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Community structure detection is one of the major research areas of network science and it is particularly useful for large real
networks applications. This work presents a deep study of the most discussed algorithms for community detection based on
modularity measure: Newman’s spectral method using a fine-tuning stage and themethod of Clauset, Newman, andMoore (CNM)
with its variants. The computational complexity of the algorithms is analysed for the development of a high performance code to
accelerate the execution of these algorithms without compromising the quality of the results, according to the modularity measure.
The implemented code allows the generation of partitions with modularity values consistent with the literature and it overcomes 1
million nodes with Newman’s spectral method.The code was applied to a wide range of real networks and the performances of the
algorithms are evaluated.

1. Introduction

Community detection is of great interest in the field of
complex networks and its study has been subject of many
works [1–6]. A consensual notion about the characterization
of a community in a network is a subset of nodes with great
internal density and low external density.

Several works can be found in the literature analyzing and
comparing different measures for quality of partitions. For
instance, in the work of Yang and Leskovec [7], the authors
investigate the suitability of several measures to characterize
ground-truth based communities. The work of Moradi et
al. [8] compares different quality functions regarding their
ability to classify useful and spam messages in an email
network.

Currently, modularity, proposed by Newman and Girvan
[9], is the most widely adopted measure for the assessment
of the quality of communities in networks. To a particular
community, modularity can be understood, in a general way,
as the difference between the fraction of edges inside the

community and the fraction of edges expected by a random
version of the network, preserving the degree distribution of
the nodes.

In one of the first works with the purpose of investigating
community structures in networks, Girvan andNewman [10]
propose amethod based on edge centrality [11], able to handle
small-scale networks (up to 1000 nodes). Later, Newman
proposes amodularity based heuristicmethod, able to handle
networks on a larger scale (up to hundreds of thousands of
nodes) [12]. In order to adapt the heuristic method to large
scale networks, Clauset et al. define, thus, a methodology
which allows it to be executed more efficiently [1].

In a different direction, some works use approximate
optimization methods for community detection in complex
networks based on the modularity measure [13, 14], such as
Newman’s work [15], which proposes a relaxed optimization
method based on spectral graph theory [16].

Recently, there has been great discussion about some
negative aspects in the use of modularity as a measure of
the quality of the division of a network in communities. The
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work of Fortunato and Barthélemy is worth mentioning [17],
which verifies that themodularity can fail in the identification
of intuitive communities (for instance, cliques of nodes).
This problem is broadly addressed in the literature [4, 18–
20] and frequently related as the resolution limit problem.
Another aspect which is important to point out in the use
of modularity is the fact that some communities can show
high modularity values, even with just few variations from
random connections, as observed by Guimerà et al. [21]
and also discussed by Kehagias [22]. Furthermore, one must
consider the fact that very distinct partitions can lead to
similar modularity values, as discussed by Good et al. [18],
which is a drawback in the use of modularity.

The discussion concerning the use of the modularity as
a measure of the quality of partitions, introduced by the
aspects previously mentioned, is of primary importance in
the community detection area. Nevertheless, several works as
[4, 18, 20] discuss that modularity is still a very appropriate
measure for the assessment of community structures in
networks and emphasize the importance of the investigation
on methods for modularity maximization.

Currently, the growing possibility of storing and process-
ing data in high performance computing environments raises
the demand for the analysis of increasingly larger networks,
with million (or even billion) nodes. A great challenge
set in the complex networks area is the identification of
communities in large scale networks.

There is a great demand for computational methods that
are capable of detecting community structure in large scale
networks and this is currently one of the most important
problems in the area of complex networks. Several works can
be found in the literature with the purpose of proposing and
studying suchmethods and, among them, [1, 2, 4, 9, 15, 23–27]
can be cited.

The method of Clauset, Newman, and Moore (CNM)
can be considered one of the most important methods for
community detection in networks and, currently, it is one of
the most studiedmethods with this purpose. Somemodifica-
tions can be found in the literature in order to accelerate its
execution andmake it possible to investigate larger networks,
including the works of Wakita and Tsurumi [28], Leon-
Suematsu and Yuta [4], and Danon et al. [24]. Another
important heuristicmethod for community detection in large
scale networks is reported in the work of Blondel et al.
[29], which uses an agglomerative multistep process during
its execution. Currently, there has been a great interest in
nonparametric methods, which aim at adjusting networks to
statistic models, according to its structural properties.

This work aims at the investigation of the computational
issues of methods for community detection which enable
them to deal with large scale networks. Two of the most
adoptedmodularity basedmethods for community detection
are addressed: the spectralmethod ofNewman [15] combined
with a variation of the Kernighan-Lin method [30], which is
called fine-tuning, and the method of Clauset, Newman, and
Moore (CNM) [1]. Some variations on the fine-tuning stage
are also proposed in order to accelerate its execution without
harming the quality of the result obtained.

The computational implementation of the studied meth-
ods is discussed in respect of the computational complexity
of the algorithms. The implemented algorithms are used to
qualitative and quantitative comparative study of the spectral
method of Newman and the CNM method, adjusting their
application to large scale networks. All of the developed
code is freely available for download on the web, in Github
repository (http://www.github.com/vfvieira/).

The remainder of the work is organized as follows.
Section 2 presents the problem of community detection and
the methods addressed in this work. In Section 3, the main
computational issues concerning the implementation of the
methods are presented. The experiments performed, as well
as the obtained results and discussion, are presented in
Section 4. Section 5 presents some conclusions and future
works.

2. Community Detection in Networks

2.1. Problem Statement. A community structure in a network
can be identified when there is a division of the network
in groups with high density of internal connections and,
at the same time, low density of external connections. The
community sense becomes more evident as the difference
between the intragroup and intergroup increases.Thus, it is a
central concern to quantify the quality of a particular division
of the network in communities.

Consider a graph 𝐺(V ,E) where V represents the set of 𝑛
nodes and E represents the set of 𝑚 edges. In this work, the
edges of the graph are unweighted and undirected. Thus, the
graph 𝐺 is represented by an adjacency matrix A, where an
element A

𝑖𝑗
= 1, if a node V

𝑖
is connected to a node V

𝑗
and

A
𝑖𝑗
= 0, otherwise.
A community structureC is defined as a partition of V in

𝑛𝑐 communities:

C = {C
𝑖
, 𝑖 = 1, . . . , 𝑛𝑐} , (1)

where each community C
𝑖
⊂ V is a subset of nodes of 𝐺 such

as

V =

𝑛𝑐

⋃

𝑖=1

C
𝑖
,

𝑛𝑐

⋂

𝑖=1

C
𝑖
= 0.

(2)

Equations (2) determine that a community structure
defines a partition of the set of nodes, such that there is
no overlap between the communities. Alternatively, several
approaches that consider the overlapping of communities can
be found in the literature [7, 31].

The quality of a community structure can be assessed
by modularity, a measure proposed by Newman and Girvan
[6], which considers the difference between the fraction of
edges in a community and the fraction of edges expected by
a network with the same degree distribution, but randomly
placed.

Consider𝑚 as the number of edges in the network and k
as the degree vector, where k

𝑖
is the degree of a node V

𝑖
. The
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number of connections expected between all pairs of nodes
inside the same community is (1/2)∑

𝑖𝑗
(k
𝑖
k
𝑗
/2𝑚)𝛿(𝑐

𝑖
, 𝑐
𝑗
),

where 𝑐
𝑖
= 𝑎 denotes that the node V

𝑖
belongs to the

community C
𝑎
and 𝛿(⋅, ⋅) is the Kronecker delta, which

returns 1 if the operands are equal and 0 otherwise.The factor
1/2 is used to avoid double counting of edges.

Modularity𝑄 of a community structure can be defined as

𝑄 =
1

2𝑚
∑

𝑖𝑗

(A
𝑖𝑗
−

k
𝑖
k
𝑗

2𝑚
)𝛿 (𝑐

𝑖
, 𝑐
𝑗
) . (3)

From the definition ofmodularity, it can be said that, for a
particular network, a community structure that corresponds
to the maximum value of modularity is the best partition of
the set of nodes. Based on this principle, one has an important
motivation for the modularity maximization for solving
the community detection problem in complex networks.
Modularity optimization in networks has been subject of
several works in the literature, including [4, 15, 24, 27–29, 32,
33].

