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The composition of hydroxyapatite (HA) as the ceramic phase and titanium (Ti) as themetallic phase in HA/Ti functionally graded
materials (FGMs) shows an excellent combination of high biocompatibility and high mechanical properties in a structure. Because
the gradation of these properties is one of the factors that affects the response of the functionally graded (FG) plates, this paper
is presented to show the domination of the grading parameter on the displacement and stress distribution of the plates. A three-
dimensional (3D) thermomechanical model of a 20-node brick quadratic element is used in the simulation of the thermoelastic
behaviors of HA/Ti FG plates subjected to constant and functional thermal, mechanical, and thermomechanical loadings. The
convergence properties of the present results are examined thoroughly in order to assess the accuracy of the theory applied and
to compare them with the established research results. Instead of the grading parameter, this study reveals that the loading field
distribution can be another factor that reflects the thermoelastic properties of the HA/Ti FG plates.The FG structure is found to be
able to withstand the thermal stresses while preserving the high toughness properties and thus shows its ability to operate at high
temperature.

1. Introduction

The term functionally graded (FG) is used to refer to inho-
mogeneous advanced composite materials in which the
composition percentage of at least two materials is arranged
to vary from one surface to another surface in a structure
[1]. The properties’ gradients produced from the volume
fraction variationmay be tailored tomeet specific needswhile
providing the best utilization of the composite components.
The notion of functionally graded materials (FGMs) was
introduced in the early 1990s in Japan as a means of
overcoming problems concerning heat-resistant coatings in
aerospace applications [2]. The development of the relatively
advanced materials was then further extended to other fields
of applications, including thermoelectric and piezoelectric

devices [3], biomedical engineering [4], and nuclear fast
breeder and fusion reactors [5], because of their phenomeno-
logical properties. This technology has somewhat mitigated
performance issues arising from abrupt transitions between
dissimilarmaterials, namely, sharp interfaces due to adhesion
that induces substantial mechanical and thermal stresses
[6]. Therefore, the optimal processing technique in which
several methods are combined based on the properties of
the constituent materials should be implemented [7]. The
best combination will preserve the high performance of the
fabricated FGMs and, at the same time, reduce production
costs.

A key philosophy in selecting the composition for an
FGM is that the combination should be composed of the
attractive properties of each component. Hydroxyapatite
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(HA)/titanium (Ti) FGM is a good example of this, where
the excellent biocompatibility property of HA is combined
with the good mechanical properties of Ti to eliminate
the weakness of both materials. The combination somehow
provides a structure superior to either component alone. In
this study, the thermoelastic properties of the HA/Ti FG plate
are explored by looking at the atomic or microscopic scale
of the structure. The response of the plate due to thermal
andmechanical loadings is analyzedwithin the consideration
of various grading parameter values. In a microscopic scale,
the architecture of the FGMs is contrasted against the
surrounding matrix of pure materials. This factor leads to
various responses in displacement and stress fields when the
materials are imposed on different loading conditions.

The effect of radial and normal loads under thermal
excitation on the postbuckling response of a shear deformable
FG cylindrical shell has been analyzed using a singular
perturbation technique in which a higher shear deformation
shell theory was applied. The study concluded that the
properties’ variation along the thickness direction of the
FG shell and the temperature field distribution are the two
parameters that affect the postbuckling characteristics and
the imperfection sensitivity of the shell [8]. Matsunaga [9]
developed a two-dimensional (2D) model using a higher-
order deformation theory to analyze the response of FG
plates subjected to thermal and mechanical loads. In the
computation, equations that consider the effect of normal
and transverse shear stress were derived using the power
series expansion of the continuous displacement components
method. The study revealed that the effect of the properties’
variation along the thickness of the FG plate is larger on
the response of FG plates subjected to thermal loadings. The
effects of thermal and mechanical loads on the response of
simply supported rectangular FG plates have been analyzed
using a three-dimensional (3D) thermoelastic model based
on the Fourier series and state-space methods [10]. The
material properties of the FG plates were assumed to vary
exponentially along the thickness direction except for the
Poisson ratio, which was taken as constant. It is mentioned
that the location of the neutral surface is different from that
of the middle surface but reflected in the Young modulus
variation. The research results in Alibeigloo [10] show that
the contribution of the thermal loads on the thermoelastic
response of the FG plates is bigger than that of mechanical
loads. The effects of thermomechanical loading on the buck-
ling response of FG beamswere analyzed by Kiani and Eslami
[11] using a derivation of the Timoshenko beam theory. In
the analysis, various types of boundary conditions including
clamps, simply supported, and roller combination were taken
into account to observe the response field distribution. This
study revealed that the critical buckling temperature field is
greatly affected by the constituent temperature dependency.
A local meshless method based on the Petrov-Galerkin
approach with moving Kriging interpolation has been used
to solve large deformation problems in the geometrically
nonlinear thermomechanical analysis ofmoderately thick FG
plates. The study revealed that the thermal conductivity on
temperature does affect the stress field analysis on the FG
plates [12]. The same local Kriging meshless method has
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Figure 1: Concept of FGM [16].

been used for mechanical and thermal buckling analyses
of FG plates in an extended numerical work. The analyses
show the dependency of the FG plates’ buckling perfor-
mances on the volume fraction exponent under thermal
and mechanical loadings with different combined essential
conditions and loading conditions [13]. The element-free kp-
Ritzmethod combinedwith the first-order shear deformation
shell theory and von Kármán strains is another approach
used for a postbuckling analysis of CNTR-FG (carbon
nanotube reinforced functionally graded) cylindrical panels.
The influence of volume fraction, length-to-thickness ratio,
radius, boundary conditions, and distribution types of CNTs
on the postbuckling behavior of the CNTR-FG panels are
shown in this study [14]. An extended work on the static
and dynamic analyses on the CNTR-FG cylindrical panels
revealed that the influencing parameters studied in the earlier
paper have significant influences on the flexural strength and
free vibration responses of the panels [15].

