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Mixed mode fracture tests are conducted under various initial loading combinations of mode I and mode II (from pure mode I to
pure mode II) on semicircular bend (SCB) specimens of dolomite rock. Damage zones are observed behind the fracture surfaces of
the broken samples. Scanning electron microscope images of the fracture surfaces are used to study the failure manner. Using the
conventional remesh method based on the finite element method (FEM), several widely accepted fracture criteria are employed
to theoretically predict the fracture paths. These criteria include the maximum tangential stress criterion, minimum strain energy
density criterion,maximum energy release rate criterion,maximumdilatational strain energy density criterion, and the distortional
strain energy density criterion. The applicability of the five fracture criteria is examined. The results show that none of the criteria
are successful in predicting the crack trajectories of the predominately mode II cracks; the differences among the predicted results
of the crack growth paths are negligible for each crack inclined angle. The effect of Poisson’s ratio on the fracture criteria is also
investigated and the results show that the predicted crack trajectories are not sensitive to Poisson’s ratio.

1. Introduction

Extensive development in rock fracture mechanics research
has covered many diverse areas including blasting, hydraulic
fracturing and in situ stress determination, mechanical frag-
mentation, rock slope analysis, earthquake mechanics, earth-
quake prediction, plate tectonics, magmatic intrusions, hot
dry rock geothermal energy extraction, fluid transport prop-
erties of fracturing rock masses, propagating oceanic rifts,
crevasse penetration, and other glaciological problems [1]. As
a result of complicated geological processes, numerous flaws,
cracks, and faults exist in rockmasses. Fracturemechanics is a
useful technique for investigating the initiation and propaga-
tion of an individual crack or cracks in geological materials.
Due to the complexity of in situ stresses, most fractures in
these applications occur under a combination of opening and
sliding deformation (I/II mixed mode). Under mixed mode
loading, a fracture usually propagates along a curvilinear path

[2]. However, it is quite difficult to predict the curvilinear
fracture path theoretically because the crack growth direction
has to be determined by the present mixed-mode loading
condition which corresponds to a specified position on the
curvilinear path. Further investigations into fracture initia-
tion angle and fracture propagation path under mixed-mode
loading will improve the understanding of mixed mode
fracture behavior.

Many researches have been conducted to describe crack
initiation and crack propagation under mixed-mode load-
ing. For example, Jia et al. [3] conducted a series of mixed-
mode fracture experiments using center cracked circular disc
(CCCD) specimens to observe the fracture path of concrete
under mixed mode I/II loading; Xeidakis et al. [4] inves-
tigated the trajectory of crack growth for marble using
antisymmetric three-point bend specimens under different
mixed mode loading conditions; Bobet and Einstein [5]
studied the fracture initiation, propagation, and, ultimately,
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coalescence (which plays an important role in the behavior of
brittle materials) by loading prefractured specimens of gyp-
sum, used as the rock model material, in uniaxial and biaxial
compression; Chen et al. [6] conducted a set of fracture
experiments on anisotropic shale by using CCCD specimens
under different mixed mode loading conditions for studying
the fracture initiation path and also employed the numerical
technique of boundary element method to simulate the
observed fracture paths. Vásárhelyi and Bobet [7] investi-
gated the crack initiation stress, direction, and propagation
of newly generated cracks for both open and closed frac-
tures; Wong et al. [8] numerically investigated the crack
initiation, propagation, and coalescence of rock specimens
containing preexisting crack-like flaws under compression
by using Rock Failure Process Analysis (RFPA2D); Al-shayea
[9] studied the crack initiation angle and subsequent crack
propagation path experimentally for notched Brazilian disk
specimens of limestone; Liu et al. [10] used a numerical
method for modeling the mixed mode fracture process of
heterogeneous rocks using different test samples including
CCCD specimens. More recently, Aliha et al. [11] investigated
the mixed mode I/II fracture initiation angle and the crack
growth trajectory of soft rock (Guiting Limestone) by using
bothCCCDand edge cracked SCB specimens of various sizes.

In order to theoretically estimate the crack initiation
angle, several widely accepted fracture criteria have been pro-
posed, for example, the maximum tangential stress criterion
(𝜎
𝜃
-criterion) [12], minimum strain energy density criterion

(𝑆min-criterion) [13], maximum energy release rate criterion
(𝐺max-criterion) [14–18], maximumdilatational strain energy
density criterion (𝑁𝑇-criterion) [19], and distortional strain
energy density criterion (𝑌-criterion) [20]. From a material
mechanics view, it is reasonable to suggest that mixed mode
brittle fracture occurs on reaching a certain level of critical
energy, tensile stress, tensile strain, shear stress, shear strain,
or another physical variable near the crack tip. However, it
seems that none of these variables can predict the fracture
strengths of predominately mode II fractures accurately
because each criterion will predict a corresponding invariant
fracture toughness ratio𝐾II𝑐/𝐾I𝑐 [2] which cannot be applied
to a wide range of engineeringmaterials. In fracture mechan-
ics, it is also important to predict where the crack will go,
that is, the initiation angle and the growth path of the crack.
Therefore, the applicability of these fracture criteria on the
crack growth direction and crack evolution path should be
discussed.

