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Abstract. 
For dynamic responses of highway bridges to moving vehicles, most of studies focused on single-factor analysis or multifactor analysis based on full factorial design. The defect of the former one is that it has no consideration of interaction effects, while that of the latter one is that it has large calculation. To avoid these defects, simplified theoretical derivations are presented at first; then some numerical simulations based on the proposed method of the orthogonal experimental design in batches have been done by our own program VBCVA. According to simplified theoretical derivations, three factors (κ, γ, and α) are proved as the most important factors to determine dynamic responses. Based on the modal synthesis method, the program VBCVA has been introduced in detail. Then on the basis of the orthogonal experimental design, both main effects and interaction effects are studied. The results show that, for different indices of dynamic responses, the influences of each factor are not the same. Additionally, the interaction effects have proved to be so small that they can be neglected. In the end, this method provides a good way to obtain more rational empirical formulas of the DLA and other dynamic responses, which may be adopted in the revision of codes for design and evaluation.
 

1. Introduction
Research on the dynamic analysis of the vehicle-bridge coupled vibration system is an important issue in civil engineering [1]. As for this problem, three methods are used in general, including the theoretical derivation, dynamic loading test, and numerical simulation.
As moving vehicles on the bridge vary in both time and space, the problem becomes more complex. And it has been noted more than 100 years before. A lot of researchers tried to obtain the effects of moving load on various elements, components, and structures based on theoretical derivations. It had been well reviewed by Frýba [2]. In 1989, an analytical-numerical method was presented that could be used to determine the dynamic behavior of beams, with different boundary conditions, carrying a moving mass [3].
The specification about impact factor or dynamic load allowance in most of design codes was obtained based on the dynamic loading test. The first thorough investigation of highway bridge dynamic loading was conducted from 1922 to 1928 by an ASCE committee (10 bridges) [4]. In the years 1958 to 1981, the Section Concrete Structure of the EMPA performed load tests on 356 bridges, and 226 static and dynamic tests on slab and beam-type highway bridges were of interest at last [5]. In Canada, three large scale series tests were completed. Firstly, a group of 52 bridges known to vibrate was selected for test in the years 1956 to 1957. Secondly, many tests were completed on continuous concrete bridges in the years 1969 to 1971. Thirdly, a total of 27 bridges were selected in 1980, which was the main basis of the design code OHBDC [6]. In China, the specification in current code was obtained from the test data of 7 simply supported girder bridges [7]. In Korea, from 1995 to 2007, a total of 256 bridges, of which span varied from 10 m to 160 m, were tested and analyzed to suggest new design criteria for an impact factor which was based on a natural frequency rather than the span length [8].





However, not all researchers can study the problem by dynamic fielding tests due to the budgets limitations. In recent years, with the development of computers, numerical simulation studies are widely used. The dynamic behavior of simple-span [9] and continuous [10] highway bridges under moving vehicles were studied based on a method of analysis which idealized the bridge as a single beam and represents the vehicle as a multiaxle sprung load. Wang et al. [11] studied the dynamic behavior of multigirder bridges, which was modeled as a grillage beam system, due to vehicles with 7 and 12 degrees of freedom (H20-44 truck and HS20-44 truck) moving across rough bridge decks. A general and efficient method was proposed for the resolution of the dynamic interaction problem between a bridge, discretized by a three-dimensional finite element model, and a dynamic system of vehicles running at a prescribed speed [12]. To study the interaction problem of large complicated bridges with various types of running vehicles, a fully computerized approach for assembling equations of motion of any types of coupled vehicle-bridge system [13]. Apart of this, many researchers focused on more complicated modeling of the vehicle-bridge system [14–16], which are much more similar with the actual conditions.




According to the review of existing literature, the defects and shortages are listed as follows.(i)The vehicle-bridge coupled model is oversimplified, especially in theoretical derivation. And it is largely different from the actual conditions.(ii)The selection of influence factors is subjective, and it lacks sufficient theoretical basis. As for one problem, the understanding from different engineers may be largely different, even if opposite.(iii)The interaction effects are seldom studied in the dynamic analysis of the bridge to moving vehicles. Most of studies focused on main effects.(iv)Abundant calculations are needed in the method of full factorial design, which has been used for multifactors problem before.(v)The impact factor in current code is the function of single parameter. It has been proved not rational and should be revised.
Therefore, the method of orthogonal experimental design in batches has been proposed in this paper. It can be used for studying both the main effects and the interaction effects. Meanwhile, due to the processing in batches, it greatly reduces the calculation cost. To make a good understanding of the vehicle-bridge system and to obtain the basis of the selection of some important factors, two simplified models are discussed at first. As a basic calculation tool, which will be more consistent with the actual condition, our own program VBCVA is described in detail. At last, using the proposed method, the influences of twelve common factors and some of their interaction effects on dynamic responses of the vehicle-bridge coupled system are discussed.
For safety of bridges, the impact factor is usually adopted to account for the dynamic responses induced by moving vehicles. However, there are many different names [17], which are always confused in the research and engineering application. So we should restate it here. In this study, two terms are used, the dynamic load allowance (DLA, 
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 denote, respectively, the maximum value of the dynamic response and the static response. It has to be noted that the position of the vehicle where the maximum dynamic response occurs is different from that related with the maximum static response in general.
In addition, for comfort analysis of pedestrians and passengers or drivers, the vibration accelerations of the bridge and the vehicle are adopted, because a large number of researchers have obtained the conclusion that the comfort of people is mainly determined by the acceleration [18–22].
2. Theoretical Derivation on Simplified Models
Theoretical derivation on simplified models does not quite agree with the actual situation, but it is one of the best ways to determine the key parameters and their influences on the dynamic responses. And, according to the derivation, the physical meanings may be more obvious, which will be good guidance for design and evaluation on dynamic performance of the highway bridge to moving vehicular loads. Consequently, in the beginning of this study, the dynamic responses of a simply supported girder bridge traversed by a single moving constant load and a moving sprung mass which are deduced and discussed, respectively.
2.1.  Simply Supported Girder Bridges Traversed by a Single Moving Constant Load
Of the wide range of problems involving vibration of structures subjected to a moving load, the easiest one to tackle is that of dynamic responses in a simply supported girder bridge (or a simply supported beam), traversed by a constant force moving at uniform speed [23]. This classical case was first solved by Krylov [24], then by Timoshenko [25]. Other solutions worthy of mention are those by Inglis [26] and Koloušek and McLean [27].
If the weight of the vehicle is far smaller than that of the bridge, the inertia force of the vehicle can be ignored. Then the vehicle-bridge coupled system can be simplified as a simply supported girder bridge traversed by a single moving constant load (Figure 1).





	
	
	
	
	
		
	
		
	
		
	
		
	
	
		
	
	
		
	
		
	
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
			
			
				
			
		
	
	
		
			
				
			
				
			
		
	
	
	
		
	
		
	
	
	
	
	
		
	
	
	
		
	
	
	
	
		
			
			
				
			
		
	


	
		
			
				
			
				
			
		
	
	


	
		
			
		
	
	
		
			
		
	
	
		
			
		
	
	
		
			
		
	
	
		
			
		
	
	
		
			
		
	
	
		
			
		
		
			
		
		
			
		
		
			
		
	
	
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	



Figure 1: A single moving constant load.


Based on the theory of the structural dynamics, the governing equation of the bridge can be given by
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, and v denote, respectively, the span length, mass per unit length, damping, moment of inertia, elasticity modulus, displacement, location, time, and the moving speed. And 
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 is the Dirac-delta function.
The initial displacement and velocity are assumed as zero. As for simply supported girder bridge, the sine functions can be assumed as the mode shapes 
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. Also, the dynamic displacement and the bending moment in the support section are zero. Based on the mode superposition method, the dynamic displacement of the bridge can be given by
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          According to (3), if the damping of the bridge is ignored, the dynamic displacement can be simplified as
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							It can be seen from (5) that there are two parts in the dynamic displacement of the simply supported girder bridge traversed by a single moving constant load. One part is the forced vibration related to the speed of the moving load, and the other part is the free vibration of the bridge itself.
If the speed of moving load is zero, but the force vibration in (5) is still retained, the static displacement of the bridge (
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In accordance with theory of structural statics [28], the accurate static displacement can be given by
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							Considering the symmetry, four sections of the bridge are selected, and the comparison of (6) and (7) is plotted in Figure 2.





	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
			
		
		
			
		
		
			
		
		
			
		
		
		
			
		
		
			
			
		
		
			
		
	


	
		
		
	
	
		
		
	
	
		
			
		
			
	
	
		
			
		
			
	
	
		
			
		
			
	
	
		
		
	
	
		
		
	
	
		
			
		
			
	
	
		
			
		
			
	
	
		
			
		
			
	
	
		
			
		
	
	
		
			
		
			
	
	
		
			
		
			
	
	
		
			
		
			
	
	
		
			
		
			
	
	
		
		
	
	
		
		
	
	
		
		
	
	
		
		
	
	
		
			
		
			
	
	
		
			
		
			
	


	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	


	
		
			
			
			
		
	
	
		
			
			
			
		
	
	
		
			
			
			
		
	
	
		
			
			
			
		
	
	
		
			
			
			
		
	
	
		
			
			
			
		
	
	
		
			
			
			
		
	
	
		
			
			
			
		
	
	
		
			
			
			
		
	
	
		
			
			
			
		
	
	
		
			
			
			
		
	
	
		
			
			
			
		
	
	
		
			
				
					
			
			
				
					
			
			
			
				
			
		
		
			
				
				
			
			
				
			
			
				
				
				
				
			
			
				
			
			
				
			
		
		
			
				
				
			
			
				
			
			
				
				
				
				
			
			
				
			
			
				
			
		
		
			
				
				
			
			
				
			
			
				
				
				
				
			
			
				
			
			
				
			
		
		
			
				
				
			
			
				
			
			
				
				
				
				
			
			
				
			
			
				
			
		
	
	
		
			
				
					
			
			
				
					
			
			
				
					
				
					
			
			
		
		
			
				
				
			
			
				
			
			
				
				
				
				
			
			
				
			
			
				
			
		
		
			
				
				
			
			
				
			
			
				
				
				
				
			
			
				
			
			
				
			
		
		
			
				
				
			
			
				
			
			
				
				
				
				
			
			
				
			
			
				
			
		
		
			
				
				
			
			
				
			
			
				
				
				
				
			
			
				
			
			
				
			
		
	
	
		
			
			
			
			
			
			
			
			
			
			
			
			
			
			
			
			
			
			
		
		
			
		
		
			
		
	
	
		
			
			
			
			
			
			
			
			
			
			
			
			
			
			
			
			
			
		
		
			
		
		
			
		
		
			
		
		
			
		
	
	
	
	
	
	
	
	
	
	
	
	
	



Figure 2: Comparison of static displacement.


Figure 2 shows that they are almost the same. And the assumption of sine functions being thought as mode shapes is verified rational enough in another aspect:
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2.2. A Simply Supported Girder Bridge Traversed by a Moving Sprung Mass
Due to neglect of the mass of the vehicle in the section above, coupled vibration in the vehicle-bridge system is not considered. To make a good comprehension of this effect, a simply supported girder bridge traversed by a moving sprung mass has been adopted in this section [29] (Figure 3).





	
	
	
	
	
		
	
	
	
		
	
		
	
	
	
		
	
	
	
		
	
		
	
	
	
		
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
			
			
				
			
		
	
	
		
			
				
			
				
			
		
	
	
	
		
	
		
	
	
	
	
	
	
		
			
				
			
				
			
		
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
			
			
				
			
		
	
	
	
		
			
				
			
				
			
		
	
	


	
		
		
		
		
		
		
		
		
	


	


	
		
			
		
	
	
		
			
		
	
	
		
			
		
	
	
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
	
	
		
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
		
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	



Figure 3: A moving sprung mass.


