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Accessibility to inertial navigation systems (INS) has been severely limited by cost in the past. The introduction of low-cost
microelectromechanical system-based INS to be integratedwithGPS in order to provide a reliable positioning solution has provided
more wide spread use in mobile devices. The random errors of the MEMS inertial sensors may deteriorate the overall system
accuracy inmobile devices.These errors are modeled stochastically and are included in the errormodel of the estimated techniques
used such asKalman filter or Particle filter. First-orderGauss-Markovmodel is usually used to describe the stochastic nature of these
errors. However, if the autocorrelation sequences of these random components are examined, it can be determined that first-order
Gauss-Markov model is not adequate to describe such stochastic behavior. A robust modeling technique based on fast orthogonal
search is introduced to remove MEMS-based inertial sensor errors inside mobile devices that are used for several location-based
services.The proposed method is applied to MEMS-based gyroscopes and accelerometers. Results show that the proposed method
models low-cost MEMS sensors errors with no need for denoising techniques and using smaller model order and less computation,
outperforming traditional methods by two orders of magnitude.

1. Introduction

Presently, GPS-enabled mobile devices offer various posi-
tioning capabilities to pedestrians, drivers, and cyclists. GPS
provides absolute positioning information, but when signal
reception is attenuated and becomes unreliable due to multi-
path, interference, and signal blockage, augmentation of GPS
with inertial navigation systems (INS) or the like is needed.
INS is inherently immune to the signal jamming, spoofing,
and blockage vulnerabilities ofGPS, but the accuracy of INS is
significantly affected by the error characteristics of the inertial
sensors it employs [1].

GPS/INS integrated navigation systems are extensively
used [2], for example, in mobile devices that require low-cost
microelectromechanical System (MEMS) inertial sensors
(gyroscopes and accelerometers) due to their low cost, low
power consumption, small size, and portability. The inade-
quate long-term performance of most commercially avail-
able MEMS-based INS limits their usefulness in providing
reliable navigation solutions. MEMSs are challenging in any

consumer navigation system because of their large errors,
extreme stochastic variance, and quickly changing error char-
acteristics.

According to [3], the inertial sensor errors of a low-cost
INS consist of two parts: a deterministic part and a random
part. The deterministic part includes biases and scale factors,
which are determined by calibration and then removed from
the raw measurements. The random part is correlated over
time and is basically due to the variations in the INS sensor
bias terms.These errors aremathematically integrated during
the INS mechanization process, which results in increasingly
inaccurate position and attitude over time. Therefore, these
errors must be modeled.

The fusion of INS and GPS data is a highly synergistic
coupling as INS can provide reliable short-term positioning
information during GPS outages, while GPS can correct for
longer-term INS errors [1]. INS andGPS integration (i.e., data
fusion) is typically achieved through an optimal estimation
technique, such as the Kalman filter or Particle filter [4].
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Despite having an INS/GPS integration algorithm to cor-
rect for INS errors, it is still advantageous to have an accurate
INS solution before the data fusion process.This requires pre-
processing (i.e., prefiltering or denoising) each of the inertial
sensor (gyroscope and accelerometer) signals before they are
used to compute position, velocity, and attitude. This paper
offers a robust method based on fast orthogonal search (FOS)
to model the stochastic errors of low-cost MEMS sensors for
smart mobile phones.

Orthogonal search [5] is a technique developed for iden-
tifying difference equation and functional expansion models
by orthogonalizing over the actual data record. It mainly
utilizes Gram-Schmidt orthogonalization to create a series of
orthogonal functions from a given set of arbitrary functions.
This enables signal representation by a functional expansion
of arbitrary functions and therefore provides a wider selec-
tion of candidate functions that can be used to represent the
signal. FOS is a variant of orthogonal search [6] where one
major difference is that FOS achieves orthogonal identifica-
tion without creating orthogonal functions at any stage of the
process. As a result FOS ismany times faster and lessmemory
storage intensive than the earlier technique, while equally as
accurate and robust [5–7].

Many techniques have been used previously to denoise
and stochastically model the inertial sensor errors [3, 8, 9].
For example, several levels of wavelet decomposition have
been used to denoise the raw INS data and eliminate high-
frequency disturbances [3, 8, 9]. Modeling inertial sensor er-
rors using autoregressive (AR) models was performed in [3],
where the Yule-Walker, the covariance, and BurgARmethods
were used. The AR model parameters were estimated after
reducing the INS sensor measurements noise using wavelet
denoising techniques.

