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This paper is concerned with the state feedback stabilization problem for a class of Takagi-Sugeno (T-S) fuzzy networked control
systems (NCSs) with random time delays. A delay-dependent fuzzy networked controller is constructed, where the control
parameters are ndependent on both sensor-to-controller delay and controller-to-actuator delay simultaneously. The resulting NCS
is transformed into a discrete-time fuzzy switched system, andunder this framework, the stability conditions of the closed-loopNCS
are derived by defining a multiple delay-dependent Lyapunov function. Based on the derived stability conditions, the stabilizing
fuzzy networked controller design method is also provided. Finally, simulation results are given to illustrate the effectiveness of the
obtained results.

1. Introduction

During the past decades, Fuzzy control technique has been
widely developed and used in many scientific applications
and engineering systems. Especially, the so-called Takagi-
Sugeno (T-S) fuzzy model has been well recognized as an
effectivemethod in approximating complex nonlinear system
and has been widely used in many real-world physical
systems. In T-S fuzzy model, local dynamics in different
state space regions are represented by different linear models,
and the overall model of the system is achieved by fuzzy
“blending” of these fuzzy models. Under this framework, the
controller design of nonlinear system can be carried out by
utilizing the well-known parallel distributed compensation
(PDC) scheme. As a result, the fruitful linear system theory
can be readily extended to the analysis and controller syn-
thesis of nonlinear systems. Therefore, the last decades have
witnessed a rapidly growing interest in T-S fuzzy systems,
with many important results reported in the literature. For
more details on this topic, we refer the readers to [1–3] and
the reference therein.

However, it is worth noting that in traditional T-S fuzzy
control systems, system components are located in the same
place and connected by point-to-point wiring, where an

implicit assumption is that the plant measurements and the
control signals transmitted between the physical plant and
the controller do not exhibit time delays. However, in many
modern control systems, it is difficult to do so, and thus the
plantmeasurements and control signalsmight be transmitted
from one place to another. In this situation, communication
networks such as Internet are used to connect the spatially
distributed system components, which gives rise to the so-
called networked control systems (NCSs) [4]. Using NCSs
has many advantages, such as low cost, reduced weight and
power requirements, simple installation and maintenance,
and resource sharing.Therefore, NCSs have emerged as a hot
topic in research communities during the past decade. Many
interesting and practical issues such as NCSs architecture
[5], network protocol [6], time delay [7], and packet loss [8]
have been investigated with many important results reported
in the literature [9–17]. Moreover, NCSs have been finding
applications in a broad range of areas such as networked DC
motors, networked robots, and networked process control.

Among the aforementioned problems, time delay is one of
themost important ones, since time delay is usually themajor
cause for NCSs performance deterioration and potential
system instability. Therefore, the analysis and synthesis of
NCSs with time delays have been the focus of some research
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studies in recent years, withmany interesting results reported
in the literature; see [4, 7, 9, 18–22] and the references therein.
It has been shown in [23, 24] that, in order to reduce the
conservatism of the obtained results, it is of great significance
to design two-mode-dependent networked controller for
NCSs, where the control parameter depend on sensor-to-
controller (S-C) delay and controller-to-actuator (C-A) delay
simultaneously. Therefore, two-mode-dependent networked
control has received increasing attention during the past
few years. For example, for NCSs with Markov delays, [7]
presents a delay-dependent state feedback controller with
control gains dependent on the current S-C delay 𝜏𝑘 and the
previous C-A delay 𝑑𝑘−1. Reference [24] proposes an output
feedback networked controller for NCSs, where the control
parameters depends on the current S-C delay 𝜏𝑘 and the
most recent C-A delay 𝑑𝑘−𝜏𝑘−1

. In our earlier work [23], a
more desirable networked control methodology with control
parameter dependent on the current S-C delay 𝜏𝑘 and the
current C-A delay 𝑑𝑘 has been investigated. In this way, most
recent delay information is effectively utilized, and therefore
the control performance of NCSs should be improved. It is
worth noting that most of the aforementioned results are for
linear NCSs. However, there exist many complex nonlinear
systems in practical situations, and therefore it is desirable
to investigate two-model-dependent control for nonlinear
NCSs. To the best of the authors’ knowledge, the problem of
two-model-dependent control for nonlinear NCSs, especially
for the one with control parameters dependent on 𝜏𝑘 and 𝑑𝑘

simultaneously, has not been investigated and still remains
challenging, which motivates the present study.

Therefore the intention of this paper is to investigate the
two-mode-dependent for a class of nonlinearNCSs with time
delays, where the remote controlled plant is described by T-S
fuzzy model. A 𝜏𝑘-𝑑𝑘-dependent fuzzy networked controller
is constructed for the NCSs under study. The resulting NCS
is transformed into a discrete-time fuzzy switched system,
and under this framework, the stability conditions of the
closed-loop NCS are derived by employing multiple delay-
dependent Lyapunov approach. Based on the derived stability
conditions, the stabilizing fuzzy controller design method is
also provided. Simulation results are given to illustrate the
effectiveness of the obtained results.

