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A new fractional-order chaotic system with no equilibria is presented. The proposed system can be considered elegant in the sense
given by Sprott (2010), since the corresponding systemequations contain very few terms and the systemparameters have aminimum
of digits. The chaotic dynamics are analyzed using the predictor-corrector algorithm when the fractional-order of the derivative is
0.98. Finally, the presence of chaos is validated by applying different numerical methods.

1. Introduction

Fractional calculus has been known since the early 17th cen-
tury, but its application to science and engineering has been
developed only in recent years [1].This happens because it has
been recently found that several physical phenomena can be
more accurately described by fractional differential equations
and a number of numerical methods are available for approx-
imating fractional derivatives [2–5]. Therefore, at present
fractional calculus plays an important role in physics [2], elec-
trical circuit theory [6], and control systems [7]. In particular,
a significant role is played in chaos theory, where it has been
shown that chaotic phenomena can be obtained in nonlinear
dynamic systems with fractional order [8, 9]. To this purpose,
several chaotic fractional-order systems have been proposed
starting from the chaotic integer-order counterparts. For
example, by considering the pioneering Chua’s circuit [10],
some fractional-order counterparts have been proposed [11–
13]. Similarly, by considering the well-known integer-order
Chen system [14], a number of fractional-order systems have
been studied [15, 16]. Moreover, the fractional Rössler system
[17] and the fractional multiscroll system [18] have been
developed starting from the corresponding integer-order
systems [19, 20]. Note that all the previous chaotic integer-
order systems, alongwith their chaotic fractional-order coun-
terpart, are characterized by one or more equilibrium points.
On the other hand, very few papers have focused on the study

of chaotic dynamics in integer-order and fractional-order
systems without equilibria.

Referring to integer-order systems with no equilibria, the
presence of chaos has been investigated only in [21–23]. In
particular, in [21] a systematic search to find 3D integer-
order chaotic systems with quadratic nonlinearities and no
equilibria was performed. The objective was to find the alge-
braically simplest cases which cannot be further reduced by
the removal of terms without destroying the chaos. Note that
the presence of chaos in such systems is very surprising since
they can have neither homoclinic nor heteroclinic orbits [24],
and thus the Shilnikov method [24] cannot be used to verify
the chaos. Referring to fractional-order systems, the study of
chaotic systems with no equilibria is an almost unexplored
topic, given that only one paper [25] has been published in
literature to date.

Based on these considerations, in this paper, a new
fractional-order chaotic system with no equilibrium points
is presented. The proposed system, which represents the
fractional-order counterpart of an integer-order systemwith-
out equilibria studied in [21], can be considered “elegant”
in the sense of Sprott [26] since the corresponding system
equations contain no unnecessary terms and the system
parameters have a minimum of digits. The presence of frac-
tional chaos in the absence of equilibria has been validated by
applying three different numerical methods when the system
order is as low as 2.94.
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The paper is organized as follows. In Section 2 the funda-
mentals of fractional derivative and the predictor-corrector
method for solving fractional-order equations are illustrated.
In Section 3 the equations of the considered fractional-order
system with no equilibria are given. Moreover, the predictor-
corrector algorithm is applied to solve the system and a
chaotic attractor is found when the order of the derivative
is 𝑞 = 0.98. In Section 4 three different numerical meth-
ods, including the recently introduced “0-1 test” for chaos
[27], are applied to further confirm the presence of chaos
in the proposed fractional-order chaotic system without
equilibrium points. Finally, in Section 5 a brief discussion
on the implementation of fractional-order circuit elements is
reported.

2. Basic Notions on Fractional
Calculus and Derivatives

The Riemann-Liouville fractional integral operator 𝐽𝑞
𝑡0
of order

𝑞 ∈ R+ is defined on the Lebesque space 𝐿1[𝑡0, 𝑡1] by

𝐽
𝑞

𝑡0
𝑥 (𝑡) ≜

1

Γ (𝑞)
∫

𝑡

𝑡0

(𝑡 − 𝜏)
𝑞−1
𝑥 (𝜏) 𝑑𝜏, (1)

where Γ(𝑞) is the Gamma function, with 𝐽0
𝑡0
𝑥(𝑡) = 𝑥(𝑡) [28].

