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Abstract. 
We address a prototype inverse scattering problem in the interface of applied mathematics, statistics, and scientific computing. We pose the acoustic inverse scattering problem in a Bayesian inference perspective and simulate from the posterior distribution using MCMC. The PDE forward map is implemented using high performance computing methods. We implement a standard Bayesian model selection method to estimate an effective number of Fourier coefficients that may be retrieved from noisy data within a standard formulation.


1. Introduction
Inverse problems are typically ill-posed and analytical solutions are seldom available. Approaches to inverse problems in the interface of applied mathematics, statistics, and scientific computing represent a setting with a myriad of tools for robust solutions, for a number of reasons including its sound theoretical setting for uncertainty quantification [1, 2], prediction, and decision making. See [3] for a recent review. Although these interdisciplinary approaches are becoming prevalent [4–8], topics such as knowledge representation in complex systems [9] and effective dimension are not as mature yet. Sparsity promoting regularization and Bayesian methods have received attention recently [8, 10].
In this paper we consider a nonlinear acoustic scattering inverse problem as a case study. The rationale is that the well posedness of the direct problem and robust numerical methods has been comprehensively studied [11, 12]. This fact allows us to address the inverse problem with a reliable direct problem solver.
The propagation of acoustic waves in a homogeneous isotropic medium with constant speed of sound is governed by the linear wave equation: 
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In this work we address the problem of estimating the boundary 
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 given noisy measurements of the far field data 
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. This paper is organized as follows. For the sake of making this paper self-contained, in Section 2 we briefly review useful results used throughout the paper. The acoustic layer potential and integral equation method are presented in Section 2.1. We discuss the numerical solution of the forward mapping and its implementation in Section 2.2. In Section 2.3 we present in detail the Bayesian formulation of the inverse problem along with the probability distributions involved. The inverse problem results and the effective dimension analysis are presented in Section 3. We consider the effective dimension exploration as the main contribution of this work.
2. Materials and Methods
In this section we describe the forward mapping evaluation using the integral equations method and the layer acoustic potentials approach as in [11, 12].
2.1. Single Layer and Double Layer Potentials
The fundamental solution of the Helmholtz equation (3) is
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The direct problem is formulated in the form of a combined potential using the Dirichlet boundary condition: 
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The three potentials (single layer, double layer, and combined potential) reproduce the same far field pattern given a boundary 
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. However, the combined potential operator in (11) is the sum of the identity and a compact operator, and therefore its singular values are bounded away from zero. Consequently, the combined potential is more stable regarding numerical implementation and then we use the combined potential in the remainder.
The far field pattern for the combined potential is given by 
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The integral (12) can be evaluated numerically using the trapezoidal rule after solving the integral equation (11) for 
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. It is known [13] that the trapezoidal rule has high accuracy when integrating over periodic functions and therefore is a sensible method to use in this case.
2.2. Numerical Solution of the Forward Map
As a test case we consider the two-dimensional kite-shaped domain shown in Figure 1. The parametric representation for the boundary is given by 
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Figure 1: Synthetic example: a kite-shaped object. Numerical results for forward mapping evaluations are obtained by generating synthetic far field pattern measurements for this smooth, nonconvex boundary.


The combined potential equation (11) gives rise to a linear system upon discretization: 
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Matrix 
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 in (15) is square, nonsymmetric, dense, complex, and well conditioned. Mathematical software such as Matlab or Python can be used to evaluate the direct problem. However, it must be taken into account that a big number of evaluations of the forward mapping must be done in a Bayesian statistics approach.
Consequently, in order to have an efficient numerical machinery to evaluate the direct problem we have implemented a parallel version of the general conjugate residuals method (GCR) to solve the linear system (14). The GCR method was programmed in C on a graphics processing unit (GPU). Of note, a serial version of the GCR method programmed in C is slow, even compared with matlab and python solvers of the linear systems; see Figure 2. The implementation details for parallel computing scheme are presented on Appendix B. Although the evaluation of the far field pattern (12) is not computationally expensive, it can be done in parallel. Details are shown also in Appendix B.















































































































