In Figure 3, the moving vehicle has been simplified as a sprung mass, including the mass of vehicle body 
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. The vehicle body and the wheel are connected with a spring and a damper. Also, it is assumed that the wheel is contacted with the bridge all the time. In addition, the bridge is thought to be vibrated based on only the first mode shape. Likewise, there is no initial vibration of the bridge, and the damping of the bridge is ignored.
Respectively, based on the theory of structural dynamics, the governing equations of the vehicle body and the bridge can be given by
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				𝑐
			

			
				=
				𝜋
				𝑣
			

			
				
			
			
				𝐿
				𝑢
			

			

				𝑏
			

			
				c
				o
				s
				𝜋
				𝑣
				𝑡
			

			
				
			
			
				𝐿
				+
				̇
				𝑢
			

			

				𝑏
			

			
				s
				i
				n
				𝜋
				𝑣
				𝑡
			

			
				
			
			
				𝐿
				,
			

		
	
 
	
 		
 			
				(
				1
				0
				d
				)
			
 			
				(
				1
				0
				e
				)
			
 			
				(
				1
				0
				f
				)
			
 			
				(
				1
				0
				g
				)
			
 			
				(
				1
				0
				h
				)
			
 		
	

	
		
			
				̈
				𝑢
			

			

				𝑐
			

			
				
				=
				−
				𝜋
				𝑣
			

			
				
			
			
				𝐿
				
			

			

				2
			

			

				𝑢
			

			

				𝑏
			

			
				s
				i
				n
				𝜋
				𝑣
				𝑡
			

			
				
			
			
				𝐿
				+
				2
				𝜋
				𝑣
			

			
				
			
			
				𝐿
				̇
				𝑢
			

			

				𝑏
			

			
				c
				o
				s
				𝜋
				𝑣
				𝑡
			

			
				
			
			
				𝐿
				+
				̈
				𝑢
			

			

				𝑏
			

			
				s
				i
				n
				𝜋
				𝑣
				𝑡
			

			
				
			
			
				𝐿
				,
				
				𝑢
				𝑝
				=
				𝑘
			

			

				𝑣
			

			
				−
				𝑢
			

			

				𝑐
			

			
				
				
				+
				𝑐
				̇
				𝑢
			

			

				𝑣
			

			
				−
				̇
				𝑢
			

			

				𝑐
			

			
				
				−
				𝑚
			

			

				𝑡
			

			
				𝑔
				−
				𝑚
			

			

				𝑡
			

			
				̈
				𝑢
			

			

				𝑐
			

			
				−
				𝑚
			

			

				𝑣
			

			
				𝑚
				𝑔
				,
			

			

				∗
			

			
				=
				
			

			
				𝐿
				0
			

			
				𝑚
				𝜑
			

			

				2
			

			
				1
				(
				𝑥
				)
				𝑑
				𝑥
				=
			

			
				
			
			
				2
				𝑘
				𝑚
				𝐿
				,
			

			

				∗
			

			
				=
				
			

			
				𝐿
				0
			

			
				
				𝜑
				𝐸
				𝐼
			

			
				
				
			

			
				
				(
				𝑥
				)
			

			

				2
			

			
				𝜋
				𝑑
				𝑥
				=
			

			

				4
			

			
				𝐸
				𝐼
			

			
				
			
			
				2
				𝐿
			

			

				3
			

			
				,
				𝑝
			

			

				∗
			

			
				=
				
			

			
				𝐿
				0
			

			
				𝑝
				𝜑
				(
				𝑥
				)
				𝑑
				𝑥
				.
			

		
	


          Substituting ((10c)~(10h)) into (9b) and combining (9a) and (9b), then
	
 		
 			
				(
				1
				1
				)
			
 		
	

	
		
			
				⎡
				⎢
				⎢
				⎢
				⎣
				𝑚
			

			

				𝑣
			

			
				0
				0
				𝑚
				𝐿
			

			
				
			
			
				2
				+
				𝑚
			

			

				𝑡
			

			
				s
				i
				n
			

			

				2
			

			
				𝜋
				𝑣
				𝑡
			

			
				
			
			
				𝐿
				⎤
				⎥
				⎥
				⎥
				⎦
				⎧
				⎪
				⎨
				⎪
				⎩
				̈
				𝑢
			

			

				𝑣
			

			
				̈
				𝑢
			

			

				𝑏
			

			
				⎫
				⎪
				⎬
				⎪
				⎭
				+
				⎡
				⎢
				⎢
				⎢
				⎣
				𝑐
				−
				𝑐
				s
				i
				n
				𝜋
				𝑣
				𝑡
			

			
				
			
			
				𝐿
				−
				𝑐
				s
				i
				n
				𝜋
				𝑣
				𝑡
			

			
				
			
			
				𝐿
				𝜋
				𝑣
			

			
				
			
			
				𝐿
				s
				i
				n
				𝜋
				𝑣
				𝑡
			

			
				
			
			
				𝐿
				
				𝑐
				s
				i
				n
				𝜋
				𝑣
				𝑡
			

			
				
			
			
				𝐿
				+
				2
				𝑚
			

			

				𝑡
			

			
				c
				o
				s
				𝜋
				𝑣
				𝑡
			

			
				
			
			
				𝐿
				
				⎤
				⎥
				⎥
				⎥
				⎦
				⎧
				⎪
				⎨
				⎪
				⎩
				̇
				𝑢
			

			

				𝑣
			

			
				̇
				𝑢
			

			

				𝑏
			

			
				⎫
				⎪
				⎬
				⎪
				⎭
				+
				⎡
				⎢
				⎢
				⎢
				⎣
				𝑘
				−
				𝑘
				s
				i
				n
				𝜋
				𝑣
				𝑡
			

			
				
			
			
				𝐿
				−
				𝑐
				𝜋
				𝑣
			

			
				
			
			
				𝐿
				c
				o
				s
				𝜋
				𝑣
				𝑡
			

			
				
			
			
				𝐿
				−
				𝑘
				s
				i
				n
				𝜋
				𝑣
				𝑡
			

			
				
			
			
				𝐿
				s
				i
				n
				𝜋
				𝑣
				𝑡
			

			
				
			
			
				𝐿
				
				
				𝑘
				−
				𝑚
			

			

				𝑡
			

			
				
				𝜋
				𝑣
			

			
				
			
			
				𝐿
				
			

			

				2
			

			
				
				s
				i
				n
				𝜋
				𝑣
				𝑡
			

			
				
			
			
				𝐿
				+
				𝑐
				𝜋
				𝑣
			

			
				
			
			
				𝐿
				c
				o
				s
				𝜋
				𝑣
				𝑡
			

			
				
			
			
				𝐿
				
				+
				𝜋
			

			

				4
			

			
				𝐸
				𝐼
			

			
				
			
			
				2
				𝐿
			

			

				3
			

			
				⎤
				⎥
				⎥
				⎥
				⎦
				⎧
				⎪
				⎨
				⎪
				⎩
				𝑢
			

			

				𝑣
			

			

				𝑢
			

			

				𝑏
			

			
				⎫
				⎪
				⎬
				⎪
				⎭
				=
				⎧
				⎪
				⎨
				⎪
				⎩
				0
				−
				
				𝑚
			

			

				𝑡
			

			
				+
				𝑚
			

			

				𝑣
			

			
				
				𝑔
				s
				i
				n
				𝜋
				𝑣
				𝑡
			

			
				
			
			
				𝐿
				⎫
				⎪
				⎬
				⎪
				⎭
				.
			

		
	

In general, the mass of the wheel is much less than that of the vehicle body, so it can be ignored. And when the damping of the vehicle is neglected, (11) can be simplified as
								
	
 		
 			
				(
				1
				2
				)
			
 		
	

	
		
			
				⎡
				⎢
				⎢
				⎢
				⎣
				𝑚
			

			

				𝑣
			

			
				0
				0
				𝑚
				𝐿
			

			
				
			
			
				2
				⎤
				⎥
				⎥
				⎥
				⎦
				⎧
				⎪
				⎨
				⎪
				⎩
				̈
				𝑢
			

			

				𝑣
			

			
				̈
				𝑢
			

			

				𝑏
			

			
				⎫
				⎪
				⎬
				⎪
				⎭
				+
				⎡
				⎢
				⎢
				⎢
				⎣
				𝑘
				−
				𝑘
				s
				i
				n
				𝜋
				𝑣
				𝑡
			

			
				
			
			
				𝐿
				−
				𝑘
				s
				i
				n
				𝜋
				𝑣
				𝑡
			

			
				
			
			
				𝐿
				𝑘
				s
				i
				n
			

			

				2
			

			
				𝜋
				𝑣
				𝑡
			

			
				
			
			
				𝐿
				+
				𝜋
			

			

				4
			

			
				𝐸
				𝐼
			

			
				
			
			
				2
				𝐿
			

			

				3
			

			
				⎤
				⎥
				⎥
				⎥
				⎦
				⎧
				⎪
				⎨
				⎪
				⎩
				𝑢
			

			

				𝑣
			

			

				𝑢
			

			

				𝑏
			

			
				⎫
				⎪
				⎬
				⎪
				⎭
				=
				⎧
				⎪
				⎨
				⎪
				⎩
				0
				−
				
				𝑚
			

			

				𝑡
			

			
				+
				𝑚
			

			

				𝑣
			

			
				
				𝑔
				s
				i
				n
				𝜋
				𝑣
				𝑡
			

			
				
			
			
				𝐿
				⎫
				⎪
				⎬
				⎪
				⎭
				.
			

		
	

Obviously, the fundamental frequency and the maximum static displacement of the vehicle and the bridge can be given by
	
 		
 			
				(
				1
				3
				a
				)
			
 			
				(
				1
				3
				b
				)
			
 		
	

	
		
			

				𝜔
			

			

				𝑣
			

			
				=
				
			

			
				
			
			

				𝑘
			

			
				
			
			

				𝑚
			

			

				𝑣
			

			
				,
				𝜔
			

			

				𝑏
			

			
				=
				
			

			
				
			
			

				𝑘
			

			

				∗
			

			
				
			
			

				𝑚
			

			

				∗
			

			

				,
			

		
	


	
 		
 			
				(
				1
				4
				a
				)
			
 			
				(
				1
				4
				b
				)
			
 		
	

	
		
			

				𝑢
			

			
				𝑣
				𝑠
				,
				m
				a
				x
			

			
				=
				𝑚
			

			

				𝑣
			

			

				𝑔
			

			
				
			
			
				𝑘
				,
				𝑢
			

			
				𝑏
				𝑠
				,
				m
				a
				x
			

			
				=
				𝑚
			

			

				𝑣
			

			

				𝑔
			

			
				
			
			

				𝑘
			

			

				∗
			

			

				.
			

		
	


          In accordance with the current codes, the dynamic load allowance (DLA, 
	
		
			

				𝜂
			

		
	
) is defined as the ratio of the maximum dynamic response and the maximum static response. And the impact factor (IF, 
	
		
			

				𝜇
			

		
	
) in the code of China (JTG D60-2004) is equal to DLA subtracted by one as follows: 
	
 		
 			
				(
				1
				5
				a
				)
			
 			
				(
				1
				5
				b
				)
			
 		
	

	
		
			

				𝜂
			

			

				𝑣
			

			
				=
				𝑢
			

			

				𝑣
			

			
				
			
			

				𝑚
			

			

				𝑣
			

			
				=
				𝑢
				𝑔
				/
				𝑘
			

			

				𝑣
			

			

				𝜔
			

			
				2
				𝑣
			

			
				
			
			
				𝑔
				=
				1
				+
				𝜇
			

			

				𝑣
			

			
				,
				𝜂
			

			

				𝑏
			

			
				=
				𝑢
			

			

				𝑏
			

			
				
			
			

				𝑚
			

			

				𝑣
			

			
				𝑔
				/
				𝑘
			

			

				∗
			

			
				=
				𝑢
			

			

				𝑏
			

			

				𝜔
			

			
				2
				𝑏
			

			
				
			
			
				2
				𝜅
				𝑔
				=
				1
				+
				𝜇
			

			

				𝑏
			

			

				,
			

		
	
where 
	
		
			

				𝜅
			

		
	
 is the ratio between the mass of the vehicle and that of the bridge. Besides, another two important nondimensional parameters are introduced here: 
	
 		
 			
				(
				1
				6
				a
				)
			
 			
				(
				1
				6
				b
				)
			
 			
				(
				1
				6
				c
				)
			
 		
	

	
		
			
				𝑚
				𝜅
				=
			

			

				𝑣
			

			
				
			
			

				𝑚
			

			

				𝑏
			

			
				=
				𝑚
			

			

				𝑣
			

			
				
			
			
				,
				𝜔
				𝑚
				𝐿
				𝛼
				=
			

			

				𝑑
			

			
				
			
			

				𝜔
			

			

				𝑏
			

			
				=
				𝜋
				𝑣
				/
				𝐿
			

			
				
			
			

				𝜔
			

			

				𝑏
			

			
				,
				𝜔
				𝛾
				=
			

			

				𝑣
			

			
				
			
			

				𝜔
			

			

				𝑏
			

			

				.
			

