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The intensive pulse sound wave can be generated by the underwater plasma sound source (UPSS) based on the discharge of the
underwater high voltage. The distribution of the sound field is prominently nonlinear. In this paper, the sound field of the
intensive UPSS is described by the integral two-dimensional axisymmetric unsteady Euler equations firstly. In order to solve the
Euler equations numerically, an optimized fifth-order symmetric WENO (weighted essentially nonoscillatory) method based on
the three templates is proposed which is called WENO-SYM3. Without increasing the number of candidate templates, a new
symmetric template structure can be obtained by expanding the second template and shifting the third one backwards for one
space. The method is validated through numerical examples and experiments, and the results show that WENO-SYM3 has a
high distinguished accuracy; meanwhile, its nonphysical oscillations are not obvious. The experimental results are basically the
same as the calculation results, and the maximum error is around 3%.

1. Introduction

After the development in recent half a century, the technol-
ogy of high intense pulse sound wave, generated by the
discharge of underwater plasma based on the liquid-electric
effect [1], has been applied in many fields, such as extracor-
poreal shock wave lithotripsy on health [2], nontraditional
machining technology in industry [3], and sewage disposal
in environmental [4]. Nowadays, the underwater plasma
sound source (UPSS) also serves as the intense sound source,
with the advantages of high emission acoustic power, high
peak energy, wide frequency band, and long distance prop-
agation, which can be used in ocean geological survey,
underwater target detection [5], wideband acoustic interfer-
ence, and long-range underwater acoustic communication.

The sound field distribution of a large amplitude pulse
sound wave generated by UPSS is prominently nonlinear.

Usually, the Schlieren method of photography is used to
observe the propagation of intense sound field by the means
of high-speed camera or pressure sensors which are used to
measure the sound pressure of the sound field [6]. Unfortu-
nately, due to the more expensive equipment and many
different kinds of suitable equipment needed, as well as the
high sensitivity of equipment required, it results in a big cost
of the experiments. Therefore, the modeling and calculation
of the intense sound field distribution of underwater plasma
sound source have become especially important [7].

In this paper, an optimized fifth-order symmetric
WENO (weighted essentially nonoscillatory) method (WENO-
SYM3) based on the three templates is proposed [8–11].
The basic idea of WENO is to obtain a higher approxi-
mation by a linear combination of low order numerical
fluxes and nonoscillation across discontinuities. The sound
fields of the underwater plasma intense sound source are
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simulated by WENO-SYM3 scheme, and some related
experiments to verify the accuracy of the simulation results
are conducted.

2. Brief Introduction of WENO Scheme and
WENO-SYMOO Scheme

Generally, the sound field modeling of the underwater
plasma intense sound adopts Euler equations. The integral
Euler equations can be expressed as

∂
∂t Ω

W dΩ +
∂Ω

F cdS = 0, 1

in which W is the flow field parameters and F c is the flux

vectors. W and F c can be expressed in 2D form as

W = ρ, ρu, ρv, ρE T,

F c = ρV , ρuV + nxp, ρvV + nyp, ρHV T,
2

where ρ is the flow density, p is the flow pressure, u and v
are the velocity components, E is the energy, and V is the
change-resisting velocity which can be expressed as

V ≡ v ⋅ n = nxu + nyv 3

In the above equation, nx is the unit vector along the x-axes
and ny is the unit vector along the y-axes.

Since there is no analytic solution of the Euler equations,
numerical method can be used to solve it. As a high-
resolution numerical method, WENO has been more and
more widely used to solve the Euler equations. The alterna-
tive template of the normal WENO scheme [11] developed
by Jiang and Shu is shown in Figure 1(b). The template of
the symmetric WENO scheme optimized by the bandwidth
is shown in Figure 1(a).