For 𝛾 > −1 and 𝐶 being a real constant, two fundamental
properties of the integral operator 𝐽𝑞

𝑡0
are [28]

𝐽
𝑞

𝑡0
(𝑡 − 𝑡0)

𝛾
=

Γ (𝛾 + 1)

Γ (𝛾 + 1 + 𝑞)
(𝑡 − 𝑡0)

𝛾+𝑞
,

𝐽
𝑞

𝑡0
𝐶 = 𝐶

Γ (1)

Γ (𝑞 + 1)
(𝑡 − 𝑡0)

𝑞
=

𝐶

Γ (𝑞 + 1)
(𝑡 − 𝑡0)

𝑞
.

(2)

Referring to the fractional differential operators, among the
different definitions proposed in the literature, in this work
the differential operator ∗𝐷𝑞

𝑡0
proposed by Caputo is utilized:

∗
𝐷
𝑞

𝑡0
𝑥 (𝑡) ≜ 𝐽

𝑚−𝑞

𝑡0
𝐷
𝑚

𝑡0
𝑥 (𝑡) =

1

Γ (𝑚 − 𝑞)
∫

𝑡

𝑡0

𝑥
(𝑚)
(𝜏)

(𝑡 − 𝜏)
𝑞+1−𝑚

𝑑𝜏,

(3)

where𝑚− 1 < 𝑞 ≤ 𝑚 and𝑚 ∈ 𝑁 (i.e.,𝑚 = ceil(𝑞)) [29]. Two
fundamental properties of the differential operator ∗𝐷𝑞

𝑡0
are

[28]
∗
𝐷
𝑞

𝑡0
𝐽
𝑞

𝑡0
𝑥 (𝑡) = 𝑥 (𝑡) ,

𝐽
𝑞

𝑡0
(
∗
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) 𝑥 (𝑡) = 𝐽
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𝐽
𝑚−𝑞
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𝐷
𝑚
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𝑚
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𝐷
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𝑡0
𝑥 (𝑡)

= 𝑥 (𝑡) −
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𝑘=0

𝑥
(𝑘)
(𝑡
+

0
)
(𝑡 − 𝑡0)

𝑘

𝑘!
.

(4)

Based on the Caputo’s definition (3), consider the following
general form of fractional-order differential equation:

∗
𝐷
𝑞

0,𝑡
𝑥 (𝑡) = 𝑓 (𝑥 (𝑡)) , 𝑥 (0) = 𝑥0, 𝑞 ∈ (0, 1) . (5)

The initial value problem (5) is equivalent to a Volterra
integral equation [30],

𝑥 (𝑡) = 𝑥0 +
1

Γ (𝑞)
∫

𝑡

0

(𝑡 − 𝜏)
𝑞−1
𝑓 (𝜏, 𝑥 (𝜏)) 𝑑𝜏, (6)

in the sense that a continuous function solves (6) if and only
if it solves (5). Now, the predictor-corrector algorithm, which
belongs to the family of Adams-Bashforth-Moulton schemes,
is adopted to solve the Volterra integral equation (6).
Firstly, the product trapezoidal quadrature formula is applied
to replace the integral in (6). By taking 0 ≤ 𝑡 ≤ 𝑇 and by
setting ℎ = 𝑇/𝑁 (𝑁 ∈ Z+), 𝑡𝑛 = 𝑛ℎ, 𝑛 = 0, 1, . . . , 𝑁, (6) can
be discretized as [30]

𝑥 (𝑡𝑛+1) = 𝑥0 +
ℎ
𝑞

Γ (𝑞 + 2)

𝑛+1

∑

𝑗=0

𝛼𝑗,𝑛+1𝑓 (𝑡𝑗, 𝑥 (𝑡𝑗)) , (7)

where

𝛼𝑗,𝑛+1

=

{{

{{

{

𝑛
𝑞+1
− (𝑛 − 𝑞) (𝑛 + 1)

𝑞
, 𝑗 = 0

(𝑛 − 𝑗 + 2)
𝑞+1
+ (𝑛 − 𝑗)

𝑞+1
− 2(𝑛 − 𝑗 + 1)

𝑞+1
, 1 ≤ 𝑗 ≤ 𝑛

1 𝑗 = 𝑛 + 1.

