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A magnetic hydrodynamic (MHD) of an incompressible viscoelastic fluid over a stretching sheet
with electric and magnetic dissipation and nonuniform heat source/sink has been studied. The
buoyant effect and the electric number E1 couple with magnetic parameter M to represent the
dominance of the electric and magnetic effects, and adding the specific item of nonuniform heat
source/sink is presented in governing equations which are the main contribution of this study. The
similarity transformation, the finite-difference method, Newton method, and Gauss elimination
method have been used to analyze the present problem. The numerical solutions of the flow
velocity distributions, temperature profiles, and the important wall unknown values of f ′′(0) and
θ

′
(0) have been carried out. The parameter Pr, E1, or Ec can increase the heat transfer effects, but

the parameter M or A∗ may decrease the heat transfer effects.

1. Introduction

The study of steady boundary layer flow and heat transfer of non-Newtonian fluid is relevant
to several applications in the field of science and engineering. The investigation of steady
boundary layer flows over a stretching surface has many important applications such as the
boundary layer along a liquid film condensation process the cooling process of metallic plate
in a cooling bath and in the glass of polymer industries. Some of these fluids, which can
be formulated by the model used in the present study, are termed second-grade fluids. It
is a well-known fact in the studies of non-Newtonian fluid flows by Hartnett [1]. Thus, if
we use a non-Newtonian fluid as the coolant of the cooling systems or heat exchangers,
it might greatly reduce the required pumping power. Therefore, a fundamental analysis of
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the flow field of non-Newtonian fluids in a boundary layer adjacent to a stretching sheet or
an extended surface is very important and is also an essential part in the area of the fluid
dynamics and heat transfer. Srivastava [2] and Rajeswari and Rathna [3] studied the non-
Newtonian fluid flow near a stretching sheet. Mishra and Panda [4] analyzed the behavior
of second-grade viscoelastic fluids under the influence of a side-wall injection in an entrance
region of a pipe flow. P. S. Gupta and A. S. Gupta [5] analyzed the viscous flow and heat
transfer by an isothermal stretching sheet with suction/injection. Chen and Char [6] studied
the flow and heat transfer due to a linearly stretching sheet with suction or blowing and with
power low surface temperature with prescribed surface heat flux.

Rajagopal et al. [7] examined the flow filed and obtained similarity solutions of the
boundary layer equations numerically for the case of small viscoelastic parameter k1. It is
shown that skin friction decreases with increase in k1. Dandapat and Gupta [8] examined the
heat transfer problem by an exact analytical solution of the nonlinear equation governing
this self-similar flow which is consistent with the numerical results in [7] given that the
solutions for the temperature for various values of k1 are presented. Later, Cortell [9]
studied the heat transfer in an incompressible second-order fluid caused by a stretching
sheet with a view to examine the influence of the viscoelastic parameter on that flow. In
the case of fluids of differential type, the equations of motion are in general one order
higher than the Navier-Stokes equations, and, in general, they need additional boundary
conditions to determine the solution completely. These important issues were studied in
detail by Rajagopal [10, 11] and Rajagopal and Gupta [12]. On the other hand, Subhas
and Veena [13] and Subhas Abel et al. [14] investigated a viscoelastic fluid flow and heat
transfer in a porous medium over a stretching sheet. However, an important finding was that
the effect of viscoelasticity is to decrease the dimensionless surface temperature profiles in
that flow. Later, Vajravelu and Roper [15] analyzed the effects of work due to deformation
in that equation. Recently Subhas Abel et al. [16] have studied viscoelastic MHD flow
and heat transfer over a stretching sheet with viscous and Ohmic dissipations; the study
considers the viscous and Ohmic dissipations phenomena but does not include nonuniform
heat source/sink together, so that adding to the different items are this work difference
extension.