This work focuses on two of them: the spectral method of
Newman and the heuristic method of Clauset, Newman, and
Moore. The next sections are dedicated to such methods.

2.2. Spectral Optimization of Modularity. The spectral
approach was applied by Newman and Girvan to the
community detection problem [6] and, to this end, they
define a modularity matrix B, in which each element B

𝑖𝑗
can

be defined as

B
𝑖𝑗
= A
𝑖𝑗
−

k
𝑖
k
𝑗

2𝑚
. (4)

Considering the division of the network in just two
generic communities C = {C

1
,C
2
}, the communities can

be represented such that each node belongs to a vector s ∈
{−1, 1}

𝑛, and s
𝑖
= +1 if V

𝑖
∈ C
1
and s
𝑖
= −1 if V

𝑖
∈ C
2
,

redefining modularity 𝑄 (3) in terms of B as

𝑄 =
1

4𝑚
s𝑇Bs. (5)

Relaxing the vector s in a vector u which allows any
real number, the solution of the modularity maximization
problem can be obtained by solving the eigenproblem

Bu1 = 𝜆1u1, (6)

where 𝜆
1
is the largest eigenvalue of B and u1 is its corre-

sponding eigenvector. For the sake of simplicity, 𝜆
1
and u1

will be treated, respectively, as 𝜆 and u for the remainder of
the work.

The solution of (6) maximizes the approximation 𝑄 =

u𝑇Bu. From that, the community structure is defined by
the eigenvector corresponding to the largest eigenvalue of B,
according to the signal of u: the nodes corresponding to the
positive elements of u are assigned to a group and the nodes

corresponding to the negative elements of u are assigned to
the other group, which can be better described as

ŝ
𝑖
= {

+1, if 𝑢
𝑖
⩾ 0

−1, if 𝑢
𝑖
< 0,

𝑖 = 1, . . . , 𝑛.

(7)

This method is known in the literature as Newman’s
bisection method, which aims at dividing a network into two
communities (generically defined as C

1
and C

2
), and can be

summarized by the following steps: calculate the eigenvector
corresponding to the largest eigenvalue of the modularity
matrix; assign the nodes to the communities according to
the sign of the elements (positive elements are assigned to
a community C

1
and negative elements are assigned to the

other community C
2
).

In order to generalize the method for the division of
the network in several communities, the maximization of
modularity 𝑄 can be performed in a successive bisection
process. Thus, the method evaluates if there is a gain in the
modularity obtained from the division of the network (or
a community), and if convenient, a division of the nodes
into two subsets is done. In a recursive process, the method
evaluates if it is convenient to divide each of the two subsets,
and if the division increases the modularity, the operation is
performed. The process stops when there is no division in
which the modularity will be increased.

However, the strategy of simply removing the vertices
which connect two communities and applying the method to
each community leads to an essential mistake in definition
of the modularity. As defined by (3), modularity to be
maximized must consider the whole network.

In this sense, Newman defines a community modularity
matrix B(C𝑎), which concerns only a particular community,
C
𝑎
in this case, and can be defined as

B(C𝑎)
𝑖𝑗

= B
𝑖𝑗
− 𝛿 (𝑖, 𝑗) ∑

V
𝑘
∈C
𝑎

B
𝑖𝑘
. (8)

Then, Newman defines a measure Δ𝑄 which evaluates the
modularity variation caused by the division of a generic
community C

𝑎
and can be written as

Δ𝑄 =
1

4𝑚
s𝑇B(C𝑎)s. (9)

This definition allows the method to be applied to any
generic community, since the sum of the rows of B(C𝑎) is
still zero and Δ𝑄 is also zero when the community remains
undivided.

In summary, generalized Newman’s method works as
follows: the communities are repeatedly divided according
to the signs of the leading eigenvector of its corresponding
modularity matrix; when a division does not result in a
positive change in Δ𝑄 for a community, it must remain
undivided; when there is no community inwhich the division
increases Δ𝑄, the process is finished. Algorithm 1 shows an
algorithm for generalized Newman’s method.



4 Mathematical Problems in Engineering

Input: A network 𝐺 = (V ,E)

Output: A community structure C = {C
𝑎
, 𝑎 = 1, . . . , 𝑛𝑐}

(1) C← {⊘};
(2) 𝑄 ← 0;
(3) 𝑛𝑐 ← 1;
(4) C ← V

(5) NewmanSpectral(C);
(6) forall the NewmanSpectral do
(7) Calculate the modularity matrix B for C;
(8) Find the eigenvector u related to the largest algebraic eigenvalue of B (6);

// Will split community C in C and C;
(9) C ← {⊘};
(10) C ← {⊘};
(11) foreach element 𝑖 of u do
(12) if 𝑢

𝑖
⩾ 0 then

(13) s
𝑖
← +1;

(14) C ← C ∪ V
𝑖

(15) else
(16) s

𝑖
← −1;

(17) C ← C ∪ V
𝑖

(18) end
(19) end
(20) Calculate the modularity variation Δ𝑄 with vector s (9);
(21) if Δ𝑄 ⩾ 0 then

// Will try to split communities C and C;
(22) 𝑄 ← 𝑄 + Δ𝑄;
(23) NewmanSpectral(C);
(24) NewmanSpectral(C);
(25) else // Found a community C

(26) C
𝑛𝑐
← C;

(27) C← C𝑈C
𝑛𝑐
;

(28) 𝑛𝑐 ← 𝑛𝑐 + 1;
(29) end
(30) end

Algorithm 1: Newman’s spectral method for several communities.

2.2.1. Kernighan-Lin Method for Community Detection. Even
though Newman’s spectral method leads to high quality
communities, it can be substantially improved when post-
processing to each bisection is performed, as suggested by
Newman [15]. Newman proposes a variation in the method
of Kernighan-Lin, a well known graph partitioning method,
which allows it to be applied to the communities bisection
problem, which is called fine-tuning stage. The main impor-
tance of Kenrnighan-Lin method does not lie in the method
itself but in its combination to Newman’s spectral method.

The original formulation of Kernighan-Lin method [34]
differs from the method for community detection in some
aspects. In the graph partitioning problem, the method aims
at theminimization of the cut size and a constraint on the size
of each group may be respected. In the community detection
problem, the quantity to be optimized is modularity, which
must be maximized, and the sizes of the communities are
unconstrained.

Kernighan-Linmethod is based on a very intuitive notion
of division of nodes in groups and works with an initial divi-
sion of the node set in two generic subsets C

𝑎
and C

𝑏
, which

can be performed randomly or in a convenient way (in the

case of the method used as fine-tuning for Newman’s spectral
method, the initialization of the groups is performed by the
division obtained as the solution of (6)). Among all the nodes,
the method finds which node that, when moved (from C

𝑎
to

C
𝑏
or from C

𝑏
to C
𝑎
), causes the largest increase (or the least

decrease) to the modularity. These operations are performed
repeatedly, with the constraint that each node can be moved
only once. The method finds, among all the intermediate
states, the one which leads to the largest modularity value.

Algorithm 2 shows the steps for the execution of
Kernighan-Lin method adapted to community detection.

