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Magnetoelastic biosensors are an important type of resonant mode based mass-sensing device, for which mass sensitivity is a
critical parameter to evaluate their performance. In this work, the effect of concentrated mass position on mass sensitivity (𝑆

𝑚
) of

a magnetoelastic sensor under different resonance modes was theoretically studied. The effect of magnitude of loading mass on
mass sensitivity for the first resonance mode was also studied. The results indicated that mass sensitivity as the function of loading
position for all resonance modes was consistent with the law of function 𝑆

𝑚
= 𝐴 cos2𝑡. By comparing the mass sensitivity for

the sensor attached with concentrated mass and uniform mass, it was found that mass sensitivity was linearly proportional to the
sum of the squares of the displacement of each loading point. For the first resonance mode, when the loading position satisfied
0 ≤ 𝑥

𝑐
/𝑙 < 0.3 or 0.7 < 𝑥

𝑐
/𝑙 ≤ 1, mass sensitivity decreased with loading mass increasing. The opposite trend was observed when

0.3 < 𝑥
𝑐
/𝑙 < 0.5 or 0.5 < 𝑥

𝑐
/𝑙 ≤ 0.7. When the concentrated mass was loaded at the nodal point (i.e., 𝑥

𝑐
/𝑙 = 0.5), mass sensitivity

was always zero no matter how the loading mass changed.

1. Introduction

With the advantages of wireless in detection, easiness in
operation, and low cost, magnetoelastic biosensors as an
important type of acoustic wave devices have been widely
used for the detection of pathogens like Listeria monocy-
togenes [1, 2], Escherichia coli [1, 2], Staphylococcus aureus
[2], Salmonella typhimurium [2–7], Bacillus anthracis spores
[7, 8], Staphylococcus epidermidis [9], and other chemicals
[10, 11]. Amagnetoelastic biosensor is typicallymade of a free-
standing rectangular magnetoelastic strip immobilized with
bioreceptors on its surface. Due to magnetostriction effect, a
magnetoelastic sensor can be excited to vibrate by applying
an alternative magnetic field. The working principle of a
magnetoelastic biosensor is based on the shift in resonance
frequency due to themass change caused by the specific bind-
ing of bioreceptor target on the sensor surface. Therefore, a
magnetoelastic biosensor is actually a mass-detection device.
For such a device, a key parameter to evaluate its performance

is mass sensitivity (𝑆
𝑚
) which is defined as the change in the

resonance frequency per unit mass load. Mass sensitivity can
be well determined if the targets (i.e., mass load) are uni-
formly immobilized on thewhole sensor surface [1].This kind
of immobilization mode has been widely used for magne-
toelastic biosensors in various applications [1–11]. However,
recent study has shown that such immobilizationmode is not
the best way to obtain the optimized mass sensitivity due to
the location dependence of mass sensitivity [12–14].

Ramasamy et al. [12] experimentally found that the reso-
nance frequency of a magnetoelastic sensor changed with the
concentrated mass position. Based on the simulation results,
equations for determining the maximum and minimum
mass sensitivity were established. Li and Cheng [13] did
the experiments for studying the resonance frequency of
a magnetoelastic sensor attached with uniform mass load
at different locations under different resonance modes. The
experimental results indicated that the resonance frequency
not only changed with mass load position but also changed
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Table 1: The properties of the sensor material and selected loading
positions for this study [15, 16].

Symbol Unit Value
Young’s modulus 𝐸 GPa 105
Density 𝜌 kg/m3 7.9 × 103

Poisson’s ratio ] — 0.33
Length 𝑙 mm 1
Width 𝑤 mm 0.2
Thickness ℎ

𝑠
𝜇m 15

Loading position 𝑥
𝑐
/𝑙 — 0, 0.05, 0.1, 0.15, . . ., 1.0

with resonance modes. They also found that when the mass
load was attached on the node of a magnetoelastic sensor, the
resonance frequency did not change. That is, mass sensitivity
is zero when mass is loaded on the node. In our previous
work, a vibration governing equation of amagnetoelastic sen-
sor attached with a concentrated mass for the first resonance
mode was established based on mechanical vibration theory
[14]. The node position, resonance frequency, and thus mass
sensitivity with a given loading position were mathematically
calculated. In this work, the behavior of mass sensitivity of
a magnetoelastic sensor under higher resonance modes was
further investigated and the magnitude of load mass on mass
sensitivity was also studied aiming at in-depth understanding
the fundamentals of mass sensitivity of a magnetoelastic
biosensor.

