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We are concerned with the Cauchy problem connected with the Helmholtz equation. We propose a numerical method, which is
based on the Helmholtz representation, for obtaining an approximate solution to the problem, and then we analyze the convergence
and stability with a suitable choice of regularization method. Numerical experiments are also presented to show the effectiveness

of our method.

1. Introduction

The Cauchy problem for the Helmholtz equation arises in
many areas of science, such as wave propagation, vibration,
and electromagnetic scattering [1-4]. It is well known that
the Cauchy problem is unstable. The solution is unique
in some proper solution spaces, but it does not depend
continuously on the Cauchy data. For the stability of this
problem, we can refer to [5-7]. There are many authors in
the literature to investigate this problem, and many numerical
methods are proposed. In [8], Sun et al. investigate a potential
function method for this method based on the Tikhonov
regularization. In [4, 9], Marin et al. investigate the boundary
element method via alternating iterative and conjugate gradi-
ent method. The boundary knot method can be found by Jin
and Zheng [10, 11]. For the method of fundamental solutions,
we can refer to Marin and Lesnic [12] and Wei et al. [13]. Study
on the moment method and boundary particle method can be
found in Wei et al. [14] and Chen and Fu [15].

The main purpose of this paper is to provide a numerical
method for solving the Cauchy problem connected with the
Helmholtz equation. The main idea is to formulate integral
equations to the Cauchy problem by Green’s representation
theorem for the solution of the Helmholtz equation. This
method was used to reconstruct the shape for the Laplace
equation, we refer to Cakoni et al. [16, 17], and to solve a
Cauchy problem by Chapko and Johansson [18]. In [19], the

authors gave a numerical method of the Cauchy problem for
the Laplace equation by using single-layer potential function
and jump relations and discussed the decay rate for singular
values of Laplacian via singular value decomposition.

The outline of this paper is as follows. In Section 2, we
present the formulation of integral equations to the Cauchy
problem. In Section 3, we solve the integral equations by the
Tikhonov regularization method with the Morozov princi-
ple and analyze the convergence and stability. Finally, two
numerical examples are included to show the effectiveness of
our method.

2. Formulation of Integral Equations

Let D ¢ R? be a bounded and simply connected domain
with a regular boundary dD € % and let dD consist of two
nonintersecting parts I'and 2, X UT = 0D, where I and X are
nonempty. In general, we assume that I is an open-connected
subset of dD. Consider the following Cauchy problem. Given
Cauchy data f, and fy onI', we find u, such that u satisfies

Au+ku=0, inD, 1
u=fp, onT,
ou (2)

— =fy on T,
an fN



where 7 is the unit normal to the boundary 0D directed into
the exterior of D and the wave number k > 0. Without loss
of generality, we make the assumption on the measured data
that f, € H'(T) and fy € L*(T') and suppose that the Cauchy
problem has a unique solution « in H 32(D) 14, 20].

From Green’s representation theorem for the solutions of
the Helmholtz equation [21], we know that the solution u of
(1) has the following form:

w0 = | 1S 0een-u0) 22 a0,

v (y)
x €D.
3)
Here, ®(x, y) = (i/4)H" (k|x - y]).
From the jump relations, we have
1 - ou @ (x, y)
q0= [ {2006 -un T2 ao),
x € oD.
(4)

Then, we have the following integral equations:

@ (x, )
0) }ds 2
1

-3 [ {3 00 -u0) T2 s,

[ {5 01060-u0)

x €T,

O (x,y) 1
av(y) ]»ds(y)—au(x)

[ {3 01060-u0)

x €.
©)
Theorem 1. Integral equation (5) has at most one solution.
Proof. Itis sufficient to prove that the homogeneous problem

has a unique solution (uly, (0u/9v)|y) = (0,0), which means
that the following equations:

J‘lgj()’)@(xy) u(y) @ Loy )}dS(y) 0, xel,

v () .
Ou @ (x, ) 1
L {5 ()@ (x,y)-uly) av—(y)} ds(y) - E1,,(36) =0,
X €2,
)
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have a unique solution (uy, (0u/0v)|5) = (0,0). Let

0w = [ 1200w -u) T2 as0).

x € R*\aD.