FOS has been applied before in several applications [5–
7, 10–12]. In [13], FOS was used to augment a Kalman filter
(KF) to enhance the accuracy of a low-cost 2D MEMS-based
navigation system by modeling only the azimuth error. FOS
is used in this paper to model the raw MEMS gyroscope and
accelerometer measurement errors in the time domain. In
this paper, the performance of FOS is compared to linear
modeling techniques such as Yule-Walker, the covariance and
BurgARmethods in terms ofmean-square errors (MSEs) and
computational time.

2. Problem Statement

It is generally accepted that the long-term errors are modeled
as correlated random noise. Correlated random noise is
typically characterized by an exponentially decaying auto-
correlation function with a finite correlation time. When the
autocorrelation function of some of the noise sequences of
MEMS measurements is studied, it has been shown that a
first-order Gauss-Markov (GM) process may not be adequate
in all cases to model such noise behavior. The shape of the
autocorrelation sequence is often different from that of a first-
order GM process, which is represented by a decaying expo-
nential as shown in Figure 1.TheGMprocess is characterized
by an autocorrelation function of the form 𝑅

𝑥𝑥
(𝜏) = 𝜎

2

𝑒
−𝛽|𝜏|,

where 𝜎2 is variance of the process and the correlation time
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Figure 1: The autocorrelation sequence of a first-order Gauss-
Markov (GM) process.
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Figure 2: The computed autocorrelation sequence for an MEMS
accelerometer data.

(1/𝑒 point) is given by 1/𝛽. The autocorrelation function
approaches zero as 𝜏 → ∞, as depicted in Figure 1, indi-
cating that the process gradually becomes less and less corre-
lated as the time separation between samples increases [1].

Most of the computed autocorrelation sequences follow
higher-order GM processes. An example of such computed
autocorrelation sequences for one hour of static data of an
MEMS accelerometer is shown in Figure 2. It clearly repre-
sents a higher-order GM process. These higher-order GM
processes can bemodeled using an autoregressive (AR) proc-
ess of an appropriate order. In [3] it has been decided tomodel
the randomness of the inertial sensor measurements using
an AR process of order higher than one. With the present
computational efficiency of microprocessor systems, efficient
modeling of MEMS residual biases can be realized, and, thus,
accurate prediction and estimation of such errors can be
provided.

3. Modeling Methods of AR Processes

The autoregressive moving average (ARMA) modeling is
based on the mathematical modeling of a time series of
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Figure 3: The input-output relationship of an autoregressive (AR)
process.

measurements assuming that each value of such series is de-
pendent on (a) a weighted sum of the “previous” values of the
same series (AR part) and (b) a weighted sum of the “present
and previous” values of a different time series (MA part) [14].
The ARMA process can be described using a pole-zero (AR-
MA) transfer function system𝐻(𝑧) as follows:

𝐻(𝑧) =
𝑌 (𝑧)

𝑊 (𝑧)
=
𝐵 (𝑧)

𝐴 (𝑧)
=

∑
𝑞

𝑘=0
𝑏
𝑘
𝑧
−𝑘

1 + ∑
𝑝

𝑘=1
𝑎
𝑘
𝑧−𝑘

, (1)

where 𝑊(𝑧) is the 𝑧-transform of the input 𝑤(𝑛), 𝑌(𝑧) is
the 𝑧-transform of the output 𝑦(𝑛), 𝑝 is the order of the AR
process, 𝑞 is the order of the MA process, and 𝑎

1
, 𝑎
2
, . . . , 𝑎
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, . . . , 𝑏

𝑞
are the AR and MA process parameters

(weights), respectively. The AR process is a special case of an
ARMA process, where 𝑞 in (1) will be zero and thus𝐻(𝑧)will
be only an all-pole transfer function of the form

𝐻(𝑧) =
𝑌 (𝑧)

𝑊 (𝑧)
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𝐵 (𝑧)

𝐴 (𝑧)
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𝑏
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. (2)

Therefore, the name “Autoregressive” comes from the fact
that each signal sample is regressed on (or predicted from)
the previous values of itself [3]. In the time domain, the
previous AR transfer function relationship can be obtained
after applying the inverse 𝑧-transform for (2).