2. Materials and Methods

Figure 1 shows a magnetoelastic biosensor with a concen-
trated mass attached on its surface. Here, the commercially
available soft magnetic alloy Metglas� 2826MB is selected
as the sensor material and its material properties as well as
the loading positions are listed in Table 1. The sensor size
is 1mm × 0.2mm × 15 𝜇m which is the same as that in
the published paper regarding magnetoelastic biosensors [8].
The experimental results have proved that themagnetoelastic
sensor of this size can work well for real biodetection.

3. Theory and Calculation

In real applications for biodetection, an alternative magnetic
field is applied along the length direction of a magnetoelastic
sensor, so that the sensor is driven to vibrate longitudinally
(i.e., vibrating along its length direction). In this study, the
sensor is assumed to vibrate longitudinally along 𝑥-axis,
and its kinetic energy (𝑇) and potential energy (𝑉) can be
expressed as follows:
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1
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Figure 1: Schematic illustration of a magnetoelastic sensor with a
concentrated mass loaded on its surface. 𝑙, 𝑤, and ℎ

𝑠
are the total

length, width, and thickness of the sensor, respectively; the origin
of coordinate is established at the middle of the left end of the
sensor; 𝑥-axis is along the length direction; 𝑦-axis is along thickness
direction; 𝑧-axis is along width direction; 𝑥

𝑐
is x-coordinate of the

concentrated mass load.

where 𝜌
𝑠
,𝐸, ], and𝐴

𝑠
represent the density, Young’smodulus,

Poisson’s ratio, and cross-sectional area (𝑤 × ℎ
𝑠
) of the

sensor, respectively,𝑚
𝑐
represents the loadingmass, u(𝑥, 𝑡) =

𝜑(𝑥)q(𝑡), where u(𝑥, 𝑡) = [𝑢
1
(𝑥, 𝑡), 𝑢

2
(𝑥, 𝑡), . . . , 𝑢

𝑛
(𝑥, 𝑡)],

𝑢
𝑛
(𝑥, 𝑡) is the displacement of point 𝑥 at time 𝑡 for the

𝑛th-order resonance, 𝜑(𝑥) = [𝜑
1
(𝑥), 𝜑
2
(𝑥), . . . , 𝜑

𝑛
(𝑥)],

where 𝜑
𝑛
(𝑥) is the mode shape function for the 𝑛th-order

resonance, q(𝑡) is generalized coordinate which is a 𝑛 × 𝑛

matrix, and 𝑢
𝑛
(𝑥, 𝑡) = 𝜑

1
(𝑥)𝑞
1𝑛
(𝑡) + 𝜑

2
(𝑥)𝑞
2𝑛
(𝑡) + ⋅ ⋅ ⋅ +

𝜑
𝑛
(𝑥)𝑞
𝑛𝑛
(𝑡). Theoretically, the potential energy 𝑉 in (2)

consists of the potential energy of the sensor itself and that
of biomolecules which depend on Young’s modulus of the
sensor material and biomolecules, respectively. Considering
that Young’s modulus of biomolecules is greatly less than that
of the sensormaterial, the contribution of biomolecules to the
potential energy is neglected in this study.

