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Classical measurement strategies in many areas are approaching their maximum resolution and sensitivity levels, but these levels
often still fall far short of the ultimate limits allowed by the laws of physics. To go further, strategies must be adopted that take into
account the quantum nature of the probe particles and that optimize their quantum states for the desired application. Here, we
review some of these approaches, in which quantum entanglement, the orbital angular momentum of single photons, and quantum
interferometry are used to produce optical measurements beyond the classical limit.

1. Introduction

In the search for greater sensitivity and resolution in mea-
suring and sensing applications, there are fundamental limits
imposed by the laws of physics. In order to reach these limits,
it has become clear that it is ultimately necessary to take into
account the fundamentally quantum mechanical nature of
both the system beingmeasured and the devices that are used
to measure the system. The goal of this review is to give an
introduction to some of the ideas needed in order to continue
pushing measurement capabilities of future devices toward
their ultimate capacity.

In imaging applications, it has long been common lore
that the Abbé limit prevents an optical system from resolving
features smaller than the wavelength of the illuminating light.
However, it has been recognized in recent years that there are
loopholes in the Abbé limit which allow the so-called super-
resolution, the resolution of subwavelength-sized features [1,
2]. This can be done by using (i) spatially structured light
and (ii) nonlinear interactions between the light and the
object. The spatial structure means that the wavefronts have
some nontrivial set of spatial frequencies, which in a sense
combine with the light’s intrinsic wavelength to produce a
smaller effective wavelength, thus allowing the resolving of
smaller features. To detect this structure, some nonlinear

interaction is utilized, such as the two-photon absorption
processes commonly used in microscopy.

Similar “super-resolution” or “super-sensitivity” effects
also occur in other measurement and sensing contexts
outside of the realm of imaging, and these effects are often
associatedwith purely quantummechanical phenomena such
as entanglement. Entanglement occurs when a composite
system, made of two or more subsystems, is described by a
single quantum state for the entire system, in such away that it
cannot be divided into separate well-defined substates for the
individual subsystems (see the appendix for a more precise
definition of entanglement). In this review, we give a short
description of some of these quantum-based super-resolving
effects in areas other than standard imaging. Specifically,
we will focus on the use of nonclassical optical states to
measure quantities related to phase, angular, and rotational
variables and dispersive properties. We will see that in each
of these cases the use of quantum-based methods allows
more precise measurements than is possible through purely
classical means. For example, entangled pairs of photons
can carry out phase measurements that violate the so-called
standard quantum limit (see the next section). In many of
these cases, quantum entanglement can be seen as a resource
that may be used to carry out practical tasks; a viewpoint
is common in the quantum computation and quantum
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information communities but is not as widely recognized
in other areas. The improved resolution and sensitivity that
can be obtained from an 𝑁-photon entangled state can be
seen as being due to the fact that the set of photons (each of
wavelength 𝜆) can be treated as a single object (essentially a
small Bose-Einstein condensate) with a single joint de Broglie
wavelength 𝜆/√𝑁 [3–8]. In this way, the true quantum
mechanical limit, the Heisenberg limit, can be reached.

By optimizing the detection method for a given measure-
ment, the weaker standard quantum limit can be achieved,
but to reach the stronger Heisenberg limit, it is necessary to
optimize the probe state as well [9] and tailor its properties to
the desired measurement; this is where entanglement gener-
ally enters the picture. The comparison to super-resolution
imaging also holds here: the Abbé limit can be reached
by optimizing the detection system (large-aperture lenses,
high resolution detectors, etc.), but to exceed the limit it is
necessary to also optimize the illuminating light (the probe
state) by introducing appropriate spatial structure. As in
the imaging case, nonlinear processes are also involved in
nonimaging quantum sensing applications as well: nonlinear
interactions in solids (spontaneous parametric downconver-
sion [10] in nonlinear crystals) are commonly used to prepare
the entangled probe state, and the detection process itself
typically involves coincidence counting or other forms of
multiphoton detection: such methods are essentially nonlin-
ear since the signals from several photons are multiplied for
each detection event. In particular, two-detector coincidence
counting is often used, which measures the second-order
(intensity-intensity) correlations of a system, as opposed to
the first-order (amplitude-amplitude) correlations measured
in classical interferometry.Many purely quantummechanical
effects that are invisible to classical interferometry show
up in the second-order correlations [11, 12]. In addition,
interference effects in such measurements have a maximum
visibility of 1/√2 ≈ 71% for classical states of light [13, 14],
whereas entangled states can have visibilities approaching
100%.

A review of the more strictly technological aspects of
quantum sensing, such as the development of on-chip photon
sources and interferometers, can be found in [15], and various
other aspects of quantum metrology have previously been
reviewed in [9, 16–18]. Here we concentrate on the physical
ideas and some specific applications.Themain ingredients in
all of these applications are (i) entanglement, (ii) using states
tailored to optimize the given measurement, and (iii) coinci-
dence counting or intensity-intensity correlations. Although
most of the applications in this area are still confined to
the lab, some have begun to make steps toward real-world
use. As one example, some of the methods described here
have recently been used to measure the polarization mode
dispersion of a switching unit in a fiber optics communication
network [19, 20]; the resulting measurement had uncertain-
ties of 0.1 fs for group delay and 2 attoseconds for phase delay,
which is orders of magnitude smaller than the uncertainties
present in previous classical measurement strategies.

One note on terminology: super-resolution is taken
to mean producing interference patterns that oscillate on

smaller scales than expected classically, while super-sensitiv-
ity means reducing the uncertainty in a measured variable
below its classical value. The two effects often go hand-in-
hand.

A very brief summary of the necessary quantummechan-
ical background is given in the appendix.