	
		
	
	


	
		
	
	


	
		
	
		
	
		


	
		
	
		
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	
	
		
		
	


	
		
	
	
		
		
	


	
		
	
	
		
		
	


	
		
	
	
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	


	
		
		
		
		
		
		
	


	
		
		
		
		
		
		
	


	
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	


	
		
			
			
			
			
			
			
		
		
			
		
		
			
		
	
	
	
















Figure 2: Elapsed times of serial and parallel numerical implementations for a single forward mapping evaluation using the combined potential.


The far field pattern value 
	
		
			

				𝑢
			

			

				∞
			

			
				(
				𝑑
				)
			

		
	
 obtained for the kite in the directions 
	
		
			
				𝑑
				=
				(
				1
				,
				0
				)
			

		
	
 closely resembles results previously reported in [12]. The convergence of Nÿstrom method, used to numerically evaluate the integral operators, is illustrated on Figure 3. We use as a reference solution the far field pattern value 
	
		
			

				𝑢
			

			

				∞
			

			
				(
				1
				,
				0
				)
			

		
	
 with wave number 
	
		
			
				𝑘
				=
				1
			

		
	
, obtained with the combined potential for 
	
		
			
				𝑁
				=
				1
				0
				2
				4
			

		
	
 points, and we plot in logarithmic scale for 
	
		
			

				𝑦
			

		
	
-axis the relative errors for far field patterns obtained with combined potential (solid line in Figure 3) and single layer potential (dashed line in Figure 3) for number of points 
	
		
			
				𝑁
				=
				8
				,
				1
				6
				,
				3
				2
				,
				6
				4
				,
				1
				2
				8
				,
				2
				5
				6
			

		
	
.






























































	
		
	
	


	
		
	
	


	
		
	
	
		
	


	
		
	
	
		
	


	
		
	
	
		
	


	
		
	
	
		
	


	
		
	
	
		
		
	


	
		
	
	
		
		
	


	
		
	
	
		
		
	


	
		
	
	
		
		
	


	
		
	
	
		
		
	


	
		
	
	
		
		
	


	
		
	


	
		
	
	
		
	


	
		
		
		
	


	
		
		
	
	
		
	


	
		
		
		
	


	
		
		
	
	
		
	


	
		
	
	
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	



Figure 3: Relative errors of the forward mapping evaluation on direction 
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, for the smooth and periodic kite-shaped boundary, varying the number of points 
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 fixed. This plot with logarithmic scale for 
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-axis illustrates the exponential convergence of Nÿstrom method for combined and single layer potentials.


2.3. Bayesian Formulation
First let us remember the Bayes rule: 
								
	
 		
 			
				(
				1
				6
				)
			
 		
	

	
		
			
				𝜋
				
				𝜃
				∣
				𝑢
			

			

				∞
			

			
				
				=
				𝜋
				
				𝑢
			

			

				∞
			

			
				
				∣
				𝜃
				𝜋
				(
				𝜃
				)
			

			
				
			
			
				𝜋
				
				𝑢
			

			

				∞
			

			
				
				.
			

		
	

							The posterior density 
	
		
			
				𝜋
				(
				𝜃
				∣
				𝑢
			

			

				∞
			

			

				)
			

		
	
 quantifies the uncertainty of the parameter 
	
		
			

				𝜃
			

		
	
 to be recovered from data 
	
		
			

				𝑢
			

			

				∞
			

		
	
. The prior density 
	
		
			
				𝜋
				(
				𝜃
				)
			

		
	
 expresses the information regarding the unknown parameter 
	
		
			

				𝜃
			

		
	
. 
	