2.3. Method of Clauset, Newman, and Moore (CNM). The
method of Clauset, Newman, and Moore (CNM) [1] is a
heuristic method aiming at the fast identification of com-
munities, suited for large scale networks. CNM is one of the
most citedmethods in the literature which focuses on dealing
with large networks. As CNM is a greedy heuristic method,
its application may lead to partitions which differs from the
optimal solution, and, in many cases, modularity obtained is
much lesser than the values found by other methods.
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Input: Network 𝐺 = (V ,E);
Two communities C and C;
A division vector s (7)
Output: Two communities C e C;
A division vector s (after post-processing)

(1) Δ𝑄 ← 0;
(2) 𝑐𝑜𝑢𝑛𝑡 ← 0;
(3) s∗ ← s;
(4) while 𝑐𝑜𝑢𝑛𝑡 < 𝑛 do
(5) 𝛿𝑄

∗
← −1;

(6) 𝛿𝑄
∗
𝑖𝑑 ← 0;

(7) element 𝑖 of vector s if element 𝑖 not moved yet then
(8) Evaluates gain 𝛿𝑄 when moving 𝑖 from C to C (or from C to C);
(9) if 𝛿𝑄 > 𝛿𝑄

∗ then
(10) 𝛿𝑄

∗
← 𝛿𝑄

∗;
(11) 𝛿𝑄

∗
𝑖𝑑 ← 𝑖;

(12) end
(13) end
(14) Update vector smoving 𝛿𝑄∗ 𝑖𝑑 from C to 𝐶 or from C to C;
(15) 𝑐𝑜𝑢𝑛𝑡 ← 𝑐𝑜𝑢𝑛𝑡 + 1;
(16) Assign element 𝑖 as moved;
(17) if Δ𝑄 + 𝛿𝑄 > Δ𝑄 then
(18) s∗ ← s;
(19) Δ𝑄 ← Δ𝑄 + 𝛿𝑄;
(20) end
(21) end

Algorithm 2: Kernighan-Lin method adapted to community detection.

The algorithm, proposed by Newman [12], according
to its original description (later improved by Clauset et al.
[1]), initially associates each node of the network with a
community. Then, it repeatedly combines the communities
of which the union produces the highest increase to the
modularity 𝑄 of the community structure.

The method aims at finding the combination of com-
munities that results in the largest increase in 𝑄 and then
performs such operation.That is, themethod finds the pair of
communities C

𝑎
and C

𝑏
that leads to the highest modularity

value when combined. Such value can be interpreted as an
affinity measure between two generic communities C

𝑎
and

C
𝑏
; thus it aims at finding two similar communities so that

they can be joined [24].
CNM method uses an agglomerative strategy and, con-

sidering a network with 𝑛 nodes (and consequently 𝑛 unary
initial communities), after 𝑛 − 1 combinations the result
is only one community containing all the nodes, and the
algorithm stops.

Newman [12] proposes a strategy to evaluate the gain
obtained by the union of two generic communities C

𝑎
and

C
𝑏
, taking an 𝑛 × 𝑛 matrix as basis (which, initially, will

be identical to the adjacency matrix). The union of two
communities C

𝑎
and C

𝑏
corresponds to the substitution of

the 𝑎−𝑡ℎ and 𝑏−𝑡ℎ lines (and columns) of the matrix by their
sums. However, as shown by Clauset et al. [1], the sparsity of
the matrix results in a memory waste and a high execution
cost to apply the union of communities over the complete
lines/columns.

Thus, Clauset et al. propose a matrix M in order to store
the modularity gain caused by the union of two generic
communitiesC

𝑎
andC

𝑏
, keeping just the elementsM

𝑎𝑏
linked

by at least one edge [1]. That is, M only stores the elements
M
𝑎𝑏

(the modularity gain obtained by the union of C
𝑎
and

C
𝑏
) when the communities are connected. The elementsM

𝑎𝑏

ofM are initialized as

𝑀
𝑎𝑏
=

{

{

{

1

2𝑚
−

d
𝑎
d
𝑏

(2𝑚)
2
, if C

𝑎
and C

𝑏
are connected

0, otherwise,
(10)

where d is a vector which stores the sum of the degrees of the
nodes belonging to a community C

𝑎
and the elements d

𝑎
are

defined as

d
𝑎
= ∑

𝑖

k
𝑖
, V
𝑖
∈ C
𝑎
. (11)

After calculating the initial value of M, the method per-
forms successive unions of communities (updating thematrix
M for each union), until no more gain in the modularity can
be obtained. For the union of a particular pair of communities
C
𝑎
and C

𝑏
(where the resulting community is stored as C

𝑎
),

only the line and the column indexed by 𝑎must be updated.
In addition, the line and the column indexed by 𝑏 must be
removed, since communityC

𝑏
no longer exists.Thus, Clauset

et al. define a set of rules to update the whole matrixM with
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Input: A network 𝐺 = (V ,E)

Output: A community structure C = {C
𝑎
, 𝑎 = 1, . . . , 𝑛𝑐}

(1) Calculate the initial values forM (10);
(2) Calculate the initial modularity value 𝑄;
(3) 𝑛𝑐 ← 𝑛;
(4) repeat
(5) Join the pair of communities C

𝑎
and C

𝑏
corresponding to the highest value ofM (max(M)):M

𝑎𝑏
;

(6) Update matrixM (12);
(7) 𝑛𝑐 ← 𝑛𝑐 − 1;
(8) 𝑄 = 𝑄 +M

𝑎𝑏
;

(9) until max(Δ𝑄) < 0;

Algorithm 3: Algorithm of Clauset, Newman, and Moore.

respect to the connectivity of communitiesC
𝑎
andC

𝑏
, which

are being combined, to other communities C
𝑐
[1]:

M
𝑎𝑐
=

{{{{{{{{{{{{

{{{{{{{{{{{{

{

M
𝑎𝑐
+M
𝑏𝑐
,

if C
𝑐
is connected to both C

𝑎
and C

𝑏

M
𝑏𝑐
− 2(

d
𝑎

2𝑚
)(

d
𝑐

2𝑚
) ,

if C
𝑐
is connected to C

𝑏
but not to C

𝑎

M
𝑎𝑐
− 2(

d
𝑏

2𝑚
)(

d
𝑐

2𝑚
) ,

if C
𝑐
is connected to C

𝑎
but not to C

𝑏
.

(12)

CNMmethod can be described by the steps presented by
Algorithm 3.

2.3.1. Variation of Danon, Diaz, and Arenas (DDA). Vari-
ations on CNM can be found in the literature, some of
them aiming at improving the modularity obtained and
some of them aiming at the reduction of the execution
time (possibly harming the quality of the partition). Among
them, the variation of Danon, Diaz, and Arenas (DDA)
[24] can be highlighted and is primarily motivated by the
difference between the size of the communities obtained by
the community detection methods.

By analysing how the sizes of communities generated by
CNM affect the efficiency of the algorithm, Danon, Diaz,
and Arenas noticed that some of the method features lead
it to a typical behaviour. At the beginning of the execution,
each community has only one node. Thus, based on (10),
modularity gain is higher for the combination corresponding
to the least degrees product. As these communities are joined,
the resulting communitywill absorb a community adjacent to
the previously joined communities. The growing community
tends to increasingly absorb the adjacent nodes, leading the
process to form a few large groups, and this happens specially
in networks with a high clustering coefficient.

In order to avoid this behaviour, DDA propose a simple
modification in the choice of communities C

𝑎
and C

𝑏
to be

combined (line 5 of Algorithm 3), the normalization ofM by
the number of connections in the communities:

MDDA
𝑎𝑏

=
M
𝑎𝑏

d
𝑎

. (13)

This modification only affects the choice of communities
to be combined and not the variation of modularity obtained
in a particular stage and the real number of M

𝑎𝑏
must be

calculated. It is important to notice that this measure is
asymmetric; that is,MDDA

𝑎𝑏
̸= MDDA
𝑏𝑎

, which is not a problem,
since bothM

𝑎𝑏
andM

𝑏𝑎
are considered.

Danon et al. highlight that, in the earlier iterations of
CNM, the original method shows higher modularity values
[24]. However, as the execution proceeds, the modification of
DDA tends to provide higher quality partitions.

The need to calculate the real value of M, theoretically,
can lead to an increase in the execution time. However, in
practice, as it will be discussed in Section 3.3, a fewer number
of unions must be performed, since the communities sizes
are more balanced.This leads to a significant reduction in the
execution time.