		
	


          Then (12) can be written as
								
	
 		
 			
				(
				1
				7
				)
			
 		
	

	
		
			
				⎡
				⎢
				⎢
				⎢
				⎣
				1
			

			
				
			
			

				𝜔
			

			
				2
				𝑣
			

			
				0
				0
				2
				𝜅
				𝛾
			

			

				4
			

			
				
			
			

				𝜔
			

			
				2
				𝑣
			

			
				⎤
				⎥
				⎥
				⎥
				⎦
				⎧
				⎪
				⎨
				⎪
				⎩
				̈
				𝜂
			

			

				𝑣
			

			
				̈
				𝜂
			

			

				𝑏
			

			
				⎫
				⎪
				⎬
				⎪
				⎭
				+
				⎡
				⎢
				⎢
				⎢
				⎣
				1
				−
				2
				𝜅
				𝛾
			

			

				2
			

			
				s
				i
				n
				𝛼
				𝜔
			

			

				𝑣
			

			

				𝑡
			

			
				
			
			
				𝛾
				−
				2
				𝜅
				𝛾
			

			

				2
			

			
				s
				i
				n
				𝛼
				𝜔
			

			

				𝑣
			

			

				𝑡
			

			
				
			
			
				𝛾
				4
				𝜅
			

			

				2
			

			

				𝛾
			

			

				4
			

			
				s
				i
				n
			

			

				2
			

			
				𝛼
				𝜔
			

			

				𝑣
			

			

				𝑡
			

			
				
			
			
				𝛾
				+
				2
				𝜅
				𝛾
			

			

				2
			

			
				⎤
				⎥
				⎥
				⎥
				⎦
				⎧
				⎪
				⎨
				⎪
				⎩
				𝜂
			

			

				𝑣
			

			

				𝜂
			

			

				𝑏
			

			
				⎫
				⎪
				⎬
				⎪
				⎭
				=
				⎧
				⎪
				⎨
				⎪
				⎩
				0
				−
				2
				𝜅
				𝛾
			

			

				2
			

			
				s
				i
				n
				𝛼
				𝜔
			

			

				𝑣
			

			

				𝑡
			

			
				
			
			
				𝛾
				⎫
				⎪
				⎬
				⎪
				⎭
				.
			

		
	

It can be seen from (17) that the most significant parameters that influenced the IF or the DLA of the bridge are 
	
		
			

				𝜔
			

			

				𝑣
			

		
	
, 
	
		
			

				𝜅
			

		
	
, 
	
		
			

				𝛼
			

		
	
, and 
	
		
			

				𝛾
			

		
	
.
Now, the influence of the natural frequency of the vehicle is discussed in detail. Equation (17) shows that the influence effect has two parts, including the term 
	
		
			
				1
				/
				𝜔
			

			
				2
				𝑣
			

		
	
 in the mass matrix and the term 
	
		
			

				𝜔
			

			

				𝑣
			

			

				𝑡
			

		
	
 in the stiffness matrix. Obviously, when the natural frequency changes, due to the characteristics of the sine function, only the time corresponding to the maximum response has changed other than the maximum value itself. In addition, for fixed value of 
	
		
			

				𝜅
			

		
	
, 
	
		
			

				𝛼
			

		
	
, and 
	
		
			

				𝛾
			

		
	
, the maximum dynamic load allowance can be obtained. And then the corresponding accelerations are written as
	
 		
 			
				(
				1
				8
				a
				)
			
 			
				(
				1
				8
				b
				)
			
 		
	

	
		
			
				̈
				𝑢
			

			

				𝑏
			

			
				=
				𝐴
				𝜔
			

			
				2
				𝑣
			

			

				𝑢
			

			

				𝑏
			

			
				,
				̈
				𝑢
			

			

				𝑣
			

			
				=
				𝐵
				𝜔
			

			
				2
				𝑣
			

			

				𝑢
			

			

				𝑣
			

			

				,
			

		
	
where 
	
		
			

				𝐴
			

		
	
 and 
	
		
			

				𝐵
			

		
	
 are only dependent on the values of 
	
		
			

				𝜅
			

		
	
, 
	
		
			

				𝛼
			

		
	
, and 
	
		
			

				𝛾
			

		
	
, other than the frequency 
	
		
			

				𝜔
			

			

				𝑣
			

		
	
. Then the first part of (17) is not related to the frequency, as the frequency has disappeared when the mass matrix is multiplied by the acceleration vector.
Totally, based on simplified model and derivation above, the most significant influence parameters may be 
	
		
			

				𝜅
			

		
	
, 
	
		
			

				𝛼
			

		
	
, and 
	
		
			

				𝛾
			

		
	
, defined in (16a) to (16c).
3. Program for Vehicle-Bridge Coupled Vibration Analysis
Based on their own advantages of existing generalized commercial software ANSYS and MATLAB, the program VBCVA (Vehicle-Bridge Coupled Vibration Analysis) has been developed by our own research group. It is used for vibration and dynamic analysis of the vehicle-bridge coupled system. Upon the modal synthesis method, the bridge model is found by ANSYS, while the vehicle model and the roughness model are established by MATLAB.
3.1. Bridge Equations
According to the theory of structural dynamics [30], the governing equation of the bridge can be given by
								
	
 		
 			
				(
				1
				9
				)
			
 		
	

	
		
			
				
				𝑀
			

			

				𝑏
			

			
				̈
				𝑈
				
				
			

			

				𝑏
			

			
				
				+
				
				𝐶
			

			

				𝑏
			

			
				̇
				𝑈
				
				
			

			

				𝑏
			

			
				
				+
				
				𝐾
			

			

				𝑏
			

			
				𝑈
				
				
			

			

				𝑏
			

			
				
				=
				
				𝐹
			

			

				𝑏
			

			

				
			

		
	

							in which the 
	
		
			
				{
				𝐹
			

			

				𝑏
			

			

				}
			

		
	
 denotes the load vector induced by the moving vehicles and [
	
		
			

				𝑀
			

			

				𝑏
			

		
	
], [
	
		
			

				𝐶
			

			

				𝑏
			

		
	
], and [
	
		
			

				𝐾
			

			

				𝑏
			

		
	
] denote, respectively, the mass matrix, damping matrix, and stiffness matrix. Furthermore, 
	
		
			
				{
				𝑈
			

			

				𝑏
			

			

				}
			

		
	
 is the displacement of the bridge, the first derivative of the displacement is the vibration velocity, and the second derivative of the displacement is the vibration acceleration. It is worth noting that all these symbols and this equation are described in Cartesian coordinate system.
As there are various types of highway bridges and they are much more complicated with the increasing technology, the accurate modeling of the bridge may be difficult to realize by our own written program. In addition, this will hinder the generalization and the development of that program. And the limitation can be obviously seen when the equations of various types of bridges are different. Therefore, the modal synthesis method has been adopted. Another advantage of this translation is the reduction of the degree number:
								
	
 		
 			
				(
				2
				0
				)
			
 		
	

	
		
			
				
				𝑈
			

			

				𝑏
			

			
				
				=
				[
				Φ
				]
				
				𝑍
			

			

				𝑏
			

			
				
				,
			

		
	

							where [Φ] is the mode shape matrix of the bridge and [
	
		
			

				𝑍
			

			

				𝑏
			

		
	
] is the coordinate in the modal coordinate system, which denotes the contribution of every mode shapes.
Substituting (20) into (19), premultiplied by the transposed matrix of the mode shapes, the following equation is obtained:
								
	
 		
 			
				(
				2
				1
				)
			
 		
	

	
		
			
				
				𝑀
			

			

				𝐵
			

			
				̈
				𝑍
				
				
			

			

				𝑏
			

			
				
				+
				
				𝐶
			

			

				𝐵
			

			
				̇
				𝑍
				
				
			

			

				𝑏
			

			
				
				+
				
				𝐾
			

			

				𝐵
			

			
				𝑍
				
				
			

			

				𝑏
			

			
				
				=
				
				𝐹
			

			

				𝐵
			

			
				
				,
			

		
	

							where [
	
		
			

				𝑀
			

			

				𝐵
			

		
	
], [
	
		
			

				𝐶
			

			

				𝐵
			

		
	
], [
	
		
			

				𝐾
			

			

				𝐵
			

		
	
], and 
	
		
			
				{
				𝐹
			

			

				𝐵
			

			

				}
			

		
	
 are mass matrix, damping matrix, stiffness matrix, and load vector in the modal coordinate system. They are given by
	
 		
 			
				(
				2
				2
				a
				)
			
 			
				(
				2
				2
				b
				)
			
 			
				(
				2
				2
				c
				)
			
 			
				(
				2
				2
				d
				)
			
 		
	

	
		
			
				
				𝑀
			

			

				𝐵
			

			
				
				=
				[
				Φ
				]
			

			

				𝑇
			

			
				
				𝑀
			

			

				𝑏
			

			
				
				[
				Φ
				]
				,
				
				𝐶
			

			

				𝐵
			

			
				
				=
				[
				Φ
				]
			

			

				𝑇
			

			
				
				𝐶
			

			

				𝑏
			

			
				
				[
				Φ
				]
				,
				
				𝐾
			

			

				𝐵
			

			
				
				=
				[
				Φ
				]
			

			

				𝑇
			

			
				
				𝐾
			

			

				𝑏
			

			
				
				[
				Φ
				]
				,
				
				𝐹
			

			

				𝐵
			

			
				
				=
				[
				Φ
				]
			

			

				𝑇
			

			
				
				𝐹
			

			

				𝑏
			

			
				
				.
			

		
	


          For convenience in application, the matrix of mode shape obtained from ANSYS is normalized. Then the following matrixes are used in the program VBCVA: 
	
 		
 			
				(
				2
				3
				a
				)
			
 			
				(
				2
				3
				b
				)
			
 			
				(
				2
				3
				c
				)
			
 		
	

	
		
			
				
				𝑀
			

			

				𝐵
			

			
				
				=
				⎡
				⎢
				⎢
				⎢
				⎢
				⎢
				⎣
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				,
				
				𝐶
				1
				⋯
				0
				⋮
				⋱
				⋮
				0
				⋯
				1
			

			

				𝐵
			

			
				
				=
				⎡
				⎢
				⎢
				⎢
				⎢
				⎢
				⎣
				2
				𝜉
			

			

				1
			

			

				𝜔
			

			

				1
			

			
				⋯
				0
				⋮
				⋱
				⋮
				0
				⋯
				2
				𝜉
			

			

				𝑛
			

			

				𝜔
			

			

				𝑛
			

			
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				,
				
				𝐾
			

			

				𝐵
			

			
				
				=
				⎡
				⎢
				⎢
				⎢
				⎢
				⎢
				⎣
				𝜔
			

			
				2
				1
			

			
				⋯
				0
				⋮
				⋱
				⋮
				0
				⋯
				𝜔
			

			
				2
				𝑛
			

			
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				,
			

		
	
where 
	
		
			

				𝜉
			

			

				𝑛
			

		
	
 and 
	
		
			

				𝜔
			

			

				𝑛
			

		
	
 are the damping ratio and the natural frequency of the 
	
		
			

				𝑛
			

		
	
th mode shape.
3.2. Vehicle Equations
Actually, the moving vehicle can be looked at as a vibration system with multidegrees of freedom. In this study, D’Alembert’s principle is used for deducing dynamic equations of spatial vehicle models. And the position induced by the static weight of the vehicle is selected as the reference position [31].
The schematic plot of the vehicle model can be seen in Figure 4. If the number of axles is 
	
		
			

				𝑛
			

		
	
, the degree of freedom (dof) is 
	
		
			
				2
				𝑛
				+
				3
			

		
	
, including the vertical dof 
	
		
			

				𝑍
			

			
				𝑠
				1
			

		
	
, pitching dof 
	
		
			

				𝑍
			

			
				𝑠
				2
			

		
	
, swung dof 
	
		
			

				𝑍
			

			
				𝑠
				3
			

		
	
 of the vehicle body, and the vertical dof of every wheels. It can be seen from the Figure 3 that
								
	
 		
 			
				(
				2
				4
				)
			
 		
	

	
		
			

				𝑎
			

			

				𝑖
			

			
				=
				𝑋
			

			

				𝐺
			

			
				−
				𝑑
			

			

				𝑖
			

			
				𝑏
				,
				𝑖
				=
				1
				,
				2
				,
				…
				𝑛
				,
			

			

				𝑖
			

			
				=
				𝑌
			

			

				𝐺
			

			
				−
				𝑤
			

			

				𝑖
			

			
				,
				𝑖
				=
				1
				,
				2
			

		
	

							in which 
	
		
			

				𝑋
			

			

				𝐺
			

		
	
 and 
	
		
			

				𝑌
			

			

				𝐺
			

		
	
 are the coordinates of the centre-of-gravity of the vehicle and 
	
		
			

				𝑎
			

			

				𝑖
			

		
	
 and 
	
		
			

				𝑏
			

			

				𝑖
			

		
	
 denote, respectively, the distance from the wheel to the centre in longitudinal and transverse direction. Furthermore, 
	
		
			

				𝑑
			

			

				𝑖
			

		
	
 is the distance from the wheel to the front axle in longitudinal direction, and 
	
		
			

				𝑤
			

			

				𝑖
			

		
	
 is the wheel space.