		
			
				𝜋
				(
				𝑢
			

			

				∞
			

			
				∣
				𝜃
				)
			

		
	
 is the likelihood function, that is, the measurement error distribution assumed, conditional on 
	
		
			

				𝜃
			

		
	
. The density 
	
		
			
				𝜋
				(
				𝑢
			

			

				∞
			

			

				)
			

		
	
 is a normalizing constant. Below we describe these density functions for our inverse problem.
We consider the inverse problem defined by the nonlinear forward mapping (6) from the point of view of Bayesian statistics. In Bayesian statistical inversion theory, the solution of the inverse problem is the conditional probability of parameters, given the data (posterior probability). We assume that the data are noisy measurements of far field pattern 
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2.3.1. Posterior Distribution
The posterior distribution does not have to our knowledge a closed form. Consequently, we resort to Markov chain Monte Carlo (MCMC) simulation methods to analyze the posterior distribution. We use the t-walk [14], a general purpose sampling algorithm for continuous distributions, in order to sample satisfactorily from the posterior distribution. We describe briefly the t-walk algorithm and implementation details in Appendix A.
The t-walk algorithm evaluates the energy function (minus log of the nonnormalized posterior). Consider the following:
										
	
 		
 			
				(
				2
				1
				)
			
 		
	

	
		
			
				
				𝜀
				(
				𝜃
				)
				=
				𝐸
				−
				l
				o
				g
				𝐿
				𝜃
				,
				𝑢
			

			

				∞
			

			
				
				−
				l
				o
				g
				𝜋
			

			

				Θ
			

			
				(
				𝜃
				)
				,
			

		
	

									for an arbitrary constant 
	
		
			

				𝐸
			

		
	
 (i.e., minus log of the nonnormalized posterior) on each iteration. In practice the constant 
	
		
			

				𝐸
			

		
	
 is not used and the energy is evaluated as minus log of the product likelihood times the prior one.
The output simulations of the t-walk are vectors of Fourier coefficients 
	
		
			

				𝜃
			

			

				𝑛
			

		
	
 for 
	
		
			

				𝑛
			

		
	
 fixed, each one of which defines a boundary 
	
		
			

				Γ
			

			

				𝑛
			

		
	
 through (18). We refer subsequently to the simulations 
	
		
			

				𝜃
			

			

				𝑛
			

		
	
, obtained with the t-walk, as MCMC simulations or posterior samples and we refer to a simulated boundary as the curve 
	
		
			

				Γ
			

			

				𝑛
			

		
	
 which is defined by a simulated vector 
	
		
			

				𝜃
			

			

				𝑛
			

		
	
.
2.3.2. Prior Distribution
We establish the prior model as follows. Suppose that 
	
		
			
				Γ
				∈
				𝐶
			

			

				2
			

			
				(
				ℝ
			

			

				2
			

			

				)
			

		
	
 corresponds to a star shaped domain. Then 
	
		
			

				Γ
			

		
	
 admits a representation (17)-(18). Furthermore, the mean square error for approximating 
	
		
			

				Γ
			

		
	
 by 
	
		
			

				∼
			

			

				Γ
			

			

				𝑛
			

		
	
 is given by 
										
	
 		
 			
				(
				2
				2
				)
			
 		
	

	
		
			
				‖
				‖
				‖
				Γ
				−
			

			

				∼
			

			

				Γ
			

			

				𝑛
			

			
				‖
				‖
				‖
			

			

				2
			

			
				=
				
			

			
				𝑚
				>
				𝑛
			

			
				|
				|
				
				𝑎
			

			

				𝑚
			

			
				,
				𝑏
			

			

				𝑚
			

			
				
				|
				|
			

			

				2
			

			

				.
			

		
	

									Further details of this consequence of Parseval inequality are described in [15].
Due to smoothness of 
	
		
			

				Γ
			

		
	
, the amplitude of the Fourier coefficients decays quickly along the series. In fact
										
	
 		
 			
				(
				2
				3
				)
			
 		
	

	
		
			
				|
				|
				
				𝑎
			

			

				𝑚
			

			
				,
				𝑏
			

			

				𝑚
			

			
				
				|
				|
				
				𝑚
				=
				𝑂
			

			
				−
				2
			

			
				
				.
			