The resultant equation is written as [14]

𝑦 (𝑛) = −

𝑝

∑

𝑘=1

𝑎
𝑘
𝑦 (𝑛 − 𝑘) + 𝑏

0
𝑤 (𝑛)

𝑦 (𝑛) = − 𝑎
1
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2
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𝑝
𝑦 (𝑛 − 𝑝) + 𝑏

0
𝑤 (𝑛) .

(3)

Theprevious input-output relationship in both frequency and
time domains is shown in Figure 3.

The problem in this case is to determine the values of the
AR model parameters (predictor coefficients) 𝑎

𝑘
that opti-

mally represent the random part of the inertial sensor biases.
This is performed by minimizing the error 𝑒(𝑛) between the
original signal 𝑦(𝑛) represented by the “AR process” of (3)
and the estimated signal 𝑦(𝑛), which is estimated by an “AR
model” of the form [8]

𝑦 (𝑛) = −

𝑝

∑

𝑘=1

𝑎
𝑘
𝑦 (𝑛 − 𝑘) . (4)

The cost function for thisminimization problem is the energy
𝐸 of 𝑒(𝑛), which is given as
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where𝑁 is the total number of data samples. In this case,𝑤(𝑛)
is a sequence of stationary uncorrelated sequences (white
noise) with zero mean and unity variance.

Therefore, the resultant energy from (5) [∑𝑁
𝑛=1

𝑏
2

0
𝑤
2

(𝑛)]

will be 𝑏2
0
. Therefore, 𝑏2

0
represents the estimated variance 𝜎2

𝑤

of the white noise input to the AR model or, more generally,
the prediction mean-square error 𝜎2

𝑒
. This is due to the fact

that the AR model order 𝑝 is completely negligible with
respect to the MEMS data sample size𝑁.

Several methods have been reported to estimate the 𝑎
𝑘

parameter values by fitting an AR model to the input data.
Three AR methods are considered in this paper, namely,
the Yule-Walker method, the covariance method, and Burg’s
method. In principle, all of these estimation techniques
should lead to approximately the same parameter values if
fairly large data samples are used [3].

3.1. The Yule-Walker Method. The Yule-Walker method,
which is also known as the autocorrelation method, deter-
mines first the autocorrelation sequence 𝑅(𝜏) of the input
signal (inertial sensor residual bias in our case). Then, the
AR model parameters are optimally computed by solving a
set of linear normal equations. These normal equations are
obtained using the formula [15]

𝜕𝐸

𝜕𝑎
𝑘

= 0, (6)

which leads to the following set of normal equations:
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𝑟, (7)
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4 Journal of Sensors

If the mean-square error 𝜎2
𝑒
is also required, it can be deter-

mined by
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(9a)

Equations (7) and (9a) are known as the Yule-Walker
equations [7–9, 13]. Instead of solving (9a) directly (i.e., by
first computing 𝑅−1), it can efficiently be solved using the
Levinson-Durbin (LD) algorithmwhich proceeds recursively
to compute 𝑎

1
, 𝑎
2
, . . . , 𝑎

𝑝
, and 𝜎

2

𝑒
. The LD algorithm is

an iterative technique that computes the next prediction
coefficient (AR parameter) from the previous one. This LD
recursive procedure can be summarized in the following [9]:

𝐸
0
= 𝑅 (0) (9b)

𝛾
𝑘
= −

𝑅 (𝑘) + ∑
𝑘−1

𝑖=1
𝑎
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𝑅 (𝑘 − 𝑖)

𝐸
𝑘−1

, 1 ≤ 𝑘 ≤ 𝑝 (9c)

𝑎
𝑘,𝑘
= 𝛾
𝑘

(9d)

𝑎
𝑖,𝑘
= 𝑎
𝑖,𝑘−1

+ 𝛾
𝑘
𝑎
𝑘−𝑖,𝑘−1

, 1 ≤ 𝑖 ≤ 𝑘 − 1 (9e)

𝐸
𝑘
= (1 − 𝛾

2

𝑘
) 𝐸
𝑘−1
. (9f)

Equations (9b)–(9f) are solved recursively for 𝑘 = 1, 2, . . . , 𝑝

and the final solution for the AR parameters is provided by

𝑎
𝑖
= 𝑎
𝑖,𝑝
, 1 ≤ 𝑖 ≤ 𝑝. (9g)

Therefore, the values of the AR prediction coefficients in
the Yule-Walkermethod are provided directly based onmini-
mizing the forward prediction error 𝑒

𝑓
(𝑛) in the least-squares

sense. The intermediate quantities 𝛾
𝑘
represented by (9c)

are known as the reflection coefficients. In (9f), both ener-
gies 𝐸

𝑘
and 𝐸

𝑘−1
are positive, and, thus, the magnitude of 𝛾

𝑘

should be less than one to guarantee the stability of the all-
pole filter.