Notation. Throughout this paper, R𝑛 denotes the 𝑛-dimen-
sional Euclidean space, and the notation P > 0 (≥0) means
that P is real symmetric and positive definite (semidefinite).
The superscript “𝑇” denotes matrix transposition, and 𝐼 is the
identity matrix with appropriate dimensions. The notation
Z+ stands for the set of nonnegative integers. In symmetric
block matrices, we use “∗” as an ellipsis for the terms intro-
duced by symmetry.

2. Problem Formulation

In this paper, we consider the state feedback stabilization
problem for a class of discrete-time nonlinear NCSs, where
the corresponding system framework is depicted in Figure 1.
It can be seen that the NCS under study consists of four
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Figure 1: The structure of the considered NCSs.

components: (i) the controlled plant with sensor; (ii) the
networked controller; (iii) the communication network; (iv)
the actuator. Each component is described in the following
sections.

2.1. The Controlled Plant with the Sensor and State Observer.
In theNCSs under study, the dynamics of the controlled plant
are described by the T-S fuzzy model and can be represented
by the following form:

Plant rule 𝑖:

IF 𝜃1 (𝑘) is 𝜇𝑖1, and . . . , 𝜃𝑔 (𝑘) is 𝜇𝑖𝑔,

THEN x (𝑘 + 1) = F𝑖x (𝑘) + G𝑖u (𝑘)

y𝑖 (𝑘) = C𝑖x (𝑘) ,

(for 𝑖 = 1, 2, . . . , 𝑟) ,

(1)

where 𝜇𝑖𝜛 (𝜛 = 1, 2, . . . , 𝑔) are the fuzzy sets, x(𝑘) ∈ R𝑛 is
the plant state, u(𝑘) ∈ R𝑚 is the control input, y(𝑘) ∈ R𝑝

is the plant output, F𝑖, G𝑖, and C𝑖 are matrices of compatible
dimensions, 𝑟 is the number of IF-THEN rules, and 𝜃 =

[𝜃1 𝜃2 ⋅ ⋅ ⋅ 𝜃𝑔] are the premise variables. It is assumed that the
premise variables do not depend on the input u(𝑘).

By using the fuzzy inference method with a center-
average defuzzifier, product inference, and singleton fuzzifier,
the controlled plant in (1) can be expressed as

x (𝑘 + 1) =

𝑟

∑

𝑖=1

𝜇𝑖 (𝑘) [F𝑖x (𝑘) + G𝑖u (𝑘)] ,

y (𝑘) =
𝑟

∑

𝑖=1

𝜇𝑖 (𝑘) [C𝑖x (𝑘)] ,

(2)

where

𝜇𝑖 (𝑘) =

𝑤𝑖 (𝑘)

∑
𝑟

𝑖=1
𝑤𝑖 (𝑘)

, 𝑤𝑖 (𝑘) =

𝑝

∏

𝑗=1

𝜇𝑖𝑗 [𝜃𝑗 (𝑘)] . (3)

It is assumed that 𝑤𝑖(𝜃(𝑘)) ≥ 0 for 𝑖 = 1, 2, . . . , 𝑟 and
∑
𝑟

𝑖=1
𝑤𝑖(𝜃(𝑘)) > 0 for 𝑘. Therefore, we can conclude that

∑
𝑟

𝑖=1
𝜇𝑖(𝜃(𝑘)) ≥ 0 for 𝑖 = 1, 2, . . . , 𝑟 and ∑

𝑟

𝑖=1
𝜇𝑖(𝜃(𝑘)) = 1

for all 𝑘.
It is worth mentioning that the sensor in NCSs is time-

driven, and it is assumed that the full state variables are
available. At each sampling period, the sampled plant state
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and its timestamp (i.e., the time the plant state is sampled)
are encapsulated into a packet and sent to the controller via
the network.

2.2. The Network. Networks exist in both channels from
the sensor to the controller and from the controller to the
actuator. The sensor packet will suffer a sensor-to-controller
(S-C) delay during its transmission from the sensor to the
controller, while the control packet will suffer a controller-
to-actuator (C-A) delay during its transmission from the
controller to the actuator. For notation simplicity, let 𝜏𝑘 and𝑑𝑘
denote S-C delay and C-A delay at time 𝑘, respectively. Then,
a natural assumption can be made as follows:

�̆� ≤ 𝜏𝑘 ≤ �̂�,
̆
𝑑 ≤ 𝑑𝑘 ≤

̂
𝑑, (4)

where �̆� ≥ 0 and �̂� ≥ 0 are the lower and the upper bounds of
𝜏𝑘 and ̆

𝑑 ≥ 0 and ̂
𝑑 ≥ 0 are the lower and the upper bounds

of 𝑑𝑘. LetM ≜ {�̆�, �̆� + 1, . . . , �̂�} andN ≜ {
̆
𝑑,

̆
𝑑 + 1, . . . ,

̂
𝑑}.