To improve the performance of the WENO scheme,
Weirs [12] chooses two very different ways to optimize the
WENO scheme proposed by Jiang and Shu. Considering
the slight upwind characteristics taken by Jiang and Shu
while they selected a candidate template, the first optimiza-
tion method adds a candidate template S3 on the existing
templates to get the zero dissipation effect theoretically.
Another optimization method with bandwidth might choose
a right weight Cr

k to maximize Lele’s bandwidth-resolution
efficiency index [13]. By comparing the two optimization
methods in [14], it was found that the WENO-JS method
often suffers from nonphysical oscillations in discontinuous
points. Therefore, the first optimization method can be
chosen as an optimization method of bandwidth, such as
WENO-SYMOO.

Flow field parameters can be stored in the center of the
control volume if the cell-centered method is chosen.
According to the sum of flux density on the control volume
boundary, the derivation of the shift can be calculated. By
considering the following examples focusing on the right side
of the control volume boundary, on which the flow field

parameter is WR
j+1/2, the construction process of the WENO

scheme could be analyzed.
Assuming that the initial template is Sr0 = xj+1 , after

four times expansion and optimization, the candidate tem-
plates of the symmetric WENO scheme are shown in
Figure 1(a). WR

j+1/2 can be expressed as

WR
j+1/2 = 〠

r

k=0
ωkq

r
k, 4

in which r is equal to 2 inWENO-JS scheme, r is equal to 3 in
WENO-SYMOO scheme, r + 1 is the candidate template
number, and qrk and ωk are the interpolation function and
the weight coefficient, respectively. The expression of qrk is

qrk = 〠
r−1

l=0
arkl f j−r+k+l+1 5

ωk can be expressed as

ωk =
αk

α0 +⋯ + αr
, 6

in which αk is

αk =
Cr
k

ε + ISk
p , 7

where ISrk is a smoothness measurement coefficient of the
flux function, which can be expressed as

ISrk = 〠
r−1

m=1
〠
r−1

l=0
drkml f uj−r+k+l+1

2

8

The definitions of these coefficients ark,l, C
r
k, and drkml in

(5), (7), and (8) can be found in [8–11, 14].

3. A Novel Symmetry Optimization
Method WENO-SYM3

Optimized symmetry of WENO-SYMOO scheme is realized
by adding a candidate template. In this section, a novel
optimized fifth-order symmetric WENO method based on

j + 1/2

j + 1 j + 2 j + 3j − 2 j − 1 j

j + 1 j + 2 j + 3j − 2 j − 1 j

L R

S0
S1

S2

S0
S1

S2

S3
(a)

(b)

Figure 1: Sketches of two kinds of WENO schemes.
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the three templates (WENO-SYM3) is proposed, which eas-
ily realizes optimized symmetry of the algorithm (as shown
in Figure 2) and improves shock capture capability by adding
the number of elements in the template S1 without changing
the number of candidate template.

WR
j+1/2 is calculated by (4) based on the template of

Figure 2. In (4), r = 2 and the interpolation function qrk can
be expressed as

qr0 Wj−2,Wj−1,Wj = qR0 xj+1/2

=
1
3
Wj−2 −

7
6
Wj−1 +

11
6
Wj,

qr1 Wj−1,Wj,Wj+1,Wj+2 = qR1 xj+1/2

= −
2
24

Wj−1 +
14
24

Wj +
14
24

Wj+1

−
2
24

Wj+2,

qr2 Wj+1,Wj+2,Wj+3 = qR2 xj+1/2

=
11
6
Wj+1 −

7
6
Wj+2 +

1
3
Wj+3

9

The smoothness measurement coefficient ISrk can be
written as

ISr0 =
13
12

Wj−2 − 2Wj−1 +Wj
2 +

1
4

Wj−2 − 4Wj−1 + 3Wj
2,

ISr1 =
781
720

−Wj−1 + 3Wj − 3Wj+1 +Wj+2
2

+
13
12

Wj−1 − 2Wj +Wj+1
2

+
1
36

−2Wj−1 − 3Wj + 6Wj+1 −Wj+2
2,

ISr2 =
13
12

Wj+1 − 2Wj+2 +Wj+3
2

+
1
4

5Wj+1 − 8Wj+2 + 3Wj+3
2

10

The coefficients Cr
k are given by

Cr
0 =

1
20

,

Cr
1 =

9
10

,

Cr
2 =

1
20

11

Finally, WR
j+1/2 can be expressed as

WR
j+1/2 = 〠

2

n=0
ωk ⋅ q

r
k , 12

in which the weight coefficient ωk is calculated by (6).
As for the flow field parameter, WL