(8)

Equation (7) can be rewritten as [30]

𝑥 (𝑡𝑛+1) = 𝑥0 +
ℎ
𝑞

Γ (𝑞 + 2)
𝑓 (𝑡𝑛+1, 𝑥 (𝑡𝑛+1))

+
ℎ
𝑞

Γ (𝑞 + 2)

𝑛

∑

𝑗=0

𝛼𝑗,𝑛+1𝑓 (𝑡𝑗, 𝑥 (𝑡𝑗)) .

(9)

In order to start the Adams-Moulton iterative method, the
solution is accomplished by first predicting(𝑥(𝑝)(𝑡𝑛+1))
via the explicit Adams-Bashforth formula and then
correcting(𝑥(𝑡𝑛+1)). Thus, (9) is solved as [30]

𝑥
(𝑝)
(𝑡𝑛+1) = 𝑥0 +

1

Γ (𝑞)

𝑛

∑

𝑗=0

𝛽𝑗,𝑛+1𝑓 (𝑡𝑗, 𝑥 (𝑡𝑗)) ,

𝑥 (𝑡𝑛+1) = 𝑥0 +
ℎ
𝑞

Γ (𝑞 + 2)
𝑓 (𝑡𝑛+1, 𝑥

(𝑝)
(𝑡𝑛+1))

+
ℎ
𝑞

Γ (𝑞 + 2)

𝑛

∑

𝑗=0

𝛼𝑗,𝑛+1𝑓 (𝑡𝑗, 𝑥 (𝑡𝑗)) ,

(10)

where

𝛽𝑗,𝑛+1 =
ℎ
𝑞

𝑞
((𝑛 + 1 − 𝑗)

𝑞
− (𝑛 − 𝑗)

𝑞
) , 0 ≤ 𝑗 ≤ 𝑛. (11)

The error estimate of the algorithm is 𝑒 = Max |𝑥(𝑡𝑗) −
𝑥ℎ(𝑡𝑗)| = 𝑂(ℎ

𝜌
) (𝑗 = 0, 1, . . . , 𝑁), where 𝜌 = Min(2, 1 + 𝑞)

[31].
Finally, attention is focused on the existence of peri-

odic solutions in fractional-order systems [32–34]. In this
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regard, in [32] Tavazoei and Haeri have analytically proved
that, different from integer-order linear/nonlinear systems,
fractional-order systems cannot generate exact periodic solu-
tions. In other words, the theorem proved in [32] states that
the fractional-order time-invariant system (5) defined via
the Caputo derivative cannot have any nonconstant smooth
periodic solution.

3. Elegant Fractional-Order Chaotic
System with No Equilibria

In [21] a systematic search to find three-dimensional integer-
order chaotic systems with quadratic nonlinearities and no
equilibria was performed. The objective was to find the alge-
braically simplest cases which cannot be further reduced by
the removal of terms without destroying the chaos. In partic-
ular, in [21] attention is focused on the class of integer-order
chaotic systems described by equations