2.3. The Networked Controller. Please note that the control
signal in NCSs suffers the S-C delay 𝜏𝑘 and the C-A delay 𝑑𝑘,
and therefore, the control signal for the plant at the time step
𝑘 will be the one based on the state x(𝑘 − 𝜏𝑘 − 𝑑𝑘). In view
of this, it is more appealing from a delay-dependent point of
view to construct the following fuzzy networked controller:

Observer rule 𝑖:

IF 𝜃1 (𝑘) is 𝜇𝑖1, and . . . , 𝜃𝑔 (𝑘) is 𝜇𝑖𝑔,

THEN u = L𝑖 (𝜏𝑘, 𝑑𝑘) x,

(for 𝑖 = 1, 2, . . . , 𝑟) ,

(5)

where K𝑖(𝑚, 𝑛), (𝑚 ∈ M, 𝑛 ∈ N) are the feedback gains to
be designed. Then the final output of the networked fuzzy
controller is

u =

𝑟

∑

𝑖=1

𝜇𝑖 (𝑘) L𝑖 (𝜏𝑘, 𝑑𝑘) x. (6)

In such a way, the control signal for the plant at the time step
𝑘 can be expressed by

u (𝑘) =
𝑟

∑

𝑖=1

𝜇𝑖 (𝑘) L𝑖 (𝜏𝑘, 𝑑𝑘) x (𝑘 − 𝜏𝑘 − 𝑑𝑘) . (7)

It can be seen from (7) that most recent delay information is
effectively utilized in the controller, and therefore the control
performance of NCSs should be improved.

The networked controller is time-driven. At each sam-
pling period, it calculates the control signals with the most
recent sensor packet available. Immediately after the calcula-
tion, the new control signals and the timestamp of the used
plant state are encapsulated into a packet and sent to the
actuator via the network. The timestamp will ensure that the
actuator selects the appropriate control signal to control the
plant.

2.4. The Actuator. The actuator in NCS is time-driven. The
actuator and the sensor have the same sampling period ℎ, and
they are synchronized. It is worth noting that the actuator and
the sensor are both located at the plant side, and therefore
the synchronization between them can be easily achieved
by hardware synchronization, for instance, by using special
wiring to distribute a global clock signal to the sensor and
the actuator. The actuator has a buffer size of 1, which means
that the latest control packet is used to control the plant.

It is worth noting that when the networked controller (6)
calculates the control signal, it does not know the value of 𝑑𝑘
because it does not happen yet. To circumvent this problem,
in our earlier work [23], we propose the strategy that sends
a control sequence in a packet and uses an actuator with
selection logic to choose the appropriate control signal based
on 𝑑𝑘 to overcome the aforementioned problem. Generally
speaking, the proposed strategy works in the following way.
When a sensor packet arrives at the controller node, the net-
worked controller will calculate a set of control signals using
the control parameter set {L𝑖(𝜏𝑘, ̆

𝑑), L𝑖(𝜏𝑘, ̆
𝑑+1), . . . , L𝑖(𝜏𝑘, ̂𝑑)}

(𝑖 = 1, 2, . . . , 𝑟), then the obtained control signal set will
be sent to the actuator via the network; when the control
packet arrives at the actuator node, the actuator will select the
appropriate control signal from the control signal set based on
𝑑𝑘 and then uses it to control the plant. In this paper, we also
employ this strategy to deal with the aforementioned issue.
For more details on the aforementioned strategy, we refer the
reader to [23].

The objective of this paper is to design the fuzzy net-
worked controller (6), such that the resulting closed-loop
system with random delays is stable.

3. Main Results

3.1. Modeling of NCSs. For the convenience of notation, we
let 𝜇𝑖 = 𝜇𝑖(𝜃(𝑘)) in the following. By substituting (7) into (2),
we have

x (𝑘 + 1)

=

𝑟

∑

𝑖=1

𝑟

∑

𝑗=1

𝜇𝑖𝜇𝑗 [F𝑖x (𝑘) + G𝑖L𝑗 (𝜏𝑘, 𝑑𝑘) x (𝑘 − 𝜏𝑘 − 𝑑𝑘)] .

(8)

One can readily infer from 𝜏𝑘 ≤ �̂� and 𝑑𝑘 ≤ ̂
𝑑 that, at time

step 𝑘, the control signal no older than 𝑘 − �̂� −
̂
𝑑 can be used

to control the plant. Introduce the following augmented state

z (𝑘) = [x(𝑘)𝑇 x(𝑘 − 1)
𝑇

⋅ ⋅ ⋅ x(𝑘 − �̂� −
̂
𝑑)
𝑇
]

𝑇

, (9)

into (8), then the closed-loop NCS can be expressed with the
following fuzzy switched model:

z (𝑘 + 1) =

𝑟

∑

𝑖=1

𝑟

∑

𝑗=1

𝜇𝑖𝜇𝑗 [F̃𝑖 + G̃𝑖L𝑗 (𝜏𝑘, 𝑑𝑘) Ẽ (𝜏𝑘, 𝑑𝑘)] z (𝑘) ,

(10)
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with

F̃𝑖 =
[
[
[
[
[
[

[

F𝑖 0 ⋅ ⋅ ⋅ 0 0

𝐼 0 ⋅ ⋅ ⋅ 0 0

0 𝐼 ⋅ ⋅ ⋅ 0 0

...
... d

...
...