In this study, a series of mixed-mode fracture tests are
conducted on dolomite rock using SCB specimens. Addition-
ally, scanning electron microscope (SEM) images are used to
study the failure manner. Moreover, using the conventional
remesh method based on the FEM, the crack growth trajec-
tories for various mixed mode loading conditions (from pure
mode I tomode II) are theoretically (by the𝜎

𝜃
-criterion, 𝑆min-

criterion,𝐺max-criterion,𝑁𝑇-criterion, and 𝑌-criterion) and
numerically predicted. A detailed investigation on the appli-
cability of the five fracture criteria to the prediction of crack
evolution paths under mixed mode loading conditions has
been presented. Finally, the effect of Poisson’s ratio on the
fracture criteria is also investigated.

2. Crack Propagation Criteria

Most theoretical fracture criteria consider that when an
appropriate characteristic quantity like stress, strain, and
energy density energy release rate, in front of the crack tip
reaches its critical value which is deemed to a material con-
stant, then the crack begins propagating. For plane problem,
the singular stresses around a crack tip in polar coordinate
can be expressed as
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where 𝑟 and 𝜃 are the polar coordinates with the origin at
the crack tip and 𝐾I and 𝐾II are mode I and mode II stress
intensity factors, respectively. And the stress field inCartesian
coordinates is defined as
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where ] is Poisson’s ratio.

2.1. 𝜎
𝜃
-Criterion. Erdogan and Sih [12] propose the maxi-

mum tangential stress criterion, which considers that a crack
would grow in the direction inwhich the𝜎

𝜃𝜃
is themaximum;

the direction should meet the following conditions:
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2.2. 𝑆min-Criterion. Sih [13] formulates the specific stain
energy density factor 𝑆 at the radius 𝑟

0
in term of the energy

as follows:
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where 𝜇 is the shear modulus, 𝜅 = 3 − 4] for the plane strain
problem, and 𝜅 = (3−4])/(1+]) for the plane stress problem.
The 𝑆min-criterion postulates that the crack initiates in the
direction of minimum strain energy density along a constant
radius around the crack tip when 𝑆 reaches a critical value;
that is,
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2.3. 𝐺max-Criterion. Several forms [15–18] of 𝐺max-criterion
have been formulated and only the expressions presented by
Hussain et al. [15] will be reviewed here. The energy release
rate is given as
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where 𝐸 is Young’s modulus. According to the assumptions
made by Palaniswamy and Knauss [14], the direction of crack
propagation is the orientation in which the maximum rate of
elastic energy release rate once exceeds a critical value; that
is,

𝜕𝐺

𝜕𝜃

= 0,

𝜕
2
𝐺

𝜕𝜃
2

< 0. (8)

2.4. 𝑁𝑇-Criterion. In 𝑁𝑇-criterion [19] the total strain
energy density 𝑁 (equivalent to 𝑆 in (4)) is split into the
distortional stain energy density 𝑁

𝑑
and dilatational stain

energy density 𝑁V; that is,
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The elastic-plastic boundary then can be obtained by
employing a suitable yield condition, and in𝑁𝑇-criterion, the
Von Mises yield function is adopted. Then, one can have
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where 𝜎
𝑦
is the critical material yield strength. 𝑁𝑇-criterion

postulates that a crack propagates in the direction of maxi-
mum dilatational strain energy 𝑁V,max along the contour of
constant distortional strain energy 𝑁
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when the distance
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direction reached a critical value 𝑟
𝑝𝑐𝑟

; that is,

𝜕𝑁V|𝑟𝑝

𝜕𝜃

= 0,

𝜕
2
𝑁V|𝑟𝑝

𝜕𝜃
2

< 0,
(12)

where 𝑟
𝑝𝑐𝑟

= (1 − 2V)2𝐾2
𝐼𝑐
/(2𝜋𝜎

2

𝑦
) for plane strain and 𝑟

𝑝𝑐𝑟
=

𝐾
2

𝐼𝑐
/(2𝜋𝜎

2

𝑦
) for plane stress case.