�̇� = 𝑦, ̇𝑦 = 𝑧,

�̇� = 𝑘1𝑥 + 𝑘2𝑦 + 𝑘3𝑧 + 𝑘4𝑥
2
+ 𝑘5𝑦

2
+ 𝑘6𝑧
2

+ 𝑘7𝑥𝑦 + 𝑘8𝑥𝑧 + 𝑘9𝑦𝑧 + 𝑎

(12)

with the condition 𝑘2
1
−4𝑘4𝑎 ≤ 0. Note that a general require-

ment for chaotic systems (12) is the presence of a constant
term, since there would otherwise be at least one equilibrium
point at the origin (0, 0, 0). For each case analyzed in [21],
the space of coefficients was searched for values that are
deemed “elegant” [26], meaning that as many coefficients as
possible are set to zero with the others being set to ±1 if
possible or otherwise to a small integer or decimal fraction
with the fewest possible digits. Based on these considerations,
by taking the parameters 𝑘1 = 0, 𝑘2 = −1, 𝑘3 = 0, 𝑘4 = 0,
𝑘5 = 0, 𝑘6 = 0, 𝑘7 = 0, 𝑘8 = −1, and 𝑘9 = −1, the following
“elegant” integer-order chaotic system, listed as NE6 in [21],
is obtained:

�̇� = 𝑦, ̇𝑦 = 𝑧,

�̇� = −𝑦 − 𝑥𝑧 − 𝑦𝑧 + 𝑎.

(13)

As shown in [21] system (13) with 𝑎 = −0.75 has no equilibria
and exhibits the attractor reported in Figure 1, with the
Lyapunov exponents given by 𝜆1 = 0.0280, 𝜆2 = 0, and
𝜆3 = −3.4341. Note that the presence of chaos in such system
is very surprising since it can have neither homoclinic nor
heteroclinic orbits [24], and thus the Shilnikov method [24]
cannot be used to verify the chaos.

Based on previous considerations, attention is now
focused on the fractional-order counterpart of system (13).
Namely, the equations of the proposed elegant fractional-
order system are

∗
𝐷
𝑞
𝑥 = 𝑦,

∗
𝐷
𝑞
𝑦 = 𝑧,

∗
𝐷
𝑞
𝑧 = −𝑦 − 𝑥𝑧 − 𝑦𝑧 + 𝑎,

(14)

where ∗𝐷𝑞 denotes the Caputo fractional operator defined
in (3) with initial time 𝑡0 = 0, order 𝑞 ∈ (0, 1), and 𝑎 ̸= 0 [29].
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Figure 1: Integer-order chaotic attractor in the space (𝑥, 𝑦, 𝑧) of
system (13) with 𝑎 = −0.75 and initial conditions (0, 3, −0.1).

It can be readily verified that the proposed system (14) has no
equilibrium points.

Now, by applying the predictor-corrector algorithm
described in Section 2, the solution of the fractional system
(14) can be written as

𝑥ℎ (𝑡𝑛+1) = 𝑥0 +
ℎ
𝑞

Γ (𝑞 + 2)
(𝑦
(𝑝)
(𝑡𝑛+1))

+
ℎ
𝑞

Γ (𝑞 + 2)

𝑛

∑

𝑗=0

𝛼𝑗,𝑛+1 (𝑦 (𝑡𝑗)) ,

𝑦ℎ (𝑡𝑛+1) = 𝑦0 +
ℎ
𝑞

Γ (𝑞 + 2)
(𝑧
(𝑝)
(𝑡𝑛+1))

+
ℎ
𝑞

Γ (𝑞 + 2)

𝑛

∑

𝑗=0

𝛼𝑗,𝑛+1 (𝑧 (𝑡𝑗)) ,

𝑧ℎ (𝑡𝑛+1) = 𝑧0 +
ℎ
𝑞

Γ (𝑞 + 2)
(−𝑦
(𝑝)
(𝑡𝑛+1)

− 𝑥
(𝑝)
(𝑡𝑛+1) 𝑧

(𝑝)
(𝑡𝑛+1)

− 𝑦
(𝑝)
(𝑡𝑛+1) 𝑧

(𝑝)
(𝑡𝑛+1) + 𝑎)

+
ℎ
𝑞

Γ (𝑞 + 2)

𝑛

∑

𝑗=0

𝛼𝑗,𝑛+1 (−𝑦 (𝑡𝑗) − 𝑥 (𝑡𝑗) 𝑧 (𝑡𝑗)