3. Computational Issues and Implementation
of Community Detection Methods

This section aims at describing in detail the implementa-
tion of the method of Clauset, Newman, and Moore and
Newman’s spectral method performed in this work. Com-
putational issues and relevant design decisions considered in
the development of the algorithms are presented. Thus, the
aspects described in this section actually cause a significant
impact on the algorithms results, both from quality and
execution complexity points of view.

Themethods were chosen aiming at the definition of a set
of computational tools which are able to deal with the modu-
larity optimization for community detection under different
approaches: divisive × agglomerative; heuristic solution ×

relaxed solution.
The methods were all implemented with free software,

aiming at letting them in fair comparison conditions. In
order to do this, as far as possible, a set of appropriate data
structures and computational tools were adopted.
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The implemented code is freely available in Github repos-
itory and can be accessed in http://www.github.com/vfvieira/.

3.1. Newman’s Spectral Method. Newman’s spectral method
for community detection was implemented in ANSI C lan-
guage with the scientific library PETSc (Portable, Extensible
Toolkit for Scientific Computation) [35], which includes a
set of mathematical routines and data structure for the
implementation of large scale serial or parallel scientific
applications. In this work, PETSc version 3.3 was used
(http://www.mcs.anl.gov/petsc/).

One of the major concerns in the development of the
computational tool relates to matrix data storage, since real
world networks are frequently highly sparse [36]. In this
work, compressed sparse row (CSR) storage scheme was
adopted, the most widely used scheme for sparse matrices
[36]. CSR uses three vectors to store values. Considering a
matrix with 𝑛 lines and 𝑛𝑧 nonzero elements, a CSR matrix
uses a vector V𝑎𝑙 with 𝑛𝑧 elements, which stores sequentially
the nonzero elements, a vector 𝑖𝑛𝑑 with 𝑛𝑧 elements which
stores the columns of each element ofA, and a vector𝑝𝑡𝑟with
𝑛 + 1 elements, which stores the index of the element in V𝑎𝑙
which is the first nonzero element of each line.

Another central concern is the calculation of the domi-
nant eigenvector performed at each bisection. In this work,
power method was used, which corresponds to a sequence of
matrix-vectormultiplications and, according to Heath [37], it
is one of the most simple and direct approaches for obtaining
the dominant eigenvalue, which is enough for the scope of
this work.

Regarding time complexity, a matrix-vector multiplica-
tion costs 𝑂(𝑛2) when performed in a simple way. However,
considering a sparse matrix, such as a network, the multipli-
cation can be performed in 𝑂(𝑚), where 𝑚 is the number of
nonzero elements of the matrix.

In order to calculate the computational cost of the whole
method, the number of iterations for the convergence of the
eigenvalue in the power method must be considered. In the
worst case scenario, this number can reach 𝑛, which makes
the power method run in 𝑂(𝑚𝑛). In practice, however, this
value can bemuch lower. In otherwords, powermethod tends
to run in𝑂(𝑛2)when executed in a dense matrix and tends to
run in 𝑂(𝑛) when executed in a sparse matrix.

Thus, a major problem in the calculation of the dominant
eigenvector of modularity matrix B arises from the fact that
B is not a sparse matrix and, frequently, all of its elements
are nonzero even when the network is sparse. To overcome
this, Newman [15] proposes the multiplication Bx, where x is
the vector to which the dominant eigenvector will converge,
to be performed on a sparse matrix. In order to do this,
the operation is based on (4) (which defines the modularity
matrix B), and the multiplication Bx can be written as

Bx = Ax −
k (k𝑇x)
2𝑚

. (14)

The first term Ax is a multiplication of the vector x by a
sparse matrix, which can be executed in 𝑂(𝑚). The second
term corresponds to an inner product, which is executed in

𝑂(𝑛).Thus, wholeBxmultiplication is performed in𝑂(𝑚+𝑛).
Considering that 𝑛multiplications are needed by the process
to converge to the dominant eigenvalue, the total time for the
eigenvector calculation is executed in 𝑂(𝑚𝑛). Then, in the
case of a sparse network, the execution time complexity is
similar to 𝑂(𝑛2).

In a case in which the network is divided into more
than two parts, as in most real situations, the division is
repeated until the components can no longer be divided. The
execution time depends, then, on the depth of the division
tree. In the worst case, this depth is linear in 𝑛; however, in
a more realistic case, the depth of the tree is log 𝑛. Thus, the
total algorithm execution time for community detection in
networks is 𝑂(𝑛2 log 𝑛) for a sparse network.

Another problem, which arises when the power method
is applied to B, is that Newman’s method uses the eigenvector
corresponding to the largest eigenvalue ofB. However, power
method converges to the dominant eigenvector, that is, the
eigenvector corresponding to the eigenvalue with the largest
magnitude (and it is not guaranteed the the largest eigenvalue
in magnitude is the largest algebraic eigenvalue).

To overcome this problem, a shift can be performed in
the eigenvalue problem, using the eigenvalue with the largest
module.Thus, after the application of the powermethod toB,
the dominant eigenvalue 𝛽 is obtained. If 𝛽 is positive, then
the dominant eigenvalue coincideswith the largest eigenvalue
and its corresponding eigenvector is taken. Otherwise, 𝛽
is the least algebraic eigenvalue of B and a shift can be
performed in B. Power method is then performed over B +
(|𝛽|/2)I, where I is the identity matrix. The method will
converge to the desired eigenvector, since the eigenvectors
of B are preserved, even with the shift. Thus, if the process
described by (14) converges to an eigenvector corresponding
to a negative dominant eigenvalue, the iterative process can
be defined over Ax − (k(k𝑇x)/2𝑚) + (|𝛽|/2)I.

3.1.1. Computational Issues on the Implementation of the
Fine-Tuning Stage. An important stage in Newman’s spectral
method implemented in this work is fine-tuning, which uses
Kernighan-Linmethod as postprocessing after each bisection
performed, which is essential to assure the good quality of
the communities obtained. In the work where fine-tuning is
proposed [15], Newman does not define a methodology for
its implementation, which is done in this section.

The fine-tuning stage must identify, among all nodes in
the network, the one that, when moved between commu-
nities, causes the largest increase in the modularity. Direct
use of (9) for each of the calculations leads to a high
computational cost in the execution and, thus, Sun et al.
propose an alternative solution. Instead of calculating the
modularity of a division after a node is moved with (9), only
the modularity variation 𝛿𝑄 caused by moving such node is
calculated, and the node associated with the highest value is
then chosen. The variation 𝛿𝑄 obtained by moving a node V

𝑖

can be described as

𝛿𝑄 = −
s
𝑖

𝑚
B𝑇
𝑖
s, (15)
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Input: A network 𝐺 = (V ,E);
Two communities C and C;
A division vector s (7);
Number of nodes to be moved 𝑒𝑝𝑠
Output: Two communities C and C;
A division vector s (after moving nodes)

(1) Δ𝑄 ← 0;
(2) 𝑐𝑜𝑢𝑛𝑡 ← 0;
(3) s∗ ← 𝑠;
(4) 𝑢𝑝𝑑𝑎𝑡𝑒𝑑 ← 𝑡𝑟𝑢𝑒;
(5) while 𝑐𝑜𝑢𝑛𝑡 < 𝑒𝑝𝑠 do
(6) if 𝑢𝑝𝑑𝑎𝑡𝑒𝑑 then
(7) Calculate B𝑇s;
(8) 𝑢𝑝𝑑𝑎𝑡𝑒𝑑 ← 𝑓𝑎𝑙𝑠𝑒;
(9) end
(10) 𝛿𝑄

∗
← −1;

(11) 𝛿𝑄
∗
𝑖𝑑 ← 0;

(12) foreach element 𝑖 in vector s do
(13) if element 𝑖 still not moved then
(14) Calculate 𝛿𝑄 if 𝑖 is moved from C to C (or from C to C) with (15);
(15) if 𝛿𝑄 > 𝛿𝑄

∗ then
(16) 𝛿𝑄

∗
← 𝛿𝑄;

(17) 𝛿𝑄
∗
𝑖𝑑 ← 𝑖;

(18) end
(19) end
(20) end
(21) Update vector smoving 𝛿𝑄∗ 𝑖𝑑 from C to C or from C to C;
(22) 𝑐𝑜𝑢𝑛𝑡 ← 𝑐𝑜𝑢𝑛𝑡 + 1;
(23) Mark element 𝑖 as moved;
(24) if Δ𝑄 + 𝛿𝑄 > Δ𝑄 then
(25) s∗ ← s;
(26) 𝑢𝑝𝑑𝑎𝑡𝑒𝑑 ← 𝑡𝑟𝑢𝑒;
(27) end
(28) end

Algorithm 4: Fine-tuning implemented in this work.

where s is calculated from the eigenvector obtained from a
bisection in Newman’s method.