2.5.𝑌-Criterion. 𝑌-criterion [20] also divides the total energy
density into two components, the dilatational stain energy
density 𝑌V and the distortional strain energy density 𝑌

𝑑
, as

𝑌
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𝑑
, 𝑌V = 𝑁V. (13)

𝑌-criterion presumes that a crack growth occurs in the
direction of minimum distortional strain energy density
along the constant core region boundary 𝑟

0
when the mini-

mumdistortional strain energy density𝑌
𝑑,𝜃0

reached a critical
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3. Mixed Mode Fracture Tests on
Dolomite Rock

3.1. Rock Properties. The experimental material, dolomite
rock, was taken from a quarry in Fangshan County, Beijing.
Visual inspections indicated that the rock was isotropic,
homogenous, and white in color. Its structure was contin-
uous and very tight. The X-ray diffraction (XRD) analysis
(Figure 1) showed that the rock was composed of dolomite
(CaMg(CO

3
)
2
) and quartz (SiO

2
). No pores or microcracks

were visible using SEM with ×50 magnification (Figure 2),
therefore, the porosity of this rock can be neglected. SEM
images also identified the material as a microcrystalline-
textured, fine grained rock. Its dry density was about
2.59 g/mm3. In order to get the mechanical properties of
dolomite rock, 4 groups of uniaxial compression tests and
4 groups of Brazilian tests were conducted. The mechanical
properties of the rock included a uniaxial unconfined com-
pressive strength of 135MPa, a tensile strength of 3.0MPa,
Young’s modulus of elasticity of 50GPa, and Poisson’s ratio
of 0.25.
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Figure 1: XRD results for dolomite rock.

Figure 2: SEM image for dolomite rock with ×50 magnifications.

3.2. Sample Preparation. The SCB specimens [21] were
selected for mixed mode fracture tests on dolomite rock.
Figure 3 shows the geometry of the SCB specimen and the
loading setup of the experiments. SCB specimen was a half
disc of radius 𝑅 and thickness 𝑡. The edge crack was of
length 𝑎 and angle 𝛼 relative to the loading direction. The
specimen was loaded by a vertical load 𝑃 under three-point
bending and the distance between the bottom supports was
2𝑠. When 𝛼 was zero, the specimen was subjected to pure
mode I (opening mode) independent of 𝑎/𝑅 and 𝑠/𝑅 [22]. By
increasing the angle 𝛼, the contribution of mode II (or sliding
mode) to the crack deformation increased. Puremode II took
place at a specific angle 𝛼 depending on 𝑎/𝑅 and 𝑠/𝑅 [22].

To avoid any possible boundary effects, the specimens
were taken from the center of the rocks. The SCB specimens
had a radius of 25mm and were 15mm in thickness. Values
of 𝑎/𝑅 = 0.4 and 𝑠/𝑅 = 0.4 were selected for all the
specimens. The cracks were created using a 0.2mm thick
diamond impregnated wire saw and the crack length 𝑎 was
10mm. According to [22] and numerical analysis, for the
selected specimen configuration and loading condition, at an
inclination angle of 34.8∘ the crack was pure mode II crack.
Therefore, the crack inclination angles of 𝛼 = 0

∘ (pure mode
I), 10∘, 20∘, 30∘, 34.8∘ (pure mode II), and 40∘ (compression-
shearmode) were selected. For each crack angle, four samples
were prepared.

3.3. Fracture Tests. Each SCB specimen was located inside
a three-point bending fixture (Figure 3) and then loaded by
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Figure 3: Geometrical characteristics of specimens and loading
setup.
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Figure 4: Typical plot of the applied load against the load-point
displacement.

a test machine with a capacity of 10 kN. The loading rate
was set to 0.1mm/min for all the experiments. Figure 4
represents a typical plot of the applied load against load-point
displacement. It can be seen that after a nonlinear stage the
load-displacement curve gives a linear relationship up to the
maximum load.Thedolomite specimens, including the crack,
remain stable without any visible changes during the loading
process until the load reaches a critical value. At that point
the load-displacement curve drops suddenly, which is the
characteristic of brittle fracture; the original crack propagates
rapidly toward to the point where the load is applied. When
the crack reaches the edge of the specimen, the specimen
breaks into two pieces (Figure 5). The fracture surfaces can
reveal some useful information about the failure mechanism.
Therefore, SEM was used to conduct a microscale investiga-
tion on the typical fracture surfaces.
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Table 1: Failure loads 𝑃
𝑐𝑟
obtained from mixed mode fracture tests.

Specimen code Crack inclined
angle 𝛼 (∘)

Failure load
(𝑁)

D-1 (pure mode I) 0 832
D-2 (pure mode I) 0 857
D-3 (pure mode I) 0 846
D-4 (pure mode I) 0 836
D-5 10 925
D-6 10 910
D-7 10 892
D-8 10 945
D-9 20 960
D-10 20 810
D-11 20 929
D-12 20 901
D-13 30 1002
D-14 30 936
D-15 30 997
D-16 30 993
D-17 (pure mode II) 34.8 1001
D-18 (pure mode II) 34.8 1035
D-19 (pure mode II) 34.8 1210
D-20 (pure mode II) 34.8 890
D-21 40 956
D-22 40 1256
D-23 40 1254
D-24 40 1042

3.4. Test Results and Analysis. The failure loads 𝑃
𝑐𝑟
obtained

from the mixed mode fracture tests are listed in Table 1. The
average values of𝑃

𝑐𝑟
for 𝛼 = 0

∘, 10∘, 20∘, 30∘, 34.8∘, and 40∘ are
840N, 918N, 930N, 982N, 1034N, and 1127N, respectively.
The failure load increases gradually as the proportion ofmode
II deformation increases.