Equations (1) and (2) can be converted into

𝑇 =
1

2
q̇𝑇 (M

0
+M
1
) q̇ = 1

2
q̇𝑇Mq̇,

𝑉 =
1

2
q𝑇Kq,

(3)

where K is the stiffness matrix in which the element 𝐾
𝑖𝑗
=

∫
𝑙

0

(𝐸/(1 − ]))𝐴
𝑠
𝜑


𝑖
(𝑥)𝜑


𝑗
(𝑥)𝑑𝑥, M

0
is the mass matrix for the

sensor in which the element𝑀
0𝑖𝑗

= ∫
𝑙

0

𝜌
𝑠
𝐴
𝑠
𝜑
𝑖
(𝑥)𝜑
𝑗
(𝑥)𝑑𝑥,M

1

is the mass matrix for the concentrated mass in which the
element𝑀

1𝑖𝑗
= 𝑚
𝑐
𝜑
𝑖
(𝑥)𝜑
𝑗
(𝑥), andM is the total mass matrix

in which the element𝑀
𝑖𝑗
= 𝑀
0𝑖𝑗
+𝑀
1𝑖𝑗
.

It is known that 𝜑
𝑛
= cos (𝑛𝜋𝑥/𝑙) (𝑛 = 1, 2, 3, . . .) satisfies

the boundary conditions of the sensor and thus 𝜑
𝑛
is selected

as the shape functionforthe 𝑛th-order resonance.
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By applying Lagrange’s equation (𝑑/𝑑𝑡)(𝜕𝐿/𝜕q̇) − (𝜕𝐿/𝜕q) =
0 (where 𝐿 = 𝑇 −𝑉), the governing vibration equation of the
sensor is derived as

(K − 𝜔
2

𝑛
M) q = 0. (4)

By solving (4), the generalized eigenvalue 𝜔
𝑛
and q(𝑡)

are obtained. The 𝑛th-order resonance frequency is then
obtained by𝑓

𝑛
= 𝜔
𝑛
/2𝜋.Themass sensitivity 𝑆

𝑚,𝑛
for the 𝑛th-

order resonance is determined by

𝑆
𝑚,𝑛

=
𝑓
𝑛,0
− 𝑓
𝑛,𝑚

𝑚
𝑐

, (5)

where 𝑓
𝑛,0

and 𝑓
𝑛,𝑚

represent the 𝑛th-order resonance fre-
quency of the sensor without and with mass load. The point
displacement for the 𝑛th-order resonance is obtained by
𝑢
𝑛
(𝑥, 𝑡) = 𝜑

1
(𝑥)𝑞
1𝑛
(𝑡) + 𝜑

2
(𝑥)𝑞
2𝑛
(𝑡) + ⋅ ⋅ ⋅ + 𝜑

𝑛
(𝑥)𝑞
𝑛𝑛
(𝑡). All

the calculations are done by MATLAB software.

4. Results and Discussion

From the above equations, we can see that the resonance
frequency 𝑓

𝑛
and mass sensitivity are dependent on the total

mass matrix M. Since M is the function of loading position
𝑥 and concentrated mass 𝑚

𝑐
, different loading positions and

loading mass would result in different mass sensitivities.
Figure 2(a) shows mass sensitivity (𝑆

𝑚
) as the function of

loading position (𝑥
𝑐
) under different order resonance modes.

Clearly, all the data curves exhibit periodic variation and
there are 𝑛 + 1 loading positions (at 𝑥/𝑙 = 𝑚/𝑛, where
𝑛 = 1, 2, 3, . . . and 𝑚 = 0, 1, 2, . . . , 𝑛) corresponding to
the maximum (𝑆

𝑚,max) and 𝑛 loading positions (at 𝑥/𝑙 =

(2𝑚 − 1)/2𝑛, where 𝑛 = 1, 2, 3, . . . and 𝑚 = 1, 2, . . . , 𝑛)
corresponding to the minimum (𝑆

𝑚
= 0) for the 𝑛th-order

resonance. In addition, it is found that the data points in
Figure 2(a) are well fitted by 𝑆

𝑚
= 𝐴 cos2𝑡 (𝐴 is a constant)

as presented by the dotted lines. That is, mass sensitivity is
the function of only one independent parameter 𝑡 and is
linearly proportional to cos2𝑡. Interestingly, it is found that 𝑢2
as the function of 𝑥

𝑐
as shown in Figure 2(b) shares the same

variation trend as that of the curve in Figure 2(a) for the same
order resonance mode. Therefore, it is believed that |cos 𝑡|
is linearly proportional to |𝑢|. In other words, 𝑆

𝑚
is linearly

proportional to 𝑢2 at the point where the mass is loaded (i.e.,
𝑆
𝑚
∝ 𝑢
2).