0 0 ⋅ ⋅ ⋅ 𝐼 0

]
]
]
]
]
]

]

, G̃𝑖 =
[
[
[
[
[
[

[

G𝑖
0

0

...
0

]
]
]
]
]
]

]

,

Ẽ (𝜏𝑘, 𝑑𝑘) = [0 ⋅ ⋅ ⋅ 𝐼 ⋅ ⋅ ⋅ 0] ,

(11)

where Ẽ(𝜏𝑘, 𝑑𝑘) has all elements being zeros except for the
(𝜏𝑘 + 𝑑𝑘 + 1)th block being identity. Apparently, the closed-
loop system (10) is a discrete-time fuzzy switched system,
where the control parameter L𝑖(𝜏𝑘, 𝑑𝑘) depends on 𝜏𝑘 and 𝑑𝑘
simultaneously.

For notation convenience, we define the following matrix
variable:

Π𝑖𝑗 (𝜏𝑘, 𝑑𝑘) = F̃𝑖 + G̃𝑖L𝑗 (𝜏𝑘, 𝑑𝑘) Ẽ (𝜏𝑘, 𝑑𝑘) . (12)

Then closed-loop NCS in (10) can be rewritten as the
following compact form:

z (𝑘 + 1) =

𝑟

∑

𝑖=1

𝑟

∑

𝑗=1

𝜇𝑖𝜇𝑗Π𝑖𝑗 (𝜏𝑘, 𝑑𝑘) z (𝑘) . (13)

Remark 1. Apparently, the most appealing advantage of the
proposed networked controller (5) is efficiently utilizing the
𝜏𝑘-𝑑𝑘-dependent control gains, in such away thatmost recent
delay information is used in the networked controller, and
therefore better control performance could be obtained.

3.2. Stability Analysis and Controller Synthesis. Before pro-
ceeding further, we introduce the following definition, and
it will be used throughout this paper.

Definition 2. Thedelays inNCSs are called arbitrary bounded
delays, if {𝜏𝑘 : 𝑘 ∈ Z+} and {𝑑𝑘 : 𝑘 ∈ Z+} take values
arbitrarily inM andN, respectively.

In the following theorem, the stability conditions are
derived for NCS (13) via a multiple delay-dependent Lya-
punov approach.

Theorem 3. The closed-loop NCS (13) with arbitrary bounded
delays is asymptotically stable, if there exist 𝑛 × 𝑛 matrices
P𝑖(𝑚, 𝑠) > 0 andM𝑖𝑗, satisfying

[

−P𝑙 (𝑛, 𝑡) P𝑙 (𝑛, 𝑡) Π𝑖𝑖 (𝑚, 𝑠)

∗ −P𝑖 (𝑚, 𝑠) −M𝑖𝑖
] < 0,

(𝑖, 𝑙 ∈ {1, 2, . . . , 𝑟} , 𝑚, 𝑛 ∈ M, 𝑠, 𝑡 ∈ N) ,

(14)

[

−2P𝑙 (𝑛, 𝑡) P𝑙 (𝑛, 𝑡) [Π𝑖𝑗 (𝑚, 𝑠) + Π𝑗𝑖 (𝑚, 𝑠)]

∗ −Pi (𝑚, 𝑠) − P𝑗 (𝑚, 𝑠) −M𝑖𝑗 −M𝑇
𝑖𝑗

] < 0,

(1 ≤ 𝑖 < 𝑗 ≤ 𝑟,𝑚, 𝑛 ∈ M, 𝑠, 𝑡 ∈ N) ,

(15)

Ω =

[
[
[
[

[

M11 M12 ⋅ ⋅ ⋅ M1𝑟
M𝑇
12

M22 ⋅ ⋅ ⋅ M2𝑟
...

... d
...

M𝑇
1𝑟

M𝑇
2𝑟

⋅ ⋅ ⋅ M𝑟𝑟

]
]
]
]

]

< 0. (16)

Proof. For NCS (13), we define the Lyapunov function as

𝑉 (z (𝑘) , 𝜇 (𝑘)) = z𝑇 (𝑘)P (𝜏𝑘, 𝑑𝑘) z (𝑘) ,

P (𝜏𝑘, 𝑑𝑘) =
𝑟

∑

𝑖=1

𝜇𝑖P𝑖 (𝜏𝑘, 𝑑𝑘) ,
(17)

whereP𝑖(𝜏𝑘, 𝑑𝑘) arematrices dependent on time delays 𝜏𝑘 and
𝑑𝑘 simultaneously.

Let 𝜏𝑘 = 𝑚, 𝜏𝑘+1 = 𝑛, 𝑑𝑘 = 𝑠, and 𝑑𝑘+1 = 𝑡, where 𝑚, 𝑛 ∈

M, 𝑠, 𝑡 ∈ N. The difference of 𝑉(z(𝑘), 𝜇(𝑘)) can be given by

Δ𝑉 = 𝑉 (z (𝑘 + 1) , 𝜇 (𝑘 + 1)) − 𝑉 (z (𝑘) , 𝜇 (𝑘))

= z𝑇 (𝑘)P+ (𝑛, 𝑡) z (𝑘) − z𝑇 (𝑘)P− (𝑚, 𝑠) z (𝑘) ,
(18)

where

P+ (𝑛, 𝑡) =
𝑟

∑

𝑙=1

𝜇𝑙 (𝑘 + 1)P𝑙 (𝑛, 𝑡) ,

P− (𝑚, 𝑠) =

𝑟

∑

𝑖=1

𝜇𝑖 (𝑘)P𝑖 (𝑚, 𝑠) .