(8)

By (6), we know that w(x)|l; = 0. From the properties
of single-double layer and the jump relations [22-24], we
deduce

mae= [ {20006 -u) TP as0)
- %u ).
9)
By (7), we know that
lim @ (x) = 0, (10)

x— 2t

from the radiation at infinite and the uniqueness of the
exterior boundary value problem for the Helmholtz equation
yields that w vanishes in the exterior of D. So w = 0in R*\ D.
Thus, we can easily get

w=0, xe€TI,

dew (1)
— =0, xel.

on

0D € @ yields the uniqueness of the Cauchy problem [7],
and we conclude that @ = 0 in R*/dD. From the jump
relations [25], we have

du
a’VZ

_ ol
_a')/z+

ou

=l =o.
ov >

(12)

uly, = uly- — ulg+ =0,

This completes the proof. O

For simplicity, we define some operators and symbols as
follows:

(A19) (x) = L(p(y ®(x,y)ds(y), xeT,
@ (x, )

(Bi9) (x) = L‘P(J’ () ds(y), xe€T,

(49) @ = [ 9(NO(xy)ds(y), xex,

(By9) (x) = - L ?(y) q;iyz’yy))ds (y), xe€3,
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TABLE 1: Regularization parameter « and errors for Example 1 of Case 1 with k = 3.

. S 5

Noise o 1Uss) — ””Lz(z) Vi) — a,,u||L2®/||anu||Lz(z)
0 7.78 x 107" 829x 107" 3.6x107°

0.001 2.53%x107° 220x 1072 5.62 x 1072

0.01 2.08x 107 6.58 x 1072 1.21 x 107!

0.03 7.75x 1074 8.53x 1072 1.33%x 107!

TABLE 2: Regularization parameter « and errors for Example 1 of Case 1 with k = 8.

. 5 5

Noise o 1Uss) — u”LZ(Z) IVais) — 8nu||L2(Z)/|I8nu||Lz(z)
0 3.36x107'¢ 9x107° 425x%x 1072

0.001 1.16 x10°° 3.56 x 1072 8.07 x 1072

0.01 3.14%x107° 5.13 x 1072 1.07 x 107"

0.03 2.85x 107" 524 x 1072 1.19x 107!

Fo) = %u(x)

[ HE e -un T2 a0,

ov(y)
x €T,
)
g(x) = —L {a_:t ()@ (x )
@ (x, y)
0 22 sy,
X €2,
ou
U (x) = u(x)ly, Vix) = 3 )| .
v b
(13)

By the above definitions, we have the following simple equa-
tions:

(AV)(x)+(BU) (x) = f(x), xE€T,
(14)

(A, V) (%) + <<32 - %I) U) (x)=g(x), xeZ.

Supposing that the endpoints of I are A and B, we can find
that v satisfies the Helmholtz equation and satisfies v(A) =
u(A), v(B) = u(B); let w(x) = u(x) — v(x); then w(x) is a
solution of the Helmholtz equation and w(A) = w(B) = 0, so
we can fix f5(A) = fp(B) = 0 and define

!

(W)@ =] v()oyds(), xex  09)

where

_Je), yez
Vo) -{g00 vex (6)

Remark 2. For the construction of the function v, we can give
a simple example. Supposing that A = (0,0) and B = (1,0),
U, = a,ug = b,a+b,wecanfix v(x) = a(1-x,)e* +bx, e,

From zero extension, we will get the following lemma.

Lemma 3. The operator A', is compact from L*(dD) to

H'(0D) [21, Theorem 3.6]; thus, the operators A, and B, are
compact from L*(Z) to L*(2) and A, and B, are compact from
L*(Z) to L*(T).

From Theorem 1, we know that the Cauchy problem has
a unique solution without the restriction on k%, and thus the
homogeneous problem has only trivial solution. With the aid
of the jump relations, it can be seen that B, — (1/2)I has
a trivial null space (for details see [26, Chapter 3.4]). From
the Rizes-Fredholm theorem, we can easily get the following
theorem.

