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The Multiple Encounters Problem is described in the literature as the problem of finding trajectories for a spacecraft that leaves
from amother planet, describes a trajectory in the interplanetary space, and then goes back to themother planet.The present paper
extends the literature and the departure and arrival angles of the spacecraft are generalized to be nonsymmetrical.The solutions are
shown in terms of the true (]) and eccentric anomaly (𝜂). The velocity variation (Δ𝑉) required for the transfer is also shown.Then,
this study is generalized to consider the possibility that the spacecraft makes a close approach with the mother planet to change
its energy in the return trip. The velocity (Δ𝑉) and energy variation (Δ𝐸) due to this passage are obtained. The topics studied here
can be applied in missions that leave and come back to the Earth, with the goal of studying the interplanetary space, as well as for
missions whose objective is to make an alteration in the energy of the space vehicle through a swing-by with the mother body.

1. Introduction

The literature is extensive with respect to problems involving
transfer orbits and optimal spacecraft maneuvers. Goddard
[1], in 1919, was a pioneer in studying the problem of
transferring a spacecraft between two points. In his research,
approximated solutions are proposed for the problem of
sending a rocket to high altitudes minimizing the fuel
consumed. Regarding orbital transfers, a classic work was
made by Hohmann [2], in 1925. The problem of transferring
a spacecraft between two coplanar circular orbits with free
time around a central force field (Newtonian) was studied,
obtaining as a solution a bi-impulsive elliptical transfer orbit.
This solution is used even today, for a first mission analysis,
and was considered as the final solution of the problem up to
the year 1959, when Shternfeld [3] and Hoelker and Silber [4]
showed that a three-impulsive transfer is more economical,
depending on the final and initial orbits involved. Several
other papers studying impulsive maneuvers to change the
orbit of a spacecraft can be found in [5–19]. Later, the idea
of a nonimpulsive thrust was considered to solve this orbital
maneuver problem. Lawden [20, 21] described a theoretical

complete solution for the problem of orbital transfer between
two points with minimum fuel consumption. This problem
received the name “Lawden’s Problem”due to its commitment
to solve it. He introduced a new concept, “the primer vector,”
which is the Lagrange multiplier associated with the velocity
vector, to find a necessary condition for optimal impulsive
trajectories according to the magnitude of this vector. After
that, many results appeared in the literature related to this
type of maneuvers, as shown in [22–34].

Regarding theMultiple Encounters Problem, it was intro-
duced in the literature by Hénon [35], in 1968, that studied
a maneuver where the spacecraft starts its motion in a
mother body and then returns to this same body, after a
journey in a different trajectory with respect to this mother
body. He demonstrated that the solution can be reduced to
simple algebraic equations. This maneuver became known
as “Hénon’s Transfer” (Prado and Broucke [36, 37]). Orbits
of this type were also examined by Bruno [38], Perko
[39], and Hitzl and Hénon [40, 41] considering the circular
restricted three-body problem as the mathematical model. In
particular, [40, 41] investigated the importance of the role of
the Jacobian constant in families of orbits for the case 𝜇 = 0
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and the stability in the vicinity of the orbits with 𝜇 = 0, where
𝜇 is the mass of the secondary body in canonical units. They
sought to find consecutive meetings between 𝑀

3
and the

orbit of𝑀
2
in the restricted three-body problem for the case

𝜇 = 0. Later, Howell [42] generalized this study to include
elliptical orbits for the primaries, and Santos [43] and Santos
et al. [44] considered angles with differentmagnitudes for the
initial and final points of the transfer.

The problem studied here is the transfer of a spacecraft
from one body back to the same body, with a possible
swing-by in the return passage of the spacecraft. There are
numerous applications of this problem, such as (i) to transfer
a spacecraft from the Earth to an interplanetary trip and then
back to the Earth, without the need of maneuvers during this
process, implying the optimization of the fuel consumption;
(ii) to transfer a spacecraft from theMoon,whichmay include
a passage by the Earth, and then put it back on the Moon;
(iii) rendezvous maneuvers, when one desires that the space
vehicle stands alongside another spacecraft; (iv) to maneuver
the spacecraft so that it leaves and return to the Earth to
perform a swing-by to change its energy, and then go to the
outer Solar System; (v) to move a spacecraft that is around a
planet, like Jupiter, to another location in the Solar System or
even out to the interstellar space.

For these last two applications, it is necessary to combine
the Multiple Encounters Problem with the gravity assisted
maneuvers. This type of maneuver is used very often in
interplanetary trajectories. It uses a close approach with a
celestial body to change the orbit of a spacecraft. References
[45–61] show some applications of that problem. Details of
the combination of those two problems are better explained
later in this paper.