However, the Yule-Walker method performs adequately
only for long data records [15]. The inadequate performance
in case of short data records is usually due to the data win-
dowing applied by the Yule-Walker algorithm. Moreover, the
Yule-Walker method may introduce a large bias in the AR-
estimated coefficients since it does not guarantee a stable so-
lution of the model [16].

3.2. The Covariance Method. The covariance method is sim-
ilar to the Yule-Walker method in that it minimizes the for-
ward prediction error in the least-squares sense, but it does

not consider any windowing of the data. Instead, the win-
dowing is performedwith respect to the prediction error to be
minimized.Therefore, theARmodel obtained by thismethod
is typically more accurate than the one obtained from the
Yule-Walker method [17].

Furthermore, it uses the covariance 𝐶(𝜏
𝑖
, 𝜏
𝑗
) instead of

𝑅(𝜏). In this case, the Toeplitz structure of the normal
equations used in the autocorrelation method is lost, and
hence the LD algorithm cannot be used for the computations.
To achieve an efficient𝐶−1 in this case, Cholesky factorization
is usually utilized [15].

The method provides more accurate estimates than the
Yule-Walker method especially for short data records. How-
ever, the covariance method may lead to unstable ARmodels
since the LD algorithm is not used for solving the covariance
normal equations [18].

3.3. Burg’s Method. Burg’s method was introduced in 1967 to
overcome most of the drawbacks of the other AR modeling
techniques by providing both stable models and high reso-
lution (i.e., more accurate estimates) for short data records
[19]. Burg’s method tries to make the maximum use of the
data by defining both a forward and a backward prediction
error terms, 𝑒

𝑓
(𝑛) and 𝑒

𝑏
(𝑛). The energy to be minimized in

this case (𝐸Burg) is the sum of both the forward and backward
prediction error energies; that is,

𝐸Burg =
𝑁

∑

𝑛=1

[𝑒
2

𝑓
(𝑛) + 𝑒

2

𝑏
(𝑛)] = min, (10)

where 𝑒
𝑓
and 𝑒
𝑏
are defined as

𝑒
𝑓
= 𝑦 (𝑛) + 𝑎

1
𝑦 (𝑛 − 1) + 𝑎

2
𝑦 (𝑛 − 2)

+ ⋅ ⋅ ⋅ + 𝑎
𝑝
𝑦 (𝑛 − 𝑝)

(11a)

𝑒
𝑏
= 𝑦 (𝑛 − 𝑝) + 𝑎

1
𝑦 (𝑛 − 𝑝 + 1)

+ 𝑎
2
𝑦 (𝑛 − 𝑝 + 2) + ⋅ ⋅ ⋅ + 𝑎

𝑝
𝑦 (𝑛) .

(11b)

The forward and backward prediction error criteria are the
same, and, hence, they have the same optimal solution for
the model coefficients [20]. Considering the energies in (9f)
to be 𝐸Burg, the forward and backward prediction errors can,
therefore, be expressed recursively as

𝑒
𝑓
𝑘(𝑛) = 𝑒

𝑓
𝑘−1 (𝑛) + 𝛾

𝑘
𝑒
𝑏
𝑘−1 (𝑛 − 1) (12a)

𝑒
𝑏
𝑘(𝑛) = 𝑒

𝑏
𝑘−1 (𝑛 − 1) + 𝛾

𝑘
𝑒
𝑓
𝑘−1 (𝑛) . (12b)

These recursion formulas form the basis of what is called
Lattice (or Ladder) realization of a prediction error filtering
(see Figure 4).