Theorem 4. The operator B, — (1/2)I is bounded invertible.

By the above conclusion, we can get following equations:

I\t IN!
[A1—31<Bz—5> Az]sz—Bl<B2—£> g x€T,

-1
U:(Bz—é) (g-A,V), xeX
17)

To this end, we define the operator /" : L*(2) — L*(D) by

-1
N (x) = [A1 ~By(B, - é) Az] p(x). (18

Then, the following property of the operator ./" holds.

Theorem 5. The operator N : L*(2) — LX) is compact and
injective.
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TABLE 3: Regularization parameter « and errors for Example 2 with k = 5, 1% noise.
5 5
C) [24 "Um((s) - u”LZ(Z) "le((s) - a"u"LZ(Z)/"a"u"LZ(Z)
/2 2.02x107° 1.79 x 107! 2.94% 107"
n 1.03x 107 5.99 x 1072 9.43 x 107
371/2 3.81x107° 490 x107° 1.96 x 1072
TABLE 4: Regularization parameter o and errors for Example 2 with k = 5, 3% noise.
5 5
C) [24 "Ua(a) - u”LZ(Z) "sz(é) - a"u"LZ(Z)/"a"u"LZ(Z)
/2 4.04 %1072 232x107" 3.13x 107"
n 3.13x107* 7.37 x 1072 1.19x 107"
37/2 154x 107" 1.83x 1072 579 x 1072

Proof. By Lemma 3, we know the operator ./ is compact. By
Theorems 1 and 4, we deduce that the operator ./ is injective.
O

Now, we turn to introducing our numerical algorithm.
First, function ¢ is achieved by solving the following integral
equation:

NV =h(x), xeT, (19)

where
I -1
h(x)=f—31<32—5> g, xe€l. (20)

Remark 6. In general, (19) is not solvable since we cannot
assume that the Cauchy data h, especially the measured noisy
data ?, are in the range (LX(T)) of . Therefore, we will
solve (19) by some regularization methods in the next section
and then give the error estimates.

3. Tikhonov Regularization and
Morozov Discrepancy Principle

In this section, we will use the Tikhonov regularization
method and the Morozov discrepancy principle to solve the
integral system (19) and then give the error estimates and

convergence results. In general, we give the noise data fgl,
ff;, and then we should consider the following equations:

NV =1, 1)
Here h® € L*(T) are measured noisy data satisfying

“h B h6“L2(F) <9, (22)

and it is obvious that § = O(6,).
The Tikhonov regularization of integral system (21) is to
solve the following equation:

V2 NNV = HH (23)
By introducing the regularization operators

R, :=(al + /" N) ' ", fora>0, (24)

we can achieve the regularized solution Vf = R} of (21).
We choose the regularization parameter « by the Morozov
discrepancy principle, and then we have the following result.

Theorem 7. Let & be sufficiently small positive constant
and § < ||h6||L2(r). Let the Tikhonov solution Vf(a) satisfy
14 Vo) = hll gy = 8 for all § € (0,8,) and let V= 4"z <
N*(LAI)) with |zl 2y < E. Then

< 2V6E. (25)

“Vf((;) -V () ~

Here V € L*(X) is the exact solution which satisfies (19).

Proof. The statement follows directly from Theorem 2.17 in
[25]. O

Consider the following Neumann boundary value prob-
lem:

A"‘fc(a) + kzug(a) =0, in D,

aug
) 8
3 fn» onT, (26)
aug
(%) 5
——=V,, onZ
on *
where 8, = 0(8), we know that there is a unique weak

solution in H'(D) [14].
Then we have the following main result in this paper.