		
	

									Note that 
	
		
			

				𝑚
			

		
	
 is the position of the coefficient in the Fourier series. Therefore the norm 
	
		
			
				|
				(
				𝑎
			

			

				𝑚
			

			
				,
				𝑏
			

			

				𝑚
			

			
				)
				|
			

		
	
 of the coefficients 
	
		
			

				𝑎
			

			

				𝑚
			

			
				,
				𝑏
			

			

				𝑚
			

		
	
 is by definition of 
	
		
			
				𝑂
				(
				𝑚
			

			
				−
				2
			

			

				)
			

		
	
 bounded by 
										
	
 		
 			
				(
				2
				4
				)
			
 		
	

	
		
			
				|
				|
				
				𝑎
			

			

				𝑚
			

			
				,
				𝑏
			

			

				𝑚
			

			
				
				|
				|
				<
				𝐶
			

			
				
			
			

				𝑚
			

			

				2
			

			

				,
			

		
	

									for some positive constant 
	
		
			
				𝐶
				∈
				ℝ
			

		
	
.
We pose a normal distribution for each pair 
	
		
			

				𝑎
			

			

				𝑚
			

			
				,
				𝑏
			

			

				𝑚
			

		
	
 of coefficients as follows: 
										
	
 		
 			
				(
				2
				5
				)
			
 		
	

	
		
			

				𝑎
			

			

				𝑚
			

			
				,
				𝑏
			

			

				𝑚
			

			
				
				𝐶
				∼
				𝑁
				0
				,
			

			
				
			
			
				4
				𝑚
			

			

				2
			

			
				
				,
			

		
	

									with 
	
		
			

				𝑎
			

			

				𝑚
			

			
				,
				𝑏
			

			

				𝑚
			

		
	
 mutually independent. We note that the variance was set to 
	
		
			
				𝐶
				/
				4
				𝑚
			

			

				2
			

		
	
. The rationale is that with the variance in this way, we guarantee that the pair 
	
		
			

				𝑎
			

			

				𝑚
			

			
				,
				𝑏
			

			

				𝑚
			

		
	
 satisfies the inequality (24) with probability higher than 
	
		
			
				0
				.
				9
				9
			

		
	
. Moreover the variance decreases when increasing position 
	
		
			

				𝑚
			

		
	
, that is, for high order coefficients along the Fourier series. Consequently, this modeling incorporates the smoothness of 
	
		
			

				Γ
			

		
	
 on the prior distribution.
The coefficient 
	
		
			

				𝑎
			

			

				0
			

		
	
 in (18) is related to the size of the scattering object. We assume that 
										
	
 		
 			
				(
				2
				6
				)
			
 		
	

	
		
			

				𝑎
			

			

				0
			

			
				∼
				𝑁
				(
				2
				.
				5
				,
				0
				.
				1
				4
				)
				.
			

		
	

It is not clear how to set the constant 
	
		
			

				𝐶
			

		
	
 in distribution (25). This constant can be seen as a scaling factor and the parameter 
	
		
			

				𝑚
			

		
	
 controls the spread of the distribution by 
	
		
			
				1
				⧵
				4
				𝑚
			

			

				2
			

		
	
. A single constant 
	
		
			

				𝐶
			

		
	
 can be chosen for all prior distributions (25) independently of the value of the index 
	
		
			
				𝑚
				=
				1
				,
				…
				,
				𝑛
			

		
	
. For this aim we sample coefficients 
	
		
			

				∼
			

			

				𝜃
			

			

				𝑛
			

		
	
 from the distributions (25) varying the value of 
	
		
			

				𝐶
			

		
	
. We add the condition 
										
	
 		
 			
				(
				2
				7
				)
			
 		
	

	
		
			
				𝑟
				[
				)
				(
				𝑡
				)
				>
				0
				.
				7
				5
				∀
				𝑡
				∈
				0
				,
				2
				𝜋
			