As has been shown for the Yule-Walker method, the
accuracy of the estimated parameters 𝑎

1
, 𝑎
2
, . . . , 𝑎

𝑝
, and 𝜎2e

depends mainly on accurate estimates of the autocorrelation
sequence 𝑅(𝜏). However, this can be rarely achieved due
to the prewindowing of data [17] or the existence of large
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Figure 4: The forward-backward predication error lattice filter
general structure.

measurement noise [21]. To avoid the difficulties of the com-
putation of the autocorrelation sequences, Burg in hismethod
estimates first the reflection coefficients 𝛾

𝑘
using another for-

mula instead of (9c). This formula is derived by substituting
(12a) and (12b) into (13) and setting the derivative of 𝐸Burg
with respect to 𝛾

𝑘
(instead of 𝑎

𝑘
in the Yule-Walker and

covariance methods) to zero.
This leads to the form

𝛾
𝑘
=

−2∑
𝑁

𝑛=1
[𝑒
𝑓
𝑘−1 (𝑛) 𝑒

𝑏
𝑘−1 (𝑛 − 1)]

∑
𝑁

𝑛=1
𝑒
2

𝑓
𝑘−1
(𝑛) + ∑

𝑁

𝑛=1
𝑒
2

𝑏
𝑘−1
(𝑛 − 1)

(13)

which shows clearly that the magnitude of 𝛾
𝑘
is forced (guar-

anteed) to be less than one, and thus the obtained model is
guaranteed to be stable. Equations (12a), (12b), and (13) form
the recursive structure of Burg’s lattice filter, which is shown
in Figure 4 with the initial conditions of 𝑒0

𝑓
(𝑛) = 𝑒

0

𝑏
(𝑛) =

𝑦(𝑛). Finally, the prediction coefficients 𝑎
𝑘
are obtained by

constraining them to satisfy (9e) in the LD algorithm.
Therefore, the utilization of (9e) and (13) together will

always ensure the stability of Burg’s method solution [22].
Moreover, the utilization of both forward and backward pre-
diction errors minimization usually yields better estimation
results than using the forward prediction approach used in
the previous two methods. Finally, it has been reported by
[23] that Burg’s method generally provides better residual
estimates than the Yule-Walker method [19].

4. Fast Orthogonal Search (FOS) Method

FOS [5–7, 10–12] is a general purpose modeling technique,
which can be applied to spectral estimation and time-fre-
quency analysis.The algorithmuses an arbitrary set of nonor-
thogonal candidate functions 𝑝

𝑚
(𝑛) and finds a functional

expansion of an input 𝑦(𝑛) in order to minimize the mean
square error (MSE) between the input and the functional
expansion.

The functional expansion of the input 𝑦(𝑛) in terms of the
arbitrary candidate functions 𝑝

𝑚
(𝑛) is given by

𝑦 (𝑛) =

𝑀

∑

𝑚=0

𝑎
𝑚
𝑃
𝑚
(𝑛) + 𝑒 (𝑛) , (14)

where 𝑎
𝑚
is the set of weights of the functional expansion,

𝑃
0
(𝑛) = 1, and the 𝑃

𝑚
(𝑛) are the model terms selected from

the set of candidate functions, and 𝑒(𝑛) is the modeling error.

These model terms can involve the system input 𝑥 and
output 𝑦 and cross-products and powers thereof:

𝑃
𝑚
(𝑛) = 𝑦 (𝑛 − 𝑙

1
) ⋅ ⋅ ⋅ 𝑦 (𝑛 − 𝑙

𝑖
) 𝑥 (𝑛 − 𝑘

1
) ⋅ ⋅ ⋅ 𝑥 (𝑛 − 𝑘

𝑗
) ,

𝑚 ≥ 1, 𝑖 ≥ 0, 𝑗 ≥ 0, ∀𝑖: 1 ≤ 𝑙
𝑖
≤ 𝐿, ∀𝑗: 0 ≤ 𝑘

𝑗
≤ 𝐾.

(15)

By choosing non-orthogonal candidate functions, there is
no unique solution for (14). However, FOS may model the
input with fewer model terms than an orthogonal functional
expansion [11]. For the FFT to model a frequency that does
not have an integral number of periods in the record length,
energy is spread into all the other frequencies, which is a phe-
nomenon known as spectral leakage [24]. By using candidate
functions that are non-orthogonal, FOSmay be able tomodel
this frequency between two FFT bins with a single term
resulting in many fewer weighting terms in the model [5, 25].

