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To enhance the active safety and realize the autonomy of intelligent vehicle on highway curved road, a lane changing trajectory
is planned and tracked for lane changing maneuver on curved road. The kinematics model of the intelligent vehicle with
nonholonomic constraint feature and the tracking error model are established firstly. The longitudinal and lateral coupling and
the difference of curvature radius between the outside and inside lane are taken into account, which is helpful to enhance the
authenticity of desired lane changing trajectory on curved road. Then the trajectory tracking controller of closed-loop control
structure is derived using integral backstepping method to construct a new virtual variable. The Lyapunov theory is applied to
analyze the stability of the proposed tracking controller. Simulation results demonstrate that this controller can guarantee the
convergences of both the relative position tracking errors and the position tracking synchronization.

1. Introduction

Intelligent vehicle has become a hot topic worldwide in recent
years. So far, several national and international research
programs have been initiated, such as advanced safety vehicle
(ASV), intelligent vehicle highway system (IVHS), or the
partners for advanced transit and highways (PATH) program,
whose main goals are to increase the safety and efficiency
in normal traffic environments [1]. An intelligent vehicle
should possess the following three abilities simultaneously.
The first ability is to recognize the driving environments
like the driver does using different types of sensors, such
as lane detection and obstacle detection [2]. The second
is to realize its longitudinal control so as to keep in the
longitudinal direction [3]. The third ability is to steer so
as to guide the vehicle along reference trajectories at all
possible speeds even in the presence of disturbances [4, 5].
Therein, the lane changing maneuver is one of the exten-
sive investigated automatic driving operations for intelligent
vehicles once the optimized trajectory is planned [6]. This

paper focuses on the safety of lane changing for intelligent
vehicle on curved roads by tracking the planned trajec-
tory.

The lane changing maneuver is carried out by planning
the reference trajectory according to the vehicle states and
road information, and then the control laws are designed
using onboard sensors to track this virtual trajectory [7]. The
trapezoidal acceleration profile resultant trajectory has been
known as generating the least possible lateral acceleration
on the vehicle [8]. To meet the restriction of the various
curvature and change rate for lane changing on curved road,
this paper utilizes the trajectory planning method based on
trapezoidal acceleration profile. Once the virtual trajectory
is planned, the lane changing controller is designed to track
this trajectory [9]. For example, Hatipoglu et al. [10] reported
the design of an automated lane changing controller with
a two-layer hierarchical architecture. Ammoun et al. [11]
drew an area of the virtual desire lane changing trajectory
by adding speed or acceleration constraints. Lee et al. [12]
proposed an integrated lane change driver model and used
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closed-loop simulation of the ESC system to control lane
changing and lane following maneuvers.

However, the lane changing controllers introduced above
depend on the fact that lane changing maneuvers mainly
take place on straight road segment. While on curved
road, the situation is different with straight road. Toledo-
Moreo and Zamora-Izquierdo [13] proposed an interactive
multiple model-based method for predicting lane changes
in highways. Inspired by the observation that any change
in the road curvature affects the vehicle lateral dynamics,
Ho et al. [14] realized the lane keeping and lane chang-
ing control by using the same controller. Their algorithm
incorporates the curvature of a virtual road, the actual
steering angle, and the vehicle lateral model to estimate the
vehicle position. Ren et al. [7] planned the lane changing
trajectory of vehicle on a circular curved road considering
the curvature difference between inside and outside lanes.
Then the reference yaw angle, yaw rate, and yaw angle
acceleration were derived, and the yaw-rate-tracking con-
troller was designed to realize the lane changing maneuvers
by applying nonsingular terminal sliding mode technol-
ogy.

Most of those lane changingmaneuvers researched above
ignore the influence of lane curvature change and the vehicle
longitudinal velocity on lane changing trajectory. This paper
aims at the study of the automated lane changing on curved
road, where the curvatures of the outside and inside lane are
not zero, nor equal. The main contributions of this paper
are as follows: (1) a trajectory planning method suitable for
curved road is proposed based on trapezoidal acceleration
profile; (2) the coupled function of the vehicle’s longitudinal
and lateral motion on lane changing trajectory is taken into
account, namely, the curvature radius of which is a vector
in lane changing maneuver; (3) on this basis, the trajectory
tracking control algorithm is designed using integral back-
stepping with Lyapunov theory.