2. Phase Estimation, Entanglement,
and Quantum Limits

We consider phase measurements first [17, 21] and ask what
fundamental limit does quantum mechanics place on our
ability to measure them?The question is muddled a bit by the
following problem. In quantummechanics, physical variables
are represented by operators (see the appendix), and we
would expect the photon number operator �̂� and the phase
operator 𝜙 to be canonically conjugate operators, with their
commutator leading to an uncertainty relation that defines
the ultimate physical limit on measurements. However, it has
been known since at least the 1960s that it is impossible to
define a unitary operator ̂𝑒𝑖𝜙, or equivalently a Hermitian
operator 𝜙, that gives the correct canonical commutation
relations. There is a large literature discussing this problem
[22–34], and there are several possible resolutions to it. Here
we will simply follow the most common path and make use
of the non-Hermitian Susskind-Glogower (SG) operator [22]

𝑆 =
̂
𝑒𝑖𝜙 =

∞

∑

𝑛=0

|𝑛⟩ ⟨𝑛 + 1| = 𝑎�̂�
−1/2

= (�̂� + 1)
−1/2

𝑎, (1)

where, 𝑎, �̂�, and |𝑛⟩ are, respectively, the photon annihilation
operator, the photon number operator, and the Fock state of
photon number 𝑛. The eigenstates of 𝑆 are |𝜙⟩ = ∑

∞

𝑛=0
𝑒
𝑖𝑛𝜙
|𝑛⟩.

The corresponding eigenvalue relation is given by 𝑆|𝜙⟩ =

𝑒
𝑖𝜙
|𝜙⟩, where 𝜙 is the phase of the state (up to some

unobservable overall reference phase). To get a Hermitian
(and therefore physically measurable) operator, we can add
𝑆 to its Hermitian conjugate to form the new operator 𝐴 =

∑
∞

𝑛=0
(|𝑛⟩⟨𝑛 + 1| + |𝑛 + 1⟩⟨𝑛|). The expectation value of

this operator measures the rate of single-photon transitions
within the apparatus. Now that we have a phase-dependent
observable, we can measure its value on some quantum state
and extract an estimate of the state’s phase (note that any other
phase-dependent Hermitian operator could be used instead;
however, some operators give better phase estimation than
others and are easier to measure experimentally).

Suppose the phase is measured using an interferometer,
with input to the system only at a single port.We can consider
several types of input, such as a coherent state input (where
the number of photons fluctuates about some mean value
𝑁 according to Poisson statistics), a single Fock state (of
fixed photon number 𝑁), or 𝑁 separate measurements on
a stream of single-photon states. In each of these cases, the
phase sensitivity (the minimum uncertainty in the measured
phase value) is proportional to 1/√𝑁when𝑁 is large.We can
see this most easily by looking at the case of𝑁measurements
of consecutive single-photon inputs.
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Consider a photon entering port 𝐴 in the Mach-Zehnder
interferometer of Figure 1. It can travel along the lower path,
reflecting offmirror𝑀

2
, or it can travel along the upper path,

reflecting off𝑀
1
and gaining a phase shift of𝜙 (wewill neglect

any phase shift due to reflection at the beam splitter, since
it can be absorbed into the definition of 𝜙). We may denote
the state leaving the first beam splitter along the lower path
by |𝐿⟩ and the state leaving along the upper path by |𝑈⟩ (see
the appendix for an explanation of state vector notation). Or
equivalently we could label these two states by the number of
photons in the upper branch, so that |𝐿⟩ = |0⟩ and |𝑈⟩ = |1⟩.
Then, the state arriving at the second beam splitter is |𝜓⟩ =

(1/√2)(|0⟩+𝑒
𝑖𝜙
|1⟩). Since the photonnumber 𝑛never exceeds

1 anywhere for this state, the operator 𝐴 can be truncated to
𝐴 = |0⟩⟨1| + |1⟩⟨0|. Note that 𝐴 picks out interference terms;
when wedged between two states, ⟨𝜓

1
|𝐴|𝜓
2
⟩, it links the |0⟩

component of one state to the |1⟩ component of the other. In
fact, taking a basis of the form

|0⟩ = (

1

0
) ,

|1⟩ = (

0

1
) ,

(2)

this operator is simply the first Pauli spin matrix: 𝐴 = 𝜎
𝑥
=

(
0 1

1 0
). It is therefore easily seen that 𝐴2 = 𝐼, the identity

operator. Taking the expectation value (the mean value in the
given state), we find

⟨𝐴⟩ = ⟨𝜓

𝐴

𝜓⟩ = cos𝜙,

⟨𝐴
2
⟩ = ⟨𝜓


𝐴
2
𝜓⟩ = 1.

(3)

Therefore, the uncertainty in the measurement of 𝐴 is

Δ𝐴 = √⟨𝐴2⟩ − ⟨𝐴⟩
2

= √(1 − cos2𝜙) = sin𝜙
 .

(4)

If we repeat the experiment𝑁 times on an identical ensemble
of states, standard statistical theory tells us that the uncer-
tainty should be reduced by a factor of √𝑁, so that Δ𝐴 =

| sin𝜙|/√𝑁. Our best estimate of 𝜙 is then the value 𝜙 =

cos−1(⟨𝐴⟩/𝑁), and the uncertainty in this phase estimate is
given by

Δ𝜙 =
Δ𝐴


𝑑 ⟨𝐴⟩ /𝑑𝜙



=

√𝑁
sin𝜙



𝑁
sin𝜙



=
1

√𝑁

. (5)

This is the standard quantum limit or shot noise limit. In
the case of single-photon states being measured 𝑁 times,
this uncertainty can be thought of as being due to photonic
shot noise or “sorting noise,” the Poisson-distributed random
fluctuations of the photon number in each arm of the
apparatus due to the randomchoicemade by the beam splitter
as to which way to send each photon. If, instead of𝑁 single-
photon states, the experimenter uses a single coherent state
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BS = 50/50 beam splitter
M = mirror

Figure 1: A Mach-Zehnder interferometer. Input at either of the
input ports (𝐴 or𝐵) has two possible ways of reaching the final beam
splitter, BS

2
. Along the upper path, a phase shift of 𝜙 is added. The

second beam splitter makes it impossible to determine which path
was followed simply from looking at the output at ports 𝐶 and 𝐷.
As a result, the amplitudes for the both possibilities must be present,
leading to interference at the output ports.

pulse with mean photon number ⟨�̂�⟩ = 𝑁, the result for
the uncertainty is the same, since the random fluctuations
of photon number in the coherent state beam have the same
Poisson statistics as the sorting noise.

