the first rotating polarizer
being parallel. Moreover, new features arise in the presence of
a sample. These features depend on the wavelength, the angle
of incidence, and the optical parameters of the sample.

3.1. Noise Effect. The ultimate accuracy and detection limit
of an ellipsometer is determined by the inevitable presence
of undesired noise which causes random fluctuations in the
recorded signal. This noise may originate from a variety
of sources such as thermal fluctuations in the light source,
mechanical vibrations, pickup of stray AC light, and the
self-generated noise in detectors and electronics. Such noise
is reduced by signal averaging and can be measured by
performing multiple identical runs and by calculating the
mean and the standard deviations.

In order to simulate real signals, noise was generated
using Mathcad code and was superimposed on a clean signal
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Figure 3: The noise superimposed on the clean signal.

according to the following equation:

Inoise =
(

rnd(c)− c
2

)

I +
(

rnd(e)− e
2

)

+ 0.0001Imax,

(10)

where Mathcad’s rnd(c) function produces random noise in
the range from 0 to c and rnd(e) function produces random
noise in the range from 0 to e. In our simulation, we consider
c = e = 1. The first term represents the random noise
recorded by the detector due to the thermal fluctuations of
the light source after passing through the system, the second
corresponds to Johnson noise and shot noise encountered
in the detector and readout electronics, and the third term
represents the dc offset due to long time drifts. Figure 3
shows the noise superimposed on the clean signal shown in
Figure 2 at a wavelength 632.8 nm for c-Si.

The calculations of the dielectric function of c-Si, are
based on the well-known equation [1]

ε = sin2θ0 + sin2θ0tan2θ0

(

1− ρ
1 + ρ

)2

, (11)

where ρ = rp/rs = tanψeiΔ, ε = ε1 + iε2, ñ = √
ε = n + ik,

ε1 = n2 − k2, and ε2 = 2nk.
In our calculations, the published data are used to

simulate the output signal for a given sample and then this
signal is used to reconstruct back the optical constants. The
published and the calculated real and imaginary parts of the
refractive index of c-Si and Au using the sets (g0, g2, g3), and
(g1, g2, g3) are depicted in Figure 4. The data used in these
calculations were that of Palik [18]. As can be seen from
the figure, the reconstructed data based on the proposed
model for the set (g1, g2, g3) are in good agreement with the
original data. The calculations using the set (g0, g2, g3) reveal
a considerable error particularly in the values of k for c-Si.

The insets shown in Figure 4 are plotted using the set
(g1, g2, g3). They show that at energies below 2.5 eV there are
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Figure 4: Complex refractive index of c-Si and Au, in the range
from 1.5 to 6 eV. Lines: published values, Points: calculated values
with noisy signal using two sets of the coefficients.

coniderable fluctuations in the values of k and n for c-Si and
Au, respectively, due to the noise imposed on the clean signal.
Such behavior is attributed to the very small values of k for
c-Si and n for Au in this region. Most of the ellipsometers
which donot include phase retarders suffer such a problem
[19].

The percent error in the calculated values of n and k for
c-Si and Au is shown in Figure 5 using the set containing
(g1, g2, g3) and that containing (g0, g2, g3). These fluctuations
shown in the figure are due to the noise imposed on the clean
signal as mentioned before. It is clear that the set containing
the dc term has a considerable impact on the values of the
optical parameters of the two samples while the other set
produces much lower percent error. It is worth to mention
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Figure 5: Percent error in the calculated values of n and k for Au and c-Si using the proposed RPA ellipsometer using the set containing
(g1, g2, g3) and that containing (g0, g2, g3).

that the dc offset of the signal is considered to be a major
problem in ellipsometers that rely on this term. On the other
hand, the proposed ellipsometer has the advantage that the
results do not depend entirely on this term.

3.2. Systematic Errors. Some sources of systematic errors are
due to the azimuthal misalignment of optical elements with
respect to the plane of incidence, sample mispositioning,
beam deviation, and collimation errors. Wavelength and
angle of incidence errors, also, contribute to systematic
errors. Thus, it is necessary to invoke such error analysis
in our model. These errors can be significantly reduced
by careful alignment and calibration of the system and by
choosing high quality optical components.

Thus, it is important for the verification process to
have some quantities for determination of the accuracy
of the simulated data as a result of misalignment of the
fixed polarizer, rotating polarizer, and rotating analyzer. The

parameters to be checked are the ellipsometric parameters ψ
and Δ as well as the real and the imaginary parts of the index
of refraction n and k.

Figure 6 shows the percent error committed on ψ, Δ,
n, and k of c-Si sample as a function of the errors of
the fixed polarizer azimuth angle θ, the rotating polarizer
azimuth angle τ, and the rotating analyzer azimuth angle δ
successively varied from −0.2◦ to 0.2◦ in steps of 0.02◦ while
keeping the two other variables equal to zero. As can be seen
from the figure, the impact of these errors on ψ, Δ, and n is
not significant for small misalignment. On the other hand, it
is considerable for k since it has a small value (∼0.019) at a
wavelength of 632.8 nm [18]. The figure also reveals that the
error in azimuth angle δ has almost the lowest impact on the
four parameters under consideration.

The sensitivities of tanψ and cosΔ to the coefficients
g1, g2, and g3 are shown in Figure 7 for c-Si in the photon
range of 1.5–6 eV. The figure shows the well-known results;
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Figure 6: Percent error in ψ, Δ, n, and k, for Si sample at λ = 632.8 nm and θ0 = 70◦, as a function of the error in (1) θ, (2) τ, and (3) δ
successively varied from −0.2◦ to 0.2◦ in steps of 0.02◦ while keeping the two other variables equal to zero.
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Figure 7: Dependence of the derivatives of (a) cosΔ and (b) tanψ on energy for c-Si.

at low energies, where c-Si is essentially transparent and the
sensitivity is high compared to the high-energy region. A
compensator is suggested to solve such a problem [19]. As
can be seen from the figure, Δ is very sensitive to g1 and
g3 with an important feature: the sensitivity to g3 is positive
whereas it is negative to g1. This effect has the advantage of
reducing the whole sensitivity of Δ.

4. Conclusion

A scanning ellipsometer by rotating the polarizer and the
analyzer in the same direction at a speed ratio of 1 : 1 has
been proposed. The validity of this ellipsometer has been
demonstrated theoretically for two samples: c-Si and Au. The
calculated optical parameters for the two samples are found
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to be in good agreement with original published data in the
photon energy 1.5–6 eV. The results of our model do not
depend on the dc offset of the signal which is considered the
most important advantage of the proposed RPA.
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