FOS begins by creating a functional expansion using
orthogonal basis functions such that

𝑦 (𝑛) =

𝑀

∑

𝑚=0

𝑔
𝑚
𝑤
𝑚
(𝑛) + 𝑒 (𝑛) , (16)

where 𝑤
𝑚
(𝑛) is a set of orthogonal functions derived from

the candidate functions 𝑝
𝑚
(𝑛), 𝑔

𝑚
is the weight, and 𝑒(𝑛) is

an error term. The orthogonal functions 𝑤
𝑚
(𝑛) are derived

from the candidate functions 𝑝
𝑚
(𝑛) using the Gram-Schmidt

(GS) orthogonalization algorithm. The orthogonal functions
𝑤
𝑚
(𝑛) are implicitly defined by the Gram-Schmidt coeffi-

cients 𝛼
𝑚𝑟

and do not need to be computed point-by-point.
The Gram-Schmidt coefficients 𝛼

𝑚𝑟
and the orthogonal

weights 𝑔
𝑚
can be found recursively using the equations [11]

𝑤
0
= 𝑝
0
(𝑛) (17)

𝐷 (𝑚, 0) = 𝑝
𝑚
(𝑛)𝑝
0
(𝑛) (18)

𝐷 (𝑚, 𝑟) = 𝑝
𝑚
(𝑛)𝑝
𝑟
(𝑛) −

𝑟−1

∑

𝑖=0

𝛼
𝑟𝑖
𝐷 (𝑚, 𝑖) (19)

𝛼
𝑚𝑟
=
𝑝
𝑚
(𝑛)𝑤
𝑟
(𝑛)

𝑤2
𝑟
(𝑛)

=
𝐷 (𝑚, 𝑟)

𝐷 (𝑟, 𝑟)
(20)

𝐶 (0) = 𝑦(𝑛)𝑝
0
(𝑛) (21)

𝐶 (𝑚) = 𝑦 (𝑛) 𝑝
𝑚
(𝑛) −

𝑚−1

∑

𝑟=0

𝛼
𝑚𝑟
𝐶 (𝑟) (22)

𝑔
𝑚
=

𝐶 (𝑚)

𝐷 (𝑚,𝑚)
. (23)

In its last stage, FOS calculates the weights of the original
functional expansion 𝑎

𝑚
(6), from the weights of the orthog-

onal series expansion𝑔
𝑚
andGram-Schmidt coefficients 𝛼

𝑚𝑟
.

The value of 𝑎
𝑚
can be found recursively using

𝑎
𝑚
=

𝑀

∑

𝑖=𝑚

𝑔
𝑖
V
𝑖
, (24)
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where V
𝑚
= 1 and

V
𝑖
= −

𝑖−1

∑

𝑟=𝑚

𝛼
𝑖𝑟
V
𝑟
, 𝑖 = 𝑚 + 1, 𝑚 + 2, . . . ,𝑀. (25)

FOS requires the calculation of the correlation between the
candidate functions and the calculation of the correlation
between the input and the candidate functions. The correla-
tion between the input and the candidate function 𝑦(𝑛)𝑝

𝑚
(𝑛)

is typically calculated point-by-point once at the start of the
algorithm and then stored for later quick retrieval.

The MSE of the orthogonal function expansion has been
shown to be [5, 6, 11]

𝜀2 (𝑛) = 𝑦
2(𝑛) −

𝑀

∑

𝑚=0

𝑔
2

𝑚
𝑤2
𝑚
(𝑛). (26)

It then follows that the MSE reduction given by the 𝑚th
candidate function is given by

𝑄
𝑚
= 𝑔
2

𝑚
𝑤2
𝑚
(𝑛) = 𝑔

2

𝑚
𝐷 (𝑚,𝑚) , (27)

The candidate with the greatest value for 𝑄 is selected as the
model term, but optionally its addition to the model may be
subject to its𝑄 value exceeding a threshold level [5, 6, 11].The
residualMSE after the addition of each term can be computed
by

MSE
𝑚
= MSE

𝑚−1
− 𝑄
𝑚
. (28)

The search algorithm may be stopped when an acceptably
small residual MSE has been achieved (i.e., a ratio of the
MSE over the mean-squared value of the input [12] or an
acceptably small percentage of the variance of the time series
being modeled [5]). The search may also stop when a cer-
tain number of terms have been fitted. Another stopping
criterion is when none of the remaining candidates can yield
a sufficient MSE reduction value (this criterion would be
representative of not having any candidates that would yield
an MSE reduction value greater than the addition of a white
Gaussian noise series).