		
	

									on the radius (18) to guarantee that the sample curves do not intersect themselves. The sampled curves are presented on Figure 4. As we observe, using the values of 
	
		
			
				𝐶
				=
				0
				.
				5
			

		
	
 and 
	
		
			
				𝐶
				=
				1
			

		
	
 (see Figures 4(a) and 4(b)) we obtain very smooth curves. On the other hand, Figures 4(c) and 4(d) show curves with more oscillations. For our purposes, a value of 
	
		
			
				𝐶
				=
				2
			

		
	
 is chosen.

















































	
		
	


	
		
	


	
		
	


	
		
	
	
		
	


	
		
	
	
		
	


	
		
	


	
		
	


	
		
	


	
		
	
	
		
	


	
		
	
	
		
	



(a) 
	
		
			
				𝐶
				=
				0
				.
				5
			

		
	


















































	
		
	


	
		
	


	
		
	


	
		
	
	
		
	


	
		
	
	
		
	


	
		
	


	
		
	


	
		
	


	
		
	
	
		
	


	
		
	
	
		
	



(b) 
	
		
			
				𝐶
				=
				1
				.
				5
			

		
	


















































	
		
	


	
		
	


	
		
	


	
		
	
	
		
	


	
		
	
	
		
	


	
		
	


	
		
	


	
		
	


	
		
	
	
		
	


	
		
	
	
		
	



(c) 
	
		
			
				𝐶
				=
				2
			

		
	


















































	
		
	


	
		
	


	
		
	


	
		
	
	
		
	


	
		
	
	
		
	


	
		
	


	
		
	


	
		
	


	
		
	
	
		
	


	
		
	
	
		
	



(d) 
	
		
			
				𝐶
				=
				2
				.
				5
			

		
	

Figure 4: Prior distribution samples for coefficients on our boundary representation. The sample is drawn from a Gaussian distribution with mean 
	
		
			
				𝜇
				=
				0
			

		
	
 and variance 
	
		
			

				𝜎
			

			

				2
			

			
				=
				𝐶
				/
				4
				𝑚
			

			

				2
			

		
	
, where 
	
		
			

				𝑚
			

		
	
 is the position of the coefficient on a Fourier series and 
	
		
			

				𝐶
			

		
	
 is constant. We vary the variance and set the value of 
	
		
			

				𝐶
			

		
	
 depending on the expected smoothness of the boundary to recover.


2.3.3. Likelihood
Assume that the measurements of the far field pattern have additive Gaussian noise 
										
	
 		
 			
				(
				2
				8
				)
			
 		
	

	
		
			

				𝑢
			

			

				∞
			

			
				(
				̂
				𝑥
				)
				=
				𝐹
			

			

				Γ
			

			
				(
				𝜃
				)
				+
				𝜂
			

			
				̂
				𝑥
			

			

				,
			

		
	

									with 
	
		
			

				𝜂
			

			
				̂
				𝑥
			

			
				∼
				𝑁
				(
				0
				,
				𝜎
			

			

				2
			

			

				)
			

		
	
 for a boundary 
	
		
			

				Γ
			

		
	
. The likelihood is given by the noise distribution
										
	
 		
 			
				(
				2
				9
				)
			
 		
	

	
		
			
				𝐿
				
				𝜃
				,
				𝑢
			

			

				∞
			

			
				
				=
				(
				2
				𝜋
				𝜎
				)
			

			
				−
				𝑁
				/
				2
			

			
				
				−
				1
				e
				x
				p
			

			
				
			
			
				2
				
			

			
				̂
				𝑥
			

			
				‖
				‖
				‖
				𝑢
			

			

				∞
			

			
				(
				̂
				𝑥
				)
				−
				𝐹
			

			

				Γ
			

			
				(
				̂
				𝑥
				)
			

			
				
			
			
				𝜎
				‖
				‖
				‖
			

			

				2
			

			
				
				,
			

		
	

									assuming independent measurements. We assume that the measurements 
	
		
			