The derivation of the standard quantum limit above
assumed that the𝑁 photons used to obtain the estimate were
all acting independently. However, it is possible to send in
states where the photons are entangled (see appendix), so
that the entire 𝑁-photon set is described by a single joint
quantum state. At any horizontal position in Figure 1, let a
quantum state with 𝑛

1
photons in the top branch and 𝑛

2

photons in the lower branch be denoted by |𝑛
1
⟩|𝑛
2
⟩, or more

simply by |𝑛
1
, 𝑛
2
⟩. Then, imagine sending an entangled 𝑁-

photon state into the system, for example, a so-called NOON
state, (1/√2)(|𝑁, 0⟩+|0,𝑁⟩) [35]. A two-photonNOON state
can be easily produced by means of the Hong-Ou-Mandel
effect [36]. 𝑁 = 3 [6], 𝑁 = 4 [7], and 𝑁 = 5 [37, 38]
states have been produced using parametric downconversion
followed by postselection of states with the desired form.
After the first beam splitter and the phase shift, the state
reaching the second beam splitter is |𝜓

𝑁
⟩ = (1/√2)(|0,𝑁⟩ +

𝑒
𝑖𝑁𝜙

|𝑁, 0⟩). Note that because of the entanglement, the phase
shifts from the 𝑁 photons act collectively, giving a total
phase shift 𝑁𝜙 to one component of the entangled state.
This is in contrast to the single-photon and separable 𝑁-
photon cases above, where each photon privately carried its
own phase shift, independently of what happened to the
other photons. In place of operator 𝐴 above, an appropriate
measurement operator to extract this total phase shift is now
𝐵
𝑁
= |0,𝑁⟩⟨𝑁, 0|+|𝑁, 0⟩⟨0,𝑁|. It is straightforward to check

that the expectation values and uncertainties are given by

⟨𝐵
𝑁
⟩ = ⟨𝜓

𝑁


𝐵
𝑁


𝜓
𝑁
⟩ = cos𝑁𝜙, (6)

⟨𝐵
2

𝑁
⟩ = ⟨𝜓

𝑁


𝐵
2

𝑁


𝜓
𝑁
⟩ = 1, (7)

Δ𝐵
𝑁
= sin𝑁𝜙, (8)

Δ𝜙 =
1

𝑁
. (9)
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In other words, this entangled system can beat the stan-
dard quantum limit. It in fact saturates the Heisenberg
limit, the fundamental physical bound imposed by quantum
mechanics [39]. The use of NOON states to carry out phase
microscopy near the Heisenberg limit has been experimen-
tally demonstrated in [40].

We see that entanglement gives a 1/√𝑁 advantage in
phase sensitivity over unentangled 𝑁-photon states. The
increase in oscillation frequency, signalled by the factor of
𝑁 inside the cosine in (6), indicates super-resolution as well.
Although this improved phase measurement ability has been
demonstrated in the lab, NOON states and other types of
entangled photon states are difficult to create for large 𝑁, so
one prominent current goal is to find ways to more easily
make such states, in order to allow their use in application
settings outside the lab.

The quality of the phase estimation is normally quantified
by the uncertainty, as obtained from some observable, as
in (9). In more complicated situations, such as imaging,
the optimal uncertainty may be obtained via information
theoretic means through the Cramer-Rao bound [41, 42].
Alternatively, the uncertainty may not be used at all; instead,
the quality of the estimation may be measured by means
of mutual information [43, 44]. Bayesian analysis [45, 46]
is sometimes used to provide strategies for optimizing the
estimation strategy.

Other entangled 𝑁-photon states, such as those of [47,
48], may be used. Some of these states give slightly better
sensitivity or are slightly more robust to noise, but overall
they give qualitatively similar results to those derived from
NOON states. For completeness, we should mention that
entangled states are not necessary to surpass the standard
quantum limit. For example, squeezed states have been
shown to be capable of achieving 1/𝑁

3/4 phase sensitivity
[49]. However, up to this point only entangled states seem
to be capable of fully reaching the Heisenberg bound. Also,
it has been shown that through a postselection scheme [8]
it is possible to produce super-resolution without the use of
entangled illumination states (although super-sensitivity was
not demonstrated).

3. Angular and Rotational Measurements

3.1. Optical Orbital Angular Momentum. In the last section,
it was shown that phase measurements could be made with
entangled optical states that exceed the standard quantum
limit. It is natural to ask if a similar improvement can be
made in measurements of other quantities. In this section,
we show that this can be done for angular displacements
[50]. This is done by using states for which angular rotations
lead to proportional phase shifts; the super-sensitivity to
phase then leads to super-sensitivity to orientation angles.
In this subsection, we introduce the idea of optical angular
momentum and then look at its applications in the following
subsections.

It is well known that photons carry one unit of spin
angular momentum. This spin manifests itself as circular
polarization: left- and right-circularly polarized photons have

spin quantum numbers 𝑠
𝑧

= ±1 along the propagation
axis, while linearly polarized photons are formed from equal
super-positions of the two spin states. It is only in the past two
decades that it has been widely recognized that in addition to
this intrinsic spin angularmomentumaphoton can also carry
orbital angular momentum (OAM) L̂ about its propagation
axis [51]. A number of excellent reviews of the subject exist,
including [52–54]. Here, we briefly summarize the basic facts.

For a photon to have nonzero OAM, its state must have
nontrivial spatial structure, such that the wavefronts have
azimuthally dependent phases of the form 𝑒

𝑖𝜙(𝜃)
= 𝑒
𝑖𝑙𝜃. Here,

𝜃 is the angle about the 𝑧-axis and 𝑙 is a constant known
as the topological charge. There are several ways to imprint
such phases onto a beam. The most common are by means
of spiral phase plates (plates whose optical thickness varies
azimuthally according to Δ𝑧 = 𝑙𝜆𝜃/2𝜋(𝑛 − 1) for light of
wavelength 𝜆) [55], computer generated holograms of forked
diffraction gratings [56], or spatial light modulators (SLM).

Since the angular momentum operator about the 𝑧-axis
is �̂�
𝑧
= −𝑖ℏ(𝜕/𝜕𝜃), the resulting wave has a 𝑧-component

of angular momentum given by 𝐿
𝑧

= 𝑙ℏ, where ℏ is
Planck’s constant. The fact that the wavefunction must be
single valued under rotations 𝜃 → 𝜃 + 2𝜋 forces 𝑙 to be
quantized to integer values. The 𝑒

𝑖𝑙𝜃 phase factor has the
effect of tilting the wavefronts, giving them a corkscrew
shape (Figure 2). The Poynting vector S = E × H must be
perpendicular to the wavefront, so it is at a nonzero angle to
the propagation direction. S therefore rotates about the axis
as the wave propagates, leading to the existence of nonzero
orbital angular momentum.