In this paper, the authors will take a closer look at HA/Ti
FGMs and their behavior under different loading conditions.
The mechanical, thermal, and coupled thermomechanical
behavior of HA/Ti FGMs will be investigated using the finite
element method (FEM). The thermomechanical behavior
of HA/Ti FGM plates is examined for different loading
conditions and different volume fraction indices.The present
accomplished results are verified and compared with pub-
lished works available in the literature. The obtained results
are presented in the form of contours, tables, and figures to
show the parametric effects such as grading parameter and
load response, which can be treated as a benchmark for future
and advanced research work. These results are significant
from the point of view of developing and designing thermal
barrier materials, which are capable of withstanding extreme
surface temperature.

2. Theoretical Formulations

The basic concept of FGMs, which produces the composi-
tional changes in the constituents, is illustrated in Figure 1
[16]. FGMs with high mechanical properties on one side of
the structures and with perfect thermal resistance properties
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Figure 2: FG plate configuration and coordinates.

on the other side are advantageous for various thermal-
resistant applications. Several advantages involving the struc-
tural strength, energy conversion, and others have been
identified using different FGM combinations [17]. The main
advantage of FGMs in terms of thermomechanical prob-
lems is that the alternately changed properties within their
structures act as a suspension of plastic yield point and
failure due to thermomechanical loads [18, 19].The gradation
process is the key element to identify the utility of FGMs.
The gradual change of properties in FGMs is caused by
a position-dependent chemical composition, the geometric
configuration, the pore size distribution, or the physical state
arrangement.

A simply supported rectangular FG plate of length 𝑎,
width 𝑏, and thickness ℎ with a Cartesian coordinate system
(𝑂 𝑥 𝑦 𝑧) having the origin 𝑂 considered in this study is
displayed in Figure 2.Thematerial properties of the structure
are assumed to vary in the thickness direction, which is
represented by the 𝑧-coordinate while homogeneous in the
other two remaining 𝑥 and 𝑦 directions. The ceramic-rich
and metal-rich phases in the FGM are represented by the top
location (𝑍 = ℎ/2) and the bottom location (𝑍 = −ℎ/2),
respectively.

The typicalmaterial properties (𝑃) at an arbitrary location
within the structural domain are calculated based on the
rule of mixture [20–23], which is expressed in the following
equation:

𝑃 = (𝑃
𝑡
− 𝑃
𝑏
) 𝑉
𝑓
+ 𝑃
𝑏
. (1)

In the equation, 𝑃
𝑡
and 𝑃

𝑏
are the top and the bottom

surface material properties, respectively, while 𝑉
𝑓

is the
volume fraction of the top surface material of the FGM plate.
The Poisson ratio of each layer is assumed to be constant [24]
because the effect of the properties’ variation is negligible for a
unit of structure. It is noticed thatmost FGMs are constructed
with the ceramic phase at the top surface because metal
with its high toughness could be more suitable to support
the structure from the bottom side. The location of each
composed material should be precisely identified in order
to get accurate material properties according to the rule of
mixture.The following equation is used for the calculation of
the volume fraction of any phase of the composed materials:

𝑉
𝑓

= (

𝑍

ℎ

+ 0.5)

𝑛

, (2)
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Figure 3: Ceramic volume fraction along the thickness of the FG
plate.

where 𝑍 is the coordinate at the 𝑧-direction of the plate
and 𝑛 is the grading parameter that dictates the properties’
variation. The FGMs will have a homogeneous ceramic
ingredient when 𝑛 = 0 and a homogeneous metal ingredient
when 𝑛 = ∞. The properties’ variation along the thickness
direction of the plate is only available when the grading
parameter is between these two values. The volume fraction
of the composed materials strongly depends on the grading
parameter, 𝑛, as summarized in Figure 3. This parameter
somehow leads to either ceramic or metal phase domination
in terms of the volume fraction in the FG structure. The
grading parameter 𝑛 = 1 shows the balance or linear
mixing ratio between the constituents. The mixing ratio of
the composed materials can be interpreted in terms of the
percentage according to the following expression:

𝑉
𝑡
(𝑧) + 𝑉

𝑏
(𝑧) = 1, (3)

where 𝑉
𝑡
and 𝑉

𝑏
represent the top and the bottom surface

material volume fraction, respectively.
In order to determine the stress distribution within the

FG plate, it is necessary to analyze the deformation that
takes place in any location of the structure. In this study,
the HA/Ti FG plate geometry is meshed up using a 20-node
brick element to divide the structure into finite elements.
The main reason for choosing this element type is that it
can analyze curved boundaries using a piecewise-quadratic
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approximation. The shape functions for the 20-node quad-
ratic element can be expressed as follows:
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In these equations, 𝜉
𝑖
, 𝜂
𝑖
, and 𝜁

𝑖
refer to the values of the

local coordinates 𝜉, 𝜂, and 𝜁 at nodes. 𝑁 refers to the matrix
of the shape functions, which can be written as follows:
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. (5)

The polynomials of these coordinates (−1 ≤ 𝜉, 𝜂, 𝜁 ≤

1) are the shape function used for the interpolation of the
geometry and displacement field. The isoparametric element
of the 20-node brick type in the simulation of this study
is shown in Figure 4. It is indicated that the nodes of this
element type are located at the vertices and in the middle of
the edges.

For 3D isoparametric elements including the 20-node
brick type, the displacement and the geometry field are
related by interpolation using the same functions such as the
following:

{𝑥} = [𝑁] {𝑥
𝑒
}

{𝑥} = {𝑥 𝑦 𝑧}
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𝑒
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𝑧
2
. . .} ,

(6)

where 𝑥, 𝑦, and 𝑧 are point coordinates, whereas 𝑥
𝑖
, 𝑦
𝑖
, and 𝑧

𝑖

are coordinates of nodes:
{𝑢} = [𝑁] {𝑞}

{𝑢} = {𝑢 𝜐 𝑤}

{𝑢} = {𝑢
1
𝜐
1
𝑤
1
𝑤
2
𝑤
2
𝑤
2
. . .} ,

(7)

where 𝑢, 𝜐, and 𝑤 are the displacements at points with local
coordinates 𝜉, 𝜂, and 𝜁, and 𝑢

𝑖
, 𝜐
𝑖
, and 𝑤

𝑖
are displacement

values at nodes.
Because FGMs are commonly used in the application

where high temperature gradients are encountered, basic
knowledge on the temperature distribution within the struc-
ture must be known. The first part of the present simulation
is devoted to the phenomenon of thermal conduction, which
shows the temperature flow from the higher temperature
surface to the lower temperature surface. The relationship
between the heat flux vector and the temperature distribution
is explained by the Fourier law in the following expression:

{𝑞} = − [𝑘] ∇𝑇, (8)

where 𝑞 is the heat flux vector, 𝑇 is the temperature, and
𝑘 is the thermal conductivity matrix. As the temperature
decreases from the higher temperature surface to the lower
temperature surface, the temperature variation is only avail-
able on the 𝑧 plane of the FG plate. The 𝑥 and 𝑦 planes show
homogeneous temperature because there is no temperature
change along these directions.The one-dimensional differen-
tial equation governed from the steady-state heat conduction
of the FGM without heat source analysis performed in this
study can be written as follows:

𝜕

𝜕𝑧

(𝛾 (𝑧)

𝜕𝑇

𝜕𝑧

) = 0. (9)

The temperature gradient along the thickness direction
of the FGM plate constructed from the thermal conductivity
𝑘(𝑧) values calculated based on the linear rule of mixtures is
expressed as follows:

𝑇 (𝑧) = 𝑇
𝑈

−

𝑇
𝑈

− 𝑇
𝐿

∫

ℎ/2

−ℎ/2
(𝑑𝑧/𝑘 (𝑧))

∫

ℎ/2

𝑧

𝑑𝜉

𝑘 (𝜉)

, (10)
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where

𝑘 (𝑧) = 𝑘
𝑈

+ (𝑘
𝐿
− 𝑘
𝑈
) (

𝑧 + (ℎ/2)

ℎ

)

𝑛

, (11)

where 𝑘
𝑈
and 𝑘

𝐿
refer to the thermal conductivity of the

upper and the lower surfaces of the plate, respectively. It
should be noted that, in the case of homogeneous plates, the
thermal conductivity does not depend on the thickness. This
is why, in the pure metal and ceramic plates, there is only a
similar temperature distribution that can be found.

It is obvious that the properties of each layer of the FGM
must in some way represent an average of the properties of
their individual components. The property averaging of the
idealized model of the relatively isotropic nature of HA/Ti
FG plates can be illustrated by considering the modulus of
elasticity of the composed materials. When the matrix of one
of the composed materials is ultimately bonded to another
material, the strain of both matrixes will be the same. This
iso-strain condition is valid, although the elastic modulus of
both materials will tend to be quite different. In other words,

𝜖fgm =

𝜎fgm

𝐸fgm
= 𝜖
𝑐
=

𝜎
𝑐

𝐸
𝑐

= 𝜖
𝑚

=

𝜎
𝑚

𝐸
𝑚

, (12)

where 𝜖 and 𝜎 represent the strain and the stress, respectively,
while 𝐸 is the Young modulus of the material. It is apparent
that the load carried by the FG plate, 𝑃fgm, is the simple sum
of loads carried by each component:

𝑃fgm = 𝑃
𝑐
+ 𝑃
𝑚
, (13)

where 𝑃
𝑐
and 𝑃

𝑚
refer to the load carried by ceramic and

metal, respectively. Each load is equal, by definition, to a stress
times cross-sectional area, which is

𝜎fgm𝐴 fgm = 𝜎
𝑐
𝐴
𝑐
+ 𝜎
𝑚
𝐴
𝑚
. (14)

𝐴 fgm is the area of the FGM plate, 𝐴
𝑐
is the area of the

ceramic, and 𝐴
𝑚
is the area of the metal. Equally significant

for the relative contribution of the ceramic phase to the FGM
modulus is the fraction of the total FGM load, 𝑃fgm, in (13),
carried by the axially loaded ceramic. Consider the following:

𝑃
𝑐

𝑃fgm
=

𝜎
𝑐
𝐴
𝑐

𝜎fgm𝐴 fgm
=

𝐸
𝑐
𝜐
𝑐

𝐸fgm
, (15)

where 𝜐
𝑐
refers to the volume fraction of the ceramic phase.

In most cases, higher modulus and strength of the ceramic
are effectively transmitted to the FGM as a whole. As a
result, the ductility of the matrix can produce a substantially
less brittle material than the metal by itself. The concept of
the thermomechanical analysis is based on the minimum
potential energy principle, which states that

[[𝐾
𝑏
] + [𝐾

𝑠
]] {𝑢
0
} = {𝐹

𝑇
} + {𝑃} , (16)

where [𝐾
𝑠
] and [𝐾

𝑏
] are the element shear stiffness and bend-

ing matrices, respectively, while {𝑃} and {𝐹
𝑇
} are the element

mechanical and thermal load vectors, respectively. Each of
them can be defined by the following equations:

[𝐾
𝑠
] = ∫

𝐴

[𝐵
𝑠
]
𝑇

[𝐷𝐸
𝑠
] [𝐵
𝑠
] 𝑑𝐴,

[𝐾
𝑏
] = ∫

𝐴

[𝐵
𝑏
]
𝑇

[𝐷𝐸
𝑏
] [𝐵
𝑏
] 𝑑𝐴,

[𝑃] = ∫

𝐴

[𝜓
𝑒

𝑖
]
𝑇

{𝑝} 𝑑𝐴,

[𝐹
𝑇𝑠
] = ∫

𝐴

[𝐵
𝑠
]
𝑇

{𝐷𝑇
𝑠
} 𝑑𝐴,

[𝐹
𝑇𝑏

] = ∫

𝐴

[𝐵
𝑏
]
𝑇

{𝐷𝑇
𝑏
} 𝑑𝐴.

(17)

From the equations, [𝐵
𝑠
] and [𝐵

𝑏
] refer to the curvature

and shear strain displacement matrices, respectively. 𝐸
𝑠
and

𝐸
𝑏
are the shear and bending material Young modulus, 𝐷 is

thematerialmatrices, and {𝑝} is themechanical load given on
the element.The thermal load vectors, which are represented
by 𝐹
𝑇
, are classified into two terms known as 𝐹

𝑇𝑠
and 𝐹

𝑇𝑏
,

which are considered within the element shear stiffness and
bending, respectively. The definition of the normal stress
(𝜎) and strain (𝜀) of the structure is based on the following
equations:

{𝜎
𝑏
} = [𝐷

𝑏
] {𝜀
𝑏
} ,

{𝜎
𝑠
} = [𝐷

𝑠
] {𝜀
𝑠
} .