5. Experimental Results

The data were collected by a low-cost MEMS-based inertial
measurement unit (IMU CC-300, Crossbow). These mea-
surements were collected during a one-hour experiment to
obtain stochastic error models of both gyroscopes and accel-
erometers. To illustrate the performance, two sensors were
selected as an example (accelerometer-Y, Gyro-Y) while the
other inertial sensors gave similar results. Figure 5 shows one
hour of sampled accelerometer-Y and Gyro-Y acquired at
200Hz.

FOS is applied directly on the raw inertial sensor 200Hz
data without any preprocessing or denoising. Traditional
methods like Yule Walker, Covariance, and Burg perform
poorly on the raw data, so we first applied wavelet denoising
of up to 4 levels of decomposition that resulted in band lim-
iting the spectrum of the raw inertial sensor data to 12.5Hz.

0 10 20 30 40 50 60
5.5

6

6.5

7

7.5
×10−3

0.6

0.4

0

−0.2

0.2

−0.4

Time (min)

0 10 20 30 40 50 60

Time (min)

Ac
ce

le
ro

m
et

er
-Y

 (m
/s
2
)

G
yr

o-
Y 

(d
eg

/h
)

Figure 5: Accelerometer-Y and Gyro-Y specific force measure-
ments.

Therefore, unlike FOS, the other 3 methods operate on the
denoised version of the same data. After denoising, ARmodel
parameters were then estimated as well as the corresponding
prediction MSE for all sensors using Yule-Walker, Cova-
riance, and Burg methods.

For FOS, the raw INSdatawere divided into three datasets
formodel training, evaluation, and prediction stages.Thefirst
3 minutes of the INS raw data were utilized for model train-
ing, which uses the FOS algorithm to identify several possibly
nonlinear AR equations. Different models can be obtained
by changing the maximum delay 𝐿 in the output and the
degree of output cross-products (CP). The next 3 minutes
of the data were used for the evaluation stage. Here, models
are compared and the best one, fitting the real output with
minimum MSE, is chosen. As an example, the FOS model
(CP = 1) of the accelerometer-Y is shown as follows:

𝑌 [𝑛] = 6.03 × 10
−6

+ 2.25𝑦 [𝑛 − 1] − 1.2𝑦 [𝑛 − 2]

+ 1.02𝑦 [𝑛 − 4] − 0.67𝑦 [𝑛 − 3] − 0.26𝑦 [𝑛 − 5]

+ 0.62𝑦 [𝑛 − 7] − 0.51𝑦 [𝑛 − 6] − 0.32𝑦 [𝑛 − 8]

+ 0.08𝑦 [𝑛 − 9] .

(29)

In the prediction stage, the output and MSE of the chosen
model are computed over the remaining (novel) raw INSdata.
Figure 6 shows prediction MSE of Accelerometer-Y samples
by Yule-Walker, Covariance, Burg, and FOS methods. For
FOS, an ARmodel of order 3 or 4 suffices, andMSE decreases
when the degree of the cross-product terms is raised to 2
(nonlinear model). An AR model of order 7 or 8 is required
for Burg or Covariance method and order 9 or 10 for Yule-
Walker. Large AR model order complicates the estimation
method (like KF) used for the INS/GPS integration.

Table 1 shows a summary of the performance of three
conventional stochastic modeling methods (Yule-Walker,
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Figure 6: Accelerometer-Y prediction MSE using Yule-Walker,
covariance, Burg, and FOS methods. For CP degree = 1, only linear
candidate terms up to a maximum output lag 𝐿 = 10 were allowed.
For CP degree = 2, both linear and 𝑦(𝑛−𝑙

1
)𝑦(𝑛−𝑙

2
) candidates were

allowed, up to maximum output lag 𝐿 = 10.

Table 1: Performance summary of AR models obtained by Yule-
Walker, Burg, and FOS over one hour of accelerometer-Y measure-
ments: first-order FOS: only linear model terms; second-order FOS:
linear and cross-product model terms.