Motivated by all these studies, therefore, in the present investigation, a study for heat
transfer problem has been undertaken to provide results for the MHD flow of a second-
grade fluid adjacent to a stretching sheet with electric and magnetic dissipation effects and
nonuniform heat source/sink for its flow filed.

2. Theory and Analysis

The steady two-dimensional magneto hydrodynamic (MHD) laminar flow of an incompress-
ible viscoelastic fluid over a thermal forming stretching sheet with electric and magnetic
dissipation effects and nonuniform heat source/sink was considered. A constant magnetic
field of strength parameter B0 and electric field parameter E1 is applied perpendicular to
the thermal forming stretching sheet. Under the usual boundary layer assumptions and
in the absence of pressure gradient, the steady basic boundary layer equations govern the
MHD flow of viscoelastic fluid. Let us consider the steady, incompressible, two-dimensional
MHD flow of a viscoelastic thin liquid film of uniform thickness over the horizontal thermal
forming stretching sheet and consider the nonuniform heat source/sink q∗. The fluid motion
within the film is due to stretching of the elastic sheet. The geometry of the problem is shown
in Figure 1.
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Figure 1: A sketch of the physical model for steady flow with electric and magnetic effects of an
incompressible viscoelastic fluid over a thermal forming stretching sheet coupled with nonuniform heat
source/sink.

An incompressible, homogeneous, non-Newtonian, second-grade fluid having a
constitutive equation based on the postulate of gradually fadingmemory suggested by Rivlin
and Ericksen [17] is used for the present flow. The model equation is expressed as follows:

T = −PI + μA1 + α1A2 + α2A
2
1, (2.1)

where T is the stress tensor, I is the unit tensor, P is the pressure, μ is the dynamic viscosity,
and α1 and α2 the are first and second normal stress coefficients that are related to the material
modulus, and for the present second-grade fluid

μ ≥ 0, α1 > 0, α1 + α2 = 0. (2.2)

The kinematic tensors A1 and A2 are defined as

A1 = ∇V + (∇V )T , (2.3)

A2 =
dA1

dt
+A1(∇V ) + (∇V )TA1, (2.4)

where V is velocity, and d/dt is the material time derivative. As mentioned by Markovitz
and Coleman [18], Acrivos [19], and Beard andWalters [20], this model is applicable to some
dilute polymers. In the present analysis we consider the flow of a second-grade fluid obeying
the steady two-dimensional boundary layer equations which for this flow, heat transfer, and
mass transfer, in usual notations, are

∂u

∂x
+
∂v

∂y
= 0, (2.5)

u
∂u
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+ v
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+ (uB0)2σ − (E0)2σ + q∗, (2.7)
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where u, v are the velocity components in the x and y directions, k1 = α1B/μ is the viscoelastic
parameter, ρ is the density, cp is the specific heat at constant pressure, k is the conductivity, σ
is the electrical conductivity, E0 is the electric field factor, B0 is the magnetic field factor, and
both terms (uB0)

2σ and (E0)
2σ stand for the electric andmagnetic dissipation. The stretching

sheet was an extrusion product by this study. q∗ = (kuw(x)/xυ)[A∗(Tw−T∞)f ′(η)+B∗(T−T∞)]
is the space-and temperature-dependent internal heat generation/absorption. The physical
mechanism about the boundary conditions is described as follows. Both u and T were
assumed to be linearly dependent on x for the most simplified physical model. The sheet
wall at constant temperature has the blowing and suction phenomena, and when y is large
to infinite, then the velocity gradient approaches to zero and the temperature approaches to
the free stream temperature. The boundary conditions to the problem are

u = Bx, v = vw = −(Bν)1/2
(
m − 1

m

)
, at y = 0,

B > 0, u −→ 0,
∂u

∂y
−→ 0, at y −→ ∞,

T = Tw = T∞ +A
(x
L

)2
, at y = 0,

T −→ T∞, at y −→ ∞,

(2.8)

where Tw and T∞ are constant wall temperature and ambient fluid temperature, A and B