(18)

3. Finite Element Modeling

The numerical simulations of thermomechanical problems
in FG plates are carried out by using the general-purpose
finite element software package ANSYS. The simulations
are divided into three parts, where the first part shows
the temperature field calculation using a thermal analysis
preference. The second part of the simulation demonstrates
the structural analysis in which the displacement and the
stress fields are calculated, while the last part combines both
analyses to a thermal-structural coupled analysis to consider
the thermomechanical problems in the FG structures. The
typical thermal and mechanical properties of the FGM
constituents used to define the material properties for the
calculation are listed in Table 1, where 𝑘, 𝐸, 𝜐, and 𝛼 refer
to thermal conductivity, Young modulus, Poisson ratio, and
thermal expansion coefficient (CTE), respectively.

The model of the FG plate is designed to be in a 3D
rectangular shape with eight overlapped layers. Because of
the exponentially changed properties along the thickness of
the FG plate, different properties calculated using the rule
of mixture formulation are defined for each layer. However,
because the effect of the variation of the Poisson ratio is
negligible, this property is taken as a constant value upon
which all the calculations are based on Apalak and Gunes
[24]. The model is discretized into 400 elements and 3,003
nodes using a hexagonal mapped mesh function in mesh
tool operation.The rectangular FGplatemodeled throughout
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Table 1: Thermal and mechanical properties of pure HA and pure Ti used in the present calculations [25].

Material/properties Elastic modulus, 𝐸 (×10
9) Pa Poisson ratio, 𝜐 CTE, 𝛼 (×10

−6)/K Thermal conductivity, 𝑘W/mK
Titanium 117∗ 0.34 10.9 17.5293∗

Hydroxyapatite 73.1∗∗ 0.28 14.87 2.16∗
∗Moroi et al. [26], ∗∗Ruseska et al. [27].
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Figure 5: Geometry configuration of the FG plate model. Dimen-
sions and geometry configuration: 𝑈

𝑥
= 𝑈
𝑧

= 0; 𝑈
𝑦

= 𝑈
𝑧

= 0;
thickness, ℎ = 0.01m; width, 𝑎 = 0.2m; length, 𝑏 = 0.2m; mesh
count size = 20 × 20.
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Figure 6: Properties’ variation along the thickness of the FG plate
model.

this FEM work is subjected to simply supported boundary
conditionwhere all nodes along𝑥-direction edges are fixed in
𝑥- and 𝑧-directions and all nodes along the 𝑦-direction edges
are fixed in 𝑦- and 𝑧-directions. Figures 5 and 6 display the
geometric configuration and the property definition of the FG
plate model, respectively.

From Figure 6, the bottom (material number 1) and the
top layers (material number 8) have the pure ceramic and
metal properties, respectively, whereas the intermediate lay-
ers (material numbers 2 to 7) possess the gradually changed
material properties from the different stepwise compositions
of both the ceramic and the metal materials. Considering the
real service condition where the ceramic phase is typically
taken as a thermal barrier on the metal-based structural
components in various heat-resistant coatings, the top and
the bottom surfaces of the FG plate are assigned to be
ceramic- and metal-rich layers, respectively. The concept of
the thermomechanical analysis can be understood clearly
using the illustration given in Figure 7.

x

y
Bottom surface (Ti)

Top surface (HA)Uniformly distributed 
pressure (p)

Thermal loadings

Origin, O

−z

Figure 7: Thermomechanical analysis of HA/Ti FG plate.

It is indicated that, for the thermomechanical problem
simulation, the FG plate is subjected to either a constant or
a functional mechanical transverse load on the ceramic-rich
top surface in addition to a thermal load where the higher
temperature is located at the top surface, whereas the lower
temperature is located at the bottom.

For the simulation of the temperature field, the thermal
conductivity of the plate can be input directly in the material
model as thermal parameter. For constant loading, the high
temperature of 300∘C is loaded at the top surface of the FG
plate as a thermal loadwhile the bottom surface ismaintained
at 20∘Cof room temperature.The functional parameter of the
sinusoidal thermal loading is defined as follows:

𝑇
+
= 𝑇 sin(

𝜋𝑥

𝑎

) sin(

𝜋𝑦

𝑏

) , (19)

where 𝑇 is completing as 300∘C, 𝑥 is the coordinate at
the 𝑥-plane, and 𝑦 is the coordinate at the 𝑦-plane. After
finishing the simulation of the temperature field, the element
is switched to its corresponding structural element in order to
get the structural response of the FGMs.The elastic modulus,
Poisson ratio, and the coefficient of thermal expansion are
input directly in the material model as structural parameters.
The steady-state simulation results of the temperature field
are used in the structural response analyses as the thermal
loads. The pressure load is applied to the top surface of the
FG plate as a mechanical surface load. The function of the
sinusoidal mechanical loading is defined as follows:

𝑝
+
= 𝑝 sin(

𝜋𝑥

𝑎

) sin(

𝜋𝑦

𝑏

) , (20)

where 𝑝 is the load intensity given to the FG plate.
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Table 2: Convergence study of simply supported Ni/ZrO2 FG plates subjected to thermal loadings with respect to different mesh divisions.

Parameter 𝑧/ℎ Established [28] 8 × 8 16 × 16 20 × 20 50 × 50 55 × 55

Temperature (𝑇) 0.5 0.2432 0.2778 0.2779 0.2779 0.2779 0.2779

In-plane displacement (𝑢
𝑥
)

0 0.08492 0.0432 0.0432 0.0432 0.0432 0.0432
0.5 −0.7862 −0.6887 −0.6889 −0.6889 −0.6889 −0.6889
1 −1.699 −1.456 −1.456 −1.456 −1.456 −1.456

Transverse displacement (𝑢
𝑧
)

0 5.522 4.632 4.634 4.634 4.634 4.634
0.5 5.635 4.738 4.739 4.739 4.739 4.739
1 6.021 5.070 5.071 5.071 5.071 5.071

Normal stress (𝜎
𝑥𝑥
)

0 −75.78 −49.53 −48.58 −48.47 −48.30 −48.26
0.5 −243 −299.7 −321.1 −320.3 −319.2 −318.9
1 −1006 −1120.2 −1099.9 −1097.4 −1093.6 −1092.6

Transverse stress (𝜎
𝑧𝑧
) 0.5 1.015 0.8590 0.8454 0.8381 0.8318 0.8309

Transverse shear stress (𝜏
𝑥𝑧
) 0.5 1.583 2.239 2.237 2.231 2.224 2.222

Table 3: Convergence study of simply supported Ni/ZrO2 FG plates subjected to thermal loadings with respect to different layer numbers.