2. Description of the Multiple
Encounters Problem

To describe the Multiple Encounters Problem, let us call 𝑀
1

and 𝑀
2
the two primary bodies of the system, with masses

(1 − 𝜇) and 𝜇, respectively. 𝑀
2
is in a circular orbit (in

the original version of the problem studied by Hénon [35])
or in an elliptical orbit (in the extension made by Howell
[42]) around 𝑀

1
. Hénon [35] studied this problem and

published solutions for the case of circular orbits. Howel [42]
published solutions for the elliptic case, where the transfers
were symmetrical with respect to the periapsis. Prado and
Broucke [36, 37] also published solutions for this problem, in
the same situations, using the Lambert method to solve the
problem.

The spacecraft𝑀
3
(the third body) leaves𝑀

2
at the point

𝑃 (𝑡 = 𝜓
0
), follows a trajectory around 𝑀

1
, and then meets

again with𝑀
2
, at the point𝑄 (𝑡 = 𝜓

𝑓
), where𝜓

0
,𝜓
𝑓
∈ [0, 2𝜋]

with 𝜓
𝑓
> 𝜓
0
(Figure 1). The literature usually studied this

problem under the condition 𝜓
𝑓
= −𝜓
0
, but now this study

is extended to consider the cases where 𝜓
0
and 𝜓

𝑓
are not

necessarily symmetrical [43]. A priori, it is assumed that 𝜇
2
=

0 (disregard the effects of the attraction of𝑀
2
on𝑀
3
), which

reduces the problemof three bodies to the two-body problem.
So, it is possible to use Kepler’s equations in the development

𝑀3
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Figure 1: The geometry of Hénon’s problem formulated as Lambert
problem [43].

of the solutions. Two impulses will be used to perform the
transfer maneuver; the first one makes the spacecraft to leave
the mother body, and the second one is used to capture the
spacecraft again. Figure 1 illustrates this situation, where the
𝑥-𝑦-𝑧 system of reference is any inertial system.The𝑀

3
body

does not escape from the gravitational attraction of 𝑀
1
and

has negligible mass.
Lambert’s problem can be formulated as follows. “Find

an unperturbed orbit under the mathematical model given
by a law that works with the inverse square of the distance
(Newtonian formulation), that connects two given points 𝑃
and𝑄, with the transfer time (Δ𝑡) specified.” In the literature,
several researchers have solved this problem using distinct
formulations. From a geometrical analysis of the problem
[36, 37], it is possible to write the equations shown next.

(i)The position coordinates of𝑀
2
are defined as (assum-

ing circular orbits, in the geocentric system)

𝑥
2
= cos (𝑡) ,

𝑦
2
= sin (𝑡) .

(1)

(ii)The position coordinates of𝑀
3
are defined as (assum-

ing coplanar elliptic orbits)

𝑥
3
= 𝑎 (cos (𝐸) − 𝑒) ,

𝑦
3
= 𝑎√1 − 𝑒2 sin (𝐸) ,

𝑡 = 𝑎
3/2

(𝐸 − 𝑒 sin (𝐸)) ,

(2)

where (𝑎, 𝑒, and𝐸) are theKeplerian elements semimajor axis,
eccentricity and eccentric anomaly of the orbit of the body,
and 𝑡 is the time.
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There are different possibilities for the orbit of𝑀
3
around

𝑀
1
[44]. Analyzing them, it is possible to define [36, 37]

𝜀 = {
+1,

−1,
if the periapsis is in an abscissa{ positive,

negative,

𝜀

= {

+1,

−1,
if the orbit sense is {

progressive,
retrograde,

𝜀

= {

+1,

−1,
if the passage by 𝜓 = 0 is at the {

periapsis,
apoapsis.

(3)

Using this formulation, the generalized position coordinates
of𝑀
3
are

𝑥
3
= 𝜀 𝑎 (𝜀

 cos (𝐸) − 𝑒) ,

𝑦
3
= 𝜀𝜀

𝑎√1 − 𝑒2𝜀

 sin (𝐸) ,

𝑡 = 𝑎
3/2

(𝐸 − 𝜀

𝑒 sin (𝐸)) .

(4)

To solve the problem it is necessary to impose that (1) and
(4) have the same values, because𝑀

2
and𝑀

3
are in the same

initial position. Remember that the angular velocity (𝜔) of the
system is unit; so, 𝜓 can be considered to be the time as well
as the angle. So, 𝑡 = 𝜓 and 𝐸 = 𝜂 (eccentric anomaly), where

cos (𝜓) = 𝜀𝑎 (𝜀
 cos (𝜂) − 𝑒) ,

sin (𝜓) = 𝜀𝜀

𝑎√1 − 𝑒2𝜀

 sin (𝜂) ,

𝜓 = 𝑎
3/2

(𝜂 − 𝜀

𝑒 sin (𝜂)) .