	
		
	
		
	
		
	
		
	
	
	
	
		
	
		
	
		
	
		
	
		
	
		
	
	
	
		
	
		
	
		
	
		
	
		
	
		
	
	
		
	
	
		
	
		
	
	
		
	
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
	
		
	
		
			
				
			
				
			
		
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
			
			
				
			
		
	
	
		
			
				
			
				
			
		
	
	
	
	
	
		
	
	
	
	
		
	
		
	
		
	
		
	
		
	
		
	
	
	
		
	
		
	
		
	
		
	
		
	
	
		
	
	
	
	
	
	
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
			
				
			
				
			
		
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
			
				
			
				
			
		
	
	
	
		
	
		
	
		
	
	
	
		
	
		
	
		
	
	
	
	
	
	
	
	
	
	
	
	
		
	
	
	
		
	
		
	
		
	
	
	
	
		
	
	
	
	
	
	
	
		
	
	
	
	
	
	
	
	
		
	
		
	
	
	
		
	
	
	
	
	
	
	
	
		
	
		
	
	
		
	
		
	
		
	
	
		
	
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
	
		
	
	
		
	
		
	
		
	
		
	
		
			
				
			
				
			
		
	
	
		
			
				
			
				
			
		
	
	


	
	
		
	
		
	


	
		
			
		
	


	
		


	
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
	
	
		
			
		
		
			
		
		
			
		
	
	
		
			
		
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
		
			
		
		
			
		
	
	
		
			
		
		
			
		
		
			
		
	
	
		
			
		
		
			
		
		
			
		
	
	
		
			
		
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
	
	
		
			
		
	
	
		
			
		
	
	
		
			
		
		
			
		
		
			
			
		
	
	
		
			
		
		
			
		
		
			
			
		
	
	
		
			
		
		
			
		
		
			
			
		
	
	
		
			
		
		
			
		
		
			
			
		
	
	
		
			
		
		
			
		
		
			
			
		
	
	
		
			
		
		
			
		
		
			
			
		
	
	
		
			
		
		
			
		
		
			
			
		
	
	
		
			
		
		
			
		
		
			
			
		
	
	
		
			
		
		
			
		
		
			
			
		
	
	
		
			
		
		
			
		
		
			
			
		
	
	
		
			
		
		
			
		
		
			
			
		
	
	
		
			
		
		
			
		
		
			
			
		
	
	
		
			
		
		
			
		
		
			
		
	
	
		
			
		
		
			
		
		
			
		
	


	
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	



(a) Elevation view





	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
	
		
	
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
	
		
	
	
	
	
		
	
		
	
	
		
	
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
			
			
				
			
		
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
	
		
	
		
	
		
	
		
	
		
	
		
			
				
			
				
			
		
	
	
		
			
				
			
				
			
		
	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
	
	
	
		
	
	
	
		
	
	
		
	
		
			
				
			
				
			
		
	
	
		
			
				
			
				
			
		
	


	
		
	
		
	
		
	
		
	
		
	
		


	
		
	
		
			
			
				
			
		
	


	
		
			
		
		
			
		
		
			
		
	
	
		
			
		
		
			
		
		
			
		
	
	
		
			
		
		
			
		
		
			
		
	
	
		
			
		
		
			
		
		
			
		
	
	
		
			
		
		
			
		
		
			
		
	
	
		
			
		
		
			
		
		
			
		
	
	
		
			
		
		
			
		
		
			
		
	
	
		
			
		
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
		
			
		
		
			
		
	
	
		
			
		
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
	
	
		
			
		
	
	
		
			
		
	
	
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
		
			
		
		
			
		
	
	
		
			
		
		
			
		
		
			
		
	
	
		
			
		
		
			
		
		
			
		
	
	
		
			
		
		
			
		
		
			
		
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	



(b) Front view
Figure 4: Schematic plot of the vehicle model.


There are some assumptions on the vehicle model. The wheel and the bridge will contact with each other all the time. Only vertical effects between the vehicle and the bridge are considered, while longitudinal and transverse effects are ignored. The vehicle body and all wheels are assumed as rigid bodies with corresponding mass, while the spring and the damper are linear [32].
Then the vehicle equation can be given by
								
	
 		
 			
				(
				2
				5
				)
			
 		
	

	
		
			
				
				𝑀
			

			

				𝑉
			

			
				̈
				𝑍
				
				
			

			

				𝑉
			

			
				
				+
				
				𝐶
			

			

				𝑉
			

			
				̇
				𝑍
				
				
			

			

				𝑉
			

			
				
				+
				
				𝐾
			

			

				𝑉
			

			
				𝑍
				
				
			

			

				𝑉
			

			
				
				=
				
				𝐹
			

			

				𝑉
			

			

				
			

		
	

							in which the 
	
		
			
				{
				𝐹
			

			

				𝑉
			

			

				}
			

		
	
 denotes the load vector induced by the bridge and [
	
		
			

				𝑀
			

			

				𝑉
			

		
	
], [
	
		
			

				𝐶
			

			

				𝑉
			

		
	
], and [
	
		
			

				𝐾
			

			

				𝑉
			

		
	
] denote, respectively, the mass matrix, damping matrix, and stiffness matrix of the vehicle. Furthermore, 
	
		
			
				{
				𝑍
			

			

				𝑉
			

			

				}
			

		
	
 is the displacement of the vehicle, the first derivative of the displacement is the vibration velocity, and the second derivative of the displacement is the vibration acceleration. They are listed as follows. It has to be noted that the stiffness matrix [
	
		
			

				𝐾
			

			

				𝑉
			

		
	
] is just similar with the damping matrix [
	
		
			

				𝐶
			

			

				𝑉
			

		
	
], replacing the symbol 
	
		
			

				𝑐
			

		
	
 with the symbol 
	
		
			

				𝑘
			

		
	
:

	
 		
 			
				(
				2
				6
				a
				)
			
 			
				(
				2
				6
				b
				)
			
 			
				(
				2
				6
				c
				)
			
 			
				(
				2
				6
				d
				)
			
 		
	

	
		
			
				
				𝑀
			

			

				𝑉
			

			
				
				
				𝑚
				=
				d
				i
				a
				g
			

			

				𝑠
			

			
				,
				𝐽
			

			

				𝑦
			

			
				,
				𝐽
			

			

				𝑥
			

			
				,
				𝑚
			

			
				𝑡
				1
			

			
				,
				𝑚
			

			
				𝑡
				2
			

			
				,
				…
				,
				𝑚
			

			
				𝑡
				2
				𝑛
			

			
				
				,
				
				𝑍
			

			

				𝑉
			

			
				
				=
				
				𝑍
			

			
				𝑠
				1
			

			
				,
				𝑍
			

			
				𝑠
				2
			

			
				,
				𝑍
			

			
				𝑠
				3
			

			
				,
				𝑍
			

			
				𝑡
				1
			

			
				,
				𝑍
			

			
				𝑡
				2
			

			
				,
				…
				,
				𝑍
			

			
				𝑡
				2
				𝑛
			

			

				
			

			

				𝑇
			

			
				=
				⎧
				⎪
				⎨
				⎪
				⎩
				
				𝑍
			

			

				𝑠
			

			
				
				
				𝑍
			

			

				𝑡
			

			
				
				⎫
				⎪
				⎬
				⎪
				⎭
				,
				
				𝐹
			

			

				𝑉
			

			
				
				=
				
				0
				,
				0
				,
				0
				,
				𝑘
			

			
				𝑡
				1
			

			

				Δ
			

			

				1
			

			
				+
				𝑐
			

			
				𝑡
				1
			

			
				̇
				Δ
			

			

				1
			

			
				,
				𝑘
			

			
				𝑡
				2
			

			

				Δ
			

			

				2
			

			
				+
				𝑐
			

			
				𝑡
				2
			

			
				̇
				Δ
			

			

				2
			

			
				,
				…
				,
				𝑘
			

			
				𝑡
				2
				𝑛
			

			

				Δ
			

			
				2
				𝑛
			

			
				+
				𝑐
			

			
				𝑡
				2
				𝑛
			

			
				̇
				Δ
			

			
				2
				𝑛
			

			

				
			

			

				𝑇
			

			
				,
				
				𝐶
			

			

				𝑉
			

			
				
				=
				⎡
				⎢
				⎢
				⎢
				⎣
				𝐶
			

			
				𝑉
				1
				1
			

			

				𝐶
			

			
				𝑉
				1
				2
			

			

				𝐶
			

			
				𝑉
				2
				1
			

			

				𝐶
			

			
				𝑉
				2
				2
			

			
				⎤
				⎥
				⎥
				⎥
				⎦
				,
				
				𝐶
			

			
				𝑉
				1
				1
			

			
				
				=
				⎡
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎣
			

			

				𝑛
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝑐
			

			
				𝑠
				2
				𝑖
				−
				1
			

			
				+
				𝑐
			

			
				𝑠
				2
				𝑖
			

			

				−
			

			

				𝑛
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝑎
			

			

				𝑖
			

			
				
				𝑐
			

			
				𝑠
				2
				𝑖
				−
				1
			

			
				+
				𝑐
			

			
				𝑠
				2
				𝑖
			

			
				
				−
			

			

				𝑛
			

			

				
			

			
				𝑖
				=
				1
			

			
				
				𝑏
			

			

				1
			

			

				𝑐
			

			
				𝑠
				2
				𝑖
				−
				1
			

			
				+
				𝑏
			

			

				2
			

			

				𝑐
			

			
				𝑠
				2
				𝑖
			

			
				
				−
			

			

				𝑛
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝑎
			

			

				𝑖
			

			
				
				𝑐
			

			
				𝑠
				2
				𝑖
				−
				1
			

			
				+
				𝑐
			

			
				𝑠
				2
				𝑖
			

			

				
			

			

				𝑛
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝑎
			

			
				2
				𝑖
			

			
				
				𝑐
			

			
				𝑠
				2
				𝑖
				−
				1
			

			
				+
				𝑐
			

			
				𝑠
				2
				𝑖
			

			
				
				−
			

			

				𝑛
			

			

				
			

			
				𝑖
				=
				1
			

			
				
				𝑏
			

			

				1
			

			

				𝑎
			

			

				𝑖
			

			

				𝑐
			

			
				𝑠
				2
				𝑖
				−
				1
			

			
				+
				𝑏
			

			

				2
			

			

				𝑎
			

			

				𝑖
			

			

				𝑐
			

			
				𝑠
				2
				𝑖
			

			
				
				−
			

			

				𝑛
			

			

				
			

			
				𝑖
				=
				1
			

			
				
				𝑏
			

			

				1
			

			

				𝑐
			

			
				𝑠
				2
				𝑖
				−
				1
			

			
				+
				𝑏
			

			

				2
			

			

				𝑐
			

			
				𝑠
				2
				𝑖
			

			
				
				−
			

			

				𝑛
			

			

				
			

			
				𝑖
				=
				1
			

			
				
				𝑏
			

			

				1
			

			

				𝑎
			

			

				𝑖
			

			

				𝑐
			

			
				𝑠
				2
				𝑖
				−
				1
			

			
				+
				𝑏
			

			

				2
			

			

				𝑎
			

			

				𝑖
			

			

				𝑐
			

			
				𝑠
				2
				𝑖
			

			

				
			

			

				𝑛
			

			

				
			

			
				𝑖
				=
				1
			

			
				
				𝑏
			

			
				2
				1
			

			

				𝑐
			

			
				𝑠
				2
				𝑖
				−
				1
			

			
				+
				𝑏
			

			
				2
				2
			

			

				𝑐
			

			
				𝑠
				2
				𝑖
			

			
				
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				,
				
				𝐶
			

			
				𝑉
				1
				2
			

			
				
				=
				⎡
				⎢
				⎢
				⎢
				⎢
				⎢
				⎣
				−
				𝑐
			

			
				𝑠
				1
			

			
				−
				𝑐
			

			
				𝑠
				2
			

			
				⋯
				−
				𝑐
			

			
				𝑠
				2
				𝑛
			

			

				𝑎
			

			

				1
			

			

				𝑐
			

			
				𝑠
				1
			

			

				𝑎
			

			

				1
			

			

				𝑐
			

			
				𝑠
				2
			

			
				⋯
				𝑎
			

			

				𝑛
			

			

				𝑐
			

			
				𝑠
				2
				𝑛
			

			
				−
				𝑏
			

			

				1
			

			

				𝑐
			

			
				𝑠
				1
			

			
				−
				𝑏
			

			

				2
			

			

				𝑐
			

			
				𝑠
				2
			

			
				⋯
				−
				𝑏
			

			

				2
			

			

				𝑐
			

			
				𝑠
				2
				𝑛
			

			
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				,
				
				𝐶
			

			
				𝑉
				2
				1
			

			
				
				=
				⎡
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎣
				−
				𝑐
			

			
				𝑠
				1
			

			

				𝑎
			

			

				1
			

			

				𝑐
			

			
				𝑠
				1
			

			
				−
				𝑏
			

			

				1
			

			

				𝑐
			

			
				𝑠
				1
			

			
				−
				𝑐
			

			
				𝑠
				2
			

			

				𝑎
			

			

				1
			

			

				𝑐
			

			
				𝑠
				2
			

			
				−
				𝑏
			

			

				2
			

			

				𝑐
			

			
				𝑠
				2
			

			
				⋮
				⋮
				⋮
				−
				𝑐
			

			
				𝑠
				2
				𝑛
			

			

				𝑎
			

			

				𝑛
			

			

				𝑐
			

			
				𝑠
				2
				𝑛
			

			
				−
				𝑏
			

			

				1
			

			

				𝑐
			

			
				𝑠
				2
				𝑛
			

			
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				,
				
				𝐶
			

			
				𝑉
				2
				2
			

			
				
				=
				⎡
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎣
				𝑐
			

			
				𝑠
				1
			

			
				+
				𝑐
			

			
				𝑡
				1
			

			
				0
				⋯
				0
				0
				𝑐
			

			
				𝑠
				2
			

			
				+
				𝑐
			

			
				𝑡
				2
			

			
				⋯
				0
				⋮
				⋮
				⋱
				⋮
				0
				0
				⋯
				𝑐
			

			
				𝑠
				2
				𝑛
			

			
				+
				𝑐
			

			
				𝑡
				2
				𝑛
			

			
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				.
			