Parameter 𝑧/ℎ Established [28] 6 Layers 8 Layers 9 Layers
Temperature (𝑇) 0.5 0.2432 0.2844 0.2779 0.2769

In-plane displacement (𝑢
𝑥
)

0 0.08492 0.0479 0.0432 0.0400
0.5 −0.7862 −0.7106 −0.6889 −0.6822
1 −1.699 −1.506 −1.456 −1.439

Transverse displacement (𝑢
𝑧
)

0 5.522 4.801 4.634 4.51
0.5 5.635 4.91 4.739 4.674
1 6.021 5.252 5.071 5.003

Normal stress (𝜎
𝑥𝑥
)

0 −75.78 −53.49 −48.26 −44.71
0.5 −243 −331.2 −318.9 −304.4
1 −1006 −1106 −1093 −1078

Transverse stress (𝜎
𝑧𝑧
) 0.5 1.015 0.9179 0.8309 0.7588

Transverse shear stress (𝜏
𝑥𝑧
) 0.5 1.583 2.497 2.222 1.927

4. Results and Discussion

Numerical results are presented in this section for simply
supported HA/Ti FG rectangular plates with various grading
indices.The FEMcalculations have been performed by taking
into consideration the loading parameters from thermal,
mechanical, and coupled thermomechanical loads to observe
the effects of different loading conditions on the response
of the FG plates. In order to ensure that the requirements
for the simulation model have been transferred to the
computer model with sufficient accuracy, the first part of
this section shows the verification of the FEM calculations
through the comparison between the present results and the
established research results. The results on the temperature,
the displacement, and the stress fields of HA/Ti FG plates
subjected to thermal, mechanical, and thermomechanical
loadings are given and discussed deeply in the subsequent
sections with the intention of using the FGM in thermal
barrier applications.

4.1. Modeling Verification. Verification of the FEM model
is addressed through three steps. In the early stage of the
verification process, the reliability of the steady-state thermal

analysis method is confirmed because the present values
of temperature distributions in Al/ZrO

2
shown in Figure 8

are highly consistent with those presented in Alshorbagy
et al. [29]. It is indicated from the thermal analysis that
the homogeneous plates’ thermal profiles exhibited higher
temperature distribution than those that belong to the FG
plates. The dependence of the temperature field on the
thermal profile at the surfaces and the corresponding thermal
conductivity properties of the constituents exhibit that the
grading parameter 𝑛 has a dominant role on the thermal
characteristic of the FG plates.

The result of the thermal analysis is defined as the thermal
loads for thermal-structural coupled analysis in which the
calculation of thermal stress is performed. The convergence
studies of simply supported Monel/Zirconia FG plates sub-
jected to thermal loads with respect to various mesh and
layer numbers are summarized in Tables 2 and 3, respectively.
The results in Table 2 indicate that as the mesh division
increases, the FG plates’ response properties’ values converge
at the established research results. Table 2 indicates that the
increased layer number leads to better thermal stress relax-
ation because of the smaller mismatch in material properties
of the constituents. The results from the present calculation
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Table 4: Nondimensional central deflection of Al/ZrO2 FG plates subjected to mechanical loadings.

Nondimensional central deflection (�̄�)

�̄�

Metal 𝑛 = 0.5 𝑛 = 1 𝑛 = 2 Ceramic
Present Established [20] Present Established [29] Present Established [29] Present Established [29] Present Established [29]

1 0.0449 0.0452 0.0264 0.0317 0.0297 0.0287 0.0326 0.0267 0.0208 0.0210
2 0.0897 0.0905 0.0528 0.0633 0.0594 0.0573 0.0652 0.0534 0.0416 0.0420
3 0.1346 0.1357 0.0792 0.0950 0.0891 0.0860 0.0978 0.0801 0.0623 0.0629
4 0.1794 0.1810 0.1056 0.1266 0.1192 0.1146 0.1304 0.1067 0.0832 0.0839
5 0.2243 0.2262 0.1320 0.1583 0.1486 0.1433 0.1631 0.1334 0.1040 0.1049
6 0.2692 0.2714 0.1584 0.1899 0.1782 0.1720 0.1957 0.1601 0.1248 0.1258
7 0.3140 0.3167 0.1848 0.2216 0.2080 0.2006 0.2283 0.1868 0.1456 0.1468
8 0.3589 0.3619 0.2112 0.2532 0.2377 0.2293 0.2609 0.2135 0.1664 0.1678
9 0.4038 0.4072 0.2376 0.2849 0.2674 0.2579 0.2935 0.2402 0.1872 0.1888
10 0.4486 0.4524 0.2640 0.3166 0.2971 0.2899 0.3261 0.2669 0.2080 0.2097
11 0.4935 0.4979 0.2903 0.3482 0.3269 0.3153 0.3587 0.2935 0.2288 0.2307
12 0.5384 0.5428 0.3167 0.3799 0.3566 0.3439 0.3913 0.3202 0.2496 0.2517
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Figure 8: Temperature field distribution along the thickness of FG
plates.

are in excellent agreement with those reported in Srinivas
et al. [30] and Reddy and Cheng [28].

The deflections of the Ni/ZrO
2
FG plates subjected to

mechanical loads calculated in the present simulation are
shown in Table 4.The displacement and the stress field results
are obtained using structural analysis that considers the
typical properties such as the elastic modulus, the CTE, and
the Poisson ratio. The simulation method is verified because
the present values are highly consistent with that reported in
Alshorbagy et al. [29].

The thermal-structural coupled model that was devel-
oped in order to calculate the thermoelastic behaviors of the
FG plates subjected to thermomechanical loadings is verified
in this section because the present results are in excellent
agreement with those presented in Alshorbagy et al. [29],
which are shown in Table 5. In response to the simulation
method verification, the FEM formulation used in this
study is considered valid for determining the solutions for
thermomechanical problems in FGMs.