When the concentrated mass is uniformly loaded on
the whole sensor surface, the mass sensitivity (𝑆

𝑚,𝑢
) can be

determined by the well-known equation [1]:

𝑆
𝑚,𝑢

≈
𝑓
𝑛

2𝑚
𝑠

, (6)

where 𝑓
𝑛
is the 𝑛th-order resonance frequency which is

expressed as [15]

𝑓
𝑛
=
𝑛

2𝑙
√

𝐸

𝜌 (1 − ])
. (7)
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Figure 2: (a) Plot of mass sensitivity (𝑆
𝑚
) as the function of loading

position; (b) plot of normalized square of point displacement as the
function of position along 𝑥-axis; here𝑚

𝑐
= 𝑚
𝑠
/1000.

Figure 3 compares the plots of 𝑆
𝑚,𝑢

and the maximum
mass sensitivity 𝑆

𝑚,max in Figure 2(a) as the function of reso-
nance order. Clearly, both curves show a linear relationship.
In addition, it is found that 𝑆

𝑚,max/𝑆𝑚,𝑢 = 2 for the same
resonance mode. Based on the aforementioned theory (i.e.,
𝑆
𝑚
∝ 𝑢
2), 𝑆
𝑚,𝑢

should be related to 𝑢2 of all the points with
mass load but we do not know what the relationship is. Now
we assume the concentrated mass (𝑚

𝑐
= 𝑚
𝑠
/1000) is evenly

distributed on 102 positions (i.e., 𝑥
𝑐
/𝑙 = 0, 0.01, 0.02, . . . , 1)

on the sensor. We find that 𝑢2max/(∑
101

𝑖=1
𝑢
2

𝑖
/101) ≈ 2 and the

value is very close to that of 𝑆
𝑚,max/𝑆𝑚,𝑢 = 2. Therefore, it

is believed that mass sensitivity for uniform mass load is the
average contribution of 𝑢2 from all the loading points; that is,
𝑆
𝑚,𝑢

∝ ∑
𝑛

𝑖=1
𝑢
2

𝑖
/𝑛.
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To investigate the effect of magnitude of mass load on
mass sensitivity, mass sensitivities under six different loading
masses (i.e., 𝑚

𝑐0
= 𝑚
𝑠
/1000, 𝑚

𝑐1
= 𝑚
𝑠
/900, . . ., 𝑚

𝑐5
=

𝑚
𝑠
/500) are calculated and compared. Here 𝑆

𝑚0
, 𝑆
𝑚1
, . . . , 𝑆

𝑚5

are the mass sensitivities corresponding to the above six
loading masses, respectively, and Δ𝑆

𝑚
= 𝑆
𝑚,𝑛

− 𝑆
𝑚,0

and
Δ𝑀 = 𝑚

𝑐,𝑛
− 𝑚
𝑐0
(𝑛 = 1, 2, 3, . . . , 5). Figure 4 shows the plot

of Δ𝑆
𝑚
as the function of Δ𝑀 for the first-order resonance.

It is found that Δ𝑆
𝑚
can be either negative or positive or

zero depending on the loading position. When the loading
position satisfies 0 ≤ 𝑥

𝑐
/𝑙 < 0.3 or 0.7 < 𝑥

𝑐
/𝑙 ≤ 1, Δ𝑆

𝑚
is

negative and decreases as the loading mass increases which
indicates that 𝑆

𝑚
decreases with loadingmass increasing.The

opposite trend is observed when 0.3 < 𝑥
𝑐
/𝑙 < 0.5 or 0.5 <

𝑥
𝑐
/𝑙 ≤ 0.7.When the concentratedmass is loaded at the nodal

point (i.e., 𝑥
𝑐
/𝑙 = 0.5), Δ𝑆

𝑚
keeps zero no matter how the

mass is changed.The above behaviors again can be confirmed
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Figure 5: Plot of 𝑢2/𝐴 as the function of 𝑥/𝑙 for the sensor with
two different masses (𝑚