The remainder of this paper is organized as follows.
The lane change trajectory is planned in Section 2. Section 3
builds the vehicle kinematics and tracking error model and
then designs the trajectory tracking controller. Simulation
anddiscussion are given in Section 4. Section 5 concludes this
paper.

2. Trajectory Planning for Lane Changing

Lane change reference trajectories play a crucial role in
the lane change maneuver. Currently, the commonly used
trajectories for lane changing are isokinetic migration lane
changing trajectory, arc lane changing trajectory, trape-
zoidal acceleration lane changing trajectory, sine function
lane changing trajectory, and so forth [15]. The trapezoidal
acceleration profile resultant trajectory has been known
as generating the least possible lateral acceleration on the
vehicle. The time requirement for changing lane and the
vehicle dynamics can be combined to choose the desired
lateral acceleration [7, 16]. This paper utilizes the trajectory
planning method based on trapezoidal acceleration profile
to meet the restriction of the various curvatures and change
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Figure 1: Schematic diagram of trapezoidal acceleration profile.

rate for lane changing on curved road. This method regards
that the acceleration profile consists of two opposite ladders
with the same size, as Figure 1. The lateral acceleration rate is
defined as

̈𝑦𝑑 (𝑡) = 𝐽max (𝑡 − 𝑡0) ⋅ 𝑢 (𝑡 − 𝑡0) − 𝐽max (𝑡 − 𝑡1) ⋅ 𝑢 (𝑡 − 𝑡1)

− 𝐽max (𝑡 − 𝑡2) ⋅ 𝑢 (𝑡 − 𝑡2) + 𝐽max (𝑡 − 𝑡3) ⋅ 𝑢 (𝑡 − 𝑡3)

+ 𝐽max (𝑡 − 𝑡4) ⋅ 𝑢 (𝑡 − 𝑡4) − 𝐽max (𝑡 − 𝑡5) ⋅ 𝑢 (𝑡 − 𝑡5) ,

(1)

where ̈𝑦𝑑(𝑡) is the desired vehicle lateral acceleration and 𝐽max
denotes themaximumof lateral acceleration rate.𝑢(𝑡) is a unit
step function and 𝑡 is the elapse time of the lane changing
maneuver. 𝑡0 denotes the starting time for this maneuver and
𝑡5 denotes the finishing time.

The key times for the lane changing maneuver satisfy the
following constraints:

𝑡1 =

𝑎max
𝐽max

,

𝑡2 = −

𝑎max
2𝐽max

+

√

(𝑎max/𝐽max)
2

+ 4𝑑𝜔/𝑎max

2

,

𝑡3 = 2𝑡1 + 𝑡2,

𝑡4 = 𝑡1 + 2𝑡2, 𝑡5 = 2𝑡1 + 2𝑡2,

(2)

where 𝑑𝑤 is defined as the distance between the outside and
inside lane. It is obvious that each time is the function of
lateral acceleration and lateral acceleration rate. Once the
vehicle lateral acceleration and lateral acceleration rate are
determined, the trajectory for lane changing can be planned.

The lane changing trajectory on curved road is planned
based on research results for lane changing on straight road
segment, assuming that the outside and the inside lane have
the same instantaneous center 𝑂𝑅, and the curvature radius
𝑅 of the outside lane is a constant.

The vehicle’smotion state during lane changing on curved
road is shown in Figure 2. The inertial coordinate system is
established, where 𝑂 denotes the starting position of vehicle
during lane changing. The x-axis is along the tangent of
outside lane centerline, while y-axis is in the direction of
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Figure 2: Schematic diagram of lane changing trajectory.

instantaneous center 𝑂𝑅. V𝑥 represents the vehicle longitudi-
nal velocity.

The desired lateral velocity and lateral displacement are
represented by ̇𝑦𝑑(𝑡) and 𝑦𝑑(𝑡), respectively, and the desired
longitudinal velocity of vehicle is denoted by V𝑑(𝑡). Among
that, the longitudinal acceleration V̇𝑑(𝑡) during lane changing
maneuver is shown as follows:

V̇𝑑 (𝑡) =

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

0 0 < 𝑡 ≤ 𝑡1

0.4 (𝑡 − 𝑡1) 𝑡1 < 𝑡 ≤ 𝑡2

0.2 𝑡2 < 𝑡 ≤ 𝑡3

−0.4 (𝑡 − 𝑡4) 𝑡3 < 𝑡 ≤ 𝑡4

0 𝑡4 < 𝑡 ≤ 𝑡5.