Crack initiation includes two components: the crack
initiation angle and the crack initiation point. According to
linear elastic fracture mechanics (LEFM), the crack initiation
point is usually expected to be the crack tip of the original
crack. However, for specimens with 𝛼 = 30

∘ and 34.8∘ (pure
mode II), the crack initiation point is not from the crack tip, as
shown in Figure 5. Generally, only when the crack inclination
angle 𝛼 is very large, usually bigger than the values of pure
mode II or when the crack tip is obtuse seriously, the crack
initiation point may not originate from the crack tip. How-
ever, the two cases in the tests do not fall into either of these
two categories. In order to better explain such phenomenon,
the fracture surface near the crack tip has been observed with
SEM. It is found that the mineral grain near the crack tip
is much larger than that in the surrounding area (Figure 6),
which may lead to this unexpected failure behavior. The
other reason may be that the specimen contains quartz,
which possesses a much higher strength than dolomite. It is
difficult to evaluate the influence of the size of the particles

𝛼 = 0
∘

𝛼 = 10
∘

𝛼 = 20
∘

𝛼 = 30
∘

𝛼 = 40
∘

𝛼 = 34.8
∘

Figure 5: SCB specimens after failure.

Figure 6: Size of particles around the crack tip (𝛼 = 30
∘).

and the mineral composition on the crack initiation, either
qualitatively or quantitatively.

Dolomite is a brittle rock with a relatively low hardness.
After the failure of specimens, an obvious damaged zone can
be found for each specimen, as illustrated in Figure 7. The
damage zone is narrow relative to the specimen. The color
of the damaged zone is different from the surrounding area;
its color is much whiter obviously. Regardless of the position
of crack tip, a high stress zone must exist around the crack
tip and lead to damage. Fonseka et al. [23] has confirmed
this view using the technology of SEM and acoustic emis-
sion (AE). But this is a macroscopic experiment that may
demonstrate directly that the emergence of a macroscopic
crack is the result of damage that develops from microcracks
and microvoids.

SEM image was used to examine the failure manner to
better understand the fracture mechanism and the evolution
of the damage in dolomite rock. The fracture faces near the
original crack tip for the cases of 𝛼 = 0

∘, 10∘, 20∘, 30∘, 34.8∘,
and 40∘were observed by SEM; the fracture faces produced by
the Brazilian test were also studied for comparison. Figure 8
shows SEM images of crack surface of the dolomite SCB
specimens and Brazilian test with ×100 magnification.

In the case of 𝛼 = 0
∘ (Figure 8(a)), the cracked surface

is coarse which was mainly caused by intergranular failure.
Compared with the fracture surface of the broken sample
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Damaged
zone

Figure 7: Visible damaged zone of a specimen.

from a Brazilian test (Figure 8(g)), the two faces are very
similar, indicating that the specimen is destroyed by splitting
and stretching. The SEM image for 𝛼 = 10

∘ (Figure 8(b))
shows that the cracked surface is also produced primarily
by splitting, tensile stress is the main factor, and only few of
the crystalline particles are sheared off. There is no evidence
of crushing or friction. The micrograph for the case of 𝛼 =

20
∘ illustrates that the fractured surface is similar to that

of 𝛼 = 10
∘ image. The notable difference is the increment

of transgranular damage, revealing that the impact of shear
stress is increasing, although it is still small relative to the
effect of splitting. There is still no evidence of crushing in
the specimen of 𝛼 = 20

∘. In the SEM image for 𝛼 = 30
∘ the

transgranular damage becomes more apparent; the fractured
surface is produced by a combination of splitting and sliding
shear. When the angles are 𝛼 = 34.8

∘, and 40∘, the SEM
images show obvious crushing between the boundary of the
crystals. For 𝛼 = 34.8

∘, the failure is due to shear stress that is
consistentwith LEFM. For the specimens of𝛼 = 40

∘, crushing
is more serious. The analysis indicates that when the angle
increases from pure mode I to pure mode II, the effect of the
shear stress grows, but there is no crushing or abrasion on the
cracked surface, which is different from the results proposed
in previous studies [9]. Moreover, when the angle reaches
pure mode II or continues to increase (compression-shear
mode), the signs of crushing become apparent, with many
rock fragments observed on the fractured surface.