Going beyond in the purpose of speeding up the exe-
cution of Newman’s method, the implemented fine-tuning
only performs the product B𝑇

𝑖
s once at each node moving, in

order to avoid computational waste. Moreover, the algorithm
verifies if it is really necessary to update B𝑇

𝑖
s, which is only

made when moving a node causes a positive variation in the
modularity.

As defined for the other stages in Newman’s spectral
method, the value of matrix B is not explicitly calculated in
the fine-tuning stage. Thus, the fine-tuning uses a strategy
similar to the one used for the calculation of the dominant
eigenvalue.Therefore, in any of the steps during the execution
of Newman’s spectral method, it is necessary to store the
dense matrix B, making the described tool very efficient
regarding memory.

Algorithm 4 presents the steps for the execution of the
fine-tuning stage considering the aspects previously men-
tioned.

Following the traditional approach for the fine-tuning
stage, at each operation, the node whose moving causes the
highest increase (or least decrease) in modularity is chosen,
which is made for all the nodes of the network. That is, the
value of 𝑒𝑝𝑠 is 𝑛 (line 5 of Algorithm 4).

During the execution of the fine-tuning stage, there is an
implicit ordination of each node regarding its attachment to
the corresponding community. In the early iterations, fine-
tuning will move the nodes which are less attached to their
corresponding communities. After some permutations, only
the nodes which are more attached to their communities will
remain to be moved. It was verified by means of preliminary
experiments that, at a certain point of the process, the
probability is low that a node permutation results in a
modularity gain.

This work proposes a reduction in the number of nodes to
be moved in the fine-tuning stage. Two strategies were tested
in this work: the permutation of 10% of the nodes and the
permutation of 20% of the nodes in the fine-tuning stage. In
order to do this, the values 𝑛/10 and 𝑛/5were assigned to 𝑒𝑝𝑠
(line 5 of Algorithm 4). A comparative study of the results
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obtained by the different parameters for the fine-tuning stage
is presented in Section 4.

The computational tool for the implemented Newman
spectral method with fine-tuning stage and the proposed
variation is freely available for download in Github reposi-
tory, in http://www.github.com/vfvieira/newman.

3.2. Computational Issues on CNM Implementation. The
method of Clauset, Newman, and Moore (CNM) was imple-
mented inANSIC, without any external library.The variation
of CNMproposed byDanon, Diaz, and Arenas (CNM-DDA)
was also implemented.

In the work where CNM is proposed [12], the author
uses a matrixM to store the modularity gain obtained when
two generic communities C

𝑎
and C

𝑏
are combined. As the

method proceeds successive communities joins, the lines of
M related toC

𝑎
andC

𝑏
are successively combined. When the

method is applied to real world networks, it is easy to notice
that there is a great computational waste regarding memory
usage (caused by the storage of null elements) and execution
time (caused by the combination of null columns in both
combined communities).

As presented in Section 2.3, Clauset et al. argue that
when two communities are combined, it is only necessary to
update the columns of M when at least one of the involved
communities has nonzero elements and, to this end, the
authors define (12) [1]. This solution avoids the network
sparsity to increase the execution time when updatingM.

In order to take advantage of the sparsity ofM regarding
memory usage as well, an immediate and naive idea is to
use CSR storage scheme, as done in Newman’s method.
However, the CSR storage requires the nonzero structure
to be preserved, which is not the case of M, where null
elements may be filled when two communities are joined. A
reasonable solution is to store each nonzero element ofM in
a balanced binary tree [1]. Particularly, this work uses AVL
balanced binary trees to store the elements. Thus, insertions
and deletions are performed in 𝑂(log 𝑛).

At each iteration of CNM method, a pair of commu-
nities C

𝑎
and C

𝑏
must be picked to be combined. A naive

implementation must seek for the best pair of communities
among each line of M (stored as an AVL tree), which can be
computationally expensive. Thus, Clauset et al. [1] propose
to use, for each line, a max-heap, which is able to return
the largest element in 𝑂(1) [38]. Further considerations
regarding the computational complexity of CNM will be
made in Section 3.3.

However, as highlighted by the authors [1], a simpler
implementation using only one max-heap structure can be
more efficient. In this case, when two generic lines, for
instance, indexed by 𝑎 and 𝑏 (corresponding to C

𝑎
and C

𝑏
,

resp.) are joined, the method seeks for the communities C
𝑐

adjacent to C
𝑎
and C

𝑏
if its value in the heap is M

𝑎𝑏
or M
𝑐𝑏
.

If so, the value is updated. The present work implements the
approach of using only onemax-heap for the entirematrixM,
which is performed with an array.

The computational tool for the implemented CNM
method with DDA variation is freely available for

download in Github repository, in http://www.github.com/
vfvieira/cnm.

3.3. Comparison of Studied Methods. This section presents a
comparative overview of themethods studied in this work, in
order to provide a summary of references, main properties,
positive and negative aspects, and computational complexity.
This comparison aims to facilitate the discussion and the
analysis of results presented in the next section.

Even though the methods studied in this work have
the same purpose—modularity optimization—they are very
distinct regarding the manner they use to do it, and some
considerations can be made.

Newman’s method works on a divisive approach based
on spectral graph theory for community detection. It was
presented by Newman and Girvan [6] and it is based on
the optimization of a relaxed version of modularity function
(presented by (3)) in which the solution vector s of (5) can
assume any value (as in (7)).The solution of the optimization
problem can be obtained by the eigenvector related to
the largest eigenvalue of B, the modularity matrix (whose
elements are defined by (4)).

The computational cost of Newman’s spectralmethod can
be calculated, primarily, as a combination of two elements:
computation of eigenvalue u related to the largest algebraic
eigenvalue of B (line 7 of Algorithm 1) and the depth of
the execution, obtained by the number of divisions in the
network. Finding an eigenvector of a dense matrix (for
instance, B) costs 𝑂(𝑛3) in a worst case scenario (𝑛 matrix-
vector multiplications, each one running in𝑂(𝑛2)). However,
the calculation can be performed on a sparse matrix, which
runs in 𝑂(𝑚 + 𝑛), as presented by (14), reducing the cost of
the operation to𝑂((𝑚+ 𝑛)𝑛), if 𝑛 iterations are needed to the
eigenvalue to converge (which can be simplified to 𝑂(𝑚𝑛)).
Considering that𝑚 ∼ 𝑛 and log 𝑛 divisions will be performed
during the entire bisection process, the computational cost of
Newman’s method is, theoretically, 𝑂(𝑛2 log 𝑛).

Newman’s spectral method is based on an elegant math-
ematical definition of the community detection problem and
it is reported in the literature as a high quality method for
community detection. However, when a very simple greedy
approach is applied at each bisection, in a fine-tuning stage,
the quality of the partitions found is significantly improved.
Thus, the fine-tuning stage has also an important role in
the algorithm for community detection implemented in this
work. It is based on a variation of Kernighan-Lin method
[34], originally designed for graph partitioning problems and
adapted for community detection problem [6]. In order to
do this, the constraints regarding the sizes of the groups
are removed. The objective function is also adapted (from
the minimization of the cut size to the maximization of the
modularity).