𝑐
= 𝑚
𝑠
/2 and 𝑚

𝑐
= 𝑚
𝑠
) loaded at (a) 𝑥/𝑙 =

0.2 and (b) 𝑥/𝑙 = 0.4, respectively, under the first-order resonance.
𝐴 is a constant which represents the square of the maximum point
displacement for the sensor without loading mass.

by 𝑆
𝑚
∝ 𝑢
2. Here we compare 𝑢2 at 𝑥/𝑙 = 0.2 (0 ≤ 𝑥

𝑐
/𝑙 < 0.3)

and 𝑥/𝑙 = 0.4 (0.3 < 𝑥
𝑐
/𝑙 < 0.5) where two different masses

(𝑚
𝑐
= 𝑚
𝑠
/2 and 𝑚

𝑐
= 𝑚
𝑠
) are loaded on the two positions,

respectively, as shown in Figure 5. We can see that 𝑢2 at the
loading position 𝑥

𝑐
/𝑙 = 0.2 decreases as 𝑚

𝑐
increases while

𝑢
2 increases as𝑚

𝑐
increases at the loading position 𝑥

𝑐
/𝑙 = 0.4

which agrees with 𝑆
𝑚
∝ 𝑢
2. For the mass loaded at the nodal

point (𝑥
𝑐
/𝑙 = 0.5), the plots of 𝑢2 versus 𝑥/𝑙 are exactly the

same as that of the one for the sensor without loading mass.
That is, 𝑢2 at 𝑥/𝑙 = 0.5 is always zero no matter how the load
mass changes at𝑥/𝑙 = 0.5which again is consistent with 𝑆

𝑚
∝

𝑢
2.
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5. Implications

The theoretical results provide important guidance on the
immobilization patterns of bioreceptors and targets on amag-
netoelastic sensor for biodetection, particularly for single-
target detection. For example, a single bacterial cell can be
treated as a concentratedmass load. In such case, the position
of the cell attached on the sensor would be very critical to
mass sensitivity. In the worst case, that is, the cell attached on
the node, there would be no frequency shift and thus a false
result would be obtained. Based on the simulation results,
we can conclude that the maximum mass sensitivity for the
first resonance mode is obtained when the cell is attached
on either end of the sensor. That means that the bioreceptor
should be immobilized on the two ends of the sensor to
ensure that the single target is attached on either end.

6. Conclusion

In this work, we established a governing equation of a
magnetoelastic sensor attached with a concentrated mass
under different resonance modes. Based on the results and
analysis, several conclusions were drawn as follows:

(1) Mass sensitivity as the function of loading position
𝑥
𝑐
can be well fitted by 𝑆

𝑚
= 𝐴 cos2𝑡 and there

are 𝑛 + 1 loading positions corresponding to the
maximum and 𝑛 loading positions corresponding to
the minimum (𝑆

𝑚
= 0) for the 𝑛th-order resonance.

(2) For the first resonance mode, when the mass load
position 𝑥

𝑐
satisfies 0 ≤ 𝑥

𝑐
/𝑙 < ∼0.3 or ∼0.7 < 𝑥

𝑐
/𝑙 ≤

1, mass sensitivity decreases as loadingmass increases
while the opposite trend is obtained when ∼0.3 <

𝑥
𝑐
/𝑙 < ∼0.5 or ∼0.5 < 𝑥

𝑐
/𝑙 ≤ ∼0.7. Mass sensitivity

does not change when concentrated mass is loaded at
the nodal point (𝑥

𝑐
/𝑙 = 0.5).

(3) Mass sensitivity comes from the average contribution
of square of displacement (𝑢2) of all the loading
positions; that is, 𝑆

𝑚,𝑢
∝ ∑
𝑛

𝑖=1
𝑢
2

𝑖
/𝑛.
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