j+1/2, of the left side
of the control volume boundary, a similar method could
be used. WL

j+1/2 and WR
j+1/2 are symmetry at j + 1/2. So

we can simply replace Wj−2 ⋯Wj+3 in (9) and (10) with

Wj+3 ⋯Wj−2 in order. Thus, the expression for WL
j+1/2

are finally obtained.
After the flow field parameters of the control volume

boundary are calculated, this problem could be translated
into solving the Riemann problem, and this method was
firstly proposed by Godunov [13]. The flux on both sides
of some control volume boundary can be obtained by
accurately solving the Riemann problem. Similarly, the
flux of other control volume boundary also might be
obtained. Thus, the variations of the flow field parameters
of the control volume stored versus time can be deduced.
In this way, the pressure distribution, density distribution,
and velocity distribution in the whole flow field could be
finally calculated. Because of the calculation and storage
complexity in solving the analytic solution of the Riemann
problem, some approximate solutions of the Riemann
problem are usually used in practical application. Com-
monly used methods include Roe scheme [15] and HLL/
HLLC approximate Riemann solver. Roe scheme has been
widely adopted for high precision and good shock captur-
ing skills. In this paper, we have chosen the Roe scheme as
the method to solve the approximate Riemann solution,
that is,

f̂ j+1/2 =
1
2

f WL
j+1/2 + f WR

j+1/2

−
1
2

ARoe j+1/2 WR
j+1/2 −WL

j+1/2 ,
13

in which ARoe is called the Roe matrix and expressed as

ARoe =

0 nx ny 0

nxφ − uV V − a3nxu nyu − a2nxv a2nx
nyφ − vV nxv − a2nyu V − a3nyv a2ny
V φ − a1 nxa1 − a2uV nya1 − a2vV γV

,

14

j + 1/2

j − 2

S0
S1

S2

j − 1 j + 1 j + 2 j + 3j

L R

Figure 2: Sketch of the optimized symmetrical WENO scheme.
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where

a1 = γE − φ,

a2 = γ − 1,

a3 = γ − 2

V = nxu + nyv,

φ =
1
2

γ − 1 u2 + v2

15

Flow field parameters, such as the flow density ρ and the
velocity components u and v, can be replaced by average
variables of Roe when calculating the Roe matrix as

ρ = ρLρR,

u =
ρLuL + ρRuR
ρL + ρR

,

v =
ρLvL + ρRvR
ρL + ρR

,

E =
ρLEL + ρRER

ρL + ρR
,

H =
ρLHL + ρRHR

ρL + ρR
,

c = γ − 1 H − u2 − v2 ,

16

in which the subscripts “L and R” represent the left side flow
field parameters of the control volume boundary and the
right side flow field parameters, respectively.

As for the time discretization, the TVD Runge-Kutta
method with three order accuracy is more popular [16].
The expressions are as follows:

W0 =Wn,

W 1 =W 0 + ΔtL W 0 ,

W 2 =
3
4
W 0 +

1
4
W 1 +

1
4
ΔtL W 1 ,

W 3 =
1
3
W 0 +

2
3
W 2 +

2
3
ΔtL W 2 ,

Wn+1 =W 3

17

4. Validation of Numerical
Method’s Effectiveness

In order to validate whether the numerical method is correct
or not, we need to compare the numerical result with the
exact solution and to find some difficult numerical examples
(close to real conditions) to test the effectiveness of the
performance of the numerical method. It is more helpful to
show the superiority of this algorithm. The correctness and
effectiveness of numerical method are validated by Lax shock
tube problem and Shu-Osher problem. For the first one, the
exact solution existed. Shu-Osher problem contains the fine
structure of shock wave and smooth flow field, which is a

simple model of shock wave and turbulence effect. The
effectiveness and computational accuracy can be tested by
this example.