In order to calculate the overall computational cost of the
implemented method, the steps of the fine-tuning, presented
in Algorithm 4, will be separately investigated. For each
element 𝑖 of s which has not been moved, 𝛿𝑄 must be
calculated by (15), which performs an inner product involving
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s and the 𝑖−𝑡ℎ line of B (line 14 of Algorithm 4). However, in
order to make a better use of the computational resources,
this operation is replaced by the previous calculation of B𝑇s
(line 7 of Algorithm 4). Again, a matrix-vectormultiplication
involving B must be performed but, as defined by (14),
it can be executed in a sparse structure and, thus, this
operation is executed in 𝑂(𝑚). The product B𝑇s must be
executed only when Δ𝑄 is updated, which may vary from
once (when no swap increases the modularity value) to 𝑛
times (when all swaps increase the modularity value). In a
realistic scenario, a low number of swaps actually increase
the quality of the partition, and the computational complexity
of this stage can be stated as 𝑂(𝑚 log 𝑛). Also, calculation
of 𝛿𝑄 must be performed only for the elements which
have not been moved yet, which decays at each iteration
and can be considered as log 𝑛. Considering, yet, that these
operations must be performed 𝑒𝑝𝑠 times (where 𝑒𝑝𝑠 is the
number of nodes swapped in the fine-tuning stage), the
overall computational complexity of fine-tuning may vary
from 𝑂(𝑒𝑝𝑠((𝑚) + (log 𝑛))) to 𝑂(𝑒𝑝𝑠((𝑚𝑛) + (log 𝑛))) (or
𝑂(𝑒𝑝𝑠((𝑚 log 𝑛) + (log 𝑛))) in a quite realistic scenario). The
computational time for Newman’s method with the fine-
tuning stage is𝑂([𝑛2 log 𝑛]+𝑂[𝑒𝑝𝑠((𝑚 log 𝑛)+(log 𝑛))]). Fine-
tuning does not increase the complexity order of the method
but, still, it increases the execution time, setting a trade-off
between complexity and quality.

An agglomerative greedy heuristic method for com-
munity detection was proposed by Newman [12], which
starts with 𝑛 unary communities and, at each step, joins
the pair of communities that causes the largest increase
in the modularity 𝑄. Using a matrix to store the values,
each of the 𝑛 steps of the algorithm is executed in 𝑂(𝑚 +

𝑛), resulting in a computational complexity of 𝑂(𝑛 + 𝑚).
Based on Newman’s heuristic method, Clauset, Newman,
and Moore (CNM) propose a method [1] which, making
use of proper data structures to store the values, can sub-
stantially reduce the cost of the execution. CNM method
is not as elegant as Newman’s method, but it shows lower
execution complexity when compared to Newman’s method,
which enables it, theoretically, to be applied to larger net-
works. As previously reported, this work uses AVL binary
trees to store the values, in which an average search can
be executed in log 𝑛. Joining two communities (line 6 of
Algorithm 3) can, then, be performed in 𝑂(log2𝑛). However,
one of the authors argues that this complexity is underes-
timated in practical scenarios and the implementation of
CNM method behaves as 𝑂(𝑛log2𝑛) only if the agglomera-
tions are performed in a balanced way (http://cs.unm.edu/∼
aaron/blog/archives/2007/02/fastmodularity.htm).

Themethodology proposed by Danon, Diaz-Guilera, and
Arenas (CNM-DDA) [24] modifies the CNM method in
order to prioritize the combination of balanced communities.
As reported by the authors, this modification harms the
modularity values in the first iterations, since the greedy
characteristic of the CNM is affected in favour of balanced
communities.The modification of DDA requires the calcula-
tion of the modularity gain, which, at a first glance, appears
to increase the execution time. However, as it will be noticed

in Section 4, the balanced combinations reduce significantly
the execution time.

4. Experiments and Discussion

This section presents the results obtained by the application
of the methods described in Section 3 to a set of 24 real world
networks, frequently used as benchmarks in network com-
munity structure studies. All the experiments were executed
in a PC laptop with an Intel Core i7 2.3 GHz 64 bit CPU and
8Gb RAM running Ubuntu 12.10. Table 1 shows a descriptive
summary of the main features of the networks: number of
nodes (𝑛), number of edges (𝑚), average degree (𝑑), and
average clustering coefficient (ĉc). A brief description of each
of the networks is also presented.

The experiments performed refer to the execution of
community detection methods, following the methodology
presented in Section 3.Themethod of Clauset, Newman, and
Moore (CNM) was explored due to its quality, efficiency,
and high number of citations in the literature considering
heuristic methods for community detection in large scale
networks. Moreover, the modification of Danon, Diaz, and
Arenas (CNM-DDA) was also implemented, due to the
quality of the results reported in its original work [24]. New-
man’s spectral method (Newman), reported in the literature
as a method which results in high quality partitions, was
also implemented in combination with the fine-tuning stage
(based on Kernighan-Lin method), using different values of
nodes swaps (Newman-FT, Newman-FT10%, and Newman-
FT20%).

Table 2 presents the quality of partitions, assessed by
modularity 𝑄, obtained by the different algorithms imple-
mented and applied to the tested networks. The best result
found for each network is highlighted in bold font. The
number of communities found by each method is also
presented in Table 2.

The analysis of Table 2 allows some remarks to be made.
At first glance, it is possible to notice that the worst results
are obtained for CNM and Newman’s methods without
modifications. When the modifications are applied (DDA
and fine-tuning, resp.), on the other hand, the results exhibit
excellent modularity values. Most of the best results are
obtained by Newman-FT and, also, some of them are found
by CNM-DDA. These results are coherent to those found in
the literature, as presented in the works of Newman [15] and
Danon et al. [24], where authors strongly suggest using the
modifications.

When the results obtained by the spectral method and its
variations are compared, the strategy of reducing the number
of nodes moved in the fine-tuning stage (proposed in this
work) shows itself very promising. In some cases, moving
only 10% of the nodes in the fine-tuning stage (Newman-
FT10%) is enough to provide results as good as those provided
when 100% of the nodes are moved (Newman-FT).When the
number of moved nodes is increased to 20% of the nodes
(Newman-FT20%), the obtainedmodularity, in almost all the
tested networks, is the same to the value obtained when 100%
of the nodes are moved. In other words, in most cases, the
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Table 1: Main features of the networks: number of nodes 𝑛, number of edges𝑚, average degree 𝑑, and average clustering coefficient ĉc.

Network 𝑛 𝑚 𝑑 ĉc Type
Karate1 34 78 4.59 0.57 Social network
Dolphins1 62 159 5.13 0.26 Dolphins network
Jazz1 198 2742 27.70 0.62 Social network
Football1 115 613 10.66 0.40 Games network
Adjnoun1 112 425 7.59 0.17 Words network
Les Mis.1 77 254 6.60 0.58 Coappearance network
Polbooks1 105 441 7.59 0.49 Copurchasing network
Email2 1133 5451 9.62 0.22 Communication network
C.Elegans2 453 2040 9.01 0.65 Metabolic network
Netscience1 1461 2742 3.75 0.70 Coauthorship network
Keys2 10680 24316 4.55 0.27 Information network
Cond-Mat1 16264 47594 5.85 0.64 Coauthorship network
Cond-Mat031 30460 120029 7.88 0.65 Coauthorship network
Amazon03023 262111 899792 6.87 0.42 Copurchasing network
BerkStan3 685230 6649470 19.41 0.60 Web documents network
CA-AstroPh3 18772 198110 21.11 0.63 Coauthorship network
CA-CondMat3 23133 93497 8.08 0.63 Coauthorship network
CA-GrQc3 5242 14496 5.53 0.53 Coauthorship network
CA-HepPh3 12008 118521 19.74 0.61 Coauthorship network
CA-HepTh3 9877 25998 5.26 0.47 Coauthorship network
Cit-HepPh3 34546 420921 24.37 0.28 Citation network
Cit-HepTh3 27770 352324 25.37 0.31 Citation network
Com-Amazon3 334836 925872 5.53 0.40 Copurchasing network
Com-Youtube3 1134890 2987624 5.26 0.08 Social network
1Downloaded from http://www-personal.umich.edu/∼mejn/netdata/.
2Downloaded from http://deim.urv.cat/∼aarenas/data/welcome.htm.
3Downloaded from http://snap.stanford.edu/data/.

permutation ofmore than 80%of the nodes in the fine-tuning
stage only causes a huge waste of time and computational
resources.