4.2. Thermoelastic Properties of HA/Ti FGM. The FEM simu-
lation verified in the previous section is used for the analysis
of thermomechanical problems in HA/Ti FG plates with
various grading indices, 𝑛. The results of the temperature
profile, the displacement, and the stress distribution of HA/Ti
FG plates imposed to thermal, mechanical, and coupled
thermomechanical loadings simulated from the present FE
analysis are given and discussed in this section.The structural
responses of the FG plates are given in terms of the following
nondimensional parameters:

nondimensional load intensity, �̄� = 𝑎
2
𝑝/𝐸
𝑏
ℎ
4,

nondimensional normal stress, ̄𝜎
𝑥𝑥

= 𝜎
𝑥𝑥

(ℎ
2
/𝑎
2
𝑝),

nondimensional transverse shear stress, ̄𝜏
𝑥𝑧

= 𝜏
𝑥𝑧

(ℎ
2
/

𝑎
2
𝑝),

nondimensional central deflection, �̄� = 𝜔/ℎ,
nondimensional thickness, ̄

ℎ = ℎ × 10
2,

nondimensional coordinate at 𝑥-direction, ̄𝑎 = 𝑎 ×

10
1,

where 𝑝, 𝑎, ℎ, and 𝐸
𝑏
are referring to the pressure load, plate

length, plate thickness, and Young modulus of the bottom
surface material, respectively.

4.2.1. Deformation by Thermal Loadings. In the steady-state
heat conduction analysis, the HA/Ti FG plate is subjected to a
temperature gradient along the thickness where the tempera-
ture of theHA top surface is 300∘C and the temperature of the
Ti bottom surface is 20∘C. Figure 9 depicts the temperature
distribution profile achieved from the FE simulation for the
HA/Ti FG plates. It shows the temperature contour for heat
conduction from the higher temperature 300∘C surfaces to
the lower temperature 20∘C surfaces in FGplates with various
grading indices (𝑛 = 0, 1, 2,∞). From the analysis, it is
observed that the temperature distribution within the homo-
geneous plates (𝑛 = 0,∞) is usually larger than those of FG
plates (𝑛 = 1, 2). The dependence of the temperature profile
on the thermal conductivity of the constituents’ mismatch,
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Table 5: Nondimensional deflection at the central point of Al/ZrO2 FG plates subjected to coupled thermomechanical loadings.

�̄�

Nondimensional central deflection (�̄�)
Metal 𝑛 = 1 𝑛 = 2 Ceramic

Present Established [29] Present Established [29] Present Established [29] Present Established [29]
1 −0.2015 −0.2050 −0.0527 −0.0665 −0.0580 −0.0547 −0.0863 −0.0879
2 −0.1567 −0.1598 −0.0230 −0.0379 −0.0254 −0.0280 −0.0656 −0.0669
3 −0.1119 −0.1146 0.0067 −0.0092 0.0072 −0.0013 −0.0448 −0.0459
4 −0.0671 −0.0690 0.0364 0.0195 0.0398 0.0254 −0.0241 −0.0250
5 −0.0223 −0.0240 0.0661 0.0481 0.0724 0.0521 −0.0033 −0.0040
6 0.0225 0.0210 0.0958 0.0768 0.1050 0.0788 0.0175 0.0170
7 0.0667 0.0660 0.1255 0.1054 0.1376 0.1054 0.0383 0.0380
8 0.1120 0.1115 0.1552 0.1341 0.1702 0.1321 0.0590 0.0589
9 0.1568 0.1568 0.1849 0.1628 0.2028 0.1588 0.0798 0.0799
10 0.2016 0.2020 0.2146 0.1914 0.2354 0.1855 0.1005 0.1009
11 0.2464 0.2473 0.2443 0.2201 0.2680 0.2122 0.1213 0.1219
12 0.2912 0.2925 0.2741 0.2487 0.3006 0.2389 0.1421 0.1428

which thus affects the thermal loading, shows the domination
of the grading parameter 𝑛 on the thermal field of the HA/Ti
FG plates. A comparison between the temperature profile of
FG plates subjected to constant loading and that subjected to
functional loading shows no significant difference as shown
in Figure 10.

The grading number, 𝑛 = 1, is taken as the optimum
grading index for HA/Ti FG plates because it leads to the
maximum thermal relaxation with the lowest temperature
distribution within the FG plate. The temperature profile
obtained from the thermal analysis is transferred to the
structural analysis as the thermal loading. The deflection
of the HA/Ti FG plates with various grading indices under
thermal excitation is shown in Figure 11.

It is indicated that the deflection in FG plates is in
intermediate layers between the full ceramic and the full
metal plates. The elongation of the FG plates subjected to
thermal loading depends on theCTEproperties. In this study,
it is known that the CTE of HA is higher than that of Ti. As
the volume fraction of the ceramic phase increases within the
smaller grading index number, the properties of the ceramic
will dominate the deformation behavior of the FG plates.The
results shown in Figure 11 are in excellent agreement with
the theory and thus lead to the conclusion that the grading
parameter 𝑛 has a dominant effect on the structural response
of the HA/Ti FG plates subjected to thermal loading.

The normal stress field distribution in HA/Ti FG plates
induced by the temperature profile shown in Figures 10 and
11 is shown in Figure 12.The smaller area ofmaximumnormal
stress contours for FG plates (𝑛 = 1, 2) illustrated in Figure 12
is very advantageous to show the thermal stress relaxation in
FGMs. The similar normal stress contour distribution of full
ceramic and full metal plates (𝑛 = 0,∞) shows that the vari-
ation of thermal conductivity is negligible for homogeneous
plates with heat conduction calculation.The nondimensional
normal stress distribution along the thickness of HA/Ti FG
plates subjected to thermal loading is given in Figure 13. The
maximum tensile stress is located at the Ti bottom surface,
while the maximum compressive stress appears at the HA

top surface of the FG plates. Both stress components are
lower than that of homogeneous plates.The results reveal that
grading parameter, 𝑛, does affect the response of FG plates
under thermal loadings.