(5)

This set of equations will be used to generate the solu-
tions of the problem. Hénon’s problem [35], formulated as
Lambert’s problem, can be described in the way shown next
[36, 37].

(i) The position of𝑀
3
is known at 𝑡 = 𝜓

0
(point 𝑃, initial

point of the transfer orbit). The position 𝑅
1
can be specified

as a function of the angle 𝜓
0
by

𝑅
1
=

𝑎 (1 − 𝑒
2
)

1 + 𝑒 cos (𝜓
0
)
. (6)

It is the same value for 𝑀
2
and 𝑀

3
, because 𝑀

2
and 𝑀

3

occupy the same position at the initial moment (𝑡 = 𝜓
0
).

(ii) The position of 𝑀
3
is also known at 𝑡 = 𝜓

𝑓
(point

𝑄, the final point of the transfer orbit). The position 𝑅
2
is

described by the equation

𝑅
2
=

𝑎 (1 − 𝑒
2
)

1 + 𝑒 cos (𝜓
𝑓
)
. (7)

(iii) The total transfer time is given by Δ𝑡 = 𝜔(𝜓
𝑓
− 𝜓
0
).

(iv) The total angle Δ𝜓, between the points 𝑃 and 𝑄,
for the case where the orbits are elliptic, has several possible
values.

First of all, it is necessary to consider two possible choices
for the transfer; the first one uses the sense of the shortest

possible angle between𝑃 and𝑄 (“short way”), and the second
one uses the sense of the longest possible angle between these
two points (“long way”).

After considering these two choices, it is also necessary
to consider the possibilities of multirevolution transfers. In
this case, the spacecraft leaves the point𝑃, makes one ormore
complete revolutions around𝑀

1
, and then it goes to the point

𝑄. Thus, the possibilities, after combining those two factors,
indicate that the values for Δ𝜓 are [𝜓

𝑓
− 𝜓
0
+ 2𝑚𝜋] and

[2𝜋 − (𝜓
𝑓
− 𝜓
0
) + 2𝑚𝜋]. There is no upper limit for 𝑚, and

this problemhas an infinite number of solutions, except in the
case where the orbit of 𝑀

3
is parabolic or hyperbolic, where

Δ𝜓 has a unique value.
Lambert’s problem solution is the Keplerian orbit that

contains the points 𝑃 and 𝑄 and that requires the given
transfer time Δ𝑡 = Δ𝜓 = 𝜓

𝑓
− 𝜓
0
for the spacecraft to travel

between those two points. In this paper, Gooding’s Lambert
routine is used to solve Lambert’s problem [62].

Possible applications for this technique are interplanetary
research in the Solar System, a basis for a transportation
system between the Earth (𝑀

1
) and the Moon (𝑀

2
) where

no orbit correction is required, and so forth.
To get the velocity variation (Δ𝑉), the following steps are

used.
(1) Find the radial and the transverse components of

the velocity vector of 𝑀
2
at the points 𝑃 and 𝑄. They

are also the velocity components of 𝑀
3
immediately before

the first impulse and immediately after the second impulse,
respectively, due to the fact that their orbits intercept on those
points. The following steps are used to get the [43]

(a) radial velocity

𝑉
𝑟
=

𝑒 sin (])

√𝑎 (1 − 𝑒2)

; (8)

(b) transverse velocity

𝑉
𝑡
=
1 + 𝑒 cos (])

√𝑎 (1 − 𝑒2)

, (9)

where ] is the true anomaly.
(2) Solve Lambert’s Problem for a transfer between the

points𝑃 and𝑄. At this instant the transfer time is also known.
(3) After obtaining the components of the velocity vector

immediately before and after the impulses, it is possible to
calculate the magnitude of the two impulses (Δ𝑉

1
and Δ𝑉

2
)

and to add them to obtain the total impulse required for
transfer (Δ𝑉).

3. Numerical Solutions for the Multiple
Encounters Problem

To make numerical simulations, the procedure is to vary the
initial and final positions of 𝑀

2
for the maneuver. Then,

the values of the velocity variation and other quantities can
be calculated to find the maneuvers with the minimum
consumption. The make the results easier to visualize, it is
interesting to show the results considering a fixed value of
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𝜓
0
. Then, the solutions are given in terms of 𝜓

𝑓
(𝜓
𝑓

∈

[𝜓
0
, 𝜓
𝑠
]), which is the angle that defines the final point of the

maneuver.𝜓
𝑠
is themaximumvalue for𝜓

𝑓
.The range of these

parameters is provided as an input of the simulation. For each
set of the simulatedmaneuvers, the figures show the solutions
of the Multiple Encounters Problem.