are the proportional constant, vw = −(Bν)1/2(m − 1/m), and L is the characteristic length,
respectively. It should be noted that m > 1 corresponds to suction (vw < 0) whereas m < 1
corresponds to blowing (vw > 0). In the case when the parameterm = 1, the stretching sheet is
impermeable. In this study, setting m = 1 simplified the problem in a solid wall boundary.
A similarity solution for velocity will be obtained if we introduce a set of transformations,
such that

u = Bxf ′(η), v = −(Bν)1/2f(η), η = (B/ν)1/2y. (2.9)

Equation (2.9) has satisfied the continuity equation (2.5). Substituting (2.9) into (2.6), we
have

f ′2 − ff ′′ = f ′′′ + E
(
2f ′f ′′′ − f ′′2 − ffIV

)
+ME1 −Mf ′, (2.10)

where E = α1B/μ is the viscoelastic parameter, E1 = E0/B0Bx is the electric parameter, and
M = σB0/ρB is the magnetic parameter. L is the wall thickness of the stretching sheet.
(According to a charge (q) moving with velocity u in the presence of an electric field E0

and a magnetic field B experiences both an electric force qE0 and a magnetic force quB. The
total force, called the Lorentz force, therefore the force can be express as F = qE0 + quB0 and
compare to the dimensions can be obtained E0 ∼ uB0, or take it into this study E1 = E0/B0Bx
is a correct result, because of u = Bx so that E1 = E0/B0u = E0/B0Bx. )
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The corresponding boundary conditions become

f = 0, f ′ = 1, at η = 0,

f ′ −→ 0, f ′′ −→ 0, at η −→ ∞.
(2.11)

For the prescribed surface temperature, introduce the dimensionless temperature θ(η)

θ
(
η
)
=

T − T∞
Tw − T∞

. (2.12)

Combining the transformations from (2.9), the energy equation becomes

θ′′ + Pr
(
fθ′ − 2f ′θ

)
+ PrEc

[(
f ′′)2 +M(E1)2 − 2E1f

′ −M
(
f ′)2] + B∗θ +A∗f ′ = 0, (2.13)

where Pr = μcp/k is the Prandtl number and Ec = B2L2/cp is the Eckert number. A∗ and B∗

are parameters of space- and temperature-dependent internal heat generation/absorption.
The corresponding thermal boundary conditions are

θ = 1, at η = 0,

θ −→ 0, as η −→ ∞.
(2.14)

In terms of similarity parameters and dimensionless quantities defined by (2.9), the heating
rate on the wall is

qw = −k
(
∂T

∂y

)
y=0

. (2.15)

Once we know the f(η) and its derivatives, one can calculate the values of the local skin
friction at the surface from the following relations:

τx =
−(∂u/∂y)y=0
μBx

√
B/ν

= − 1
μ
f ′′(0). (2.16)

In addition, the local Nusselt number Nux is defined by

Nux =
hx

k
=

qw
Tw − T∞

x

k
. (2.17)

This expression can be written as

Nux =
hx

k
=

qw
Tw − T∞

x

k
= −θ′(0)Re1/2. (2.18)
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3. Numerical Technique

In the present problem, the set of similar equations from (2.10) to (2.14) were solved
by a numerical method which is combined with finite difference method, Newton’s
method, and Gauss elimination method. These nonlinear ordinary differential equations
from (2.10) to (2.14) had been discretized by an accurate finite difference method [21],
and a computer program had been developed to solve these equations. Hsiao et al.
[22, 23] were also using analytical and numerical solutions to solve the related problems.
In this study, we introduce the program to compute finite difference approximations of
derivatives for equal spaced discrete data. The code was employed for centered differences
of O(h2) for the interior points and used forward and backward differences of O(h) for
the first and last points, respectively. See Chapra and Canale, Numerical Methods for
Engineers [24]. The finite difference formulas are divided to forward finite-difference formula
for the boundary layer inner edge η = 0, backward finite-difference formula for the
boundary layer outer edge η = ∞, and centered finite-difference formula for the internal
points.