4. Numerical Analysis and Comparison

Based on (1)–(14), the crack initiation direction and growth
path can be derived. Equations (1)–(14) are functions of the
stress intensity factors and various material constants. By
using the conventional remesh method based on FEM, (1)–
(14) were employed to theoretically predict the fracture paths.
No dynamic effects were considered in the crack propagation
process. The finite element code ABAQUS and the mathe-
matical software MATLAB were combined to evaluate the
direction of crack growth. Stress intensity factors calculated
by ABAQUS would output to a specified file, and fracture
criterionwaswritten as a programbyMATLAB.Theprogram
would read stress intensity factors from the specified file and
calculate the angle in which the crack would propagate. In
each step, the simulation model was remodeled with a small
crack extension of 0.5–1mm. In the initial steps, the extension
was relatively small. As the crack tip gradually approached

the loading point, the crack extension of each step became
larger. Generally, simulating each model required at least
21 steps. The following procedure gave more details for
predicting the crack evolution path using the five fracture
criteria:

(1) calculating 𝐾I and 𝐾II for the existing crack,
(2) using each criterion to evaluate the corresponding

crack growth direction,
(3) remodeling the crack with a small extension along the

direction which was calculated in step 2,
(4) repeating steps 1–3 for the new crack growth.

The loading conditions were considered similar to those
of the fracture tests; for 𝛼 = 0

∘, 10∘, 20∘, 30∘, 34.8∘, and 40∘,
the loads were 840N, 918N, 930N, 982N, 1034N, and 1127N,
respectively. ABAQUS provides a domain integral method to
compute the stress intensity factors directly for a crack under
mixed-mode loading. To produce the square root singular of
the stress/strain field, the singular elements were considered
in the first ring of elements surrounding the crack tip. In
order to ensure a smooth curve which was the boundary
of domain integral used to calculate stress intensity factors,
8 rings of quadratic quadrilateral elements surrounding the
singular elements were meshed by the meshing technique of
sweep. Other regions of the numericalmodel weremeshed by
the meshing methods of sweep or free, and the element type
was also quadratic quadrilateral elements. A total of about
5000 eight-node plane strain elements (CPE8) were used for
each model. Figure 9 represents a typical finite element mesh
used for numerical analysis.The alterations of𝐾I and𝐾II with
the mesh density are shown in Figure 10. It is observed that
the values of𝐾I and𝐾II are not sensitive to mesh density.The
mesh density adopted in this research is reasonable. Using
the method described above, the crack initiation angle and
crack propagation path for different crack inclined angles
were analyzed. The experimental and numerical results were
compared to evaluate the applicability of the fracture criteria
to predict the crack evolution path of dolomite rock.

The impact of Poisson’s ratio on the crack initial direction
and crack propagation path was also considered. Poisson’s
ratio of the experimental dolomite SCB specimens was 0.25.
Thus numerical models with Poisson’s ratio of 0.1, 0.25, and
0.4 were simulated.

4.1. Crack Initiation Angle. The crack initiation angle 𝜃
0
is

the direction in which the crack propagates from the original
crack (Figure 3). For different 𝛼, the value of 𝜃

0
is calculated

by each fracture criteria introduced in Section 2. Table 2
summarizes the crack initiation angle from simulated results.

Generally, the point possesses maximum stress, andmax-
imum energy is at different locations and in a different direc-
tion, so the crack initiation angle predicted by different frac-
ture criteria should be different. When mode I deformation
is dominant (𝛼 < 10

∘), the difference in crack initiation angle
is very small.Themaximumdifference between the predicted
angles is 3.8∘ (between the 𝑆min-criterion and𝐺max-criterion),
and there is little difference between the 𝜎

𝜃
-criterion and
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(a) 𝛼 = 0∘ (b) 𝛼 = 10∘

(c) 𝛼 = 20∘ (d) 𝛼 = 30∘

(e) 𝛼 = 34.8∘ (f) 𝛼 = 40∘

(g) Failure surface of Brazilian splitting test

Figure 8: SEM images of fractured surfaces of SCB and Brazilian test specimens with ×100 magnification.
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Table 2: Summary of the crack initiation angle 𝜃
0
of simulation for different crack inclination angle 𝛼 (∘).

𝛼 𝜎
𝜃
-criterion 𝑆min-criterion 𝐺max-criterion 𝑁𝑇-criterion 𝑌-criterion

0 0 0 0 0 0
10 29.1 26.0 29.8 29.3 29.0
20 48.8 44.7 51.6 52.8 51.1
30 63.7 66.5 68.5 81.3 74.8
34.8 70.5 80.4 75.2 98.9 88.4
40 70.5 80.4 75.2 98.9 88.4

2s

P

Figure 9: Typical finite element mesh used for numerical analysis.
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Figure 10: Alterations of 𝐾I and 𝐾II with mesh density (the mesh
density adopted (Figure 9 in the paper) for numerical simulation in
this research is assumed to be 1; the mesh density of other numerical
models is 0.5, 0.75, 1.5, and 2 times as dense as Figure 9).