4.1. Lax Shock Tube Problem. The mathematical model of
Lax shock tube problem is as follows:

∂ρ
∂t

+
∂ ρu
∂x

= 0,

∂ ρu
∂t

+
∂ ρu2 + p

∂x
= 0,

∂ ρE
∂t

+
∂ ρEu + pu

∂x
= 0,

0 ≤ x ≤ 1

18

The initial state is

u, ρ, p =
0 698, 0 445, 3 528 ,  − 1 ≤ x ≤ 0,

0, 0 5, 0 571 , 0 < x ≤ 1
19

WENO-JS method, WENO-SYMOO method, WENO-
SYM3 method, and MUSCL method are used to solve this
problem in simulation with grid number 400, CFL=0.1,
and total time t = 0 14 s. The density and partially enlarged
figure in flow field are shown in Figure 3. WENO-SYM3
method is compared with WENO-SYMOO method, and
the computational complexity of different numbers of grids
is analyzed. The comparison of results before and after
optimization is given by Table 1.

In Figure 3, whether for WENO method or for MUSCL
method, the results obtained are in good agreement with
those obtained by the theoretical solution, and there is no
any oscillatory phenomenon. There is a phenomenon of
smoothing and intermittent to some degree at the point
where density exists intermittent. However, as for the explicit
solution, the calculating error of WENO method is less than
that of MUSCL method. Compared to calculation results in
Table 1, WENO-SYM3 method is better than other methods
and improves the computation speed.

4.2. Shu-Osher Problem. The initial conditions of one-
dimensional Euler (18) are as follows:

u, ρ, p =
2 62936, 3 85714, 10 3333 , x < 0,

1 + 0 2 sin 5x , 0, 1 0 , x ≥ 0
20

Computational domain is [−5,10]. This example is a
model that contains the fine structure of shock wave and
smooth flow field, which is a simple model of shock wave
and turbulence effect. So shock wave and small flow structure
appear together as it contains dextral positive shock wave
entering flow field with density fluctuate. There are high
requirements for resolution of format and diffusion of value
in numerical simulation. In this paper, speeds in different
positions are given when grid number is 300, CFL=0.1,
and t = 1 0 s, as shown in Figure 4. Figure 4(a) shows the
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global figure of simulation results. Figure 4(b) gives the
corresponding partial enlargement of global figure. The
“explicit solution” is identified as the result when grid
number is 1800. Among them, WENO-SYMOO is the
symmetric WENO algorithm described in [14]. WENO-JS
is shown in [11], and WENO-SYM3 is a new method
introduced in this paper.

For one-dimensional shock tube problem, there is a
precision difference in the results of the two methods, but it
is not too big. As shown in Figure 4, the calculating result
of WENO method for the Osher problem is obviously better
than that of MUSCL method. Meanwhile, there are also
differences within WENO methods mentioned before. The
result of WENO-SYMOO method is better than that of
WENO-JS based on the number of discrete points in this
paper. However, the differences are not obvious. Compared
to the other two methods, the result of WENO-SYM3 pro-
posed is much closer to theoretical solution. The computa-
tion speed of the WENO-SYM3 method equals to that by
the normal fifth-order symmetric WENO method. But it is
better than the symmetric WENO method that is formed
by increasing the number of the templates.

5. Propagation Calculation and Experimental
Validation of UPSS

In consideration of the features of UPSS studied in this paper,
namely, high pressure peak and narrow pulse width, we
choose WENO-SYM3 method as numerical calculation
method to calculate propagation characteristics of UPSS
field by comparison of the two examples above, and certain
related experiments were designed to validate the accuracy
of the results.