(3)

Assuming that the starting time 𝑡0 is zero, then at time
𝑡 during lane changing procedure, the displacement from
the starting lane to the target lane is denoted by 𝑦𝑑(𝑡), so
the instantaneous radius of the vehicle’s center 𝑀 yields 𝑅 −

𝑦𝑑(𝑡), and the angular velocity of𝑀 around the instantaneous
center 𝑂𝑅 is obtained as V𝑑(𝑡)/[𝑅 − 𝑦𝑑(𝑡)]. Hence, at time 𝑡,
the rotated angle of the vehicle around 𝑂𝑅 can be calculated
by the integral operation as

𝛼 = ∫

𝑡

0

V𝑑 (𝑡)
𝑅 − 𝑦𝑑 (𝑡)

. (4)

Here the values of vehicle’s desired motion states at
the time 𝑡 during lane changing maneuver can be derived.
Along the x-axis, the desired displacement, velocity, and
acceleration can be calculated as

𝑥𝑟 (𝑡) = [𝑅 − 𝑦𝑑 (𝑡)] sin𝛼,

�̇�𝑟 (𝑡) = V𝑑 (𝑡) cos𝛼 − ̇𝑦𝑑 (𝑡) sin𝛼,

�̈�𝑟 (𝑡) = [V̇𝑑 (𝑡) −

V𝑑 (𝑡) ̇𝑦𝑑 (𝑡)

𝑅 − 𝑦𝑑 (𝑡)

] cos𝛼

+ [ ̈𝑦𝑑 (𝑡) +

V2
𝑑

(𝑡)

𝑅 − 𝑦𝑑 (𝑡)

] sin𝛼.

(5)
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Figure 3: Vehicle real posture and the reference posture in world
coordinate system.

Along the 𝑦-axis, the desired displacement, velocity, and
acceleration can be calculated as

𝑦𝑟 (𝑡) = 𝑅 − [𝑅 − 𝑦𝑑 (𝑡)] cos𝛼,

̇𝑦𝑟 (𝑡) = V𝑑 (𝑡) sin𝛼 + ̇𝑦𝑑 (𝑡) cos𝛼,

̈𝑦𝑟 (𝑡) = [V̇𝑑 (𝑡) −

V𝑑 (𝑡) ̇𝑦𝑑 (𝑡)

𝑅 − 𝑦𝑑 (𝑡)

] sin𝛼

+ [ ̈𝑦𝑑 (𝑡) +

V2
𝑑

(𝑡)

𝑅 − 𝑦𝑑 (𝑡)

] cos𝛼

(6)

and the reference yaw angle and yaw angular velocity can be
determined as

𝜃𝑟 (𝑡) = arctan
̇𝑦𝑟 (𝑡)

�̇�𝑟 (𝑡)

,

̇

𝜃𝑟 (𝑡) =

̈𝑦𝑟 (𝑡) �̇�𝑟 (𝑡) − ̇𝑦𝑟 (𝑡) �̈�𝑟 (𝑡)

�̇�

2
𝑟

(𝑡) + ̇𝑦

2
𝑟

(𝑡)

.

(7)

3. Trajectory Tracking Controller Design

3.1. Vehicle Kinematics and Tracking Error Model. Due to the
directionality of the vehicle motion, the vehicle’s position and
orientation are described by two independent coordinates,
which are world coordinate system 𝑂𝑥𝑦 and local coordinate
system 𝑀𝑖𝑗. This paper takes the center of the vehicle driving
wheels as the origin of 𝑀𝑖𝑗. The position and orientation,
namely, the posture of an intelligent vehicle, are shown in
Figure 3.