𝑌-criterion. Hence, when the angle 𝛼 is small, that is, the
proportion of the mode II deformation is relatively small, the
difference of the simulated results by the five fracture criteria
is negligible. As 𝛼 increases, the difference in initiation
angle between the various fracture criteria becomes apparent.
When 𝛼 = 20

∘, the difference between different criterions
becomes larger. The predicted angle for the 𝐺max-criterion
is 51.6∘ and for the 𝑆min-criterion is 44.7∘. The difference is
about 7∘. For 𝛼 = 30

∘, the biggest difference between different
criterions is nearly 18∘. When 𝛼 = 34.8

∘, the predicted value

changes from 70.5 to 98.9∘, a difference of almost 30∘. The
proportion of the mode II deformation plays an important
role in the predicted results of different fracture criteria.
When 𝛼 = 40

∘, the crack belongs to compression crack. From
the perspective of physics, the materials on both sides of the
closed crack surface cannot penetrate into each other, and
therefore, such cracks are pure model II cracks according
to the LEFM. Thus, the initiation angle for the specimen of
𝛼 = 40

∘ would be the same as the case of 𝛼 = 34.8
∘, as shown

in the last two rows of Table 2. However, this is inconsistent
with the experimental results. For 𝛼 being larger than the
angle of pure mode II, the fracture criteria are not applicable.

4.2. Crack Propagation Path. Thedolomite specimens’ failure
paths under various combination loadings of mode I and
mode II are plotted in Figure 11.When the sample is subjected
to pure mode I, the crack propagates straight along the line
of the original crack. As the effect of mode II deformation
increases, the crack evolution path becomes curved. When
𝛼 = 40

∘, the crack path is the most curving. Figure 12 shows
the simulation results of crack trajectories for each inclined
angle specimens using the five fracture criteria.

When 𝛼 = 0
∘, the crack extension angle is 0∘ for each

fracture criterion (Figure 12(a)). As 𝛼 increases from 10∘ to
40∘, the simulated crack trajectories are very similar for all the
fracture criteria. To further examine the crack growth paths
calculated by different criteria, the plots of the crack trajec-
tories near the original crack tip are enlarged. At the initial
part of crack growth path, the difference between the various
fracture criteria is relatively large. This is due to the initial
angle of the crack varies between different fracture criteria,
but after a few steps of crack growth, the difference between
the predicted crack trajectories of the various fracture criteria
become smaller and can be neglected. Therefore, any one of
the five simulated results can be used for comparisonwith the
experimental results.

After the initial stage of crack propagating, mode I defor-
mation becomes dominant. Taking 𝛼 = 34.8

∘ (pure mode II)
as an example, after four steps of simulation, the stress inten-
sity factors 𝐾I and 𝐾II calculated by the 𝑆min-criterion are
422200 and 6676 Pa⋅m−1/2, respectively; for the𝑁𝑇-criterion,
𝑌-criterion,𝐺max-criterion, and 𝜎

𝜃
-criterion, the values of𝐾I

and 𝐾II are 437400 and 10280 Pa⋅m
−1/2, 430400 Pa⋅m−1/2 and

8607 Pa⋅m−1/2, 427500 and 3186 Pa⋅m−1/2, and 429500 and
5892 Pa⋅m−1/2, respectively. It is obvious that the proportion
of mode II deformation is relatively small compared with
that of mode I. Based on the discussion in Section 4.1,
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(a) 𝛼 = 0∘ (b) 𝛼 = 10∘ (c) 𝛼 = 20∘

(d) 𝛼 = 30∘ (e) 𝛼 = 34.8∘ (f) 𝛼 = 40∘

Figure 11: Crack path of fractured SCB specimens with different crack inclination angle 𝛼.

NT-criterion
Y-criterion
𝜎𝜃-criterion

Smin -criterion
Gmax -criterion

NT-criterion
Y-criterion
𝜎𝜃-criterion

Smin -criterion
Gmax -criterion

(a) 𝛼 = 0
∘ (b) 𝛼 = 10

∘

(c) 𝛼 = 20
∘ (d) 𝛼 = 30

∘

(e) 𝛼 = 34.8
∘ (f) 𝛼 = 40

∘

Figure 12: Simulated results of crack trajectories. The red, green, blue, magenta, and cyan lines represent the paths predicted by the 𝜎
𝜃
-

criterion, 𝑆min-criterion, 𝑌-criterion, 𝐺max-criterion, and 𝑁𝑇-criterion, respectively.
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Table 3: Summary of the crack initiation angles 𝜃
0
for different Poisson’s ratio (∘).