				𝑢
			

			

				∞
			

		
	
 are taken on evenly spaced directions 
	
		
			
				̂
				𝑥
			

		
	
.
3. Results and Discussion
In order to avoid committing an “inverse crime” [5] in our numerical experiments we proceed as follows. First we generate synthetic noisy far field measurements from the kite-shaped object (see Figure 1). Second, this kite is not obtained from any finite Fourier series expansion and it is therefore not included in any of our models. This forces our methodology to cope with diverse shapes, being the finite Fourier series only an approximation. Third, synthetic data generation is done using the single-layer potential approach, whereas for MCMC steps we evaluate the forward mapping using the combined potential. Of note, both the single and the combined potential approaches approximate the same far field pattern when 
	
		
			

				𝑁
			

		
	
 is large enough, however they are numerically different.
We present results of the MCMC simulations, varying the number of Fourier coefficients in Section 3.1. Results representing the main contribution of this paper are presented on Section 3.2.
3.1. Inverse Problem Results
For our experiments we discretize the boundary of the kite-shaped object with 256 points. The far field pattern was computed on 16 evenly spaced points. We use 16 incident waves and we set the coupling parameter 
	
		
			

				𝜂
			

		
	
 to be equal to the wave number 
	
		
			
				𝑘
				=
				1
			

		
	
. The synthetic data are generated with additive Gaussian noise 
	
		
			
				𝑁
				(
				0
				,
				𝜎
			

			

				2
			

			

				)
			

		
	
 whit 
	
		
			
				𝜎
				=
				0
				.
				1
			

		
	
 (equivalently SNR = 0.97). We generate 100,000 MCMC simulations of the posterior distribution for each number of coefficients (
	
		
			
				𝑐
				=
				3
				,
				5
				,
				…
				,
				3
				1
				,
				3
				3
			

		
	
). The transient stage of the MCMC is taken into account and we remove the first 5,000 iterations in each case. We highlight that it takes about 7 hours to produce 100,000 MCMC simulations on a Python implementation. With our parallel implementation the execution time is reduced to about 1 hour.
Due to space constrains, we present only marginal posterior probability distributions of cosine terms for 
	
		
			
				𝑐
				=
				1
				1
			

		
	
 coefficients in Figure 5. As we observe, for each coefficient, the corresponding distribution is unimodal with low variation. The same feature is presented for coefficients for cases 
	
		
			
				𝑐
				∈
				{
				3
				,
				5
				,
				…
				,
				3
				1
				,
				3
				3
				}
				,
				𝑐
				≠
				1
				1
			

		
	
 (not shown).














































	
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	
	
		
		
	



(a) 
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(b) 
	
		
			

				𝑎
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(c) 
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(d) 
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(e) 
	
		
			

				𝑎
			

			

				4
			

		
	

















































	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
	




(f) 
	
		
			

				𝑎
			

			

				5
			

		
	

Figure 5: Marginal posterior distributions for 
	
		
			

				𝑎
			

			

				𝑖
			

		
	
’s coefficients for 
	
		
			
				𝑐
				=
				1
				1
			

		
	
. These unimodal distributions are used to estimate coefficients of the inverse problem.


We present in Figure 6 the probability region (in gray) for the number of Fourier coefficients for cases 
	
		
			
				𝑐
				∈
				{
				3
				,
				5
				,
				…
				,
				3
				1
				,
				3
				3
				}
			

		
	
. For this aim we draw 1000 simulated boundaries subsampled with their corresponding IAT factor in each case. The true kite-shaped boundary is shown as a red dashed line. From Figure 6 it is apparent that as we increase the number of coefficients the samples have more oscillations and the probability region becomes imprecise. This fact exhibits the numerical instability of Fourier-based representation for the solutions of the inverse problem of interest.









































































































































































































	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	
	
		
	
	
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	
	
		
	
	
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	
	
		
	
	
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	
	
		
	
	
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
	
	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	
	
		
	
	
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	