Theorem 8. Let the assumptions in Theorem 7 hold. Then
) 1/2
“u“(a) — u"Hl(D) <C,0 2, (27)
Moreover, the following estimate on boundary T holds:

Bui( 5 a_u
on on

< C8'2, (28)

"1"2(5) “Upg T

LX)

The positive constant C depends only on k, D, and E.
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FIGURE 1: Example 1: the exact solution and the numerical solution on X with k = 3 for Case 1.
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FIGURE 2: Example 1: the exact solution and the numerical solution on X with k = 8 for Case 1.

Proof. From triangle inequality and Theorem 7, we get From the assumption, we have
oul b}
S () u a 1)
““«(5) “Upg T -5 8 Uap) Ou 1 o1/2
on onfLy, [ = o on on 2@ <20, <CoT. G0
INT s 5
=B 3 [(g B Aler(é)) -(9- AIV)] Then, we get
2 12(3) > g
9 s
+|[Vig =V ou 0
" a(d) 12(3) ”ua -t N ad) ou < C”61/2. 31)
5 5 1/2 O e T on onf.,,,
= C3||g B g“LZ(z) * C4"Voc(6) - V"L2(2) =GO

(29 The trace theorem and the triangle inequality yield the esti-
The inequalities imply the estimate (28). mate (27).
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FIGURE 3: Example 1: the exact solution and the numerical solution on X with k = 1 for Case 2.
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FIGURE 4: Example I: the exact solution and the numerical solution on X with k = 3 for Case 2.

4. Numerical Examples

In this section, we report two examples of R* to test the
effectiveness of our method. In the figures, we denote by f
and d the function values and the normal derivative values,
respectively. For the discrete of the integral equations, we use
the Nystrom method, see [23, Chapter 3.5].

Example 1. To test our code, consider the case in which the
exact solution to the Cauchy problem is u(x) = e Let
D = {(xy,x,) | xf + x% <0.5%), letT = {(x1,x5) | xf + xé =
0.5%,x, > 0}, and let 2 = 9D \ T. In this example, we observe
the effect of noise on the numerical solution on X.

Case 1. We choose d = (0, 1).
Case 2. We choose d = (V/2/2,V2/2).

The regularization parameters « chosen by the Morozov
discrepancy principle and the errors are given in Tables 1 and

Figures 1, 2, 3, and 4 show the real part of the numerical
solutions for different wave numbers with different levels of
noise of Cases 1 and 2, respectively.

From the figures and tables, it can be seen that the num-
erical solutions are stable approximations of the exact
solution, and it should be noted that the numerical solution
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FIGURE 5: Example 2: the exact solution and the numerical solution on X with different noises, k = 5.
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FIGURE 6: Example 2: the exact solution and the numerical solution on X with k = 5, 1% noise.

converges to the exact solution as the level of noise decreas-
es.

Example 2. Consider the unit disc D = {(x,,x,) | x> + x5 <
1}.LetI'={x € 0D | 0 < B(x) < @} andletX =0D\T = {x €
0D | ® < 0(x) < 2m}, where 0(x) is the polar angle of x and
© is a specified angle. In this example, we observe the effect of
O on the numerical solution. Choose u(x) = J; (kr)e' as the
exact solution, where J; is the Bessel function of order one.

Tables 3 and 4 give the regularization parameters and
present the corresponding L* errors and relative L* errors for
the approximation of u and du/dn on boundary X.

Figure 5 shows the real part of the numerical solution
with different levels of noise on ® = 7.

In order to investigate the effect of ®, Figures 6 and 7 show
the real part of the numerical solutions with different ©. It can
be seen that large ® will improve the results.

5. Conclusions

In this paper, we study the application of an integral equations
method to solve the Cauchy problem connected with the
Helmbholtz equation. We give the uniqueness of this problem
in Theorem 1, in Section 2, and this cannot be obtained
directly since the restriction on k*. Then we use the Tikhonov
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FIGURE 7: Example 2: the exact solution and the numerical solution on X with k = 5, 3% noise.

regularization method with the Morozov discrepancy prin-
ciple for solving this ill-posed problem. Convergence and
stability of the method are then given with two examples.
From the examples, we can see that the proposed method is
more stable with more Cauchy data, and the numerical results
are sensitive about the wavenumber.
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