The kinematics model of the vehicle is the starting point
to model the kinematics of the lateral and orientation errors.
The vehicle model is approximated by the popular Ackerman
model [17], regarding the vehicle as rigid body and assuming
that the two front wheels turn slightly differentially. Thus,
the instantaneous rotation center can be purely computed by
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kinematic means. The nonlinear vehicle kinematics model
can be described as [18]

̇
𝑝𝑐 =

[

[

�̇�𝑐

̇𝑦𝑐

̇

𝜃𝑐

]

]

=

[

[

cos 𝜃𝑐

sin 𝜃𝑐

0

0

0

1

]

]

[

V𝑐
𝜔𝑐

] = 𝐽𝑢𝑐, (8)

where 𝑝𝑐 = [𝑥𝑐 𝑦𝑐 𝜃𝑐]
𝑇

∈ 𝑅

3 is the vehicle’s current
posture. 𝑀 (𝑥𝑐 𝑦𝑐) is the vehicle’s current position in 𝑂𝑥𝑦.
𝜃𝑐 is the vehicle’s current moving orientation along x-axis
anticlockwise; namely, it is the angle between the coordinate
system of 𝑂𝑥𝑦 and 𝑀𝑖𝑗. Assuming that the control vector
𝑢𝑐 = [V𝑐 𝜔𝑐]

𝑇
∈ 𝑅

2, V𝑐 > 0, 𝑢𝑐 is a function of time 𝑡.
Here, V𝑐 ∈ 𝑅 denotes the linear velocity of the midpoint of
the vehicle rear axle, denoted as control point. 𝜔𝑐 ∈ 𝑅 indicts
the angular velocity of the intelligent vehicle. Both of them are
input variables in the kinematicsmodel. 𝐽denotes the velocity
Jacobian matrix of the vehicle.

As shown in Figure 1, assuming that 𝑝𝑟 = [𝑥𝑟 𝑦𝑟 𝜃𝑟]
𝑇

∈

𝑅

3 is the vehicle’s reference posture, 𝑁 (𝑥𝑟 𝑦𝑟) indicts the
vehicle’s reference position, and 𝜃𝑟 denotes its reference
moving orientation. It is necessary to define a suitable repre-
sentation for the vehicle trajectory tracking error. This step is
all the more important that an adequate choice significantly
facilitates the control design [19]. In order to track a given
trajectory smoothly, a path must be computed from a given
initial location and heading to some target point on the
desired trajectory. A tracking error function is generally
defined by a vector between the predictive reference vector
and a controlled vehicle traveling vector. The error functions
are a velocity equation that is calculated by current posture,
which is derived from the velocity equation [20]. Therefore,
the relationship between control vector and the posture error
should be explained. To achieve the tracking performance of
𝑝𝑐 → 𝑝𝑟 when 𝑡 → ∞, the tracking error vector 𝑝𝑒 =

[𝑥𝑒 𝑦𝑒 𝜃𝑒]
𝑇

∈ 𝑅

3 in 𝑀𝑖𝑗 can be explained as follows:

𝑝𝑒 =

[

[

𝑥𝑒

𝑦𝑒

𝜃𝑒

]

](𝑀𝑖𝑗)

=

[

[

cos 𝜃𝑐

− sin 𝜃𝑐

0

sin 𝜃𝑐

cos 𝜃𝑐

0

0

0

1

]

]

[

[

𝑥𝑟 − 𝑥𝑐

𝑦𝑟 − 𝑦𝑐

𝜃𝑟 − 𝜃𝑐

]

](𝑂𝑥𝑦)

= 𝐽1(𝑝𝑟 − 𝑝𝑐)(𝑂𝑥𝑦)
,

(9)

where (𝑥𝑒, 𝑦𝑒) is the phasor coordinate of 𝑀𝑁 in 𝑀𝑖𝑗 and 𝐽1

denotes the posture error transfer matrix, which transfers the
posture error from 𝑂𝑥𝑦 to 𝑀𝑖𝑗. Obviously, the tracking error
vector (𝑥𝑒, 𝑦𝑒, 𝜃𝑒) = 0 if and only if (𝑥𝑐, 𝑦𝑐, 𝜃𝑐) = (𝑥𝑟, 𝑦𝑟, 𝜃𝑟).

Differentiating the previous tracking error (9) and substi-
tuting ̇

𝑝𝑐 by (8), differential equation of vehicle posture error
can be derived as

̇
𝑝𝑒 =

[

[

�̇�𝑒

̇𝑦𝑒

̇

𝜃𝑒

]

]

=

[

[

𝜔𝑐𝑦𝑒 − V𝑐 + V𝑟 cos 𝜃𝑒

−𝜔𝑐𝑥𝑒 + V𝑟 sin 𝜃𝑒

𝜔𝑟 − 𝜔𝑐

]

]

, (10)

where V𝑟, 𝜔𝑟 are reference linear velocity and angular velocity
of vehicle, respectively.