3.1. Simulation for the Parameters 𝜓
𝑜

= −2.5 and 𝜓
𝑜

≤

𝜓
𝑓
≤ 𝜓
𝑠
= 3.5 rad. The procedure for the simulation is the

following.

(1) Values of the eccentricities of the primaries, 𝑀
1
and

𝑀
2
, are defined. It means that the dynamical system

is defined, because the maneuvers are assumed to be
planar and the semimajor axis is always unitary, by the
definition of the canonical units.

(2) An initial value for the point where the spacecraft
leaves the body𝑀

2
is selected. In the example shown

here, this value is 𝜓
𝑜
= −2.5 rad. Simulations with

different values were made, and the results were very
similar.

(3) The angle that determines the point of the return
of the spacecraft to 𝑀

2
, 𝜓
𝑓
, is then varied to cover

the desired range for this variable. This condition
also defines the duration of the transfer, because the
angular velocity is unity; so, 𝜓

𝑓
− 𝜓
0
also represents

the time of the transfer.
(4) Using the time of the transfer and the initial and

final points defined earlier, it is possible to solve the
associated Lambert’s problem.This solution gives the
transfer orbit and the total increment of velocity to
perform the transfer.

(5) Considering the possibility of several revolutions for
the transfer, a family of solutions appears for each pair
of points. They are plotted in figures that show the
complete set of solutions.

Let us assume the following parameters: 𝜓
𝑜
= −2.5; 𝜓

𝑜
≤

𝜓
𝑓

≤ 3.5 rad. Figure 2 shows the solutions in terms of the
true anomaly (]) for the situationwhere the eccentricity of the
primary (𝑀

2
) is 0.5.The horizontal axis shows the value of𝜓

𝑓

in rad, and the vertical axis shows the true anomaly of the final
point of the maneuver. Every dot in this plot represents one
solution of the problem and so one transfer orbit. Note that
the solutions are not unique, because the spacecraft may give
several revolutions around the primary. Up to 6 revolutions
were included in these simulations.

The same solutions can be seen in Figure 3 but now in
terms of the eccentric anomaly (𝜂) for the same situation
where the eccentricities of the primaries are 0.5. The hori-
zontal axis again shows the value of𝜓

𝑓
in rad, and the vertical

axis now shows the eccentric anomaly of the final point of the
maneuver. Every dot in this plot also represents one transfer
orbit and so one solution of the problem.

Figure 4 shows the total velocity variations for the same
solutions, where the eccentricities of the primaries are 0.5.
The horizontal axis shows again the value of 𝜓

𝑓
in rad, and

the vertical axis now shows the total impulse that needs to be
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Figure 3: Solution in terms of the eccentric anomaly (𝜂); 𝑒 = 0.5,
−2.5 ≤ 𝜓
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≤ 3.5 rad.

applied to the spacecraft to complete themaneuver. Every dot
in this plot also represents one transfer orbit. It is interesting
to note the large range of values for the total velocity variation
(Δ𝑉), which goes from values closer to zero to values as high
as 7 canonical units. It is important to note that there are
values ofΔ𝑉 very near to zero; so, the transfer from one body
back to the same body near those conditions has a very small
impulse to be performed.

Figure 5 shows the semi-major axis for the same solu-
tions. The horizontal axis shows again the value of 𝜓

𝑓
in

rad, and the vertical axis now shows the semi-major axis of
the transfer orbit. Every dot in this plot also represents one
transfer orbit.

Several transfer times (Δ𝑡 = 𝜓
𝑓
− 𝜓
𝑜
) were simulated,

since the initial angle was kept constant. Among numerous
transfer orbits, it is shown that there are families of solutions
where the Δ𝑉 required for the transfer is very small, close
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to zero. These orbits are good solutions, because the fuel
consumption for this transfer is minimal. Solutions with
minimum Δ𝑉 (close to zero) provide trajectories that are
good candidates for future missions.

Similar simulations were performed for different values
of the eccentricity. The results are similar, and so they are
omitted here.

The results of those simulations with various eccentric-
ities showed that a system of primaries with smaller eccen-
tricities are better for the execution of Multiple Encounters
Orbits, with respect to the fuel consumption, because they
are smaller when compared to system of primaries with high
eccentricities (𝑒 → 1). Another point is that the more
eccentric the orbit of𝑀

3
, the higher the fuel consumption for

the spacecraft to exit and return to the body𝑀
2
. This implies

that it is more common to find better solutions (minimalΔ𝑉)

Table 1: Solutions with Δ𝑉 < 0.1.