From the analysis of Table 2, it can be noticed that the
results obtained by Newman’s method with fine-tuning (even
when only 10 or 20% of the nodes aremoved) are always quite
close to the best results found. Thus, it is a reasonable choice
to use Newman’s spectral method (Newman-FT) or one of its
variations (Newman-FT10% or Newman-FT20%).

It is interesting to note that there is a tendency of good
results obtained by the heuristic methods (CNM and CNM-
DDA) for networks in which the modularity values are
higher, that is, networks with a very well defined community
structure.

This behaviour can be explained by the degeneracy char-
acteristics shown by the modularity function, as presented
by Good et al. [18]. In other words, there are a typically
exponential number of distinct partitions with modularity
values close to the optimum and this number tends to
increase when the communities are better defined.

Newman’s spectral method shows an interesting
behaviour when applied to the largest networks (BerkStan
and Com-Youtube). The quality of the partitions obtained
when fine-tuning is applied is much higher if compared
to the method without fine-tuning. Such results can be
explained when the number of communities found is also

considered. For instance, considering BerkStan, 𝑄 = 0.3242

and 5 communities are found by Newman’s method without
fine-tuning. Moreover, 𝑄 = 0.9189 and 105 communities
are found by Newman-FT. The comparison of these results
suggests that the execution of Newman’s method without
fine-tuning is prematurely interrupted, resulting in a
partition with only 5 communities. A similar analysis can be
performed for Com-Youtube network.

It is also worth noticing from Table 2 that the number of
communities found by the different versions of the spectral
method is not related to the quality of the partitions. In some
cases, more communities are found when the modularity
is higher (e.g., Football, Email, and Cit-HepTh). For other
networks, less communities are found when the modularity
increases (e.g., CA-AstroPh and CA-CondMat). In most
cases, however, both behaviours happen for the same net-
work; that is, for most networks, the quality of partitions is
not related to the number of communities found by each
variation of the spectral method (e.g., for Amazon0302, 𝑄 =

0.6931 and 450 communities are found by Newman’s method
without fine-tuning; 𝑄 = 0.8486 and 325 communities are
found by Newman-FT; 𝑄 = 0.8369 and 332 communities
are found by Newman-FT10%). Still, a correlation between
modularity and number of communities found can not be
observed when CNM and CNM-DDA are compared.
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Table 2: Modularity 𝑄 obtained for each network/number of communities found.

Network Newman Newman-FT Newman-FT10% Newman-FT20% CNM CNM-DDA

Karate 0.3934
/4

0.4188
/4

0.4097
/4

0.4188
/4

0.3806
/3

0.4188
/4

Dolphins 0.5090
/5

0.5143
/6

0.5143
/6

0.5143
/6

0.4954
/4

0.5067
/4

Jazz 0.3936
/3

0.4422
/4

0.4422
/4

0.4422
/4

0.4389
/4

0.4355
/3

Football 0.4883
/8

0.6009
/10

0.6009
/10

0.6009
/10

0.5704
/6

0.5712
/8

Adjnoun 0.2450
/9

0.2915
/7

0.2900
/7

0.2915
/7

0.2929
/7

0.2836
/6

Les Mis. 0.5314
/6

0.5443
/6

0.5443
/6

0.5443
/6

0.5005
/5

0.5327
/5

Polbooks 0.4650
/4

0.5246
/4

0.5246
/4

0.5246
/4

0.5019
/4

0.5098
/5

Email 0.4870
/7

0.5526
/10

0.5526
/10

0.5526
/10

0.5065
/15

0.5211
/9

C.Elegans 0.3430
/7

0.4233
/7

0.4168
/9

0.4233
/7

0.4094
/10

0.4202
/12

Netscience 0.9188
/53

0.9442
/87

0.9378
/69

0.9419
/79

0.9555
/276

0.9585
/276

Keys 0.7679
/94

0.8505
/77

0.8447
/80

0.8505
/77

0.8515
/193

0.8570
/153

Cond-Mat 0.7397
/123

0.7935
/147

0.7918
/139

0.7930
/139

0.7860
/895

0.7902
/796

Cond-Mat03 0.6299
/143

0.7187
/117

0.7163
/122

0.7187
/117

0.6675
/1268

0.6906
/977

Amazon0302 0.6931
/450

0.8486
/325

0.8369
/332

0.8458
/348

0.8215
/1652

0.8402
/494

BerkStan 0.3242
/5

0.9189
/105

0.9048
/100

0.9060
/106 — —

CA-AstroPh 0.4876
/61

0.5921
/34

0.5868
/53

0.5921
/34

0.4944
/443

0.5510
/333

CA-CondMat 0.5955
/133

0.6882
/100

0.6833
/102

0.6882
/100

0.6320
/877

0.6757
/627

CA-GrQc 0.7814
/79

0.8337
/80

0.8256
/75

0.8337
/79

0.8043
/419

0.8316
/396

CA-HepPh 0.5344
/7

0.6403
/51

0.6383
/52

0.6403
/51

0.5798
/432

0.6011
/323

CA-HepTh 0.6493
/106

0.7310
/73

0.7091
/110

0.7352
/89

0.7138
/551

0.7297
/475

Cit-HepPh 0.5658
/24

0.7125
/25

0.6850
/55

0.7074
/34

0.5261
/201

0.5735
/85

Cit-HepTh 0.4868
/11

0.6244
/34

0.4868
/11

0.6244
/34

0.5058
/285

0.5593
/177

Com-Amazon 0.8682
/488

0.8739
/390

0.8694
/463

0.8694
/496

0.8682
/1476

0.8781
/688

Com-Youtube 0.3616
/11

0.6930
/333

0.6812
/316

0.6930
/333 — —

Table 2 also shows that CNM and CNM-DDA tend to
provide partitionswith a larger number of communitieswhen
compared to Newman’s spectral method and the difference
is more significant in larger networks. Such behaviour can
be explained by the properties of the methods. As Newman’s

method is performed in a top-down manner, the first par-
tition found by the method has only one community (the
entire network) and the number of communities increases
as the method is executed. Thus, the partitions found by the
method during its execution tend to show a low number of