3.2. Controller Design. The intelligent vehicle has the nature
of nonholonomic constraint feature because the number of
system inputs is less than the number of system outputs or
system states. Lots of control methods are applied to control
the nonholonomic systems, for example, linear feedback [21],
fuzzy logic [22], variable structure [23], neural network [24],
and so on [25]. There have no absolutely more predomi-
nant scheme than the others to resolve the nonholonomic
problems presently though each of the control methods has
advantages and disadvantages. Since the higher-dimensional
and nonlinear characteristics of nonholonomic constraints,
integral backstepping technology is often used to derive the
controller of the intelligent vehicle.

In this paper, the complex nonlinear system is split
into several subsystems whose number is less than system
rank. Then the Lyapunov functions are constructed and the
virtual controller of each subsystem is designed. Finally, the
controller which is uniformly and ultimately bounded could
be achieved by integrator recession and gradual correction.
Therefore, the issue of trajectory tracking for lane changing
on curved road based on system kinematics model could
be transformed to find an appropriated control input 𝑢𝑐 =

[V𝑐 𝜔𝑐]
𝑇 under any initial error; then to track reference

posture 𝑝𝑟 = [𝑥𝑟 𝑦𝑟 𝜃𝑟]
𝑇 and input 𝑢𝑟 = [V𝑟 𝜔𝑟]

𝑇, such
that the tracking error space 𝑝𝑒 = [𝑥𝑒 𝑦𝑒 𝜃𝑒]

𝑇 is abounded
and satisfies that

lim
𝑡→∞

[









𝑥𝑒 (𝑡)








+









𝑦𝑒 (𝑡)








+









𝜃𝑒 (𝑡)








] = 0. (11)

In the tracking error model (10), the lateral position error
𝑦𝑒 cannot be directly controlled. To overcome this difficulty,
this paper defines a new virtual variable 𝑥𝑒 by using integral
backstepping [26], which is as follows:

𝑥𝑒 = 𝑥𝑒 − 𝑘1

2𝑛1𝜔𝑐

1 + 𝜔

2
𝑐

𝑦𝑒, (12)

where 𝑘1 and 𝑛1 are positive constants and 𝑘1(2𝑛1𝜔𝑐/(1 +

𝜔

2

𝑐
))𝑦𝑒 is virtual feedback parameter.
Differentiating (12) yields

̇

𝑥𝑒 = �̇�𝑒 − 𝑘

1

2𝑛1 − 2𝑛1𝜔
2

𝑐

𝜔

4
𝑐

+ 2𝜔

2
𝑐

+ 1

�̇�𝑐𝑦𝑒 − 𝑘1

2𝑛1𝜔𝑐

1 + 𝜔

2
𝑐

̇𝑦𝑒.
(13)

In this case, when 𝑥𝑒 → 𝑘1(2𝑛1𝜔𝑐/(1 + 𝜔

2

𝑐
))𝑦𝑒 and 𝜃𝑒 →

0, according to system (3), it obtains that

̇𝑦𝑒 = −𝑥𝑒𝜔𝑐 = −𝑘1

2𝑛1𝜔
2

𝑐

1 + 𝜔

2
𝑐

𝑦𝑒.
(14)

Suppose a Lyapunov function 𝑉𝑦 = (1/2)𝑦

2

𝑒
; note that

differentiating this Lyapunov function is

̇

𝑉𝑦 = 𝑦𝑒
̇𝑦𝑒 = −𝑘1

2𝑛1𝜔
2

𝑐

1 + 𝜔

2
𝑐

𝑦

2

𝑒
. (15)

Obviously, ∀𝑡 ∈ (0, +∞), ̇

𝑉𝑦 ≤ 0, and then system (14)
will be asymptotically stabilized as 𝑡 → 0. According to the
proposed preliminary, the trajectory controller can be given
as
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𝑢𝑐 = [

V𝑐
𝜔𝑐

] =

[

[

[

[

V𝑟 cos 𝜃𝑒 − 𝑘1

2𝑛1 − 2𝑛1𝜔
2

𝑐

𝜔

4
𝑐

+ 2𝜔

2
𝑐

+ 1

�̇�𝑐𝑦𝑒 + 𝑘1

2𝑛1𝜔
2

𝑐

1 + 𝜔

2
𝑐

𝑥𝑒 − 𝑘1V𝑟
2𝑛1𝜔𝑐

1 + 𝜔

2
𝑐

sin 𝜃𝑒 + 𝑘2𝑥𝑒 − 𝑘1𝑘2

2𝑛1𝜔𝑐

1 + 𝜔

2
𝑐

𝑦𝑒

𝜔𝑟 + 2𝑘3V𝑟𝑦𝑒 cos
𝜃𝑒

2

+ 𝑘4 sin
𝜃𝑒

2

]

]

]

]

, (16)

where 𝑘1,𝑘2,𝑘3, and 𝑘4 are all positive constants whose value
could determine the control directly.