𝛼
𝑆min-criterion 𝑁𝑇-criterion 𝑌-criterion

𝑣 = 0.1 𝑣 = 0.25 𝑣 = 0.4 𝑣 = 0.1 𝑣 = 0.25 𝑣 = 0.4 𝑣 = 0.1 𝑣 = 0.25 𝑣 = 0.4

0 0 0 0 0 0 0 0 0 0
10 22.6 26.0 28.6 29.3 29.3 29.3 28.6 29.0 29.3
20 37.4 44.7 49.6 52.8 52.8 52.8 49.4 51.1 51.9
30 59.5 66.5 72.6 81.3 81.3 81.3 72.4 74.8 76.1
34.8 74.5 80.4 86.2 98.9 98.9 98.9 85.9 88.4 89.8
40 74.5 80.4 86.2 98.9 98.9 98.9 85.9 88.4 89.8

Crack evolution path
Original artificial crack

Figure 13: Crack trajectories for the different angles of inclination
predicted by one fracture criterion (take 𝑁𝑇-criterion as an exam-
ple).

when the proportion of mode I deformation is dominant,
the estimated crack initiation angles of all five criteria are
similar, which leads to the simulated crack trajectories of the
various fracture criteria are similar when the new crack tip
moves slightly away from the original crack tip. Examining
the predicted crack trajectories for the different angles of
inclination using one fracture criterion, and 𝑁𝑇-criterion is
taken as an example (Figure 13); it is found that when the
crack extends to the loading point, the crack paths gradually
move close to each other; the same reasons mentioned above
can explain this phenomenon.

4.3. Comparison between the Experimental and Simulated
Results. The crack trajectories predicted based on the five
fracture criteria are very similar.Therefore, for simplification,
only the simulated crack evolution paths of the 𝑆min-criterion
were selected to compare with the experimental results.
Figure 14 describes the experimental results (crack evolution
paths and damaged zones) and the calculated trajectories
based on the 𝑆min-criterion.

For cracks of pure mode I, the test result coincides with
the simulation result of the fracture criteria. When 𝛼 = 10

∘,
the simulation paths are also in good agreement with the
experimental results. For 𝛼 = 20

∘, the difference between the
experimental result and the simulation result becomes larger
but still acceptable. It is interesting that all the predicted crack
trajectories of 𝛼 = 0

∘, 10∘, and 20∘ are in the damaged zone.
That is, the appearance of crack is the consequence of damage
evolution and the crack propagation path should locate in

the damaged zone. Therefore, when mode I deformation is
predominant, the results predicted by the five fracture criteria
are reliable. In current work, for predominately mode II
cracks (𝛼 = 30

∘, 34.8∘, and 40∘ (Figures 14(d)–14(f))), the
predicted crack paths locate outside the damaged zones and
are not consistent with the experimental results. For a pre-
dominately mode II deformation, all the fracture criteria fail
to predict the crack path.

4.4. Influence of Poisson’s Ratio. Equations (6), (12), and (14)
indicate that Poisson’s ratio V has an influence on the numer-
ical analysis results. To assess the effect of V quantitatively,
three different values (V = 0.1, 0.25, and 0.4) were selected
for the numerical analysis. Table 3 summarizes the crack
initiation angles 𝜃

0
for different Poisson’s ratio calculated by

the 𝑆min-criterion, 𝑁𝑇-criterion, and 𝑌-criterion. The last
two rows of Table 3 are the same and the reasons have been
explained in Section 4.1. For the𝑁𝑇-criterion, the crack initi-
ation angles do not changewith Poisson’s ratio, indicating that
Poisson’s ratio has no effect on the𝑁𝑇-criterion prediction of
the crack initiation angle. For the 𝑆min-criterion, as Poisson’s
ratio increases, the predicted crack initiation angle becomes
larger. When 𝛼 < 10

∘, the difference is relatively small;
the maximum difference is less than 7∘. For 𝛼 > 10

∘, the
difference between the results of V = 0.1 and V = 0.4 is
more than 11∘. Poisson’s ratio plays an important role in the
predicted angle of the 𝑆min-criterion. The effect of Poisson’s
ratio on the𝑌-criterion is similar to that of the 𝑆min-criterion,
but the effect is much smaller. For V = 0.1 and V = 0.4,
the biggest difference for the 𝑌-criterion is less than 5∘.
Poisson’s ratio has the greatest influence on the 𝑆min-criterion,
followed by the 𝑌-criterion, and no effect on the 𝑁𝑇-cri-
terion. Furthermore, the crack trajectories are not sensitive
to Poisson’s ratio for the three fracture criteria.The simulated
results of the crack evolution path are similar to those of
Figures 12(a)–12(e).

5. Conclusions

Using SCB specimens of dolomite rock, mixed mode brittle
fracture was studied by experiments. In order to explain the
observed failure behavior, the SEM technique was used to
study the microfailure mechanism. Furthermore, by using
the conventional remesh method based on FEM, the crack
growth trajectories for various mixed mode loading con-
ditions, from pure mode I to mode II, were theoretically
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Experimental

Simulated result
result

(a) 𝛼 = 0∘

Experimental result
Simulated result

(b) 𝛼 = 10∘

Experimental result

Simulated
result

(c) 𝛼 = 20∘

Simulated
resultExperimental

result

(d) 𝛼 = 30∘

Simulated
resultExperimental

result

(e) 𝛼 = 34.8∘

Simulated
resultExperimental

result

(f) 𝛼 = 40∘

Figure 14: Experimental crack propagated paths, damaged zones, and crack trajectories calculated by 𝑆min-criterion (the gray zone, red line,
and green line represent the damaged zone, numerical result, and experimental result, resp.).