		
	

3.3. Coupled Equations
The interaction force between the bridge and the vehicle can be considered from two aspects. One is the force of the vehicle 
	
		
			

				𝐹
			

			
				𝑡
				𝑖
			

		
	
 induced by the vibration of the bridge, and the other one is the force of the bridge 
	
		
			

				𝐹
			

			
				𝑏
				𝑖
			

		
	
 caused by the vehicle, including the static weight and the dynamic force:
	
 		
 			
				(
				2
				7
				a
				)
			
 			
				(
				2
				7
				b
				)
			
 		
	

	
		
			

				𝐹
			

			
				𝑡
				𝑖
			

			
				=
				−
				𝑘
			

			
				𝑡
				𝑖
			

			

				Δ
			

			

				𝑖
			

			
				−
				𝑐
			

			
				𝑡
				𝑖
			

			
				̇
				Δ
			

			

				𝑖
			

			
				,
				𝐹
			

			
				𝑏
				𝑖
			

			
				=
				𝐹
			

			
				𝐺
				𝑖
			

			
				−
				𝐹
			

			
				𝑡
				𝑖
			

			

				,
			

		
	
where 
	
		
			

				𝐹
			

			
				𝐺
				𝑖
			

		
	
 denotes the sum of two parts, the first part is the gravity of the 
	
		
			

				𝑖
			

		
	
th wheel itself, and the other part is the distribution of the weight of the vehicle body on the 
	
		
			

				𝑖
			

		
	
th wheel. And 
	
		
			

				Δ
			

			

				𝑖
			

		
	
 is the relative displacement of the contact point between the 
	
		
			

				𝑖
			

		
	
th wheel and the bridge. Also, the first derivative of the displacement is the vibration velocity. They can be obtained by
								
	
 		
 			
				(
				2
				8
				)
			
 		
	

	
		
			

				Δ
			

			

				𝑖
			

			
				=
				𝑍
			

			
				𝑡
				𝑖
			

			
				(
				𝑡
				)
				−
				𝑈
			

			
				𝑏
				𝑖
			

			
				(
				𝑥
				,
				𝑡
				)
				−
				𝑟
			

			

				𝑖
			

			
				̇
				Δ
				(
				𝑥
				)
				,
			

			

				𝑖
			

			
				=
				̇
				𝑍
			

			
				𝑡
				𝑖
			

			
				−
				𝑈
			

			
				
				𝑏
				𝑖
			

			
				̇
				𝑈
				̇
				𝑥
				−
			

			
				𝑏
				𝑖
			

			
				−
				𝑟
			

			
				
				𝑖
			

			
				̇
				𝑍
				̇
				𝑥
				=
			

			
				𝑡
				𝑖
			

			
				−
				𝑈
			

			
				
				𝑏
				𝑖
			

			
				̇
				𝑈
				𝑉
				−
			

			
				𝑏
				𝑖
			

			
				−
				𝑟
			

			
				
				𝑖
			

			

				𝑉
			

		
	

							in which the 
	
		
			

				𝑍
			

			
				𝑡
				𝑖
			

		
	
 denotes the vertical displacement of the 
	
		
			

				𝑖
			

		
	
th wheel and 
	
		
			

				𝑈
			

			
				𝑏
				𝑖
			

		
	
 and 
	
		
			

				𝑈
			

			
				
				𝑏
				𝑖
			

		
	
 denote, respectively, the vertical displacement and the rotation of the bridge at the location of the contact point. And, 
	
		
			

				𝑟
			

			

				𝑖
			

		
	
 is the vertical roughness, and 
	
		
			

				𝑉
			

		
	
 is the speed of the moving vehicle.
Coupled equations of the vehicle-bridge vibration system can be obtained by the combination of the bridge equation and the vehicle equation above. They are listed as follows:
								
	
 		
 			
				(
				2
				9
				)
			
 		
	

	
		
			
				⎡
				⎢
				⎢
				⎢
				⎢
				⎢
				⎣
				
				𝑀
			

			
				𝑣
				𝑠
			

			

				
			

			
				𝑛
				𝑠
				×
				𝑛
				𝑠
			

			
				
				𝑀
			

			
				𝑣
				𝑠
				𝑡
			

			

				
			

			
				𝑛
				𝑠
				×
				𝑛
				𝑡
			

			
				[
				0
				]
			

			
				𝑛
				𝑠
				×
				𝑛
				𝑚
			

			
				
				𝑀
			

			
				𝑣
				𝑡
				𝑠
			

			

				
			

			
				𝑛
				𝑡
				×
				𝑛
				𝑠
			

			
				
				𝑀
			

			
				𝑣
				𝑡
			

			

				
			

			
				𝑛
				𝑡
				×
				𝑛
				𝑡
			

			
				[
				0
				]
			

			
				𝑛
				𝑡
				×
				𝑛
				𝑚
			

			
				[
				0
				]
			

			
				𝑛
				𝑚
				×
				𝑛
				𝑠
			

			
				[
				0
				]
			

			
				𝑛
				𝑚
				×
				𝑛
				𝑡
			

			
				
				𝑀
			

			

				𝐵
			

			

				
			

			
				𝑛
				𝑚
				×
				𝑛
				𝑚
			

			
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				⎧
				⎪
				⎪
				⎨
				⎪
				⎪
				⎩
				
				̈
				𝑍
			

			

				𝑠
			

			

				
			

			
				𝑛
				𝑠
			

			
				
				̈
				𝑍
			

			

				𝑡
			

			

				
			

			
				𝑛
				𝑡
			

			
				
				̈
				𝑍
			

			

				𝑏
			

			

				
			

			
				𝑛
				𝑚
			

			
				⎫
				⎪
				⎪
				⎬
				⎪
				⎪
				⎭
				+
				⎡
				⎢
				⎢
				⎢
				⎢
				⎢
				⎣
				
				𝐶
			

			
				𝑣
				𝑠
			

			

				
			

			
				𝑛
				𝑠
				×
				𝑛
				𝑠
			

			
				
				𝐶
			

			
				𝑣
				𝑠
				𝑡
			

			

				
			

			
				𝑛
				𝑠
				×
				𝑛
				𝑡
			

			
				[
				0
				]
			

			
				𝑛
				𝑠
				×
				𝑛
				𝑚
			

			
				
				𝐶
			

			
				𝑣
				𝑡
				𝑠
			

			

				
			

			
				𝑛
				𝑡
				×
				𝑛
				𝑠
			

			
				
				𝐶
			

			
				𝑣
				𝑡
			

			

				
			

			
				𝑛
				𝑡
				×
				𝑛
				𝑡
			

			
				
				𝐶
			

			
				𝐵
				𝑡
			

			

				
			

			
				𝑛
				𝑡
				×
				𝑛
				𝑚
			

			
				[
				0
				]
			

			
				𝑛
				𝑚
				×
				𝑛
				𝑠
			

			
				
				𝐶
			

			
				𝐵
				𝑡
			

			

				
			

			
				𝑇
				𝑛
				𝑚
				×
				𝑛
				𝑡
			

			
				
				𝐶
			

			

				𝐵
			

			
				+
				𝐶
			

			
				𝐵
				𝑉
			

			

				
			

			
				𝑛
				𝑚
				×
				𝑛
				𝑚
			

			
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				×
				⎧
				⎪
				⎪
				⎨
				⎪
				⎪
				⎩
				
				̇
				𝑍
			

			

				𝑠
			

			

				
			

			
				𝑛
				𝑠
			

			
				
				̇
				𝑍
			

			

				𝑡
			

			

				
			

			
				𝑛
				𝑡
			

			
				
				̇
				𝑍
			

			

				𝑏
			

			

				
			

			
				𝑛
				𝑚
			

			
				⎫
				⎪
				⎪
				⎬
				⎪
				⎪
				⎭
				+
				⎡
				⎢
				⎢
				⎢
				⎢
				⎢
				⎣
				
				𝐾
			

			
				𝑣
				𝑠
			

			

				
			

			
				𝑛
				𝑠
				×
				𝑛
				𝑠
			

			
				
				𝐾
			

			
				𝑣
				𝑠
				𝑡
			

			

				
			

			
				𝑛
				𝑠
				×
				𝑛
				𝑡
			

			
				[
				0
				]
			

			
				𝑛
				𝑠
				×
				𝑛
				𝑚
			

			
				
				𝐾
			

			
				𝑣
				𝑡
				𝑠
			

			

				
			

			
				𝑛
				𝑡
				×
				𝑛
				𝑠
			

			
				
				𝐾
			

			
				𝑣
				𝑡
			

			

				
			

			
				𝑛
				𝑡
				×
				𝑛
				𝑡
			

			
				
				𝐾
			

			
				𝐵
				𝑡
				2
			

			

				
			

			
				𝑛
				𝑡
				×
				𝑛
				𝑚
			

			
				[
				0
				]
			

			
				𝑛
				𝑚
				×
				𝑛
				𝑠
			

			
				
				𝐾
			

			
				𝐵
				𝑡
				1
			

			

				
			

			
				𝑛
				𝑚
				×
				𝑛
				𝑡
			

			
				
				𝐾
			

			

				𝐵
			

			
				+
				𝐾
			

			
				𝐵
				𝑉
			

			

				
			

			
				𝑛
				𝑚
				×
				𝑛
				𝑚
			

			
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				×
				⎧
				⎪
				⎪
				⎨
				⎪
				⎪
				⎩
				
				𝑍
			

			

				𝑠
			

			

				
			

			
				𝑛
				𝑠
			

			
				
				𝑍
			

			

				𝑡
			

			

				
			

			
				𝑛
				𝑡
			

			
				
				𝑍
			

			

				𝑏
			

			

				
			

			
				𝑛
				𝑚
			

			
				⎫
				⎪
				⎪
				⎬
				⎪
				⎪
				⎭
				=
				{
				𝐹
				}
			

			
				𝑛
				𝑣
				+
				𝑛
				𝑚
			

			

				,
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				
				𝐶
			

			
				𝐵
				𝑡
			

			
				
				=
				⎡
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎣
				𝜙
			

			
				1
				(
				1
				)
			

			

				𝑐
			

			
				𝑡
				1
			

			

				𝜙
			

			
				2
				(
				1
				)
			

			

				𝑐
			

			
				𝑡
				1
			

			
				⋯
				𝜙
			

			
				(
				1
				)
				𝑛
				𝑚
			

			

				𝑐
			

			
				𝑡
				1
			

			

				𝜙
			

			
				1
				(
				2
				)
			

			

				𝑐
			

			
				𝑡
				2
			

			

				𝜙
			

			
				2
				(
				2
				)
			

			

				𝑐
			

			
				𝑡
				2
			

			
				⋯
				𝜙
			

			
				(
				2
				)
				𝑛
				𝑚
			

			

				𝑐
			

			
				𝑡
				2
			

			
				𝜙
				⋮
				⋮
				⋱
				⋮
			

			
				1
				(
				𝑛
				𝑡
				)
			

			

				𝑐
			

			
				𝑡
				𝑛
				𝑡
			

			

				𝜙
			

			
				2
				(
				𝑛
				𝑡
				)
			

			

				𝑐
			

			
				𝑡
				𝑛
				𝑡
			

			
				⋯
				𝜙
			

			
				(
				𝑛
				𝑡
				)
				𝑛
				𝑚
			

			

				𝑐
			

			
				𝑡
				𝑛
				𝑡
			

			
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				,
				
				𝐶
			

			