Eccentricity 𝜓 (rad)
True

anomaly
Eccentric
anomaly

Velocity
variation

] (rad) 𝜂 (rad) Δ𝑉

𝑒 = 0

−0.001 1.9990 1.9990 0.000111

−2.001 0.9990 0.9990 0.000167

0.933 1.9330 1.9330 0.000179

−0.099 0.9010 0.9010 0.000195

𝑒 = 0.1

−0.001 1.9988 1.9986 0.000176

−2.001 0.9988 0.9986 0.000209

−0.002 1.9975 1.9973 0.000353

−2.002 0.9975 0.9973 0.000419

𝑒 = 0.5

−2.001 0.9965 0.9940 0.008940

−0.001 1.9965 1.9940 0.008940

1.999 1.9965 1.9980 0.008946

1.999 0.9965 0.9980 0.008964

𝑒 = 0.9

0.000 2.0000 2.0000 0.007984

2.000 1.0000 1.0000 0.007984

−2.000 1.0000 1.0000 0.012248

2.000 2.0000 2.0000 0.012248

among circular orbits (𝑒 = 0) or among orbits with small
eccentricities.

Table 1 shows solutions where the velocity variation (Δ𝑉)
for the Multiple Encounters Problem is minimal considering
eccentricities from zero to 0.9. The existence of solutions is
clear with small variation of velocity in all situations, but the
minimum values occur for lower values of the eccentricity of
the primaries.

4. The Swing-By Maneuvers

The dynamics of the two bodies is used in the present
formulation. The system is considered to be formed by three
bodies. It is possible to say that

(1) the body𝑀
1
, with finite mass, is located in the center

of mass of the Cartesian system;
(2) 𝑀

2
, a smaller body, can be a planet or a satellite of𝑀

1
,

in a Keplerian orbit around𝑀
1
;

(3) a body 𝑀
3
, a spacecraft with infinitesimal mass, is

traveling in a Keplerian orbit around 𝑀
1
, when it

makes an encounter with𝑀
2
.

This encounter changes the orbit of 𝑀
3
with respect to

𝑀
1
and, by the hypothesis assumed for the problem, it is

considered that the orbits of𝑀
1
and𝑀

2
do not change.

Using the “patched conics” approximation, the equations
that quantify those changes are available in the literature [50].
The standard maneuver can be identified by the following
three parameters (Figure 6):

(i) |�⃗�
∞
|, the magnitude of the velocity of the spacecraft

with respect to 𝑀
2
when approaching the celestial

body;
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(ii) 𝑟
𝑝
, the distance between the spacecraft and the celes-

tial body during the closest approach;
(iii) 𝑉

𝑝
, the absolute value of the velocity at the periapsis;

(iv) 𝜓
𝐴
, the angle the approach, that is, the angle between

the line connecting the primaries and the periapsis of
the close approach trajectory.

Having those variables, it is possible to obtain 𝛿, that is,
half of the total deflection angle, by using the equation [50]

𝛿 = arcsin( 1

1 + 𝑟
𝑝
𝑉2
∞
/𝜇
2

) . (10)

A complete description of this maneuver and the deriva-
tion of the equations can be found in Broucke [50]. The final
equations are reproduced as follows:

Δ𝐸 = −2𝑉
2
𝑉
∞
sin (𝛿) sin (𝜓

𝐴
) , (11)

Δ𝐶 = −2𝑉
2
𝑉
∞
sin (𝛿) sin (𝜓

𝐴
) , (12)

Δ𝑉 =

Δ�⃗�


= 2


�⃗�
∞


sin (𝛿) = 2𝑉

∞
sin (𝛿) . (13)

4.1. Hypotheses for a Swing-By with Jupiter (JGA—Jupiter
Gravity Assisted) Obtained by Solving the Multiple Encounters
Problem. To solve this problem, the following assumptions
are made.

(1) The system is formed by two bodies in elliptic orbits
around their mutual center of mass and a third mass-
less bodymoving under the action of the gravitational
forces.

(2) The origin of the system is placed in the center of
mass. The horizontal axis is the line connecting the
bodies𝑀

1
and𝑀

2
and the vertical axis is perpendic-

ular to that line.

(3) The spacecraft leaves the point 𝑃 (see Figure 1),
crosses the horizontal line (Sun-Jupiter), goes to the
apsis, and then reaches the point 𝑄, where the close
approach occurs (see now Figure 6).

(4) After the close approach, the spacecraft modifies the
velocity, energy, and angular momentum (11) to (13).