(1) Forward finite-difference formulas for the first derivative to fourth derivative are

f ′(xi) =
f(xi+1) − f(xi)

h
,

f ′′(xi) =
f(xi+2) − 2f(xi+1) + f(xi)

h2
,

f ′′′(xi) =
f(xi+3) − 3f(xi+2) + 3f(xi+1) − f(xi)

h3
,

f ′′′′(xi) =
f(xi+4) − 4f(xi+3) + 6f(xi+2) − 4f(xi+1) + f(xi)

h4
.

(3.1)

(2) Backward finite-difference formulas for the first derivative to fourth derivative are

f ′(xi) =
f(xi) − f(xi−1)

h
,

f ′′(xi) =
f(xi) − 2f(xi−1) + f(xi−2)

h2
,

f ′′′(xi) =
f(xi) − 3f(xi−1) + 3f(xi−2) − f(xi−3)

h3
,

f ′′′′(xi) =
f(xi) − 4f(xi−1) + 6f(xi−2) − 4f(xi−3) + f(xi−4)

h4
.

(3.2)
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(3) Centered finite-difference formulas for first derivative to fourth derivative are

f ′(xi) =
f(xi+1) − f(xi−1)

2h
,

f ′′(xi) =
f(xi+1) − 2f(xi) + f(xi−1)

h2
,

f ′′′(xi) =
f(xi+2) − 2f(xi+1) + 2f(xi−1) − f(xi−2)

2h3
,

f ′′′′(xi) =
f(xi+2) − 4f(xi+1) + 6f(xi) − 4f(xi−1) + f(xi−2)

h4
.

(3.3)

The present finite-difference method is similar to Box method [21], but it directly applys the
above finite-difference formulas into the similarity boundary layer equations and solves them
by using the Gauss elimination method with Newton’s method [24].

The numerical study by this work includes three important parts which are named
Newton’s method, Gaussian elimination and finite-difference formulas. It is important
because it has a satisfactory theory of existence of solutions, as well as uniqueness and
continuous dependence with respect to the initial data and it explains that the initial data
must be confined at some conditions.

(1) Newton’s Method Restrict Conditions

(a) Newton’s method iteratively uses tangential lines that pass through the
consecutive approximations for the root.

(b) The method needs a good initial guess. Otherwise the iterative solution may
diverge or converge to an irrelevant solution.

(2) Gauss Elimination Method Necessary Conditions

(a) The number of equations must equal that of the unknowns.
(b) Each equation is linearly independent.

To ensure the convergence of the numerical solution to exact solution, the step sizes
Δη have been optimized and the results presented in which are independent of the step sizes
at least up to the fourth decimal place. The convergence criteria were based on the relative
difference between the current and previous iteration values of the velocity and temperature
gradients at wall. When the difference reaches less than 10−6 for the flow fields, the solution
is assumed to convergence, and the iterative process is terminated.

4. Results and Discussion

The effects of dimensionless parameters are analyzed by utilizing the boundary layer
concept to obtain a set of coupled momentum equation and energy equation. A similarity
transformation has been used to convert the nonlinear, coupled partial differential equations
to a set of nonlinear, coupled ordinary differential equations. A generalized derivation
to analyze a stretching sheet flow field has been studied. An accurate numerical method
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Table 1: Values of −f ′′(0), −θ′(0) for different values of physical parameters E = 0.001, Pr = 1 and various
parameters Ec, E1, A∗, B∗, andM.