				𝐵
			

			
				+
				𝐶
			

			
				𝐵
				𝑉
			

			
				
				=
				⎡
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎣
				𝐶
			

			

				1
			

			

				+
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				𝑛
			

			

				𝜙
			

			
				1
				(
				𝑖
				)
			

			

				𝑐
			

			
				𝑡
				𝑖
			

			

				𝜙
			

			
				1
				𝑚
				(
				𝑖
				)
			

			

				
			

			
				𝑖
				=
				𝑛
			

			

				𝜙
			

			
				1
				(
				𝑖
				)
			

			

				𝑐
			

			
				𝑡
				𝑖
			

			

				𝜙
			

			
				2
				(
				𝑖
				)
			

			

				⋯
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				𝑛
			

			

				𝜙
			

			
				1
				(
				𝑖
				)
			

			

				𝑐
			

			
				𝑡
				𝑖
			

			

				𝜙
			

			
				𝑚
				(
				𝑖
				)
				𝑛
				𝑚
			

			

				
			

			
				𝑖
				=
				𝑛
			

			

				𝜙
			

			
				2
				(
				𝑖
				)
			

			

				𝑐
			

			
				𝑡
				𝑖
			

			

				𝜙
			

			
				1
				(
				𝑖
				)
			

			

				𝐶
			

			

				2
			

			

				+
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				𝑛
			

			

				𝜙
			

			
				2
				(
				𝑖
				)
			

			

				𝑐
			

			
				𝑡
				𝑖
			

			

				𝜙
			

			
				2
				(
				𝑖
				)
			

			

				⋯
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				𝑛
			

			

				𝜙
			

			
				2
				(
				𝑖
				)
			

			

				𝑐
			

			
				𝑡
				𝑖
			

			

				𝜙
			

			
				(
				𝑖
				)
				𝑛
				𝑚
			

			
				⋮
				⋮
				⋱
				⋮
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				𝑛
			

			

				𝜙
			

			
				(
				𝑖
				)
				𝑛
				𝑚
			

			

				𝑐
			

			
				𝑡
				𝑖
			

			

				𝜙
			

			
				1
				𝑚
				(
				𝑖
				)
			

			

				
			

			
				𝑖
				=
				𝑛
			

			

				𝜙
			

			
				(
				𝑖
				)
				𝑛
				𝑚
			

			

				𝑐
			

			
				𝑡
				𝑖
			

			

				𝜙
			

			
				2
				(
				𝑖
				)
			

			
				⋯
				𝐶
			

			
				𝑛
				𝑚
			

			

				+
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				𝑛
			

			

				𝜙
			

			
				(
				𝑖
				)
				𝑛
				𝑚
			

			

				𝑐
			

			
				𝑡
				𝑖
			

			

				𝜙
			

			
				(
				𝑖
				)
				𝑛
				𝑚
			

			
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				,
				
				𝐾
			

			
				𝐵
				𝑡
				1
			

			
				
				⎡
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎣
				𝑘
				=
				−
			

			
				𝑡
				1
			

			

				𝜙
			

			
				1
				(
				1
				)
			

			

				𝑘
			

			
				𝑡
				2
			

			

				𝜙
			

			
				1
				(
				2
				)
			

			
				⋯
				𝑘
			

			
				𝑡
				𝑛
				𝑡
			

			

				𝜙
			

			
				1
				(
				𝑛
				𝑡
				)
			

			

				𝑘
			

			
				𝑡
				1
			

			

				𝜙
			

			
				2
				(
				1
				)
			

			

				𝑘
			

			
				𝑡
				2
			

			

				𝜙
			

			
				2
				(
				2
				)
			

			
				⋯
				𝑘
			

			
				𝑡
				𝑛
				𝑡
			

			

				𝜙
			

			
				2
				(
				𝑛
				𝑡
				)
			

			
				𝑘
				⋮
				⋮
				⋱
				⋮
			

			
				𝑡
				1
			

			

				𝜙
			

			
				(
				1
				)
				𝑛
				𝑚
			

			

				𝑘
			

			
				𝑡
				2
			

			

				𝜙
			

			
				(
				2
				)
				𝑛
				𝑚
			

			
				⋯
				𝑘
			

			
				𝑡
				𝑛
				𝑡
			

			

				𝜙
			

			
				(
				𝑛
				𝑡
				)
				𝑛
				𝑚
			

			
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				,
				
				𝐾
			

			
				𝐵
				𝑡
				2
			

			
				
				=
				
				𝐾
			

			
				𝐵
				𝑡
				1
			

			

				
			

			

				𝑇
			

			
				⎡
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎣
				𝑐
				−
				𝑉
			

			
				𝑡
				1
			

			

				𝜙
			

			
				1
				
				(
				1
				)
			

			

				𝑐
			

			
				𝑡
				1
			

			

				𝜙
			

			
				2
				
				(
				1
				)
			

			
				⋯
				𝑐
			

			
				𝑡
				1
			

			

				𝜙
			

			
				
				(
				1
				)
				𝑛
				𝑚
			

			

				𝑐
			

			
				𝑡
				2
			

			

				𝜙
			

			
				1
				
				(
				2
				)
			

			

				𝑐
			

			
				𝑡
				2
			

			

				𝜙
			

			
				2
				
				(
				2
				)
			

			
				⋯
				𝑐
			

			
				𝑡
				2
			

			

				𝜙
			

			
				
				(
				2
				)
				𝑛
				𝑚
			

			
				𝑐
				⋮
				⋮
				⋱
				⋮
			

			
				𝑡
				𝑛
				𝑡
			

			

				𝜙
			

			
				1
				
				(
				𝑛
				𝑡
				)
			

			

				𝑐
			

			
				𝑡
				𝑛
				𝑡
			

			

				𝜙
			

			
				2
				
				(
				1
				)
			

			
				⋯
				𝑐
			

			
				𝑡
				𝑛
				𝑡
			

			

				𝜙
			

			
				
				(
				𝑛
				𝑡
				)
				𝑛
				𝑚
			

			
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				⎡
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎣
				𝑘
				=
				−
			

			
				𝑡
				1
			

			

				𝜙
			

			
				1
				(
				1
				)
			

			
				+
				𝑉
				𝑐
			

			
				𝑡
				1
			

			

				𝜙
			

			
				1
				
				(
				1
				)
			

			

				𝑘
			

			
				𝑡
				2
			

			

				𝜙
			

			
				1
				(
				2
				)
			

			
				+
				𝑉
				𝑐
			

			
				𝑡
				1
			

			

				𝜙
			

			
				2
				
				(
				1
				)
			

			
				⋯
				𝑘
			

			
				𝑡
				𝑛
				𝑡
			

			

				𝜙
			

			
				1
				(
				𝑛
				𝑡
				)
			

			
				+
				𝑉
				𝑐
			

			
				𝑡
				1
			

			

				𝜙
			

			
				
				(
				1
				)
				𝑛
				𝑚
			

			

				𝑘
			

			
				𝑡
				1
			

			

				𝜙
			

			
				2
				(
				1
				)
			

			
				+
				𝑉
				𝑐
			

			
				𝑡
				2
			

			

				𝜙
			

			
				1
				
				(
				2
				)
			

			

				𝑘
			

			
				𝑡
				2
			

			

				𝜙
			

			
				2
				(
				2
				)
			

			
				+
				𝑉
				𝑐
			

			
				𝑡
				2
			

			

				𝜙
			

			
				2
				
				(
				2
				)
			

			
				⋯
				𝑘
			

			
				𝑡
				𝑛
				𝑡
			

			

				𝜙
			

			
				2
				(
				𝑛
				𝑡
				)
			

			
				+
				𝑉
				𝑐
			

			
				𝑡
				2
			

			

				𝜙
			

			
				
				(
				2
				)
				𝑛
				𝑚
			

			
				𝑘
				⋮
				⋮
				⋱
				⋮
			

			
				𝑡
				1
			

			

				𝜙
			

			
				(
				1
				)
				𝑛
				𝑚
			

			
				+
				𝑉
				𝑐
			

			
				𝑡
				𝑛
				𝑡
			

			

				𝜙
			

			
				1
				
				(
				𝑛
				𝑡
				)
			

			

				𝑘
			

			
				𝑡
				2
			

			

				𝜙
			

			
				(
				2
				)
				𝑛
				𝑚
			

			
				+
				𝑉
				𝑐
			

			
				𝑡
				𝑛
				𝑡
			

			

				𝜙
			

			
				2
				
				(
				1
				)
			

			
				⋯
				𝑘
			

			
				𝑡
				𝑛
				𝑡
			

			

				𝜙
			

			
				(
				𝑛
				𝑡
				)
				𝑛
				𝑚
			

			
				+
				𝑉
				𝑐
			

			
				𝑡
				𝑛
				𝑡
			

			

				𝜙
			

			
				
				(
				𝑛
				𝑡
				)
				𝑛
				𝑚
			

			
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				,
				
				𝐾
			

			

				𝐵
			

			
				+
				𝐾
			

			
				𝐵
				𝑉
			

			
				
				=
				⎡
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎣
				𝐾
			

			

				1
			

			

				+
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				𝑛
			

			

				𝜙
			

			
				1
				(
				𝑖
				)
			

			
				
				𝑘
			

			
				𝑡
				𝑖
			

			

				𝜙
			

			
				1
				(
				𝑖
				)
			

			
				+
				𝑉
				𝑐
			

			
				𝑡
				𝑖
			

			

				𝜙
			

			
				1
				
				(
				𝑖
				)
			

			
				
				⋯
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				𝑛
			

			

				𝜙
			

			
				1
				(
				𝑖
				)
			

			
				
				𝑘
			

			
				𝑡
				𝑖
			

			

				𝜙
			

			
				(
				𝑖
				)
				𝑛
				𝑚
			

			
				+
				𝑉
				𝑐
			

			
				𝑡
				𝑖
			

			

				𝜙
			

			
				
				(
				𝑖
				)
				𝑛
				𝑚
			

			
				
				⋮
				⋱
				⋮
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				𝑛
			

			

				𝜙
			

			
				(
				𝑖
				)
				𝑛
				𝑚
			

			
				
				𝑘
			

			
				𝑡
				𝑖
			

			

				𝜙
			

			
				1
				(
				𝑖
				)
			

			
				+
				𝑉
				𝑐
			

			
				𝑡
				𝑖
			

			

				𝜙
			

			
				1
				
				(
				𝑖
				)
			

			
				
				⋯
				𝐾
			

			
				𝑛
				𝑚
			

			

				+
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				𝑛
			

			

				𝜙
			

			
				(
				𝑖
				)
				𝑛
				𝑚
			

			
				
				𝑘
			

			
				𝑡
				𝑖
			

			

				𝜙
			

			
				(
				𝑖
				)
				𝑛
				𝑚
			

			
				+
				𝑉
				𝑐
			

			
				𝑡
				𝑖
			

			

				𝜙
			

			
				
				(
				𝑖
				)
				𝑛
				𝑚
			

			
				
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				,
				⎡
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎣
				{
				𝐹
				}
				=
				{
				0
				}
			

			
				𝑛
				𝑠
			

			

				𝑘
			

			
				𝑡
				1
			

			

				𝑟
			

			

				1
			

			
				+
				𝑉
				𝑐
			

			
				𝑡
				1
			

			

				𝑟
			

			

				
			

			
				⋮
				𝑘
			

			
				𝑡
				𝑛
				𝑡
			

			

				𝑟
			

			
				𝑛
				𝑡
			

			
				+
				𝑉
				𝑐
			

			
				𝑡
				𝑛
				𝑡
			

			

				𝑟
			

			
				
				𝑛
				𝑡
			

			

				−
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				𝑛
			

			

				𝜙
			

			
				1
				(
				𝑖
				)
			

			
				𝑚
				
				
			

			
				𝑠
				𝑖
			

			
				+
				𝑚
			

			
				𝑡
				𝑖
			

			
				
				𝑔
				+
				𝑘
			

			
				𝑡
				𝑖
			

			

				𝑟
			

			

				𝑖
			

			
				+
				𝑉
				𝑐
			

			
				𝑡
				𝑖
			

			

				𝑟
			

			
				
				𝑖
			

			
				
				−
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				𝑛
			

			

				𝜙
			

			
				2
				(
				𝑖
				)
			

			
				𝑚
				
				
			

			
				𝑠
				𝑖
			

			
				+
				𝑚
			

			
				𝑡
				𝑖
			

			
				
				𝑔
				+
				𝑘
			

			
				𝑡
				𝑖
			

			

				𝑟
			

			

				𝑖
			

			
				+
				𝑉
				𝑐
			

			
				𝑡
				𝑖
			

			

				𝑟
			

			
				
				𝑖
			

			
				
				⋮
				−
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				𝑛
			

			

				𝜙
			

			
				(
				𝑖
				)
				𝑛
				𝑚
			

			
				𝑚
				
				
			