(5) We used the canonical system of units. This formula-
tion implies that the unit of distance is the distance
between 𝑀

1
(Sun) and 𝑀

2
(Jupiter); the angular

velocity (𝜔) of the motion of 𝑀
1
and 𝑀

2
is assumed

to be unitary; the mass of the smaller primary (𝑀
2
) is

given by 𝜇 = 𝑚
2
/(𝑚
1
+𝑚
2
) (where𝑚

1
and𝑚

2
are the

real masses of𝑀
1
and𝑀

2
, resp.), and the mass of𝑀

2

is (1−𝜇), tomake the total mass of the system unitary;
the gravitational constant is one.

In this system of units, the gravitational parameter of
Jupiter is 𝜇

𝑗
= 9.47368421 × 10

−2. More details are available
in [43].

4.2. Swing-By with 𝑒 = 0.1, 𝜓
𝑜

= −2.5, and 𝜓
𝑜

≤

𝜓
𝑓
≤ 3.5 rad. Numerical simulations were performed using

Jupiter for the body from where the spacecraft escapes and
performs the swing-by in the return trip. This situation can
happen in a practical situation where it is desired to use the
gravity of Jupiter to help to move a spacecraft that is around
Jupiter to another location in the space, like another planet,
asteroid, and so forth.The velocity (Δ𝑉) and the energy (Δ𝐸)
variations, which depend on the final angle of the maneuver
𝜓
𝑓
, are analyzed after the Jupiter Gravity Assisted (JGA).

Among the simulation parameters, the approach distance of
the spacecraft during the swing-by is an important parameter.
In order to get the strongest possible results without taking
the risk of colliding the spacecraft into the atmosphere of
Jupiter, a value of 1.2 Jupiter radius ≈ 5.725019385545 ×

10
−4 was used. Table 2 shows the solutions with maximum

variations of velocity and energy.
The numerical results show that the largest gain for the

velocity variation (Δ𝑉) does not imply the largest gain in
energy (Δ𝐸), which is a consequence of (11) to (13). Note that
the variation in energy has an extra term (sin(𝜓

𝐴
)), affecting

themagnitude of the change in energy and not themagnitude
of the change in velocity. This angle is determined by the
geometry of the approach, which is defined by the choices
of the initial and final points of the Multiple Encounters
Maneuver. Figure 7 shows the variation of velocity (Δ𝑉)
obtained from the swing-by for the situation where the
eccentricity of the primaries is 0.1, the initial position of the
maneuver is specified by the angle𝜓

𝑜
= −2.5 rad, and the final

position of the maneuver (angle 𝜓
𝑓
) is in the range between

−2.5 and 3.5 rad. Note that there are positions with very sharp
maximums. Figure 8 shows the equivalent variation of the
energy (Δ𝐸). Note that, in general, the maximums are in the
same position, but there are slight differences between both
plots, for the reasons already explained. Varying the values of
the angles (𝜓

0
), values of maximum gains for the variation of

the energy (Δ𝐸) and velocity (Δ𝑉) were found. The variation
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Table 2: Swing-by with Δ𝑉 > 1.2, Δ𝑉, and Δ𝐸 in canonical units.

𝑒 = 0.1
𝜓
𝑜
= −2.5 rad Angle of approach Variation of velocity Variation of energy

𝜓
𝑠
= 3.5 rad
𝜓
𝑓

𝜓
𝐴 Δ𝑉 Δ𝐸

rad Degree rad Degree
2.999 171.830043 3.8745 221.992498 1.2159 0.81346

3.001 171.944634 3.8770 222.135737 1.2144 0.81472

−1.001 −57.3530753 3.8902 222.892041 1.2053 0.82042

1.999 114.534263 3.8795 222.278977 1.2119 0.81532

2.001 114.648855 3.8801 222.313354 1.2116 0.81562

2.999 171.830043 3.8607 221.201816 1.2222 0.80505

3.001 171.944634 3.8607 221.201816 1.2222 0.80509

1.999 114.534263 3.8882 222.77745 1.2113 0.82266

2.001 114.648855 3.8871 222.714425 1.2119 0.82209

2.999 171.830043 3.8857 222.63421 1.2125 0.82121

1.999 114.534263 3.8900 222.880582 1.2067 0.82113

2.999 171.830043 3.8857 222.63421 1.2125 0.82121

3.001 171.944634 3.8817 222.405027 1.2146 0.81913

1.999 114.534263 3.8900 222.880582 1.2067 0.82113

1.999 114.534263 3.8882 222.77745 1.2113 0.82266

2.001 114.648855 3.8871 222.714425 1.2119 0.82209

2.999 171.830043 3.8607 221.201816 1.2222 0.80505

3.001 171.944634 3.8607 221.201816 1.2222 0.80509

0.2

0

0.4

0.6

0.8

1

1.2

−2 −1 0 1 2 3

Δ
𝑉

SB
 (c

an
on

ic
al

 u
ni

ts)

𝜓𝑓 (rad)

Figure 7: Variation of velocity (Δ𝑉) obtained by the swing-by for
the situation where 𝑒 = 0.1, 𝜓

𝑜
= −2.5 rad, and −2.5 ≤ 𝜓

𝑓
≤ 3.5 rad.

of the velocity (Δ𝑉) can also be visualized in Table 2. It is
visible that there are several points of maximum gains.