(19)

Then, along the trajectory of NCS (13), we have

Δ𝑉 = z𝑇 (𝑘) [
[

𝑟

∑

𝑖=1

𝑟

∑

𝑗=1

𝜇𝑖𝜇𝑗Π𝑖𝑗(𝑚, 𝑠)]

]

𝑇

× P+ (𝑛, 𝑡) [
[

𝑟

∑

𝑖=1

𝑟

∑

𝑗=1

𝜇𝑖𝜇𝑗Π𝑖𝑗 (𝑚, 𝑠)
]

]

z (𝑘)

− z𝑇 (𝑘)P− (𝑚, 𝑠) z (𝑘)

= z𝑇 (𝑘) [
[

𝑟

∑

𝑖=1

𝑟

∑

𝑗=1

𝜇𝑖𝜇𝑗 [

Π𝑖𝑗(𝑚, 𝑠) + Π𝑗𝑖(𝑚, 𝑠)

2

]]

]

𝑇

× P+ (𝑛, 𝑡) [
[

𝑟

∑

𝑖=1

𝑟

∑

𝑗=1

𝜇𝑖𝜇𝑗 [

Π𝑖𝑗 (𝑚, 𝑠) + Π𝑗𝑖 (𝑚, 𝑠)

2

]]

]

× z (𝑘) − z𝑇 (𝑘)P− (𝑚, 𝑠) z (𝑘)

= z𝑇 (𝑘)
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×

𝑟

∑

𝑖=1

𝑟

∑

𝑗=1

𝜇𝑖𝜇𝑗 {[

Π𝑖𝑗(𝑚, 𝑠) + Π𝑗𝑖(𝑚, 𝑠)

2

]

𝑇

× P+ (𝑛, 𝑡) [
Π𝑖𝑗 (𝑚, 𝑠) + Π𝑗𝑖 (𝑚, 𝑠)

2

]

− P𝑖 (𝑚, 𝑠)} × z (𝑘)

= z𝑇 (𝑘)
𝑟

∑

𝑖=1

𝜇
2

𝑖
[Π
𝑇

𝑖𝑖
(𝑚, 𝑠)P+ (𝑛, 𝑡) Π𝑖𝑖 (𝑚, 𝑠)

− P𝑖 (𝑚, 𝑠)] z (𝑘) + z𝑇 (𝑘)

×

𝑟−1

∑

𝑖=1

𝑟

∑

𝑗=𝑖+1

𝜇𝑖𝜇𝑗

× [

1

2

(Π𝑖𝑗 (𝑚, 𝑠) + Π𝑗𝑖(𝑚, 𝑠))

𝑇

× P+ (𝑛, 𝑡)

× (Π𝑖𝑗 (𝑚, 𝑠) + Π𝑗𝑖 (𝑚, 𝑠))

− P𝑖 (𝑚, 𝑠) − P𝑗 (𝑚, 𝑠)] z (𝑘) .

(20)

On the other hand, by applying Schur complement to (14)
and (15), we readily have

Π
𝑇

𝑖𝑖
(𝑚, 𝑠)P𝑙 (𝑛, 𝑡) Π𝑖𝑖 (𝑚, 𝑠) − P𝑖 (𝑚, 𝑠) < 0,

1

2

Ξ
𝑇

𝑖𝑗
(𝑚, 𝑠)P𝑙 (𝑛, 𝑡) Ξ𝑖𝑗 (𝑚, 𝑠)

− P𝑖 (𝑚, 𝑠) − P𝑗 (𝑚, 𝑠) −M𝑖𝑗 −M
T
𝑖𝑗
< 0,

(21)

where Ξ𝑖𝑗(𝑚, 𝑠) = Π𝑖𝑗(𝑚, 𝑠) + Π𝑗𝑖(𝑚, 𝑠).
For (14) and (15), multiplying the corresponding 𝑙 =

1, . . . , 𝑟 inequalities by 𝜇𝑙(𝑘 + 1), summing up the resulting
inequalities, and noting the fact that ∑𝑟

𝑙=1
𝜇𝑖(𝑘 + 1) = 1, we

have

Π
𝑇

𝑖𝑖
(𝑚, 𝑠)P+ (𝑛, 𝑡) Π𝑖𝑖 (𝑚, 𝑠) − P𝑖 (𝑚, 𝑠) −M𝑖𝑖 < 0,

(𝑖, 𝑙 ∈ {1, 2, . . . , 𝑟} , 𝑚, 𝑛 ∈ M, 𝑠, 𝑡 ∈ N) ,

1

2

Ξ
𝑇

𝑖𝑗
(𝑚, 𝑠)P+ (𝑛, 𝑡) Ξ𝑖𝑗 (𝑚, 𝑠)

− P𝑖 (𝑚, 𝑠) − P𝑗 (𝑚, 𝑠) −M𝑖𝑗 −M
𝑇

𝑖𝑗
< 0,

(1 ≤ 𝑖 < 𝑗 ≤ 𝑟,𝑚, 𝑛 ∈ M, 𝑠, 𝑡 ∈ N) .