3.3. Stability Analysis. According to the above analysis, a
candidate Lyapunov function is defined as follows:

𝑉 =

1

2

𝑥

2

𝑒
+

1

2

𝑦

2

𝑒
+

2

𝑘3

(1 − cos
𝜃𝑒

2

) , (17)

with 𝑘3 > 0 and 𝑥𝑒 given by (12). As can be directly
verified; 𝑉 is a positive-definite and lower bounded function.
Differentiating (17) yields

̇

𝑉 = 𝑥𝑒
̇

𝑥𝑒 + 𝑦𝑒
̇𝑦𝑒 +

1

𝑘3

sin
𝜃𝑒

2

̇

𝜃𝑒

= 𝑥𝑒 (�̇�𝑒 − 𝑘1

2𝑛1 − 2𝑛1𝜔
2

𝑐

𝜔

4
𝑐

+ 2𝜔

2
𝑐

+ 1

�̇�𝑐𝑦𝑒 − 𝑘1

2𝑛1𝜔𝑐

1 + 𝜔

2
𝑐

̇𝑦𝑒)

+ 𝑦𝑒 (−𝜔𝑐𝑥𝑒 + V𝑟 sin 𝜃𝑒) +

1

𝑘3

sin
𝜃𝑒

2

(𝜔𝑟 − 𝜔𝑐)

= 𝑥𝑒 [(𝜔𝑐𝑦𝑒 − V𝑐 + V𝑟 cos 𝜃𝑒) − 𝑘1

2𝑛1 − 2𝑛1𝜔
2

𝑐

𝜔

4
𝑐

+ 2𝜔

2
𝑐

+ 1

�̇�𝑐𝑦𝑒

− 𝑘1

2𝑛1𝜔𝑐

1 + 𝜔

2
𝑐

(−𝜔𝑐𝑥𝑒 + V𝑟 sin 𝜃𝑒) ]

+ 𝑦𝑒 [(−𝜔𝑐 (𝑥𝑒 + 𝑘1

2𝑛1𝜔𝑐

1 + 𝜔

2
𝑐

𝑦𝑒) + V𝑟 sin 𝜃𝑒)]

+

1

𝑘3

sin
𝜃𝑒

2

(𝜔𝑟 − 𝜔𝑐)

= 𝑥𝑒 [V𝑟 cos 𝜃𝑒 − V𝑐 − 𝑘1

2𝑛1 − 2𝑛1𝜔
2

𝑐

𝜔

4
𝑐

+ 2𝜔

2
𝑐

+ 1

�̇�𝑐𝑦𝑒

− 𝑘1

2𝑛1𝜔𝑐

1 + 𝜔

2
𝑐

(−𝜔𝑐𝑥𝑒 + V𝑟 sin 𝜃𝑒) ]

− 𝑘1

2𝑛1𝜔
2

𝑐

1 + 𝜔

2
𝑐

𝑦

2

𝑒

+

1

𝑘3

sin
𝜃𝑒

2

[(𝜔𝑟 − 𝜔𝑐) + 2𝑘3V𝑟𝑦𝑒 cos
𝜃𝑒

2

] .

(18)

Substituting (16) into (18) yields

̇

𝑉 = −𝑘2𝑥
2

𝑒
− 𝑘1

2𝑛1𝜔
2

𝑐

1 + 𝜔

2
𝑐

𝑦

2

𝑒
−

𝑘4

𝑘3

sin2
𝜃𝑒

2

. (19)

Note that 𝑘1, 𝑘2, 𝑘3, and 𝑘4 are all positive constants and
2𝑛1𝜔
2

𝑐
/(1 + 𝜔

2

𝑐
) > 0, obviously, ̇

𝑉 ≤ 0 for ∀𝑡 ∈ (0, +∞)

according to (19). 𝑉 is a class of function which has the
characteristic of being continuously differentiable, positive
definite, and bounded, so ̇

𝑉 is a negative semidefinite and
uniformly continuous function.