Figures 9 and 10 show the balance between the velocity
variations. The total Δ𝑉 is the difference between the value
gained from the swing-by and the value spent to maneuver
the spacecraft. Figure 9 shows that there are some negative
solutions. It means, physically, that the variation of velocity to
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Δ
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ni

ts)
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Figure 8: Variation of velocity (Δ𝐸) obtained by the swing-by in the
situation where 𝑒 = 0.1, 𝜓

𝑜
= −2.5 rad, and −2.5 ≤ 𝜓

𝑓
≤ 3.5 rad.

maneuver the spacecraft is larger than the gain obtained from
the swing-by and the maneuver should not be performed.
Positive values mean that the maneuver should be done. Of
course, it is interesting to look for the situations with maxi-
mum value for this maneuver. Figure 10 is an amplification of
Figure 9, considering only the positive results.
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Figure 9: Total Δ𝑉 (Δ𝑉SB − Δ𝑉) obtained by the swing-by for the
case where 𝑒 = 0, 𝜓
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≤ 𝜋 rad.
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Figure 10: Positive balance in Δ𝑉, obtained from the swing-by in
the situation where 𝑒 = 0, 𝜓

𝑜
= −𝜋 rad, and −𝜋 ≤ 𝜓

𝑓
≤ 𝜋 rad.

In the simulations performed in this study, some results
available in the literature [50], which helps in validating the
calculations performed here were also confirmed.

(i) If the swing-by occurs behind the body 𝑀
2
(180∘ <

𝜓
𝐴
< 360

∘), there will be an energy gain (Table 2 and
Figures 10 and 12).

(ii) If the swing-by occurs in front of the body 𝑀
2
(0∘ <

𝜓
𝐴
< 180

∘), there will be an energy loss (Figures 10
and 12).

Next, Figures 11 and 12 show the importance of the
angle of approach (𝜓

𝐴
) in the swing-by maneuver. For a

specific value of the eccentricity of the primaries and a fixed
pair of points to start and finish the maneuver (𝑒 = 0.1,
𝜓
𝑜
= −2.5 rad, and 𝜓

𝑓
= 3.5 rad), the variations of velocity

(Figure 11) and energy (Figure 12) are shown as a function of
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Figure 11: Δ𝑉 obtained from the swing-by for the situation where
𝑒 = 0.1, 𝜓

𝑜
= −2.5 rad, and 𝜓

𝑓
= 3.5 rad.

the angle of approach (𝜓
𝐴
). The scales of the vertical axis are

chosen to show the more interesting regions of the plots.
An important point to remember is to look at the type

of the orbit of the spacecraft before and after the swing-by
(circular, elliptic, hyperbolic, and parabolic). From the two
body-problem, it is known that

(i) when the energy of the spacecraft is negative, the
orbit is closed (circular or elliptical) and the spacecraft
always remains at a finite distance from the central
body, which means that the body remains orbiting
𝑀
2
;

(ii) when the energy of the spacecraft is positive, the orbit
is open (hyperbolic) and the distance to the central
body tends to infinity with the time, and so the body
does not remain orbiting𝑀

2
.

It is also important to remember that is the sum of the
initial spacecraft energy plus the variation obtained from
the swing-by (𝐸

𝑖
+ Δ𝐸) that will establish its orbit after the

maneuver, where 𝐸
𝑖
is the energy of the spacecraft before the

swing-by. So, positive and negative variations are not the only
quantity to look for to see how the orbit of the spacecraft will
be after the swing-by.

Next, another important question is studied related to
this problem, which are the effects of the eccentricity of
the primaries in the result of the swing-by maneuver in the
return passage by 𝑀

2
. It is necessary to remember that the

variation of energy obtained from the swing-by has a strong
dependence on the geometry of the close approach, a fact
that is expressed by the angle of approach in the analytical
equations (11) to (13). The eccentricity of the primaries has
a direct impact in this geometry, with lower values for the
eccentricity generating trajectories for𝑀

3
that reaches𝑀

2
in

approaches that are near parallel to the trajectory of𝑀
2
. This

fact generates values near zero or 𝜋 for 𝜓
𝐴
, which generates

smaller values for the variation of energy. In the opposite side,
values near 1.0 for the eccentricity of the primaries generate
trajectories for 𝑀

3
that reaches 𝑀

2
in approaches that are
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Table 3: Swing-by with Δ𝐸 > 1.148.