The question of separating the angular momentum into
spin and orbital parts in a gauge-independent manner is
complicated for the general case [57–62], but as long as we
restrict attention to the transverse, propagating radiation field
in the paraxial region, the splitting is unambiguous andOAM
will be conserved in the parametric downconversion process
discussed below.

Several different optical beam modes can carry OAM;
here, we focus on Laguerre-Gauss (LG) modes (other
possibilities include higher-order Bessel or Hermite-Gauss
modes). The LG wavefunction or spatial amplitude function
is [63]

𝑢
𝑙𝑝 (𝑟, 𝑧, 𝜃) =

𝐶
|𝑙|

𝑝

𝑤 (𝑧)
(
√2𝑟

𝑤 (𝑧)
)

|𝑙|

𝑒
−𝑟
2
/𝑤
2
(𝑟)
𝐿
|𝑙|

𝑝
(

2𝑟
2

𝑤2 (𝑟)
)

⋅ 𝑒
−𝑖𝑘𝑟
2
𝑧/(2(𝑧

2
+𝑧
2

𝑅
))
𝑒
−𝑖𝜃𝑙+𝑖(2𝑝+|𝑙|+1) arctan(𝑧/𝑧

𝑅
)
,

(10)

with normalization 𝐶|𝑙|
𝑝
= √2𝑝!/𝜋(𝑝 + |𝑙|)! and beam radius

𝑤(𝑧) = 𝑤
0
√1 + 𝑧/𝑧

𝑅
at 𝑧. 𝐿𝛼

𝑝
(𝑥) are the associated Laguerre

polynomials [64]. 𝑧
𝑟
= 𝜋𝑤

2

0
/𝜆 is the Rayleigh range, 𝑤

0
is

the radius of the beam waist, and the arctangent term is the
Gouy phase familiar from Gaussian laser beams. The index
𝑝 characterizes the radial part of the mode; the number of
intensity nodes in the radial direction is 𝑝 + 1. All LG modes
(for 𝑙 ̸= 0) have a node at the central axis, about which the
optical vortex circulates. For 𝑝 > 1, additional nodes appear
as dark rings, concentric about the central axis. It is important
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𝜃

Figure 2: Optical wavefronts with nonzero orbital angular momen-
tum have corkscrew-shaped wavefronts. The Poynting vector, S,
must be everywhere perpendicular to the wavefront, so it rotates as
the wave propagates along the 𝑧-axis.

to note that not only macroscopic light beams but also even
single photons can have nontrivial spatial structure leading to
nonzero OAM.

Measurement of theOAMof a beam can be accomplished
in a number of ways, including an interferometric arrange-
ment that sorts different 𝑙 values into different outgoing
spatial modes [65–67] and sorting by means of 𝑞-plates [68]
(devices which couple the OAM to the polarization), as well
as by use of polarizing Sagnac interferometers [69], pinhole
arrangements followed by Fourier-transforming lenses [70],
and specialized refractive elements [71–73].

As was mentioned earlier, the most common way to
produce entangled photons is via spontaneous parametric
downconversion (SPDC) in a 𝜒2 nonlinear crystal. In this
process, interactions with the crystal lattice cause a high
frequency photon from the incident beam (called the pump
beam) to split into two lower frequency photons (called, for
historical reasons, the signal and idler). The signal-idler pair
is entangled in a number of different variables, including
energy, momentum, and polarization. Our interest here,
though, is in the fact that they are entangled in OAM [74].
We will assume for simplicity that the pump beam has no
OAM, in which case the signal and idler have equal and
opposite values of topological charge, ±𝑙. The 𝑝 values of the
signal and idler are unconstrained, but since the detectors are
usually coupled via fibers that propagate only 𝑝 = 0 modes,
we will restrict attention to the case where the outgoing 𝑝

values vanish.Theoutput of the crystalmay then be expanded
as a super-position of signal-idler states with different OAM
values. For the case we are considering, this takes the form

∞

∑

𝑙
𝑠
,𝑙
𝑖
=−∞

𝐾
𝑙
𝑠
,𝑙
𝑖

𝛿 (𝑙
𝑠
+ 𝑙
𝑖
)
𝑙𝑠, 𝑙𝑖⟩ =

∞

∑

𝑙
𝑠
=−∞

𝐾
𝑙
𝑠
,−𝑙
𝑠

𝑙𝑠, −𝑙𝑠⟩ , (11)

where 𝑙
𝑠
and 𝑙
𝑖
are the OAM of the signal and idler. Explicit

expressions for the expansion coefficients𝐾
𝑙
𝑠
,𝑙
𝑖

may be found
in [75–78].

3.2. Angular Displacement Measurement. In order to illus-
trate super-resolution in angular measurement, consider a
Dove prism. This is a prism (Figure 3) designed so that total
internal reflection occurs on the bottom surface. Because of

Input

Output

Figure 3: Dove prism. Total internal reflection at the horizontal
surface causes images to be inverted vertically.

this reflection, images are inverted in the vertical direction
(the direction perpendicular to the largest prism face), with-
out any corresponding horizontal inversion. One interesting
property of these prisms is that if they are rotated by an angle
𝜃 about the propagation axis, the image is rotated by 2𝜃. For
well-collimated light with a definite value of orbital angular
momentum, 𝐿 = 𝑙ℏ, the Dove prism reverses the angular
momentum direction, while maintaining its absolute value:
𝑙 → −𝑙, assuming that the beam is not too tightly focused
[79].

Consider the setup shown in Figure 4 [50]. The Dove
prism is rotated by some unknown angle 𝜃 and the goal is
to measure 𝜃 as precisely as possible. As input, take a pair
of entangled photons, with signal and idler of topological
quantum numbers +𝑙 and −𝑙, respectively.The state produced
by the entangled light source will be of the form of (11), but
insertion of appropriate filters can be used to block all except
for the ±𝑙 terms for some fixed value of 𝑙:

𝜓in⟩ =
1

√2
(|𝑙⟩𝑠 |−𝑙⟩𝑖 + |−𝑙⟩𝑠 |𝑙⟩𝑖) , (12)

where 𝑠 and 𝑖 denote signal and idler, which we take to
enter the interferometer in the upper and lower branches,
respectively.The effect of the components of the apparatus on
the two-photon state can be traced through to find the output
state, |𝜓out⟩. The rate of detection events for which value 𝑙
arrives at one detector and value −𝑙 arrives at the other is then
the expectation value of the operator

�̂� = |+𝑙⟩𝐷
𝑏
|−𝑙⟩𝐷

𝑎

⋅
𝐷
𝑎
⟨+𝑙|𝐷

𝑏
⟨−𝑙| + |−𝑙⟩𝐷

𝑏
|+𝑙⟩𝐷

𝑎

⋅
𝐷
𝑎
⟨−𝑙|𝐷

𝑏
⟨+𝑙| .