(22)

Then, it follows from (23), (22) that

Δ𝑉 ≤ z𝑇 (𝑘)
𝑟−1

∑

𝑖=1

𝑟

∑

𝑗=𝑖+1

𝜇𝑖𝜇𝑗 [M𝑖𝑗 +M
𝑇

𝑖𝑗
] z (𝑘)

+ z𝑇 (𝑘)
𝑟

∑

𝑖=1

𝜇
2

𝑖
M𝑖𝑖z (𝑘)

=

[
[
[
[

[

𝜇1z (𝑘)
𝜇2z (𝑘)

...
𝜇𝑟z (𝑘)

]
]
]
]

]

𝑇

Ω

[
[
[
[

[

𝜇1z (𝑘)
𝜇2z (𝑘)

...
𝜇𝑟z (𝑘)

]
]
]
]

]

.

(23)

Therefore, if the conditions (14)–(16) hold, we can readily
obtain Δ𝑉(z(𝑘), 𝜇(𝑘)) < 0 for any z(𝑘) ̸= 0. Then we have
lim𝑘→∞𝑉(z(𝑘)) = 0 and lim𝑘→∞z(𝑘) = 0, which imply
that the closed-loop NCS (13) is asymptotically stable. This
completes the proof.

Now, we are in a position to present the stabilizing con-
troller design method. To this end, we proposed equivalent
stability conditions for NCSs in the following theorem.

Theorem 4. The closed-loop NCS (13) with arbitrary bounded
delays is asymptotically stable, if there exist 𝑛 × 𝑛 matrices
P𝑖(𝑚, 𝑠) > 0, Q𝑖(𝑚, 𝑠) > 0, and M𝑖𝑗, satisfying (16) and the
following:

[
−Q𝑙 (𝑛, 𝑡) F̃𝑖 + G̃𝑖L𝑖 (𝑚, 𝑠) Ẽ (𝑚, 𝑠)

∗ −P𝑖 (𝑚, 𝑠) −M𝑖𝑖
] < 0,

(𝑖, 𝑙 ∈ {1, 2, . . . , 𝑟} , 𝑚, 𝑛 ∈ M, 𝑠, 𝑡 ∈ N) ,

(24)

[

−2Q𝑙 (𝑛, 𝑡) Π𝑖𝑗 (𝑚, 𝑠) + Π𝑗𝑖 (𝑚, 𝑠)

∗ −P𝑖 (𝑚, 𝑠) − P𝑗 (𝑚, 𝑠) −M𝑖𝑗 −M𝑇
𝑖𝑗

] < 0,

(1 ≤ 𝑖 < 𝑗 ≤ 𝑟,𝑚, 𝑛 ∈ M, 𝑠, 𝑡 ∈ N) ,

(25)

P𝑙 (𝑛, 𝑡)Q𝑙 (𝑛, 𝑡) = 𝐼 (𝑙 ∈ {1, 2, . . . , 𝑟} , 𝑛 ∈ M, 𝑠 ∈ N) ,

(26)

where

Π𝑖𝑗 (𝑚, 𝑠) = F̃𝑖 + G̃𝑖L𝑗 (𝑚, 𝑠) Ẽ (𝑚, 𝑠) . (27)

Proof. Condition (26) implies

Q𝑙 (𝑛, 𝑡) = P−1
𝑙
(𝑛, 𝑡) . (28)

Substituting (28) into (24) and (25) and then performing
congruence transformations to the resulting inequalities by
diag{P𝑙(𝑛, 𝑡), 𝐼}, respectively, lead to (14) and (15). Then from
Theorem 3 we can conclude that if the conditions (16), (24),
and (25) hold, the closed-loop system (5) is asymptotically
stable. This completes the proof.

Note that the conditions stated in Theorem 4 are a set of
LMIs with nonconvex constraints. In the literature, there are
several approaches to solve such nonconvex problem, among
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which cone complementarity linearization (CCL) approach is
the most commonly used one [7, 24], since it is simple and
very efficient in numerical implementation. Therefore, we
employCCL approach in this paper to deal with this problem.
Note that the CCL-based controller design procedure is quite
standard, and the one in our earlier work [22] can be easily
adapted to solve the controller design problem in this paper.
To save space and avoid repetition, the CCL-based controller
design procedure is omitted here. For more details on this
topic, please refer to [7, 22, 24] and the reference therein.