A∗ B∗ M Ec E1 −f ′′(0) −θ′(0)
0.1 0.1 0.0 0.1 0.1 0.0874 1.5301
0.2 0.2 0.1 0.2 0.1 0.1526 1.4919
0.3 0.3 0.2 0.3 0.1 0.2197 1.5051
0.4 0.4 0.3 0.4 0.1 0.2983 1.5800
0.5 0.5 0.4 0.5 0.2 0.3919 1.7195
0.6 0.6 0.5 0.6 0.2 0.1054 1.4822
0.7 0.7 0.6 0.7 0.2 0.0970 1.5673
0.8 0.8 0.7 0.8 0.2 0.0750 1.6627

combined with finite difference method, Newton’s method, and Gauss elimination method
has been used to obtain solutions of these equations. Table 1 shows the different values of
skin friction −f ′′(0) and Nusselt number −θ′(0) for different values of physical parameters.

Figure 2 depicts dimensionless velocity profiles f versus η as E1 = 0.1, E = 0.001, and
M = 1.0, 3.0, 5.0, 10, 20. The dimensionless velocity profiles f are satisfied by the boundary
conditions and vary by a smooth curve for different M values. When the M is larger the
f curve is lower, so that the momentum effect is lower for a larger M. Figures 2 and
3 show that velocity/temperature values decrease/increase as M increases, the reason is
that the parameter M is standing as a magnetic force in the fluids and it may reduce
the velocity/temperature values from the flow field. On the physical aspect, when the
M increases, the flow will slow down and the temperature will be lower too. On the
mathematical aspect, it has used a negative sign to this item on the momentum and energy
equations. Figure 4 depicts dimensionless temperature profiles θ versus η as Pr = 1,M = 0.1,
A∗ = 0.1, B∗ = 0.1, Ec = 0.1, E = 0.001 and E1 = 0.5, 1.5, 2.5, 3.5, 5. The dimensionless
temperature profiles θ are satisfied the boundary conditions and varies by a smooth cure
for different E1 values. When the E1 is larger and the θ curve is lower, so that the heat transfer
effect is larger for a larger E1. Figure 5 depicts dimensionless temperature profiles θ versus η
as Pr = 1, E1 = 0.1, M = 0.1, A∗ = 0.1, B∗ = 0.1, E = 0.001, and Ec = 0.4, 0.8, 1.5, 2.5, 3.5. The
dimensionless temperature profiles θ are satisfied by the boundary conditions and vary by
a smooth cure for different E1 values. When the Ec is larger the curve θ is lower, so that the
heat transfer effect is higher for a larger Ec.

Figure 6 depicts dimensionless temperature profiles θ versus η as E1 = 0.1, M = 0.1,
A∗ = 0.1, B∗ = 0.1, Ec = 0.1, E = 0.001, and Pr = 0.5, 1.5, 2.5, 3.5, 5.0. The dimensionless
temperature profiles θ are satisfied by the boundary conditions and vary by a smooth cure
for different Pr values. When the Pr is larger the θ curve is lower, so that the heat transfer
effect is larger for a larger Pr. Figure 7 depicts dimensionless temperature profiles θ versus
η as E1 = 0.1, M = 0.1, Pr = 1, B∗ = 0.1, Ec = 0.1, E = 0.001, and A∗ = 0.2, 0.5, 0.8, 1.1, 1.5.
The dimensionless temperature profiles θ are satisfied the boundary conditions and vary by
a smooth cure for different A∗ values. When the A∗ is larger the θ curve is higher, so that
the heat transfer effect is lower for a larger A∗. Figure 8 depicts dimensionless temperature
profiles θ versus η as E1 = 0.1, M = 0.1, Pr = 1, A∗ = 0.1, Ec = 0.1, E = 0.001, and B∗ =
0.2, 0.5, 0.8, 1.1, 1.5. The dimensionless temperature profiles θ are satisfied by the boundary
conditions and vary by a smooth cure for different B∗ values. When the B∗ is larger the θ
curve is lower as η is less then 3; the heat transfer effect is larger for a larger B∗. On the other
hand, when the B∗ is larger, the θ curve is higher as η is greater than 3; the heat transfer effect
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Figure 2: f versus η for various parameters.
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Figure 3: θ versus η for various parameters.