(13)

We find the expectation values

⟨�̂�⟩ = ⟨𝜓out

�̂�

𝜓out⟩ = cos2 (2𝑙𝜃) ,

⟨�̂�
2
⟩ = ⟨𝜓out


�̂�
2
𝜓out⟩ = cos2 (2𝑙𝜃) ,

(14)

so that the uncertainty in �̂� is

Δ�̂� = √⟨�̂�2⟩ − ⟨�̂�⟩
2

= cos (2𝑙𝜃) sin (2𝑙𝜃)

=
1

2
sin (4𝑙𝜃) .

(15)
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BS = 50/50 beam splitter
D = detector
CC = coincidence counter

M= mirror
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Figure 4: Schematic of setup for super-resolution angular dis-
placementmeasurements using entangledOAMstates. Spontaneous
parametric downconversion in a nonlinear crystal (on the left)
sends entangled photon pairs into a Mach-Zehnder interferometer
(middle portion) which contains a Dove prism in one arm. On the
right, photodetectors are connected to a coincidence circuit, so that
an event is registered only when both detectors fire within a short
time window.

We may then extract an estimate of the angular displacement
from the value of ⟨�̂�⟩. The resulting estimate will have
uncertainty

Δ𝜃 =
Δ�̂�


𝜕 ⟨�̂�⟩ /𝜕𝜃



. (16)

This whole procedure can be generalized from two to 𝑁
entangled photons. In an identical manner it can be shown
that the phase sensitivity is now given by

Δ𝜃 =
1

2𝑁𝑙
. (17)

This should be compared to the case when an ensemble of𝑁
independent photons are measured with the same apparatus:

Δ𝜃SQL =
1

2√𝑁𝑙

. (18)

We not only see once again that the entanglement allows
the sensitivity to be reduced by a factor of √𝑁 beyond the
case standard quantum limit, but also further improvements
can be made to the angular sensitivity by using states
of higher angular momentum. The angular resolution can
also exceed the classical limit, with the argument of the
oscillatory term in ⟨�̂�⟩ being proportional to𝑁𝑙𝜃. Such high
precision measurement of rotations may ultimately be useful
in nanotechnology applications.

3.3. Image Reconstruction and Object Identification. An addi-
tional set of OAM-based approaches illustrates the idea
that single-photon states can be chosen specifically to suit
the type of measurement that will be made with them.
The Laguerre-Gauss modes 𝑢

𝑙𝑝
(𝑟, 𝑧, 𝜃) form a complete set,

meaning that any two-dimensional function can be built as a

linear combination of them: 𝑓(𝑟, 𝜃) = ∑
𝑙,𝑝
𝑎
𝑙𝑝
𝑢
𝑙𝑝
(𝑟, 𝑧, 𝜃), for

some set of coefficients 𝑎
𝑙𝑝
.This fact leads to the idea of digital

spiral imaging [80–82]. This is a form of angular momentum
spectroscopy in which a beam of known OAM is used to
illuminate an object, and then the spectrumof outgoingOAM
values is measured after reflection or transmission from the
object. This allows the evaluation of the squared coefficients
|𝑎
𝑙𝑝
|
2 of the object’s reflection or transmission profile and

reveals a great deal of information about the object structure.
In this manner, the object could be identified from a known
set, or its difference from some desired shape could be
quantified.This approach has two advantages: first, for simple
objects where only a small number of coefficients are large,
the OAM spectrum can be determined to good accuracy with
a small number of photons. Second, rotating the object only
adds a constant phase factor to all the amplitudes, leaving
the intensities of the outgoing components unchanged. This
means that the spatial orientation of the object does not need
to be known and that the object can still be easily identified
even if it is rapidly rotating [83]. Measurement of the OAM
spectrum also allows for rapid experimental determination
of the rotational symmetries of an unknown object [84, 85].
These facts could make this approach ideal for a number of
applications, such as (i) looking for sickle cells, cancer cells,
or other irregularly shaped cells in amoving bloodstream, (ii)
rapidly scanning for defects in parts on an assembly line, or
(iii) identifying defects in rapidly spinning objects, such as a
rotor blade.

One goal of this approach is to ultimately be able to
reconstruct the image from the OAM spectrum alone. Two
problems must be addressed in order to do this. The first is
that measuring the intensities of the outgoing OAM intensity
components is not sufficient for image reconstruction: the
coefficients 𝑎

𝑙𝑚
are complex, so that their relative phases

must be determined as well. This, fortunately, can once again
be done by means of an interferometric arrangement such
as that of Figure 1 [83–85]; this method has been called
correlated spiral imaging. The second problem is that current
technology does not easily allow terms with nonzero 𝑝

values to be measured efficiently at the single-photon level.
So even though the angular structure of the object can be
reconstructed, nontrivial radial structure is difficult to detect
in this manner. This will likely be remedied over time as
improved detection methods are developed.

Digital and correlated spiral imaging do not require
entanglement for their basic functioning. However, it is
clear that𝑁-photon entangled states would once again allow
these approaches to exceed the classical limits on resolution
and sensitivity in the same manner as the other methods
described in the earlier sections. In particular, angular oscilla-
tion frequencies would again be increased by a factor of𝑁 as
in the previous subsection, allowing the same improvement
in sensitivity and resolution of small angular structures. In
this way, super-resolved imaging could in principle be carried
out entirely by OAMmeasurements.