Figure 14 depicts the transverse shear stress field distri-
bution in HA/Ti FG plates with various grading parameters
under thermal loadings. The different shear stress contours
between homogeneous and FG plates lead to the conclusion
that the properties’ gradation in FGMs has impressed on
the transverse shear stress response of FGMs subjected
to thermal loading. The nondimensional transverse shear
stress distribution in the middle plane for various grading
parameters of HA/Ti FG plates is indicated in Figure 15.

The shear stress field is significant for the area near the
edges of the FG plates because there are shear stress fields
observed at this location. The shear stress at the locations
away from the surface of the FG plates is similar for various
grading parameters, 𝑛.Thedifference between the shear stress
field distribution of homogeneous and FG plates displayed in
Figure 15 shows that the grading parameter 𝑛 does affect the
shear stress response of the FG plates under thermal loads.

4.2.2. Deformation by Mechanical Loadings. In order to
calculate the elastostatic behavior of the FG plates with
various grading indices, the pressure load that takes place
in the interval of {1, 12} is applied to the HA top surface.
The structural responses of FG plates subjected tomechanical
loadswill be shown and discussed in this section. To study the
displacement response, the nondimensional central deflec-
tion of HA/Ti FG plates with various grading parameters, 𝑛,
subjected to mechanical loadings summarized in Table 6 can
be considered.

It is noticed that the nondimensional deflection of FG
plates subjected to constant loadings is higher than those
subjected to sinusoidal loadings. When subjected to con-
stant loadings, the whole area at the same plane of the
plate is imposed to a uniformly distributed load. However,
when imposed on sinusoidal loadings, a certain coordinate
is imposed on a certain loading magnitude. As a result,
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Figure 9: Temperature profile along the 𝑧-direction of HA/Ti FG plates under thermal loadings.

the lower deflection is obtained in FG plates subjected to
functional loadings. Figure 16 depicts the nondimensional
central deflections of the FG plates with various grading
parameters induced by the different load intensities.

It can be seen that the central deflection, �̄�, decreases
with the increase in the grading index number, 𝑛. It is known
that the displacement response of amaterial strongly depends
on the elastic moduli of its ingredient. The FG plates with a
higher grading index number contain higher ceramic volume
fractions. Because the elastic moduli of the HA are lower
than that of the Ti, the high toughness property of the metal
dominates the elastic properties of the FG plates. The rigidity
of FG plates with higher Ti volume fraction will be higher
as well. The property averaging of the relatively isotropic

nature ofHA/Ti FGplates leads to the intermediate deflection
between the full ceramic and full metal deflection given in
Figure 16.

The normal stress field in HA/Ti FG plates with various
grading parameters 𝑛 is illustrated in Figure 17. The normal
stress induced by mechanical loadings is not significant
because there is no variation in the stress contours. However,
the differences in normal stress values of homogeneous and
FG plates are advantageous to explain the domination of the
grading parameter 𝑛.

4.2.3. Deformation by Thermomechanical Loading. In this
section, the thermomechanical problem with HA/Ti FG
plates with various grading parameters, 𝑛, is considered.
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Figure 10: Temperature field distribution along 𝑧-direction of the HA/Ti FG plates under thermal loadings.
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Figure 11: Nondimensional deflection of HA/Ti FG plates under thermal loadings.

Table 6: Nondimensional central deflection of HA/Ti FG plates versus nondimensional load intensity (without thermal loadings).

�̄�

Nondimensional central deflection �̄�

HA 𝑛 = 0.5 𝑛 = 1 𝑛 = 2 Ti
Constant Functional Constant Functional Constant Functional Constant Functional Constant Functional

1 0.0712 0.0449 0.0593 0.0373 0.0558 0.0352 0.0530 0.0334 0.0445 0.0280
2 0.1424 0.0897 0.1186 0.0747 0.1115 0.0703 0.1060 0.0668 0.0890 0.0561
3 0.2137 0.1345 0.1779 0.1120 0.1673 0.1054 0.1591 0.1002 0.1335 0.0841
4 0.2849 0.1794 0.2372 0.1493 0.2231 0.1405 0.2121 0.1336 0.1780 0.1121
5 0.3561 0.2242 0.2965 0.1867 0.2789 0.1756 0.2652 0.1670 0.2225 0.1401
6 0.4274 0.2691 0.3558 0.2240 0.3347 0.2108 0.3182 0.2004 0.2670 0.1681
7 0.4986 0.3193 0.4157 0.2614 0.3905 0.2459 0.3713 0.2338 0.3115 0.1961
8 0.5699 0.3588 0.4744 0.2987 0.4467 0.2810 0.4243 0.2672 0.3560 0.2242
9 0.6411 0.4037 0.5337 0.3361 0.5021 0.3162 0.4774 0.3006 0.4005 0.2522
10 0.7123 0.4485 0.5930 0.3734 0.5579 0.3513 0.5304 0.3340 0.4450 0.2802
11 0.7836 0.4934 0.6523 0.4107 0.6137 0.3864 0.5855 0.3674 0.4895 0.3082
12 0.8548 0.5382 0.7116 0.4481 0.6695 0.4216 0.6365 0.4008 0.5341 0.3363
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Figure 12: Normal stress field distribution of HA/Ti FG plates under thermal loadings.
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Figure 13: Nondimensional normal stress distribution along the 𝑧-direction of HA/Ti FG plates under thermal loadings.
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Figure 14: Transverse shear stress field distribution of HA/Ti FG plates under thermal loadings.
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Figure 15: Transverse shear stress distribution along the 𝑧-direction of HA/Ti FG plates under thermal loadings.
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Figure 16: Nondimensional central deflection of HA/Ti FG plates versus nondimensional load intensity (without thermal loadings).
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Figure 18: Deflection of HA/Ti FG plates subjected to coupled thermomechanical loadings.

For the thermoelastic behavior simulation, the FG plates
are imposed on a nondimensional load intensity that is the
interval of {1, 12} simultaneously with thermal loadings. The
thermoelastic displacement field of HA/Ti FG plates under
various load intensity values is illustrated in Figure 18.