(by the 𝜎
𝜃
-criterion, 𝑆min-criterion, 𝐺max-criterion, 𝑁𝑇-

criterion, and 𝑌-criterion) and numerically predicted. The
applicability of the five criteria was examined. Finally, an
investigation on the effect of Poisson’s ratio on fracture cri-
teria was also presented. Based on the current work, the fol-
lowing conclusions can be obtained.

(1) The dolomite specimens fracture in a brittle manner:
as the proportion of mode II deformation increased,
the average failure load increased.

(2) Damaged zones were observed on both sides of the
crack. It was a macroscopic experiment that could
demonstrate that the emergence of macroscopic
cracks was the result of the evolution of damage.

(3) When the crack inclination angle increased, the effect
of the shear stress increased but no crushing or
abrasion was observed on the cracked surface. When
the crack inclined angle was 34.8∘ or 40∘, evidences of
crushing between the cracked faces began to appear.

(4) When mode I deformation was dominant, the differ-
ence between the crack initiation angles predicted by

the five fracture criteria was small. As the proportion
of mode II deformation increased, the difference
became larger. Mode II deformation had a consider-
able impact on the crack initiation angle.

(5) The crack trajectories predicted by the five fracture
criteria were very similar and the differences among
the prediction paths were negligible.

(6) The predicted crack trajectories were located in the
damaged zones for predominately mode I cracks
and in such cases, the fracture criteria were suitable;
when mode II deformation was predominant, all five
fracture criteria failed to predict the crack trajectories.

(7) The crack initiation angle predicted by the𝑌-criterion
and 𝑆min-criterion was sensitive to Poisson’ ratio,
particularly the 𝑆min-criterion; however, the crack
trajectories were not sensitive to Poisson’s ratio for
these two fracture criteria. For the 𝑁𝑇-criterion, the
crack initiation angle and the crack trajectories were
independent of Poisson’s ratio.
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Nomenclature

AE: Acoustic emission
𝑎: Crack length
𝑎/𝑅 : Crack length ratio
𝑎
11
, 𝑎
12
, 𝑎
22
: Parameters defining the stain energy

density factor
𝐸: Young’s modulus
FEM: Finite element method
𝐺: Energy release rate
𝐺max-criterion: Maximum energy release rate criterion
𝐾: Bulk modulus
𝐾I: Mode I stress intensity factor
𝐾I𝑐: Fracture toughness of pure mode I crack
𝐾II: Mode II stress intensity factor
𝐾III: Mode III stress intensity factor
𝑁 : Total strain energy density
𝑁
𝑑
: Distortional stain energy density in

𝑁𝑇-criterion
𝑁
𝑑,0
: A constant distortional stain energy

density in 𝑁𝑇-criterion
𝑁𝑇-criterion: Maximum dilatational strain energy

density criterion
𝑁V: Dilatational stain energy density in

𝑁𝑇-criterion
𝑁V,max: Maximum dilatational stain energy

density in 𝑁𝑇-criterion
𝑃: Applied load
𝑃
𝑐𝑟
: Failure load

𝑅: Radius of SCB specimens
𝑟𝜃: Crack tip coordinates
𝑟
𝑜
: A constant radius

𝑟
𝑝
: Elastic-plastic boundary

𝑟
𝑝𝑐𝑟

: Critical radius in 𝑁𝑇-criterion
𝑆: Stain energy density factor
𝑆min-criterion: Minimum stain energy density criterion
SCB: Semicircular bend
SEM: Scanning electron microscope
2𝑠: Loading span in the SCB test
𝑠/𝑅: Loading point span ratio in SCB

specimen
𝑡: Thickness of specimens
𝑌-criterion: Distortional strain energy density

criterion
𝑌
𝑑
: Distortional stain energy density in

𝑌-criterion
𝑌
𝑑,0
: Critical value distortional stain energy

density
𝑌
𝑑,𝜃0

: Minimum of distortional stain energy
density

𝑌V: Dilatational stain energy density in
𝑌-criterion

XRD: X-ray diffraction
𝜇: Shear modulus
𝜎
𝑟𝑟
, 𝜎
𝜃𝜃
, 𝜎
𝑟𝜃
: Stress components near the crack tip in

polar coordinates
𝜎
𝑥𝑥
, 𝜎
𝑦𝑦
, 𝜎
𝑥𝑦
: Stress components near the crack tip in

Cartesian coordinates
𝜎
𝑦
: Critical material yield strength

𝜎
𝜃
-criterion: Maximum tangential stress criterion

𝛼: Crack inclination angle
𝜃
0
: Crack initiation angle.
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