			
				𝑠
				𝑖
			

			
				+
				𝑚
			

			
				𝑡
				𝑖
			

			
				
				𝑔
				+
				𝑘
			

			
				𝑡
				𝑖
			

			

				𝑟
			

			

				𝑖
			

			
				+
				𝑉
				𝑐
			

			
				𝑡
				𝑖
			

			

				𝑟
			

			
				
				𝑖
			

			
				
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				,
			

		
	

          
          where the 
	
		
			
				𝑚
				𝑛
			

		
	
 denotes the number of selected mode shapes and 
	
		
			
				𝑛
				𝑣
			

		
	
, 
	
		
			
				𝑛
				𝑠
			

		
	
, and 
	
		
			
				𝑛
				𝑡
			

		
	
 denote, respectively, the total number of dof of all vehicles, the number of dof of the vehicle body of all vehicles, and the number of dof of all wheels. Other symbols are the same as before.
3.4. Solution of Coupled Equations
When a vehicle goes across the bridge, the position of the contact point changes with time. Therefore, the coupled equations are time-varying system of differential equations. And it is difficult to obtain the closed-form solutions. But they can be solved by some numerical methods, such as the central difference method, Newmark method, Wilson-
	
		
			

				𝜃
			

		
	
 method, and so on [33–35]. Wilson-
	
		
			

				𝜃
			

		
	
 method has been adopted in this study. It is a self-stabilization method, which is independent on the integration step and the shortest period [36, 37]. And it also can be looked at as the modified linear acceleration method.
It is assumed that the acceleration during the period [
	
		
			

				𝑡
			

			

				𝑖
			

		
	
, 
	
		
			

				𝑡
			

			

				𝑖
			

			
				+
				𝜃
				Δ
				𝑡
			

		
	
] is linearly varied. Firstly, the vibration of the system at the time of 
	
		
			

				𝑡
			

			

				𝑖
			

			
				+
				𝜃
				Δ
				𝑡
			

		
	
 is calculated based on the linear acceleration method, and then the vibration of the system at the time of 
	
		
			
				𝑡
				𝑖
				+
				Δ
				𝑡
			

		
	
 is deduced using the interpolation formula. And it is worth noting that this method has been verified unconditionally stable if the parameter 
	
		
			

				𝜃
			

		
	
 is larger than 1.37.
Based on the assumption of linear acceleration, the acceleration during this period [
	
		
			

				𝑡
			

			

				𝑖
			

		
	
, 
	
		
			

				𝑡
			

			

				𝑖
			

			
				+
				𝜃
				Δ
				𝑡
			

		
	
] is given by
	
 		
 			
				(
				3
				1
				a
				)
			
 		
	

	
		
			
				
				𝑡
				̈
				𝑢
			

			

				𝑖
			

			
				
				
				𝑡
				+
				𝜏
				=
				̈
				𝑢
			

			

				𝑖
			

			
				
				+
				𝜏
			

			
				
			
			
				
				
				𝑡
				𝜃
				Δ
				𝑡
				̈
				𝑢
			

			

				𝑖
			

			
				
				
				𝑡
				+
				𝜃
				Δ
				𝑡
				−
				̈
				𝑢
			

			

				𝑖
			

			
				.
				
				
			

		
	

							According to the integration, the vibration velocity and the dynamic displacement can be shown as follows: 
								
	
 		
 			
				(
				3
				1
				b
				)
			
 			
				(
				3
				1
				c
				)
			
 		
	

	
		
			
				
				𝑡
				̇
				𝑢
			

			

				𝑖
			

			
				
				
				𝑡
				+
				𝜏
				=
				̇
				𝑢
			

			

				𝑖
			

			
				
				
				𝑡
				+
				𝜏
				̈
				𝑢
			

			

				𝑖
			

			
				
				+
				𝜏
			

			

				2
			

			
				
			
			
				
				
				𝑡
				2
				𝜃
				Δ
				𝑡
				̈
				𝑢
			

			

				𝑖
			

			
				
				
				𝑡
				+
				𝜃
				Δ
				𝑡
				−
				̈
				𝑢
			

			

				𝑖
			

			
				,
				𝑢
				
				𝑡
				
				
			

			

				𝑖
			

			
				
				
				𝑡
				+
				𝜏
				=
				𝑢
			

			

				𝑖
			

			
				
				
				𝑡
				+
				𝜏
				̇
				𝑢
			

			

				𝑖
			

			
				
				+
				1
			

			
				
			
			
				2
				𝜏
			

			

				2
			

			
				
				𝑡
				̈
				𝑢
			

			

				𝑖
			

			
				
				+
				𝜏
			

			

				3
			

			
				
			
			
				
				
				𝑡
				6
				𝜃
				Δ
				𝑡
				̈
				𝑢
			

			

				𝑖
			

			
				
				
				𝑡
				+
				𝜃
				Δ
				𝑡
				−
				̈
				𝑢
			

			

				𝑖
			

			
				.
				
				
			

		
	
When the time 
	
		
			

				𝜏
			

		
	
 is equal to 
	
		
			
				𝜃
				Δ
				𝑡
			

		
	
, the corresponding vibration velocity and the dynamic displacement are
	
 		
 			
				(
				3
				2
				a
				)
			
 			
				(
				3
				2
				b
				)
			
 		
	

	
		
			
				
				𝑡
				̇
				𝑢
			

			

				𝑖
			

			
				
				
				𝑡
				+
				𝜃
				Δ
				𝑡
				=
				̇
				𝑢
			

			

				𝑖
			

			
				
				
				𝑡
				+
				𝜃
				Δ
				𝑡
				̈
				𝑢
			

			

				𝑖
			

			
				
				+
				𝜃
				Δ
				𝑡
			

			
				
			
			
				2
				
				
				𝑡
				̈
				𝑢
			

			

				𝑖
			

			
				
				
				𝑡
				+
				𝜃
				Δ
				𝑡
				−
				̈
				𝑢
			

			

				𝑖
			

			
				,
				𝑢
				
				𝑡
				
				
			

			

				𝑖
			

			
				
				
				𝑡
				+
				𝜃
				Δ
				𝑡
				=
				𝑢
			

			

				𝑖
			

			
				
				
				𝑡
				+
				𝜃
				Δ
				𝑡
				̇
				𝑢
			

			

				𝑖
			

			
				
				+
				(
				𝜃
				Δ
				𝑡
				)
			

			

				2
			

			
				
			
			
				6
				
				
				𝑡
				̈
				𝑢
			

			

				𝑖
			

			
				
				
				𝑡
				+
				𝜃
				Δ
				𝑡
				+
				2
				̈
				𝑢
			

			

				𝑖
			

			
				.
				
				
			

		
	
To solve (32a) and (32b), the acceleration and the dynamic displacement at the time of 
	
		
			

				𝑡
			

			

				𝑖
			

			
				+
				𝜃
				Δ
				𝑡
			

		
	
 can be listed as follows:
	
 		
 			
				(
				3
				3
				a
				)
			
 			
				(
				3
				3
				b
				)
			
 		
	

	
		
			
				
				𝑡
				̈
				𝑢
			

			

				𝑖
			

			
				
				=
				6
				+
				𝜃
				Δ
				𝑡
			

			
				
			
			
				(
				𝜃
				Δ
				𝑡
				)
			

			

				2
			

			
				
				𝑢
				
				𝑡
			

			

				𝑖
			

			
				
				
				𝑡
				+
				𝜃
				Δ
				𝑡
				−
				𝑢
			

			

				𝑖
			

			
				−
				6
				
				
			

			
				
			
			
				
				𝑡
				𝜃
				Δ
				𝑡
				̇
				𝑢
			

			

				𝑖
			

			
				
				
				𝑡
				−
				2
				̈
				𝑢
			

			

				𝑖
			

			
				
				,
				
				𝑡
				̇
				𝑢
			

			

				𝑖
			

			
				
				=
				3
				+
				𝜃
				Δ
				𝑡
			

			
				
			
			
				
				𝑢
				
				𝑡
				𝜃
				Δ
				𝑡
			

			

				𝑖
			

			
				
				
				𝑡
				+
				𝜃
				Δ
				𝑡
				−
				𝑢
			

			

				𝑖
			

			
				
				𝑡
				
				
				−
				2
				̇
				𝑢
			

			

				𝑖
			

			
				
				−
				𝜃
				Δ
				𝑡
			

			
				
			
			
				2
				
				𝑡
				̈
				𝑢
			

			

				𝑖
			

			
				
				.
			

		
	


          Of course, at the time of 
	
		
			

				𝑡
			

			

				𝑖
			

			
				+
				𝜃
				Δ
				𝑡
			

		
	
, the following vibration equation of the system should be satisfied:
								
	
 		
 			
				(
				3
				4
				)
			
 		
	

	
		
			
				
				𝑡
				𝑚
				̈
				𝑢
			

			

				𝑖
			

			
				
				
				𝑡
				+
				𝜃
				Δ
				𝑡
				+
				𝑐
				̇
				𝑢
			

			

				𝑖
			

			
				
				
				𝑡
				+
				𝜃
				Δ
				𝑡
				+
				𝑘
				𝑢
			

			

				𝑖
			

			
				
				
				𝑡
				+
				𝜃
				Δ
				𝑡
				=
				𝑃
			

			

				𝑖
			

			
				
				+
				𝜃
				Δ
				𝑡
			

		
	

							in which the load vector 
	
		
			
				𝑃
				(
				𝑡
			

			

				𝑖
			

			
				+
				𝜃
				Δ
				𝑡
				)
			

		
	
 can be obtained by the method of linear extrapolation:
								
	
 		
 			
				(
				3
				5
				)
			
 		
	

	
		
			
				𝑃
				
				𝑡
			

			

				𝑖
			

			
				
				
				𝑡
				+
				𝜃
				Δ
				𝑡
				=
				𝑃
			

			

				𝑖
			

			
				
				
				𝑃
				
				𝑡
				+
				𝜃
			

			

				𝑖
			

			
				
				
				𝑡
				+
				Δ
				𝑡
				−
				𝑃
			

			

				𝑖
			

			
				.
				
				
			

		
	

Substituting (33a), (33b), and (35) into (34) and rearranging, the following equation is obtained:
								
	
 		
 			
				(
				3
				6
				)
			
 		
	

	
		
			
				
			
			
				
				𝑡
				𝑘
				𝑢
			

			

				𝑖
			

			
				
				=
				+
				𝜃
				Δ
				𝑡
			

			
				
			
			
				𝑃
				
				𝑡
			

			

				𝑖
			

			
				
				,
				+
				𝜃
				Δ
				𝑡
			

		
	

							where
	
 		
 			
				(
				3
				7
				a
				)
			
 			
				(
				3
				7
				b
				)
			
 		
	

	
		
			
				
			
			
				6
				𝑘
				=
				𝑘
				+
			

			
				
			
			
				(
				𝜃
				Δ
				𝑡
				)
			

			

				2
			

			
				3
				𝑚
				+
			

			
				
			
			
				𝑐
				𝜃
				Δ
				𝑡
			

			
				
			
			
				𝑃
				
				𝑡
			

			

				𝑖
			

			
				
				+
				𝜃
				Δ
				𝑡
				=
				𝑃
			

			

				𝑖
			

			
				
				𝑃
				+
				𝜃
			

			
				𝑖
				+
				1
			

			
				−
				𝑃
			

			

				𝑖
			

			
				
				+
				
				6
			

			
				
			
			
				(
				𝜃
				Δ
				𝑡
				)
			

			

				2
			

			
				𝑢
				
				𝑡
			

			

				𝑖
			

			
				
				+
				6
			

			
				
			
			
				
				𝑡
				𝜃
				Δ
				𝑡
				̇
				𝑢
			

			

				𝑖
			

			
				
				
				𝑡
				+
				2
				̈
				𝑢
			

			

				𝑖
			

			
				
				
				𝑚
				+
				
				3
			

			
				
			
			
				𝑢
				
				𝑡
				𝜃
				Δ
				𝑡
			

			

				𝑖
			

			
				
				
				𝑡
				+
				2
				̇
				𝑢
			

			

				𝑖
			

			
				
				+
				𝜃
				Δ
				𝑡
			

			
				
			
			
				2
				
				𝑡
				̈
				𝑢
			

			

				𝑖
			

			
				
				
				𝑐
				.
			