Mathematical Problems in Engineering 13

10

1

0.1

0.01

0.001Ex
ec

ut
io

n 
tim

e n
or

m
al

iz
ed

 b
y 

N
ew

m
an

-F
T

Em
ai

l

Ke
ys

C
on

d-
M

at

C
on

d-
M

at
-2
0
0
3

A
m

az
on
0
3
0
2

CA
-A

str
oP

h

CA
-C

on
dM

at

CA
-G

rQ
c

CA
-H

ep
Ph

CA
-H

ep
Th

Ci
t-H

ep
Ph

Ci
t-H

ep
Th

C
om

-A
m

az
on

C
om

-Y
ou

tu
be

W
eb

-B
er

kS
ta

n

∗∗ ∗∗

Newman
Newman-FT
Newman-FT10%

Newman-FT20%
CNM
CNM-DDA

Networks

0
.0
3
0
.0
7

0
.0
5

0
.0
5

0
.0
4

0
.0
4

4
.3
0
8
.1
4

4
.7
5

5
.6
1

0
.7
2

0
.3
0

1
3
.3
0
2
3
.5
0

2
1
.0
6

1
7
.2
6

1
.8
6

0
.2
0

2
0
.1
2
5
2
.8
1

3
8
.5
7

3
4
.5
0

1
5
.6
9

2
.1
6

2
3
1
.0
7

2
1
7
8
.2
6

1
2
6
4
.4
9

1
4
5
8
.0
4

1
2
2
1
.5
0

1
9
3
.2
7

5
.0
8

1
2
.4
0

8
.7
3

9
.2
2
1
3
.9
0

1
0
.3
7

1
6
.4
3 3
3
.6
3

1
7
.3
0

2
4
.3
8

8
.3
9

1
.3
6

1
.8
6 2
.9
1

1
.9
8

2
.2
6

0
.2
0

0
.0
4

0
.5
9

7
.3
9

5
.2
9

5
.3
0

3
.8
8

2
.1
1

3
.7
8 5
.7
1

4
.8
9

5
.4
3

0
.8
9

0
.1
3

5
.1
3

3
7
.0
1

2
3
.9
9 6
1
.9
1

2
9
.1
7

9
2
.7
6

2
.7
5

2
7
.6
7

2
.7
5

2
1
.6
2 4
3
.3
4

5
7
.6
9

5
6
1
.5
5

5
1
2
2
.1
4

2
6
5
7
.9
0

2
5
5
6
.8
5

2
2
7
7
.2
2

3
9
4
.5
4

1
5
2
.9
0

3
6
8
1
4
.2
4

2
4
4
3
7
.7
7

2
4
2
6
0
.1
3

1
7
6
.6
0

3
6
8
1
4
.4
5

1
8
7
1
3
.6
9

1
9
8
6
5
.1
6

Figure 1: Execution time for each network with eachmethod normalized by the time observed for Newman-FT in log scale. Actual execution
time (in seconds) is also presented above each bar. CNM and CNM-DDA could not be executed for Com-Youtube and Web-BerkStan
networks.

communities. The opposite occurs with CNM and CNM-
DDA. As it performs in a bottom-up manner, the partitions
found during the execution show a large number of commu-
nities.

A broader investigation of the methods is performed
considering the execution time for each of the 24 tested
networks. For the networks with up to 1000 nodes (Karate,
Dolphins, Jazz, Football, Adjnoun, Les Miserables, and Pol-
books), the executions were performed almost instantly, in
approximately 10−2 seconds. A comparison of the imple-
mented methods for community detection considering the
execution time of these networks would be quite poor and
inconclusive.Thus, this discussion is basically focused on the
larger networks.

Figure 1 allows the analysis of the execution time of the
implemented methods for the networks presented in Table 1
withmore than 1000nodes. In order to provide a comparative
analysis of themethods, the results shown in Figure 1 (𝑦-axis)
were normalized in respect to the execution time observed
for Newman’s spectral method with traditional fine-tuning
(Newman-FT), which takes more time to be executed in
most of the executions performed. The results are presented
in log scale. For reference purpose, actual execution time
of each method for each network (in seconds) using the
computational environment described at the beginning of
this section is also exhibited.

At first glance, it can be noticed that CNM-DDA shows
a good performance in a wide number of networks. In
particular, themethod is executed quite fast in networks up to
∼30000 nodes.Thus, when this result is combined with other
results in the literature, which suggest that CNM-DDA leads
to good modularity values, the method can be considered as

a reasonable choice for processing medium scale networks
and a fast response is needed.

It can be also noticed from Figure 1 that DDA modifi-
cation considerably improves the CNM method regarding
the execution time (the same consideration can be made
regarding modularity values, when Table 2 is observed) and
these results are coherent with those reported in the literature
and discussed in Section 3.3. The unbalanced union of com-
munities in CNMmethod considerably harms the execution
time, making it reasonable to apply the DDA variation to real
world networks.

Still regarding time complexity, it is worth saying that the
theoretical computational complexity of Newman’s method,
as reported in the literature, is 𝑂(𝑛2 log 𝑛). The term log 𝑛 is
used to represent the expected height for the division tree,
which is much lower than the number of nodes 𝑛 and makes
Newman’s method to behave, in practice, very similarly to
CNMmethod.

Another interesting point to notice is that the execution
time for Newman’s method, apart from depending on the
network size (given by 𝑛 and 𝑚) and the height of the
divisions tree, also depends on the number of operations
performed at each division. In other words, the number of
divisions and the sizes of the subnetworks to be divided at
each step of the execution directly affect the total time. As
a result, it may occur that, for the same network, Newman’s
method with 10% of the nodes swapped in the fine-tuning
stage shows a higher execution time when compared to
Newman’s method with 20% of the nodes swapped. This can
be observed in Figure 1 for the networks Cond-Mat, Cond-
Mat03, Com-Amazon, and Com-Youtube.
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Indeed, Newman’s method (without the fine-tuning
stage) shows good results regarding the execution time but,
on the other hand, it leads to low modularity values when
compared to other methods. Fine-tuning stage, as shown in
Table 2, significantly increases the modularity value and, on
the other hand, increases the execution time.Thus, Newman’s
method can be considered as an elegant way of finding
communities, which can be, then, refined with Kernighan-
Lin method.

Newman’s and CNM-DDA methods show low execution
time for a wide range of the studied networks. However,
a more careful analysis reveals that, for some networks
(BerkStan, Com-Youtube, Amazon0302, andCit-HepTh), the
comparison of the execution time and the quality of the
partitions presented in Table 2 suggest that the execution of
Newman’s method is, indeed, prematurely finished, as sug-
gested by the number of communities found and previously
discussed. The reduction in the execution time, then, brings
as consequence a great harm in modularity.

From the combined analysis of Table 2 and Figure 1, a
clearer comparison of the studied methods can be made. It
can be noticed that, even with a higher execution time, when
the implementation of Newman’s method is combined with
the fine-tuning stage, based on Kernighan-Lin method, the
high modularity values obtained pose an interesting trade-
off between time × modularity, specially when the strategies
of moving only 10% (Newman-FT10%) and 20% (Newman-
FT20%), proposed in this work, are considered. It can be
also argued that, even in cases where Newman-FT10% and
Newman-FT20% present higher execution times, its ratio in
relation to the best time obtained does not vary in scale
(except in the previously mentioned cases where Newman’s
method without fine-tuning finishes prematurely) and the
strategy of reducing the number of nodes swapped in the fine-
tuning stage can be considered quite reasonable.

5. Conclusions

This work presented a study of some of the most discussed
methods for community detection based on modularity:
Newman’s spectral method with a fine-tuning stage, the
method of Clauset, Newman, and Moore (CNM), and the
variation of Danon, Diaz, and Arenas (DDA) for the CNM
method.The computational issues of the implementedmeth-
ods were deeply analysed, in order to provide a set of
high performance tools for community detection regarding
execution time andmemory usage.Themethodswere applied
to a set of large scale real networks.The implementation of the
fine-tuning stage proposed in this work considers a reduction
in the number of swapped nodes, which enables an up to 50%
faster execution without harming the quality of the partitions
obtained.

The application of the implemented methods to a set of
24 networks with different features shows that themodularity
obtained is consistent with the results found in the literature.
Yet, for small networks (up to ∼10000 nodes), the execution is
quite fast, which suggest that the application of the methods

is quite appropriate in contexts where an immediate response
is needed.

Newman’s method with traditional fine-tuning shows
the best modularity value for almost all tested networks.
However, even in situations where other methods show
higher modularity values, the results obtained by Newman’s
method with fine-tuning are close to the best result. It can
be also noticed that CNM and CNM with the variation of
DDA show better modularity values, compared to Newman’s
method when the community structure is better defined, that
is, when the modularity value is high.

When Newman’s method with traditional fine-tuning
is compared to the proposed variation, considering only
10% and 20% of nodes swap, it can be noticed that, even
reducing the number of nodes moved between communities,
the quality of the communities found remains very similar.
On the other hand, the variation allows a faster execution and
its use is very reasonable.

An analysis on the computational complexity of New-
man’s method and CNMmethod allows the observation that
even though they are theoretically distinct, the execution time
is very similar. This happens due to some reasons. The first
one is the great sensibility of CNM to the unbalancing of
the union tree. Another reason is that, on both methods, the
height of the execution tree impacts the execution time and it
is much lower in Newman than it is in CNM.
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