It is observed that when subjected to load intensity of
�̄� = 1 and 2, the maximum deflection contour appears at the
location near the surface of the FG plates. However, when the
higher load intensity (�̄� ≥ 3) is applied, themaximum deflec-
tion contour moves to the center location of the FG plates.
These results show that the displacement response of HA/Ti
FG plates subjected to thermomechanical loadings differs
from those subjected to thermal or mechanical individual
loading.The thermal excitation on the pressure-loaded plates
leads to either the shrinkage or expansion of the FG plates.
The nondimensional central deflections of HA/Ti FG plates
with various grading parameters, 𝑛, under thermomechanical
loading are summarized in Table 7.

The negative values indicated in Table 7 show the dif-
ference between the displacement response induced by

the mechanical loadings and that induced by the thermo-
mechanical loadings. The property averaging in FG plates
leads to the intermediate deflection values given in Table 7.
Figure 19 shows the relationship between the load intensity
given on the top surface of the FGplates and the displacement
response of the plates. The positive and negative values of
deflection given in Table 6 lead to the intersection point
shown in Figure 19.

The variation of normal stress field distribution along the
thickness of HA/Ti FG plates with various grading param-
eters, 𝑛, is shown in Figure 20. The maximum compressive
stress is located at the HA top surface and increases as the
ratio 𝐸

𝑈
/𝐸
𝐿
increases. The maximum tensile stress that is

found at the Ti bottom surface of FG plates is lower than
that of homogenous plates. Figure 21 displays the normal
stress field distribution in FG plates with various grading
parameters. The most significant aspect of the contour is that
the normal stress distributions of FG plates differ from those
in isotropic plates.
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Table 7: Nondimensional central deflection ofHA/Ti FG plates versus nondimensional load intensity (coupled thermomechanical loadings).

�̄�

Nondimensional central deflection �̄�

HA 𝑛 = 0.5 𝑛 = 1 𝑛 = 2 Ti
Constant Functional Constant Functional Constant Functional Constant Functional Constant Functional

1 −0.0893 −0.0618 −0.0882 −0.0614 −0.0834 −0.0583 −0.0795 −0.0555 −0.0731 −0.0502
2 −0.0189 −0.0170 −0.0289 −0.0241 −0.0277 −0.0232 −0.0264 −0.0221 −0.0286 −0.0222
3 0.0532 0.0279 0.0304 0.0133 0.0281 0.0199 0.0266 0.0113 0.0159 0.0059
4 0.1244 0.0727 0.0897 0.0506 0.0839 0.0471 0.0797 0.0447 0.0604 0.0339
5 0.1956 0.1175 0.1489 0.0880 0.1397 0.0822 0.1327 0.0781 0.1048 0.0619
6 0.2669 0.1624 0.2082 0.1252 0.1955 0.1173 0.1857 0.1114 0.1493 0.0899
7 0.3381 0.2072 0.2675 0.1626 0.2513 0.1524 0.2388 0.1448 0.1939 0.1179
8 0.4094 0.2521 0.3268 0.1999 0.3071 0.1876 0.2918 0.1782 0.2384 0.1459
9 0.4806 0.2969 0.3826 0.2373 0.3629 0.2227 0.3449 0.2116 0.2829 0.1740
10 0.5518 0.3418 0.4455 0.2746 0.4187 0.2578 0.3979 0.2450 0.3274 0.2020
11 0.6231 0.3867 0.5048 0.3120 0.4745 0.2930 0.4510 0.2784 0.3719 0.2300
12 0.6943 0.4315 0.5641 0.3493 0.5303 0.3281 0.5040 0.3119 0.4164 0.2580
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Figure 19: Nondimensional central deflection of HA/Ti FG plates versus nondimensional load intensity (within thermal loadings).
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Figure 20: Nondimensional normal stress distribution along the 𝑧-direction of HA/Ti FG plates subjected to thermomechanical loading.
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Figure 21: Normal stress field at the top surface of the HA/Ti FG plates under thermomechanical loadings.

Figure 22 depicts the transverse shear stress distribution
in HA/Ti FG plates with various grading parameters under
thermomechanical loading. The different shear stress con-
tours between homogeneous and FG plates lead to the con-
clusion that the properties’ gradation in FGMshas impression
on the transverse shear stress response of FGMs subjected
to coupled thermomechanical loadings.The nondimensional
transverse shear stress distribution along the thickness and
at the middle plane of HA/Ti FG plates with various grading
parameters subjected to coupled thermomechanical loading
is indicated in Figures 23 and 24, respectively.

It is obvious that the transverse shear stress distribution in
themiddle plane is more consistent than that along the thick-
ness of the FG plates. This is why the thickness parameter of
the FGM layer is often considered during the design of an
FGM structure. In this study, the stepwise built connection
type of the FG plate layers leads to significant shear stress
distribution, which consists of both negative and positive
values. The larger layer number is required in order to
minimize the shear stress field in the FG plates.

5. Conclusion

FEM modeling and analysis of thermomechanical problems
of a rectangular HA/Ti FG plate are presented. The effects of
different grading indices of constituents on displacement and
stress responses of HA/Ti FG plates under thermal, mechan-
ical, and thermomechanical loads have been investigated.
From the numerical results obtained, it can be concluded
that the present analysis is adequate to observe some relevant
fundamental characteristics of temperature profile and stress
distributions. Moreover, the following conclusions can be
made from the study.

(i) Different loading conditions (thermal, mechanical,
or coupled thermomechanical) lead to the different
temperature profile, deflection, and stress distribution
in HA/Ti FG plates.

(ii) Different values of grading indices show a consider-
able effect on temperature profile, displacement, and
stress fields of HA/Ti FG plates.
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Figure 22: Transverse shear stress distribution of HA/Ti FG plates under thermomechanical loadings.
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Figure 23:Nondimensional transverse shear stress along the 𝑧-direction ofHA/Ti FGplates subjected to coupled thermomechanical loadings.
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Figure 24: Nondimensional transverse shear stress at the middle plane of HA/Ti FG plates subjected to coupled thermomechanical loadings.

(iii) The temperature distribution in FG plates is smaller
than that of homogeneous plates.

(iv) Deflection in FG plates subjected to sinusoidal load-
ings is smaller than those subjected to constant
loadings.

(v) The properties’ gradation leads to the relaxation in
thermal and thermomechanical stress in FG plates.

This study revealed that HA/Ti FGM has a potential
application in high thermal resistancematerials because it can
withstand the extreme surface temperature and the thermal
stress.
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