is lower for a larger B∗. Figures 3–8 depict dimensionless temperature gradient profiles θ′

versus η. The figures show that −θ′(0) is an important factor for −θ′ at η = 0 and −θ′(0) is
larger when the parameter Pr, Ec, or E1 is larger too, so that the heat transfer effect is higher
at a larger parameter Pr, Ec, or E1. On the contrary, the parameter M or A∗ is larger, the heat
transfer effect is lower at a larger parameter M or A∗.



10 Mathematical Problems in Engineering

0 1 2 3 4 5 6 7

η

1

0.8

0.6

0.4

0.2

0

−0.2

−0.4

θ

Pr = 1;M = 0.1, A∗ = 0.1; B∗ = 0.1; Ec = 0.1; E = 0.001;

(E1 = 0.5)
(E1 = 1.5)
(E1 = 2.5)

(E1 = 3.5)
(E1 = 5)

Figure 4: θ versus η for various parameters.

0 1 2 3 4 5 6 7

η

θ

0.8

0.6

0.4

0.2

0

−0.2

Pr = 1; E1 = 0.1, A∗ = 0.1; B∗ = 0.1;M = −0.1; E = 0.001;
(Ec = 0.4)
(Ec = 0.8)
(Ec = 1.5)

(Ec = 2.5)
(Ec = 3.5)
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Figure 8 shows a special phenomenon at the η → 3, in which the heat transfer curve
appears as adverse point; this is a special highly nonlinear phenomenon in this study. In my
opinion, it is a special result for this study and it is a complex influence result for different
parameters.
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5. Conclusions

A heat transfer with electric and magnetic (electromagnetic) effects and with nonuniform
heat source/sink for a steady two-dimensional incompressible second-grade fluid adjacent
to a stretching sheet has been studied. The governing equations are solved by the similarity
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transformation method, finite-difference method, Gauss elimination method, Newton’s
method, and so forth. Dimensionless heat transfer important factor −θ′(0) increases with
increasing values of Ec, Pr, and E1, so that the values of Ec, Pr, and E1 are important factors in
this study. It will produce greater heat transfer effect with a larger value of those parameters,
but parameters M, A∗ will reduce heat transfer effect. On the other hand, the high nonlinear
phenomena are appearing to this study from the results of Figure 8 for parameter B∗.

(1) It has found that from Figure 2, when magnetic parameter M increased, the
dimensionless fluid velocity decreased. However the effect of momentum in the
boundary layer is observed, which causes themomentum to decrease, which results
in decreasing the fluid velocity. It has also been found that, from Figure 3, when the
magnetic parameterM is larger, the heat transfer effect is lower at a larger magnetic
parameter.

(2) On the contrary, Figures 4–6 reveal that the increase of Ec, Pr, and E1 results in the
decrease of temperature gradient on the wall and lets θ′(0) be lower. This is because
there would be a decrease of the thermal boundary layer thickness with the increase
of values of Ec, Pr, and E1. The heat transfer phenomenon is good at these physical
conditions.

(3) It has been found that, from Figures 7 and 8, the effects ofA∗ and B∗ are parameters
of space- and temperature-dependent internal heat generation/absorption. The
parameter A∗ on heat transfer process may show that the increase of value of A∗

results in the increase of heat transfer distribution as a result of increase of the
thermal boundary layer thickness with the decreased values of A∗. Figure 8 shows
a special phenomenon at the η → 3, in which the heat transfer curve appears as
adverse point, this is a special highly nonlinear phenomenon in this study.
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(4) The features in this study are combined with many parameter effects (M, Pr, E1,
A∗, B∗, and Ec) for a non-Newtonian viscoelastic second-grade fluid heat transfer
problem and solved it by a specific numerical method which is different from the
other similar works.
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