3.4. Rotational Measurements. Since measurements with
OAM are being discussed, one more related type of mea-
surement can be mentioned, even though it does not
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require entanglement or low photon numbers. Optical orbital
angular momentum states can also be used to measure
rotation rates [86–90]. Imagine two photons of opposite
OAM ±𝑙 reflecting off the surface of a rotating object. Let 𝜔
be the photon frequency and letΩ be the rotational frequency
of the object.The two reflected photons will experience equal
and opposite Doppler shifts:𝜔 → 𝜔±𝑙Ω. If the two reflected
photons are allowed to interfere, the combined intensity will
therefore exhibit a beat frequency of 2𝑙Ω. If 𝑙 is large, then
precise measurements can be made of even very small values
ofΩ.

4. Frequency, Polarization, and Dispersion

Here, we briefly mention several other applications, taking a
similar approach to those discussed in the earlier sections.

4.1. Frequency Measurement. The Ramsey interferometer,
used to measure atomic transition frequencies, is formally
equivalent to a Mach-Zehnder interferometer. A schematic
of the Ramsey interferometer is shown in Figure 5. A 𝜋/2

pulse is used to put an incoming atom into a super-position
of the ground and excited states; this is analogous to the first
beam splitter in theMach-Zehnder case, which puts a photon
into a super-position of two different paths. The two energy
states gain different phase shifts under free propagation for a
fixed time, so that when they are returned to the same state
again, they will produce an interference pattern as the time
between the two pulses is varied. The relative phase shift is
Δ𝐸𝑡/ℏ = 𝜔𝑡, where Δ𝐸 and 𝜔 are the energy difference and
emitted photon frequency of the levels, ℏ is Planck’s constant,
and 𝑡 is the time between the two pulses. As a result, the
interference pattern allows determination of the frequencies
in a manner exactly analogous to the phase determination in
aMach-Zehnder interferometer.The formal analogy between
the Mach-Zehnder and Ramsey interferometers (as well as
with quantum computer circuits) has been referred to as the
quantum Rosetta stone [17, 91], as it allows ideas from one
area to be translated directly into the other.

Because of the exact mathematical equivalence between
the two interferometers, it follows immediately that the use of
entangled atomic states as input to the Ramsey interferometer
should allow super-sensitive measurements of frequency,
with the uncertainty scaling as 1/𝑁 as the number 𝑁 of
entangled atoms increases [92, 93]. In a similar manner,
Heisenberg-limited resolution can be achieved in optical and
atomic gyroscopes, which are also based on Mach-Zehnder
interferometry [94].

4.2. Dispersion. Dispersion, the differential propagation
speed of different states of light, must be taken into account
to very high precision in modern optical telecommunication
systems, in long-range stand-off sensing, and in many other
areas. Here, we briefly mention several related quantum
approaches to the measurement and cancelation of disper-
sion.

Chromatic dispersion effects can be described by consid-
ering the wavenumber 𝑘 to be a function of frequency: 𝑘(𝜔).

𝜋/2
pulse

𝜋/2
pulse

𝜑

Red: excited state
Green: ground state

Figure 5: Schematic of a Ramsey interferometer.The first pulse puts
the ground state input into super-positions of ground and excited
states. Free propagation causes the two terms in the super-position
to differ in phase by an amount 𝜙 proportional to the transition
frequency.

In a dispersive medium, 𝑘 will be a nonlinear function of 𝜔,
causing different frequencies to propagate at different speeds.
This leads to broadening of wave packets as they propagate,
reducing the resolution of measurements made with those
packets. Expanding 𝑘(𝜔) in a Taylor series, it can be divided
into terms that are even-order and terms of odd-order in
frequency. It was found in the early 1990s that the use of an
entangled light source combined with coincidence counting
can cause the even order terms to cancel; among other things,
this means that the largest contribution to the broadening
(the second-order group delay term) will be absent. Unlike
the applications in the previous section, this method does
not require simultaneous entanglement of a large number
𝑁 of photons: it only requires two photons to be entangled
at a time and so can be easily carried out with standard
downconversion sources. These sources naturally produce
photon pairs with frequencies 𝜔

0
± Δ𝜔 displaced by equal

amounts about the central frequency, 𝜔
0
(𝜔
0
is half the pump

frequency). The two photons are in fact entangled in the
frequency variable: it is not predetermined which photon
has the higher frequency and which has the lower, so both
possibilities have to be super-posed:

𝜓⟩ =
1

√2
(
𝜔0 + Δ𝜔⟩signal

𝜔0 − Δ𝜔⟩idler

+
𝜔0 − Δ𝜔⟩signal

𝜔0 + Δ𝜔⟩idler) .

(19)

For even-order dispersion cancelation, the essential idea
is to make the photons interfere in such a way that the two
opposite-signed frequency displacements add, causing the
even powers in the expansion to cancel. There are two ways
to do this.The Steinberg-Kwiat-Chaio (SKC)method [95, 96]
puts the dispersive material into one arm of a Mach-Zehnder
interferometer, sends the entangled photons into the system
at one end, and then measures coincidence counts in the two
output ports at the other end. The Franson method [97], on
the other hand, sends the two photons into twomaterials with
opposite dispersion, looking again at coincidence counts at
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the output. Either way, the second order pulse-broadening
terms are absent.

It has since been shown that the SKC method can be
reproduced with classical light sources (no entanglement)
[98, 99], but the Franson method seems to truly require
entanglement. It has also been shown [100] that by con-
catenating two successive interferometers (one Hong-Ou-
Mandel interferometer [36] and one Mach-Zehnder), more
complicated manipulations of the even- and odd-order fre-
quency dispersion terms can be carried out, such as canceling
the odd-order terms or causing even-order and odd-order
cancelation to occur simultaneously in different parts of an
interferogram.

Optical coherence tomography (OCT) is a well-known
interferometric method for detecting and mapping subsur-
face structures in biological samples. It makes use of first-
order amplitude-amplitude correlations. Quantum optical
coherence tomography (QOCT) [101–103] is a similar method
thatmakes use of entangled photon sources and second-order
intensity-intensity correlations. QOCT has greatly improved
resolution due to the dispersion cancelation described above.
The main difficulty with the method is that it is very slow
due to the need for individual pairs of entangled photons.
Several variations [98, 99, 104–106] have been proposed
that mimic the dispersion-canceling effect of QOCT to
varying degrees using classical light sources, including an
experimental demonstration of dispersion-cancelled OCT
with a 15-fold reduction in the broadening of the interference
peaks [107].