𝑒 = 0.9
𝜓
𝑜
= −2.5 rad Angle of approach Variation of velocity Variation of energy

𝜓
𝑓
= 3.5 rad
𝜓 𝜓

𝐴 Δ𝑉 Δ𝐸
rad Degree rad Degree
2.292 131.32193 4.82564 276.48892 1.15561 1.14820

2.293 131.37922 4.82347 276.36436 1.15533 1.14821

2.294 131.43652 4.82130 276.23991 1.15505 1.14821

2.295 131.49381 4.81913 276.11552 1.15478 1.14821

2.296 131.55111 4.81696 275.99125 1.15451 1.14821

2.297 131.60841 4.81479 275.86709 1.15425 1.14820
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Figure 12: Δ𝐸 obtained by the swing-by for the situation where 𝑒 =
0.1, 𝜓

𝑜
= −2.5 rad, and 𝜓

𝑓
= 3.5 rad.

near perpendicular to the trajectory of𝑀
2
.This fact generates

values near 𝜋/2 or 3𝜋/2 for 𝜓
𝐴
, which generates larger values

for the variation of energy. To verify if this expected situation
occurs, a study is made assuming 0.9 for the eccentricity
of the primaries. Figures 13 and 14 show the results. For a
value of the eccentricity of the primaries of 0.9 and a fixed
point to start the maneuver (𝜓

𝑜
= −2.5 rad), the variation

of energy (Figure 11) is shown as a function of the point to
finish the maneuver (𝜓

𝑓
). It is noticed that the maximum

values reached is larger than in the situation where 𝑒 = 0.1

(Figure 8).
Figure 14 is basically the variation of energy also as a

function of the point to start the maneuver (𝜓
𝑜
), in a three-

dimensional graph. It is noted that the figure is basically
composed of similar planar figures that are arranged after
each other. This is the main reason why the present paper
concentrates in showing results for a fixed value of the point
to start the maneuver (𝜓

𝑜
). It is much easier to visualize the

results, and there is no loss of information. Table 3 shows
the detailed results for the points with maximum variation
of energy. It is interesting to note that the increase of the
eccentricity of the primaries increases the cost of the initial
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Figure 13: Variation of energy (Δ𝐸) obtained by the swing-byin the
situation where 𝑒 = 0.9, 𝜓

𝑜
= −2.5 rad, and −2.5 ≤ 𝜓

𝑓
≤ 3.5 rad.

maneuver of the spacecraft, but it also increases the gains
from the swing-by. The next result shows that the gains are
larger and the increase of the eccentricity is benefic for the
whole maneuver.

5. Conclusion

Optimum space maneuvers were studied, which the goal of
finding trajectories that reduces the fuel consumption for
interplanetary missions. In particular, in situations where
the spacecraft leaves and comes back to the same body
(Multiple Encounters Problem), considering nonsymmetri-
cal situations for the start and finish of the maneuver. Several
simulations were performed and shown, and the solutions
found low-cost maneuvers that can be used for the planning
of real missions.

Then, the study included swing-by maneuvers in the
return passage by the mother body as a form of gaining
energy. The numerical simulations showed that the velocity
(Δ𝑉) and the energy (Δ𝐸) variations increase with the eccen-
tricity of the orbit of the primaries. This fact is interesting,
because it contrasts with the fact that the increase of this
eccentricity generates initial maneuvers with higher costs.
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Figure 14: Variation of energy (Δ𝐸) obtained by the swing-by in the
situation where 𝑒 = 0.9, −2.5 ≤ 𝜓
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3.5 rad.

The simulations showed regions where the net result is
positive.

It was also shown that the gravity assisted maneuvers
made with the Jupiter Planet (JGA) can provide a consider-
able variation of velocity and energy for a spacecraft, thus
reducing the costs of the mission. In the figures and tables
shown in this work, it is verified that this maneuver is a
powerful tool that can also be used in interplanetarymissions
that require that the spacecraft leaves a body and returns later
to this same body. This is interesting for a maneuver that
needs to move a spacecraft that is around Jupiter to send it
to another location of the Solar System or beyond.
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deux fois la,” Bulletin Astronomique, vol. 3, p. 377, 1968.

[36] A. F. B. A. Prado and R. A. Broucke, “The problem of transfer
orbits from one body back to the same body,” in Advances
in the Astronautical Sciences, R. G. Melton, L. J. Wood, R. C.
Thompson, and S. J. Kerridge, Eds., vol. 82 of Space Flight
Mechanics Part II, pp. 1241–1260, 1993.

[37] A. F. B. A. Prado and R. A. Broucke, “Study of Hénon’s orbit
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