Remark 5. It has been demonstrate that delay-dependent
strategy is an effective way to improve the control perfor-
mance and reduce the conservatism of NCSs. Therefore, the
stabilization of NCSs with time delays and/or packet losses,
either under sensor-to-controller (SCC) delay-dependent
strategy or under two sides delay-dependent strategy (i.e.,
the control parameter depends on sensor-to-controller (S-C)
delay and controller-to-actuator (C-A) delay simultaneously),
has received a lot of attentions [7, 23, 24]. There are two
main differences between this work and the aforementioned
results. The first one is that the aforementioned results are
for linear NCSs, while this work is for nonlinear NCSs. The
second one is that this work employs most recent S-C and C-
A delay information in the delay-dependent strategy.

It is not difficult to see that if we consider a fuzzy con-
troller with delay-independent gains and define the following
matrix variable:

Π𝑖𝑗 (𝜏𝑘, 𝑑𝑘) = F̃𝑖 + G̃𝑖L𝑗Ẽ (𝜏𝑘, 𝑑𝑘) , (29)

the closed-loop NCS under delay-independent fuzzy con-
troller can be expressed as

z (𝑘 + 1) =

𝑟

∑

𝑖=1

𝑟

∑

𝑗=1

𝜇𝑖𝜇𝑗Π𝑖𝑗 (𝜏𝑘, 𝑑𝑘) z (𝑘) . (30)

Then by following similar lines in proof ofTheorem 3, one
can readily obtain the following corollary.

Corollary 6. The closed-loop NCS (30) with delay-
independent control parameters and arbitrary bounded
delays is asymptotically stable, if there exist 𝑛 × 𝑛 matrices
P𝑖 > 0 andM𝑖𝑗, satisfying

[
−P𝑙 P𝑙Π𝑖𝑖
∗ −P𝑖 −M𝑖𝑖

] < 0, (𝑖, 𝑙 ∈ {1, 2, . . . , 𝑟}) ,

[

−2P𝑙 P𝑙 [Π𝑖𝑗 + Π𝑗𝑖]

∗ −P𝑖 − P𝑗 −M𝑖𝑗 −M𝑇
𝑖𝑗

] < 0, (1 ≤ 𝑖 < 𝑗 ≤ r) ,

Ω =

[
[
[
[

[

M11 M12 ⋅ ⋅ ⋅ M1𝑟
M𝑇
12

M22 ⋅ ⋅ ⋅ M2𝑟
...

... d
...

M𝑇
1𝑟

M𝑇
2𝑟

⋅ ⋅ ⋅ M𝑟𝑟

]
]
]
]

]

< 0.

(31)

Remark 7. One can readily infer that, by remaining the
control parameter constant (i.e., L𝑖 = L𝑖(𝜏𝑘, 𝑑𝑘)), Theorem 3
implies Corollary 6. This indicates that Theorem 3 is no
more conservative than Corollary 6. In other words, from
a theoretical point of view, using delay-dependent control
parameter in NCSs obtains no more conservative results
than using delay-independent control parameter. The previ-
ous theoretical analysis demonstrates the advantage of the
proposed method.

Remark 8. Tomake our ideamore lucid, in this paper, we only
consider the stabilization case under a simple framework.
However, it is worth mentioning that the previous derived
results can be easily extended to the robust control case or
𝐻∞ control case.

4. Illustrative Example

In this section, an illustrative example will be presented to
demonstrate the effectiveness of the proposed approach. To
this end, let us consider an NCS shown in Figure 1, where the
controlled plant is a cart and inverted pendulum system and
it is borrowed from our earlier work [25]. The dynamics of
the cart and inverted pendulum system are described as

�̇�1 = 𝑥2,

�̇�2 =

1

[(𝑀 + 𝑚) (𝐽 + 𝑚𝑙
2
) − 𝑚
2
𝑙
2
𝑥1]

× [−𝑓1 (𝑀 + 𝑚) 𝑥2 − 𝑚
2
𝑙
2
𝑥
2

2
sin𝑥1 cos𝑥1

+ 𝑓0𝑚𝑙𝑥4 cos𝑥1

+ (𝑀 + 𝑚)𝑚𝑔𝑙 sin𝑥1 − 𝑚𝑙 cos𝑥1𝑢] ,

�̇�3 = 𝑥4,

�̇�4 =

1

[(𝑀 + 𝑚) (𝐽 + 𝑚𝑙
2
) − 𝑚
2
𝑙
2
𝑥1]

× [𝑓1𝑚𝑙𝑥2 cos𝑥1 + (𝐽 + 𝑚𝑙
2
)𝑚𝑙𝑥
2

2
sin𝑥1

− 𝑓0 (𝐽 + 𝑚𝑙
2
) 𝑥4 − 𝑚

2
𝑔𝑙
2 sin𝑥1 cos𝑥1,

+ (𝐽 + 𝑚𝑙
2
) 𝑢] .