In addition to chromatic dispersion, optical pulses can
also exhibit polarization mode dispersion (PMD) in which
components of an optical pulse with different polarizations
travel at different speeds. With the extensive use of recon-
figurable optical add-drop multiplexer (ROADM) systems
in modern fiber optics networks it has become essential
to be able to characterize the PMD of small components
such as wavelength selective switches to very high levels of
precision. Quantum interferometricmethods similar to those
used for chromatic dispersion cancelation have also been
shown to allow ultra-high precision PMD measurements
[19, 20, 108, 109], beyond those possible using interferometry
with classical states of light. In particular, the apparatus of [19]
has been demonstrated to produce time delay measurements
with sensitivities as low as the attosecond (10−18 s) level [20]
as a result of even-order dispersion cancelation; this was
the first demonstration of a quantum metrology application
implemented on an industrial commercial device. The appa-
ratus for super-resolved PMD measurement is once again
conceptually similar to the interferometers of Figure 1, expect
that now the first beam splitter sends different polarizations
into different spatial modes; the phase shift in one arm
is introduced by dispersion, and the two polarizations are
mixed at the end by diagonally oriented polarizers instead of
by a second beam splitter.

4.3. Quantum Lithography. Although not a sensing or mea-
suring application, one other topic should be mentioned
which is closely related to the subjects of this paper. That
is the idea of quantum lithography [35, 110–112], in which

entangled states such as NOON states are used to write
subwavelength structures onto a substrate. This again is due
to the fact that the 𝑁-photon entangled state oscillates 𝑁
times faster than the single-photon state or, equivalently, that
the effective wavelength of the system is reduced from 𝜆 to
𝜆/√𝑁. The method holds great promise, in principle, for
use in fabricating more compact microchips and for other
nanotechnology applications. However, practical application
of the idea is again currently hampered by the difficulty
of creating high 𝑁 entangled states on demand. Moreover,
recent work [113] has shown that the efficiency of the process
is low for small values of𝑁.

5. Conclusions

The methods of quantum sensing described in this review
(use of entangled states, choosing single-photon or mul-
tiphoton states that are tailored to optimize the desired
measurement, and use of intensity-intensity correlations), in
principle, allow great advantages over classical methods. The
current challenges involve overcoming the limitations that
arise in real-life practice. Chief among these challenges are
the following:

(i) Producing high-quality entangled states with 𝑁 > 2

photons is very difficult to arrange, and the efficien-
cies of current methods are extremely low.

(ii) For more sophisticated OAM-based applications,
optical fibers that propagate multiple 𝑙 values and an
effective means of measuring the radial 𝑝 quantum
number are needed.

(iii) NOON states are fragile against loss and noise [48], so
they are not suitable for use in noisy real-world envi-
ronments. However, methods have been developed
to find other states with more robust entanglement
[48, 114–116]. Some of these states have been shown
to beat the standard quantum limit, and there is hope
for ultimately finding states that strongly approach the
Heisenberg limit in lossy and noisy environments.

If these technical challenges can be met, quantum mea-
surement methods will be ready to move from the laboratory
to the real world, opening a wide range of new applications
and improved measurement capabilities.

Appendix

Brief Review of Quantum Mechanics

As the size scales involved in ameasurement or the number of
particles involved becomes small, the laws of classical physics
break down and the formalism of quantum mechanics must
be taken into account.There are many detailed introductions
to quantummechanics fromvarious points of view (e.g., [117–
119]). Here, we give just the few minimal facts needed for this
review.

The state of a particle (or, more generally, of any quantum
system) is described by a vector in a complex space, known
as a Hilbert space. In Dirac notation, these vectors are written
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as |𝜓⟩, |𝜙⟩, and so forth, where 𝜓 and 𝜙 are just labels for the
states. One particularly useful example is the Fock state |𝑛⟩,
which contains exactly 𝑛 photons. The operators 𝑎† and 𝑎,
known as creation and annihilation operators, raise and lower
the number of photons in the Fock state: 𝑎†|𝑛⟩ = √𝑛 + 1|𝑛+1⟩

and 𝑎|𝑛⟩ = √𝑛|𝑛−1⟩. The number operator, �̂� = 𝑎
†
𝑎, counts

the number of photons in the state: �̂�|𝑛⟩ = 𝑛|𝑛⟩.
To each vector |𝜓⟩ a corresponding dual or conjugate

vector ⟨𝜓| is associated. This dual vector is the Hermitian
conjugate (the complex transpose) of the original vector.
So, for example, if |𝜓⟩ is described by a column vector
with components 𝜓

1
, 𝜓
2
, . . ., then ⟨𝜓| is a row vector with

components 𝜓∗
1
, 𝜓
∗

2
, . . .:

𝜓⟩ = (

𝜓
1

𝜓
2

⋅ ⋅ ⋅

) ←→ ⟨𝜓
 = (𝜓

∗

1
𝜓
∗

2
⋅ ⋅ ⋅) . (A.1)

Inner products are defined between bras and kets: ⟨𝜙 | 𝜓⟩ =

𝜙
∗

1
𝜓
1
+ 𝜙
∗

2
𝜓
2
+ 𝜙
∗

3
𝜓
3
+ ⋅ ⋅ ⋅ . All vectors are usually assumed to

be normalized: ⟨𝜓 | 𝜓⟩ = 1. Inner products such as |𝜙⟩⟨𝜓| act
as operators that project state |𝜓⟩ onto the direction parallel
to state |𝜙⟩.

One of the defining properties of quantum mechanics
is that it is a linear theory: the dynamics are defined
by the Schrödinger equation, a linear second-order partial
differential equation. As a result of this linearity, quantum
systems obey the super-position principle: any two possible
states of a system, say |𝜓⟩ and |𝜙⟩, can be added to get another
allowed state of the system: |Φ⟩ = (1/√2)(|𝜓⟩ + |𝜙⟩), where
the 1/√2 is included to maintain normalization. If |𝜓⟩ and
|𝜙⟩ are not orthogonal to each other, ⟨𝜙 | 𝜓⟩ ̸= 0, then the
two terms in the super-positionmay interferewith each other,
leading to many uniquely quantum phenomena.