Modelling
technique

Model MSE
(m/s2)2

Corresponding
position error

(m)

Computational
time (s)

Model order (maximum output lag L) 1
Yule-Walker 5 × 10−9 458 0.25
Covariance/Burg 3 × 10−11 35 0.23
CP degree = 1 FOS 1 × 10−11 20 0.13
CP degree = 2 FOS 1 × 10−11 20 0.36

Model order (maximum output lag L) 10
Yule-Walker 5 × 10−9 458 0.69
Covariance/Burg 2 × 10−12 9 0.45
CP degree = 1 FOS 3 × 10−14 1 0.30
CP degree = 2 FOS 2 × 10−16 0.09 0.60

Covariance, and Burg) and the proposed FOS-based method
with cross-product order set to 1 (i.e., linearmodel) and 2 (i.e.,
nonlinearmodel) for different model orders 1 and 10 over one
hour of MEMS Accelerometer-Y measurements. The FOS
model is capable of denoising the Accelerometer-Y measure-
ments without appreciable degradation of the original signal.
FOS achieves better performance in terms of lower MSE and
less computational time than the traditional methods with
no need for any denoising techniques. Increasing the cross-
product degree to 2 for FOS improves model accuracy and
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Figure 7: Gyro-Y prediction MSE using Yule-Walker, covariance,
Burg, and FOS methods. For CP order = 1, only linear candidate
terms up to a maximum output lag 𝐿 = 10 were allowed. For CP
order = 2, both linear and 𝑦(𝑛−𝑙

1
)𝑦(𝑛−𝑙

2
) candidates were allowed,

up to a maximum output lag 𝐿 = 10.

Table 2: Performance summary of both AR Yule-Walker and Burg
models and FOS model over one hour of Gyro-Y measurements:
first-order FOS: only linear model terms; second-order FOS: linear
and cross-product model terms.

Modeling
technique

Model MSE
(deg/h)2

Corresponding
position error

(m)

Computational
time (s)

model order (maximum output lag L) 1
Yule-Walker 7 × 10−6 978 0.40
Covariance/Burg 5 × 10−6 826 0.23
CP degree = 1 FOS 1 × 10−6 369 0.09
CP degree = 2 FOS 1 × 10−6 369 0.35

Model order (maximum output lag L) 10
Yule-Walker 2 × 10−6 523 0.44
Covariance/Burg 2 × 10−7 165 0.28
CP degree = 1 FOS 4 × 10−10 7 0.18
CP degree = 2 FOS 3 × 10−11 2 0.6

lessens position error by an order of magnitude (for 𝐿 = 10)
but increases computation time.

A similar procedure was performed for the Gyro-Y
sensor measurements. Figure 7 shows the prediction MSE
of Gyro-Y samples by using Yule-Walker, the Covariance,
Burg, and FOSmethods. It is clear that FOSmethod achieves
minimum MSE error with less model order than the other
AR methods. Table 2 shows a summary of the performance
of three conventional stochastic modeling methods (Yule-
Walker, Covariance, and Burg) and the proposed FOS-based
method with cross-product order set to 1 (i.e., linear model)
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and 2 (i.e., nonlinear model) for different model orders 1 and
10 over one hour of Gyro-Y measurements.

Similar to the accelerometer case, the stochastic model
obtained for Gyro-Y using FOS surpasses the models
obtained by the othermethods in theMSE, the corresponding
position error that would result from the residual errors and
the computation time.

6. Conclusions

Inertial sensor errors are the most significant contributors to
INS errors.Thus, techniques to model these sensor errors are
of interest to researchers. The current state of the art in mod-
eling inertial sensor signals includes low-pass filtering and
using wavelet denoising techniques, which have had limited
success in removing long-term inertial sensor errors.

This paper suggested using FOS to model the MEMS
sensor errors in time domain. The FOS MSE and computa-
tional time are compared with those from Yule-Walker, the
covariance, and Burg methods. FOS was applied directly to
the one-hour raw inertial sensor 200Hz data without any
pre-processing or denoising.The other traditional 3 methods
operated on the denoised version of the same data after we
applied the wavelet denoising of up to 4 levels of decom-
position.

For either gyroscope or accelerometer case, the FOS
model surpasses those obtained by traditional methods. The
results demonstrate the advantages of the proposed FOS-
based method including the absence of a need for prepro-
cessing or denoising, lower computation time and MSE,
and achieving better performance with smaller model order.
Increasing the cross-product degree for FOS improves model
accuracy and lessens position error but increases computa-
tion time.
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