(32)

For more details on the physical meanings and parameters
of each variables, please refer to our earlier work [25]. Let
x = [𝑥1, 𝑥2, 𝑥3, 𝑥4], where 𝑥1 denotes the angle (rad) of the
pendulum from the vertical, 𝑥2 is the angular velocity (rad/s),
𝑥3 is the displacement (m) of the cart, and 𝑥4 is the velocity
(m/s) of the cart. When the sampling period is set to ℎ =

0.005 s, the considered cart and inverted pendulum system
can be expressed by the following T-S fuzzy model:

Plant rule 1:
IF x1 (𝑘) is about 0,
THEN x (𝑘 + 1) = F1x (𝑘) + G1u (𝑘) ,

y1 (𝑘) = C1x (𝑘) ,
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Plant rule 2:

IF x1 (𝑘) is about ±

𝜋

3

,

THEN x (𝑘 + 1) = F2x (𝑘) + G2u (𝑘) ,
y2 (𝑘) = C2x (𝑘) ,

(33)

where the corresponding parameters are given by

F1 =
[
[
[

[

1.000364 0.004996 0 0.000536

0.145489 0.998798 0 0.211786

−0.000015 0.0 1 0.004796

−0.006057 0.000049 0 0.919852

]
]
]

]

,

G1 =
[
[
[

[

−0.000023

−0.009242

0.000008

0.003497

]
]
]

]

, C1 =
[
[
[

[

1 0

0 0

0 1

0 0

]
]
]

]

𝑇

,

F2 =
[
[
[

[

1.000275 0.004996 0 0.000245

0.110107 0.998842 0 0.096910

−0.000005 0.000000 1 0.004814

−0.002292 0.000024 0 0.926650

]
]
]

]

,

G2 =
[
[
[

[

−0.000010

−0.004229

0.000008

0.003200

]
]
]

]

, C2 =
[
[
[

[

1 0

0 0

0 1

0 0

]
]
]

]

𝑇

(34)

and themembership functions for plant rule 1 and 2 are of the
following form:

𝜇1 [x1 (𝑘)] = {1 −

1

1 + 𝑒
−7[x1(𝑘)−𝜋/6]

} ×

1

1 + 𝑒
−7[x1(𝑘)−𝜋/6]

,

𝜇2 [x1 (𝑘)] = 1 − 𝜇1 [x1 (𝑘)] .
(35)

For more details on the controlled plant, we refer the reader
to our earlier work [25].

In this scenario, the random delays are set to 𝜏𝑘 ∈ {1, 2}

and 𝑑𝑘 ∈ {1, 2}. By the proposed method, we obtain a stabi-
lizing T-S fuzzy controller of the form (6), with the following
parameters:

L1 (1, 1) = [55.2252 29.0898 10.8434 57.5585] ,

L1 (1, 2) = [52.0972 10.0643 8.3996 44.1605] ,

L1 (2, 1) = [51.3889 9.9974 8.8001 44.3360] ,

L1 (2, 2) = [48.1232 8.5432 4.1590 40.8940] ,

L2 (1, 1) = [140.5636 32.9458 7.7856 33.3936] ,

L2 (1, 2) = [127.3991 30.7697 7.2025 32.9037] ,

L2 (2, 1) = [126.7388 30.4958 7.3644 32.8196] ,

L2 (2, 2) = [100.7092 28.2467 6.9607 31.886] .

(36)
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Figure 2: Typical simulation results using the proposed networked
controller.

0 500 1000 1500 2000
0

0.002
0.004
0.006
0.008

0.01

Packet number 

𝜏
𝑘

(a) Sensor-controller random delays 𝜏𝑘

0 500 1000 1500 2000
0

0.002
0.004
0.006
0.008

0.01

Packet number

𝑑
𝑘

(b) Controller-actuator random delays 𝑑𝑘

Figure 3: The corresponding network conditions.

With the initial state x0 = [10, 0, −10, 0]
𝑇, typical simu-

lation result of the previous networked inverted pendulum
system is depicted in Figure 2, where the corresponding
time delays are depicted in Figure 3. It can be seen that
the previous networked system is asymptotically stable and
shows satisfactory control performance, which illustrates the
effectiveness of the proposed method.

Then to further illustrate the advantage of the proposed
method, let us consider the networked systemwith the delay-
independent controller. To this end, we applied Corollary 6 to
the previousNCS and obtain a stabilizing T-S fuzzy controller
with the following parameters:

L1 = [50.8743 9.0431 6.8321 43.8548] ,

L2 = [105.8937 29.7894 7.1743 32.4361] .

(37)
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Figure 4: Typical simulation results using the proposed networked
controller.

Then with the same initial state x = [0.4, 0, 0, 0]
𝑇, the

simulation result of the networked system with previous
delay-independent controller is plotted in Figure 4. Appar-
ently, the proposed delay-dependent controller shows better
control performance than the delay-independent one, which
illustrates the advantage of the proposed method.

5. Conclusions

This paper presents a delay-dependent state feedback sta-
bilization method for a class of T-S fuzzy NCSs with ran-
dom time delays. A two-mode-dependent fuzzy controller
is constructed, and the resulting NCSs is transformed into
discrete-time fuzzy switched system. Under this framework,
the stability conditions are derived for the closed-loop NCS,
and the corresponding stabilizing controller designmethod is
also provided. The main advantage of the proposed method
is that the control signal computation can effectively employ
most recent delay information, and therefore better control
performance of NCSs could be obtained. Simulation and
experimental results are given to illustrate the effectiveness of
the obtained results. In the futurework, wewill considermore
performance requirements such as 𝐻∞ specification during
the controller design stage.
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