5.1. Experimental Setup. A schematic diagram of the experi-
mental setup is shown in Figure 5. The experimental system
mainly consists of high-voltage charging system, discharge
circuit, trigger circuit, charge-discharge control system,
discharge electrode, and pressure sensors. The discharge
electrode is located in the center of a water tank, which is
filled up with tap water.

The function of power-storage capacitor C is to store and
discharge the voltage power. The charge-discharge control
system would control the trigger circuit to generate trigger
pulse, which would break down and turn on the spark gap
switch G. Once the spark gap switch G is triggered, the
discharge electrode S will be broken down. Then, a mass of
electrical power is dissipated into the discharge channel. As
a consequence, the sound wave is generated and measured
at the main axis by pressure sensors. In the same time, the
data is recorded by using a multichannel oscilloscope.

5.2. Simulation Calculation. Due to the symmetry of UPSS
propagates in open water, we choose a quarter of physical
region as the calculating region, in which x = 0, 1 , y = 0, 1 ,
and the number of grids was 500× 500 with equidistant

Table 1: The comparison of computation time before and after
optimization.

Grid number WENO-SYMOO WENO-SYM3 Save time

100 5.88 5.40 8.16%

200 19.26 18.21 5.45%

400 69.55 66.34 4.62%

800 267.65 254.87 4.77%
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Figure 3: Density solution to the one-dimensional shock tube problem for the various schemes.
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division. The origin pulse sound source was located in [0,0] as
shown in Figure 6.

The nephograms of the sound field calculated at different
times are shown in Figure 7.

The attenuation rule of pulse sound propagation in x-axis
is shown in Figure 8.

5.3. Experimental Validation. In order to validate the correct-
ness of simulation results, related experiment was designed.
Experiment was carried out in a water tank of 3× 1× 1m.
The capacitance of capacitor was 5μF. Discharge voltage
was recorded as 20 kV, and gap distance of discharge elec-
trode was 4mm. The pressure of direct wave was measured
by PCB pressure sensors in acoustic axis at a distance of
0.877m from the discharge electrode. Both experimental
wave and simulation wave are plotted in Figure 9, from
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Figure 4: Velocity solution to Shu-Osher’s problem by the various schemes.
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which we can find a good agreement between the results. The
main reasons for the difference of the experimental and sim-
ulation waves are the simulation results which can be affected
by accuracy rating of the scheme, discreteness of experiment
measurement, and the sound field grid division.

The capacitance of capacitor was chosen as 5μF. Dis-
charge voltages were 12 kV, 16 kV, and 20 kV, respectively.
The gap distance of discharge electrode was 4mm. The
pressure of direct wave was measured by three PCB pressure
sensors in acoustic axis at the distances of 0.24m, 0.48m, and
0.877m, respectively, from the discharge electrode. The
result obtained by multimeasurement average in the same
discharging voltages is shown in Figure 10.

In the experiment, the pressure at the sound source var-
ied with the discharge voltage. Thus, the simulation of differ-
ent discharge voltages could be realized by setting different
initial pressures in simulation. The simulation results and
experimental data of direct wave amplitude at the distances
of 0.24m, 0.48m, and 0.877m were listed in Figure 11. It

shows that the simulation results were consistent with
experimental result in the condition that rectangular grid
was used, and the maximum error was about 3%.

6. Conclusions

An optimized fifth-order symmetric WENO method
(WENO-SYM3) is proposed based on the two-dimensional
axisymmetric unsteady Euler equations in order to calculate
UPSS sound field. Compared with the common WENO
method and symmetry method in [14] by using typical
numerical example, the WENO-SYM3 has a high distin-
guished resolution and accuracy; also, its nonphysical oscilla-
tions are not obvious.

In the last of the paper, UPSS sound field was calculated
by WENO-SYM3 method, and related experiment was
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Figure 7: Sound field at different times.
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conducted to validate the results of calculation. The results
show that calculation results are consistent with experimen-
tal data with the maximum error about 3%.
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Figure 11: Comparison of the experimental and simulation results.
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