− 𝑦 (𝑡𝑗) 𝑧 (𝑡𝑗) + 𝑎)

(15)

in which the predicted variables are

𝑥
(𝑝)
(𝑡𝑛+1) = 𝑥0 +

1

Γ (𝑞)

𝑛

∑

𝑗=0

𝛽𝑗,𝑛+1 (𝑦 (𝑡𝑗)) ,

𝑦
(𝑝)
(𝑡𝑛+1) = 𝑦0 +

1

Γ (𝑞)

𝑛

∑

𝑗=0

𝛽𝑗,𝑛+1 (𝑧 (𝑡𝑗)) ,
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Figure 2: Chaotic attractor of the elegant fractional-order system without equilibrium point (14) with 𝑞 = 0.98, 𝑎 = −0.757 and initial
conditions (0, 3, −0.1): (a) chaotic attractor in the (𝑦, 𝑥)-plane, (b) chaotic attractor in the (𝑧, 𝑦)-plane.

𝑧
(𝑝)
(𝑡𝑛+1)

= 𝑧0 +
1

Γ (𝑞)

𝑛

∑

𝑗=0

𝛽𝑗,𝑛+1 (−𝑦 (𝑡𝑗) − 𝑥 (𝑡𝑗) 𝑧 (𝑡𝑗)

− 𝑦 (𝑡𝑗) 𝑧 (𝑡𝑗) + 𝑎) ,

(16)

where 𝛼𝑗,𝑛+1 and 𝛽𝑗,𝑛+1 are given by (8) and (11), respectively.
The discretized equations (15)-(16) are calculated for several
values of order 0 < 𝑞 < 1 and parameter 𝑎. A remarkable
finding of this paper is that chaos exists in the proposed ele-
gant fractional-order system without equilibrium points. In
particular, by setting 𝑎 = −0.757 and by varying order 𝑞, it has
been found that chaos exists in the fractional-order system
(14) for 𝑞 = 0.98. The phase portraits of the chaotic attractor
are shown in Figure 2.

4. Tests for Chaos and Dynamic Behaviors

The chaotic nature of the attractor reported in Figure 2 is
validated using different approaches.

The first approach is based on the reliable and efficient
binary test for chaos, called 0-1 test, which has been recently
proposed and applied to fractional-order systems in [27].
The idea underlying the test is to construct a random walk-
type process from the discrete data (sampled at times 𝑛 =
1, 2, . . . , 𝑁) and then to examine how the variance of the
random walk scales with time [27]. Specifically, the method
is based on the computation of the asymptotic growth rate𝐾:
when 𝐾 is close to 0, the motion is classified as regular (i.e.,
periodic or quasi-periodic); when 𝐾 is close to 1, the motion
is classified as chaotic [27]. The value of 𝐾, obtained from
(15)-(16), asymptotically approaches 1 for 𝑞 = 0.98 and 𝑎 =
−0.757, indicating that the dynamics of system (14) are
chaotic (Figure 3).

The second approach is based on the recent paper by
Caponetto and Fazzino [35]. In such paper, an application

1.5

1

0.5

0
0 2 4 6 8 10

×106N

K

Figure 3: The 0-1 test for chaos when 𝑞 = 0.98, 𝑎 = −0.757:
dependence of the asymptotic growth rate𝐾 on the length𝑁 of the
time series (15)-(16).

of a well-known transformation technique (i.e., the differ-
ential transform method) to fractional differential equations
is employed for calculating the Lyapunov exponents. The
obtained spectrum (𝜆1 = 0.011, 𝜆2 = 0, and 𝜆3 = −3.025)
is still characterized by a positive value.

The last approach consists in computing the maximum
Lyapunov exponent by Wolf algorithm [36]. The computed
value (𝜆max = 0.021) is positive, confirming the chaotic
behaviour of the considered fractional-order system. Note
that such value is consistent with the maximum Lyapunov
exponent values of all the integer-order chaotic systems with
no equilibria analyzed by Jafari et al. in [21].