Suppose a pair of particles, 𝐴 and 𝐵, together form a
composite system, 𝐶. If 𝐴 is in state |𝜓⟩ and 𝐵 is in state
|𝜙⟩, then the composite system is in state |Ψ⟩

𝐶
= |𝜓⟩

𝐴
|𝜙⟩
𝐵
,

where the subscripts are used to indicate which system is
in which state. Such a state is called a product state or a
separable state. Often, however, the state of the composite
system is known while the states of the individual subsystems
are not; in that case, all the possibilities consistent with the
available information have to be super-posed, as, for example,
in the state |Φ⟩

𝐶
= (1/√2)(|𝜓⟩

𝐴
|𝜙⟩
𝐵
+ |𝜙⟩
𝐴
|𝜓⟩
𝐵
). The two

possibilities (𝐴 in state |𝜓⟩ with 𝐵 in state |𝜙⟩ versus 𝐴 in
state |𝜙⟩ with 𝐵 in state |𝜓⟩) can be thought of as existing
simultaneously. Such a state, which cannot be factored into
a single well-defined state for 𝐴 and a state for 𝐵, is called
entangled. An example is the case where two photons arrive
at a beam splitter: both can exit out one output port, both can
exit at the other output port, or there are two ways in which
the two photons can exit at different ports. If the locations of
the outgoing photons are not measured, then there is no way
to distinguish between the possibilities and they must all be
included: the state of the full system is therefore an entangled
state formed by the super-position of all four possibilities. If a
measurement is made that determines the states of one of the
subsystems, then the entangled state collapses to a product

state, and the state of the second subsystem is also therefore
known. For example, if particle 𝐴 is measured and found to
be in state 𝜓, then the collapse |Φ⟩

𝐶
= (1/√2)(|𝜓⟩

𝐴
|𝜙⟩
𝐵
+

|𝜙⟩
𝐴
|𝜓⟩
𝐵
) → |𝜓⟩

𝐴
|𝜙⟩
𝐵
occurs. After the collapse, we know

that 𝐵 must now be in state 𝜙. It is important to point out
that the subsystems were not in definite states |𝜓⟩

𝐴
and

|𝜙⟩
𝐵
before the measurement, but that their prior states as

individuals did not even exist. It can be shown that the
contrary assumption of prior existence of definite states for
each subsystem before measurement leads to contradictions
with experiment, as demonstrated by the violation of Bell and
CHSH inequalities [13, 14, 120–122]. The fact that entangled
subsystems do not exist in definite states beforemeasurement
is one of the odder andmore nonintuitive aspects of quantum
mechanics but is extremely well verified experimentally.

The most common way to produce entangled pairs
of photons is via spontaneous parametric downconversion
(SPDC) [10], in which nonlinear interactions in a crystal
mediate the conversion of an incoming photon (the pump)
into two lower energy outgoing photons (the signal and idler).
Only a tiny fraction of the incoming pump photons undergo
downconversion (typically on the order of one in 10

6), but
SPDC is very versatile in the sense that the downconverted
photons can be entangled in multiple different variables (fre-
quency, time, angular momentum, linear momentum, and
polarization), and the properties of the entangled pairs can be
finely tuned by proper choice of parameters for the nonlinear
crystal and the laser beam pump. Other sources, such as
quantum dots, atomic cascades, and especially designed
nonlinear optical fibers, also exist; see [123] for a review.

Operators are mathematical objects that perform actions
on states; these operators can include, for example, matrices
and derivatives. Quantities that can be physically measured,
such as energy and angular momentum, are eigenvalues of
Hermitian operators (operators which equal their Hermitian
conjugate). Two operators 𝐴 and 𝐵 which do not commute,
[𝐴, 𝐵] ≡ 𝐴𝐵 − 𝐵𝐴 ̸= 0, obey an uncertainty relation: if 𝑎 and
𝑏 are the variables associated to the two operators, then there
is a minimum value to the product of their uncertainties:
Δ𝑎Δ𝑏 must exceed a minimum quantity proportional to the
commutator [𝐴, 𝐵]. The most famous example is between
position (𝑥) and momentum (𝑝). 𝑥 and 𝑝 form a conjugate
pair, obeying the so-called canonical commutation relations:
[𝑥, 𝑝] = 𝑖ℏ, where ℏ is Planck’s constant. As a result, we find
the Heisenberg uncertainty relation

Δ𝑥Δ𝑝 ≥
ℏ

2
. (A.2)

Energy and time obey a similar relation:

Δ𝐸Δ𝑡 ≥
ℏ

2
. (A.3)

These uncertainty relations provide the ultimate funda-
mental physical limit to all measurements and are the basis of
the Heisenberg limit given in the main text.
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technologies,”Nature Photonics, vol. 3, no. 12, pp. 687–695, 2009.

[16] A. V. Sergienko and G. S. Jaeger, “Quantum information
processing and precise optical measurement with entangled-
photon pairs,”Contemporary Physics, vol. 44, no. 4, pp. 341–356,
2003.

[17] K. T. Kapale, L. D. Didomenico, H. Lee, P. Kok, and J.
P. Dowling, “Quantum interferometric sensors,” Concepts of
Physics, vol. 2, no. 3-4, pp. 225–240, 2005.

[18] V. Giovannetti, S. Lloyd, and L. Maccone, “Quantum-enhanced
measurements: beating the standard quantum limit,” Science,
vol. 306, no. 5700, pp. 1330–1336, 2004.

[19] A. Fraine, D. S. Simon, O. Minaeva, R. Egorov, and A. V.
Sergienko, “Precise evaluation of polarization mode dispersion
by separation of even- and odd-order effects in quantum
interferometry,”Optics Express, vol. 19, no. 23, pp. 22820–22836,
2011.

[20] A. Fraine, O. Minaeva, D. S. Simon, R. Egorov, and A. V.
Sergienko, “Evaluation of polarization mode dispersion in a
telecommunication wavelength selective switch using quantum
interferometry,” Optics Express, vol. 20, no. 3, pp. 2025–2033,
2012.

[21] Z. Hradil, “Phase measurement in quantum optics,” Quantum
Optics, vol. 4, no. 2, pp. 93–108, 1992.

[22] L. Susskind and J. Glogower, “Quantum mechanical phase and
time operator,” Physics, vol. 1, no. 1, pp. 49–61, 1964.

[23] P. Carruthers and M. M. Nieto, “Phase and angle variables in
quantum mechanics,” Reviews of Modern Physics, vol. 40, no. 2,
pp. 411–440, 1968.
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