Barbalat’s lemma plays a key role in Lyapunov stability
theory. Its basic theory is as follows. If a function 𝐹(𝑡, 𝑥)

satisfies the following conditions: 𝐹(𝑡, 𝑥) is lower bounded
and ̇

𝐹(𝑡, 𝑥) is negative semidefinite and uniformly continuous
in time, then ̇

𝐹(𝑡, 𝑥) → 0 as 𝑡 → ∞. According to Barbalat’s
lemma, if ̇

𝑉 → 0 with 𝑡 → ∞, which is equivalent to that

𝑥

2

𝑒
→ 0, 𝑦

2

𝑒
(𝑡) → 0,

2𝑛1𝜔𝑐

1 + 𝜔

2
𝑐

𝑦𝑒 (𝑡) → 0, sin2
𝜃𝑒

2

→ 0.

(20)

If sin2(𝜃𝑒/2) → 0, then

lim
𝑡→∞

𝜃𝑒 → 0 (𝜃𝑒 ∈ [−𝜋, 𝜋)) , (21)

while lim𝑡→∞𝑥𝑒 = 0, that is to say,

𝑥𝑒 → 𝑘1

2𝑛1𝜔𝑐

1 + 𝜔

2
𝑐

𝑦𝑒 (𝑡) . (22)

For the reason that V𝑟 and 𝜔𝑟 are equal to zero with asyn-
chronism, while 𝜔𝑐 is not identically zero and 𝑘1(2𝑛1𝜔𝑐/(1 +

𝜔

2

𝑐
))𝑦𝑒(𝑡) → 0 based on the control law, so 𝑦𝑒 → ∞.
Analyses above indicate that 𝑥𝑒 → ∞. 𝜃𝑒 ∈ [−𝜋, 𝜋) is

equivalent to 𝜃𝑒 ∈ [0, +∞) because 𝜃𝑒 is a periodic func-
tion. Obviously, according to Barbara’s lemma and Russell’s
invariant principle, it can be concluded that tracking errors
𝑝𝑒 = [𝑥𝑒 𝑦𝑒 𝜃𝑒]

𝑇 is globally, uniformly, and ultimately
bounded. Therefore, with the controller (16), we can get
lim𝑡→∞[|𝑥𝑒(𝑡)| + |𝑦𝑒(𝑡)| + |𝜃𝑒(𝑡)|] = 0. That is to say, the
designed trajectory tracking controller for the above lane
changing maneuver has characteristics of global stability.

4. Simulation and Discussion

This paper performs a computer simulation on the intelligent
vehicle by using the designed controller to tracking the
predefined lane changing trajectory on curved roads. A brief
diagram for this controller can be described by Figure 4.

According to the standard of roadway designing manual
when design the highway alignment, it is necessary to estab-
lish the proper relation between design speed and curvature.
The minimum radii of curves are important control values
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Figure 4: Schematic diagram of vehicle’s control system structure.
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Figure 5: Trajectory tracking simulation results for lane changing.

in designing for safe operation. For example, when the
design speed of road is higher than 100 km/h, then the usual
minimum radius of curve must be longer than 650m. The
common width of the lane on highway is 3.75m. The target
of this paper is to guarantee the safety of intelligent vehicle
on highway curved roads with high speed. Therefore, the
parameters for the simulation scenarios are set considering
the above specifications.

The curvature radius of the outside lane 𝑅 is set to be
650m, the space between the outside and inside lane 𝑑𝑤 is
3.75m, and the maximum of the desired lateral jerk 𝐽max
is 0.1 g/s. We can get that 𝑡1 = 1 s, 𝑡2 = 1.5 s from (2),
so the time needed for lane changing is 𝑡5 = 5 s. Here,

the gravity acceleration 𝑔 = 10m/s2. In the simulation,
the initial values of the desired longitudinal displacement
and longitudinal velocity are 0 and 15m/s, respectively, the
longitudinal acceleration V̇𝑑(𝑡) is described as (3), and the
initial tracking error [𝑥𝑒 𝑦𝑒 𝜃𝑒]

𝑇
= [−1 − 1 − 𝜋/4]

𝑇.
As a report fromNational Highway Traffic Safety Admin-

istration indicates, most lane changes are with a mean
duration of over 11 s. Besides, to reflect the influence of
radius difference between the outside and inside lane on
lane changing trajectory, the process of the lane changing
maneuver was divided into three steps. Step 1 conducts the
action from the outside to the inside lane duration from 1–
5 s. During step 2, the vehicle runs along the inside lane so as
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Table 1: Parameters of the controller.