		
	


          According to solving (36), the dynamic displacement at the time of 
	
		
			

				𝑡
			

			

				𝑖
			

			
				+
				𝜃
				Δ
				𝑡
			

		
	
 (
	
		
			
				𝑢
				(
				𝑡
			

			

				𝑖
			

			
				+
				𝜃
				Δ
				𝑡
				)
			

		
	
) can be known. Substituting 
	
		
			
				𝑢
				(
				𝑡
			

			

				𝑖
			

			
				+
				𝜃
				Δ
				𝑡
				)
			

		
	
 into (33a), the acceleration at the time of 
	
		
			

				𝑡
			

			

				𝑖
			

			
				+
				𝜃
				Δ
				𝑡
			

		
	
 can be obtained. Then substituting it into (31a) and using the designation 
	
		
			
				𝜏
				=
				Δ
				𝑡
			

		
	
, the acceleration at the time of 
	
		
			

				𝑡
			

			

				𝑖
			

			
				+
				Δ
				𝑡
			

		
	
 is gained as
	
 		
 			
				(
				3
				8
				a
				)
			
 		
	

	
		
			
				
				𝑡
				̈
				𝑢
			

			

				𝑖
			

			
				
				=
				6
				+
				Δ
				𝑡
			

			
				
			
			

				𝜃
			

			

				3
			

			
				(
				Δ
				𝑡
				)
			

			

				2
			

			
				
				𝑢
				
				𝑡
			

			

				𝑖
			

			
				
				
				𝑡
				+
				𝜃
				Δ
				𝑡
				−
				𝑢
			

			

				𝑖
			

			
				−
				6
				
				
			

			
				
			
			

				𝜃
			

			

				2
			

			
				
				𝑡
				Δ
				𝑡
				̇
				𝑢
			

			

				𝑖
			

			
				
				+
				
				3
				1
				−
			

			
				
			
			
				𝜃
				
				
				𝑡
				̈
				𝑢
			

			

				𝑖
			

			
				
				.
			

		
	

Similarly, using the designations 
	
		
			
				𝜃
				=
				1
			

		
	
 and 
	
		
			
				𝜏
				=
				Δ
				𝑡
			

		
	
, the vibration velocity and the dynamic displacement at the time of 
	
		
			

				𝑡
			

			

				𝑖
			

			
				+
				Δ
				𝑡
			

		
	
 are listed as follows:
								
	
 		
 			
				(
				3
				8
				b
				)
			
 			
				(
				3
				8
				c
				)
			
 		
	

	
		
			
				
				𝑡
				̇
				𝑢
			

			

				𝑖
			

			
				
				
				𝑡
				+
				Δ
				𝑡
				=
				̇
				𝑢
			

			

				𝑖
			

			
				
				+
				Δ
				𝑡
			

			
				
			
			
				2
				
				
				𝑡
				̈
				𝑢
			

			

				𝑖
			

			
				
				
				𝑡
				+
				Δ
				𝑡
				+
				̈
				𝑢
			

			

				𝑖
			

			
				,
				𝑢
				
				𝑡
				
				
			

			

				𝑖
			

			
				
				
				𝑡
				+
				Δ
				𝑡
				=
				𝑢
			

			

				𝑖
			

			
				
				
				𝑡
				+
				Δ
				𝑡
				̇
				𝑢
			

			

				𝑖
			

			
				
				+
				(
				Δ
				𝑡
				)
			

			

				2
			

			
				
			
			
				6
				
				
				𝑡
				̈
				𝑢
			

			

				𝑖
			

			
				
				
				𝑡
				+
				Δ
				𝑡
				+
				2
				̈
				𝑢
			

			

				𝑖
			

			
				.
				
				
			

		
	

3.5. Roughness Model
In both design and evaluation, pavement roughness is the primary factor affecting the dynamic performances of the bridge traversed by the designated vehicles [38]. And, in the dynamic responses analysis of highway bridges under moving vehicles, it is considered to be a cause of vehicle vibration [39]. Deng and Cai have proposed that, due to the road surface deterioration of existing bridges, the calculated impact factors form field measurements could be higher than the values specified in design codes that mainly target new bridge design [15]. So it is necessary to include the pavement roughness in our own program.
There are two methods to take the roughness into account, field measurement and numerical simulation. As for the former way, it is measured generally by one of the following two methods, that is, (1) by using a profilometer or (2) by calculating pavement roughness backwards from vibration data of the well-researched dynamic properties of the vehicle [36]. Nowadays, based on much data from the field measurement, more researchers begin to admit the fact that the roughness is a realization of a random process that can be described by a power spectral density (PSD) function. And the pavement roughness model proposed by Hwang and Nowak [40] has been adopted in this study.
Typical PSD function can be approximated by an exponential function:
								
	
 		
 			
				(
				3
				9
				)
			
 		
	

	
		
			
				𝑆
				(
				𝛾
				)
				=
				𝛼
				𝛾
			

			
				−
				𝛽
			

			

				𝛾
			

			

				𝐿
			

			
				<
				𝛾
				<
				𝛾
			

			

				𝑈
			

		
	

							in which the 
	
		
			

				𝛼
			

		
	
 denotes roughness coefficient and 
	
		
			

				𝛾
			

		
	
, 
	
		
			

				𝛾
			

			

				𝐿
			

		
	
, 
	
		
			

				𝛾
			

			

				𝑈
			

		
	
, and 
	
		
			

				𝛽
			

		
	
 denote, respectively, spatial frequency (m−1), lower limit, upper limit, and spectral shape index. It is assumed that the pavement roughness can be modeled as a stationary Gaussian random process. Therefore, it can be generated by an inverse Fourier transform:
								
	
 		
 			
				(
				4
				0
				)
			
 		
	

	
		
			
				𝑋
				(
				𝑡
				)
				=
			

			

				𝑁
			

			

				
			

			
				𝑖
				=
				1
			

			

				
			

			
				
			
			
				
				𝛾
				4
				𝑆
			

			

				𝑖
			

			
				
				
				𝛾
				Δ
				𝛾
				c
				o
				s
			

			

				𝑖
			

			
				𝑡
				−
				𝜃
			

			

				𝑖
			

			
				
				,
			

		
	

							where 
	
		
			
				𝑆
				(
				𝛾
			

			

				𝑖
			

			

				)
			

		
	
 is PSD function and 
	
		
			

				𝜃
			

			

				𝑖
			

		
	
 is random number uniformly distributed from 0 to 2π.
The process of generating pavement roughness is listed as follows:
	
 		
 			
				(
				4
				1
				a
				)
			
 			
				(
				4
				1
				b
				)
			
 			
				(
				4
				1
				c
				)
			
 			
				(
				4
				1
				d
				)
			
 			
				(
				4
				1
				e
				)
			
 		
	

	
		
			
				𝛾
				Δ
				𝛾
				=
			

			

				𝑈
			

			
				−
				𝛾
			

			

				𝐿
			

			
				
			
			
				𝑁
				,
				𝛾
			

			

				𝑘
			

			
				=
				𝛾
			

			

				𝐿
			

			
				+
				𝑆
				
				𝛾
				(
				𝑘
				−
				0
				.
				5
				)
				Δ
				𝛾
				𝑘
				=
				1
				,
				2
				,
				…
				,
				𝑁
				,
			

			

				𝑘
			

			
				
				=
				𝛼
				𝛾
			

			
				𝑘
				−
				𝛽
			

			
				,
				𝑎
			

			
				𝑘
				2
			

			
				
				𝛾
				=
				4
				𝑆
			

			

				𝑘
			

			
				
				Δ
				𝛾
				,
				ℎ
				(
				𝑥
				)
				=
			

			

				𝑁
			

			

				
			

			
				𝑘
				=
				1
			

			

				𝑎
			

			

				𝑘
			

			
				
				c
				o
				s
				2
				𝜋
				𝛾
			

			

				𝑘
			

			
				𝑥
				−
				𝜃
			

			

				𝑘
			

			

				
			

		
	
in which the 
	
		
			

				𝑥
			

		
	
 denotes the position in the longitudinal direction of the bridge, 
	
		
			
				ℎ
				(
				𝑥
				)
			

		
	
 is the roughness, and 
	
		
			

				𝑁
			

		
	
 is the sampling number.
Considering common seen speeds of vehicles in highway bridges, the lower and upper limits of the spatial frequency are specified as 0.05 m−1 and 3.00 m−1 [7]. Furthermore, 
	
		
			

				𝑁
			

		
	
 is usually equal to 512, and the spectral shape index 
	
		
			

				𝛽
			

		
	
 is 2 in general. Also, the selected value of the roughness coefficient 
	
		
			

				𝛼
			

		
	
 can be seen in Table 1.
Table 1: Roughness coefficient 
	
		
			

				𝛼
			

		
	
. 
	

	Condition	Roughness coefficient 
	
		
			

				𝛼
			

		
	

	

	Very good	
	
		
			
				𝛼
				<
				0
				.
				2
				4
				×
				1
				0
			

			
				−
				6
			

		
	

	Good	
	
		
			
				0
				.
				2
				4
				×
				1
				0
			

			
				−
				6
			

			
				<
				𝛼
				≤
				1
				.
				0
				×
				1
				0
			

			
				−
				6
			

		
	

	Average	
	
		
			
				1
				.
				0
				×
				1
				0
			

			
				−
				6
			

			
				<
				𝛼
				≤
				4
				.
				0
				×
				1
				0
			

			
				−
				6
			

		
	

	Poor	
	
		
			
				4
				.
				0
				×
				1
				0
			

			
				−
				6
			

			
				<
				𝛼
				≤
				1
				6
				.
				0
				×
				1
				0
			

			
				−
				6
			

		
	

	Very poor	
	
		
			
				𝛼
				>
				1
				6
				.
				0
				×
				1
				0
			

			
				−
				6
			

		
	

	



As for different conditions, five typical pavement roughness examples are obtained using the program VBCVA. And the results are plotted in Figure 5.





	
		
			
				
				
				
				
				
				
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
				
				
				
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
				
				
					
				
					
				
				
				
					
				
					
				
				
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
				
				
				
				
				
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
			
			
				
				
				
				
				
				
				
				
			
		
	


	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		


	
		
			
			
			
			
		
	
	
		
			
			
			
			
			
		
	
	
		
			
		
	
	
		
			
		
		
			
			
			
			
			
		
	
	
		
			
		
		
			
			
			
			
		
	
	
		
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
			
		
	
	
		
			
		
		
			
		
	
	
		
			
			
			
		
	
	
		
			
			
			
			
			
			
			
			
			
			
			
		
	
	
		
			
			
			
			
			
			
			
			
			
			
			
			
		
	
	
	
	
	
	
	
	
	
	
	
	
	



(a) Very good (
	
		
			
				𝛼
				=
				0
				.
				2
				0
				×
				1
				0
			

			
				−
				6
			

		
	
)





	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		


	
		
			
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
			
			
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
			
		
	


	
		
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
			
		
	
	
		
			
		
		
			
		
	
	
		
			
			
			
		
	
	
		
			
			
			
			
			
			
			
			
			
			
			
		
	
	
		
			
			
			
			
			
			
			
			
			
			
			
			
		
	
	
		
			
			
			
			
		
	
	
		
			
			
			
			
		
	
	
		
			
		
	
	
		
			
		
		
			
			
			
			
		
	
	
		
			
		
		
			
			
			
			
		
	
	
	
	
	
	
	
	
	
	
	
	
	



(b) Good (
	
		
			
				𝛼
				=
				0
				.
				6
				0
				×
				1
				0
			

			
				−
				6
			

		
	
)





	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		


	
		
			
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
			
			
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
			
		
	


	
		
			
		
		
			
			
			
			
		
	
	
		
			
		
		
			
			
			
			
		
	
	
		
			
		
	
	
		
			
			
			
			
		
	
	
		
			
			
			
			
		
	
	
	
	
		
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
			
		
	
	
		
			
		
		
			
		
	
	
		
			
			
			
		
	
	
		
			
			
			
			
			
			
			
			
			
			
			
		
	
	
		
			
			
			
			
			
			
			
			
			
			
			
			
		
	
	
	
	
	
	
	
	
	
	
	
	
	



(c) Average (
	
		
			
				𝛼
				=
				2
				.
				5
				0
				×
				1
				0
			

			
				−
				6
			

		
	
)





	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		


	
		
			
				
				
				
				
				
				
				
				
				
				
				
				
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
					
				
				
				
				
				
				
				
					
				
					
				
				
				
					
				
					
				
				
				
					
				
					
				
				
				
				
				
			
			
				
				
				
				
				
				
				
				
			
		
	


	
		
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
		
			
		
	
	
		
			
			
		
	
	
		
			
		
		
			
		
	
	
		
			
			
			
		
	
	
		
			
		
		
			
			
			
			
		
	
	
		
			
		
		
			
			
			
			
		
	
	
		
			
		
	
	
		
			
			
			
			
		
	
	
		
			
			
			
			
		
	
	
		
			
			
			
			
			
			
			
			
			
			
			
		
	
	
		
			
			
			
			
			
			
			
			
			
			
			
			
		
	
	
	
	
	
	
	
	
	
	
	
	
	



(d) Poor (
	
		
			
				𝛼
	