Now, the objective is to investigate the system behavior
by setting 𝑞 = 0.98 and by varying parameter 𝑎 within a
neighborhood of the value 𝑎 = −0.757. In particular, for 𝑎 =
−0.74 the system trajectories go toward infinity, whereas for
𝑎 = −0.759 fractional system (14) possesses the nonchaotic
behavior reported in Figure 4.
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Figure 4: Nonchaotic behaviour of the fractional system (14) for 𝑞 = 0.98 and 𝑎 = −0.759: (a) oscillations plotted in the (𝑧, 𝑦)-plane; (b)
zoom in on the system trajectories, indicating that they never return on the same points in the state space.
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Figure 5: Nonchaotic behaviour of the fractional system (14) for 𝑞 = 0.98 and 𝑎 = −0.80: (a) oscillations plotted in the (𝑧, 𝑦)-plane; (b) zoom
in on the system trajectories.

Notice that, although the trajectories shown in Figure 4(a)
seem to be periodic oscillations, in Section 2 it has been stated
that such oscillations are not exactly periodic. Figure 4(b)
shows that the system trajectory never returns on the same
points in the state space, confirming that such oscillations are
not exactly periodic. Such nonchaotic behavior, characterized
by oscillations not exactly periodic, is also found for value
𝑎 = −0.80, as shown in Figure 5.

5. Discussion on the Implementation of
Fractional-Order Circuit Elements

The aim of this section is to provide some considerations
on the practical implementation of the proposed fractional-
order system (14). In particular, by considering the three
equations in (14), it is clear that the challenge is the implemen-
tation of circuit elements that realize the fractional derivatives
∗
𝐷
𝑞, given that the remaining terms in (14) can be realized

using standard circuit elements (such as resistors, analog
multipliers, and operational amplifiers) [37, 38]. First of all, by
following the common practice, the dimensionless variables
𝑥, 𝑦, and 𝑧 in (14) are properly scaled and assumed to be
electrical voltages.Thus, the Laplace transform applied to the
fractional derivative ∗𝐷𝑞 of the scaled variables leads to the
following relationship between the current and the voltage
across the fractional capacitor:

𝑉 (𝑠) =
1

𝑠𝑞𝐶𝐹

𝐼 (𝑠) , (17)

where 𝐶𝐹 is the value of the fractional capacitance [5].
Note that in (17) the phase difference between the current
and voltage of the capacitor is 𝑞(𝜋/2), which represents a
generalization of the well-known phase difference 𝜋/2 when
the capacitor is of integer order (𝑞 = 1). The mathematical
approximation of the equivalent transfer function (1/𝑠𝑞) (0 <
𝑞 < 1), within a certain region of frequencies, has been
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Figure 6: An example of circuit implementation of a fractional
capacitor 𝐶

𝐹
.

realized in the literature using several approaches, which
involve the adoption of a number of resistors and capacitors
connected via different topologies [5]. An example of circuit
implementation of a fractional capacitor 𝐶𝐹 is shown in
Figure 6. Recently, new realizations of fractional-order capac-
itors have been proposed using chemical reactions between
different materials [39, 40].

Note that such considerations related to the practical
realization of fractional-order elements have been recently
exploited in the literature for successfully implementing some
examples of fractional-order chaotic circuits [38, 41]. Based
on these encouraging results, the authors have planned to
start implementing system (14) in the near future.

6. Conclusions

The presence of chaos in both integer-order and fractional-
order systems without equilibria represents a new exciting
phenomenon and an almost unexplored field of research.
Note that, since these systems can have neither homoclinic
nor heteroclinic orbits, the Shilnikov method cannot be used
to demonstrate the presence of chaos. In this paper a new
fractional-order system with no equilibrium points has been
presented. The proposed system, which can be considered
elegant in the sense given by Sprott, has shown chaotic
behavior when the system order is as low as 2.94. The system
dynamics have been analyzed using the predictor-corrector
algorithm and the presence of chaos has been validated by
applying three different methods.
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