Symbol 𝑘1 𝑘2 𝑘3 𝑘4 𝑛1
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Figure 6: Trajectory tracking error for lane changing.

to avoid continuous lane changingmaneuver. Step 3 conducts
the action from the inside to the outside lane duration from
6–11 s. Therefore, the simulation time of the lane changing
maneuver was set to be 11 s. The control parameters of the
simulation are shown in Table 1.

The corresponding simulation results are given in Figures
5 and 6. Figure 5 is shown as the trajectory tracking simula-
tion curves of lane changing, where the dotted lines are the
desired states of lane changing and the solid lines denote the
actual states.

Figures 5(a), 5(b), and 5(c) denote changes of the longi-
tudinal displacement, the lateral displacement, and the yaw
angle with process time 𝑡 for lane changing on curved road,
respectively. As can be seen from the figures above, these
3 actual states can all realize the tracking of corresponding
desired state at about 0.6 s. Figure 5(d) is the 𝑥-𝑦 trajectory
tracking curve, which describes the lane changing trajectory
on curved road in𝑂𝑥𝑦; from the local enlarging graphs of this
figure, we can get that the desired lane changing trajectory
could be tracked effectively after longitudinal driving about
10m.

The change of tracking error 𝑥𝑒, 𝑦𝑒, and 𝜃𝑒 with process
time 𝑡 is shown in Figure 6.

As shown in Figure 6, these 3 tracking errors described
intelligent vehicle system all converge to zero asymptotically
under the function of trajectory tracking controller. Simula-
tion results demonstrate that the controller has characteristics
of quick convergence and global stability, and it can realize
ideal tracking of lane changing trajectory on curved road.
Figure 7 displays the steering angle of the vehicle during the
lane change maneuver.

Figure 8 shows the system control inputs, where (a)
denotes the linear velocity input and (b) indicates the angular
velocity input. The control input 𝑢𝑐 = [V𝑐 𝜔𝑐]

𝑇 tends to
be stable at about 0.6 s in lane changing maneuver, and the
intelligent vehicle system is globally stable. Additionally, from
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Figure 8: Inputs curves of the tracking controller.

(a) and (b), it can be seen that |𝑢𝑐|max = 16m/s and |𝜔𝑐|max =

0.08 rad/s, which makes the control smoothing in vehicle’s
lane changingmaneuver.Meanwhile, the linear velocitywhen
driving along the inside lane is 15.5m/s and the angular
velocity is 0.02 rad/s.

5. Conclusions

In this paper, a lane changing trajectory is planned and
tracked for lane changing of an intelligent vehicle on curved
road. From the development in the previous sections and the
simulation results above, we have the following conclusions.

(1) Taking into account the difference of curvature radius
between the outside and inside lane, this paper utilizes the
trajectory planningmethod based on trapezoidal acceleration
profile to meet the restriction of the various curvatures
and change rate for lane changing on curved road. Then it
considers the coupled function of the vehicle’s longitudinal
and lateral motion on lane changing trajectory, namely,
the curvature radius of which is a vector in lane changing
maneuver. In order to track smoothly to a given trajectory,
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the tracking error function is generated by a vector between
the predictive reference vector and the vehicle real posture,
which is derived from the velocity equation.

(2) Aiming to figure out the nonholonomic constraints
of the tracking model and the strong coupling between vehi-
cle’s longitudinal and lateral motion, the trajectory tracking
control algorithm is designed using integral backstepping
with intermediate virtual controllers, which is devoted to the
research of trajectory tracking for lane changing on curved
road. Simulation results demonstrate that this controller can
guarantee the convergences of both the relative position
tracking errors and the position tracking synchronization.

Simulations have been carried out to demonstrate the
effectiveness of the proposed control methods, but relevant
tracking experiments on the intelligent vehicle prototype
should be performed on the intelligent vehicle. Next step, we
will concentrate on that to test and verify simulation results.
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