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Although polynomial NARX models have been intensively used in nonlinear system identification, few papers discussed how to
relate the inner nonlinearities to specific types of clusters and regressors. The objective of this paper is to discuss this relationship
for a class of systems that contain even or odd nonlinearities. This class covers block-structured models (Hammerstein, Wiener,
and others) and systems with dynamic nonlinearities. To achieve the paper’s aim, a deep frequency-domain analysis is performed.
For each type of nonlinearity, all the NARX clusters are investigated and the results show that each regressor type provides specific
nonlinear contribution.The investigation is based on an output power spectra analysis when a specific multisinusoidal excitation is
applied.According to the spectral contributions in someof the frequency lines, the nonlinearity classification is possible. By applying
the same procedure to the clusters, one interprets how these clusters can (or not) contribute to explain the system nonlinearity.The
paper findings have two major impacts: (i) one gains deep knowledge on how the nonlinearities are coded by the clusters, and (ii)
this information can be used, for instance, to aid a structure selection procedure (ERR, term clustering, etc.) during the discarding
of the clusters which are not able to explain the system nonlinear behavior. Some practical and experimental aspects are discussed,
while numerical examples are presented to show the validity of the theoretical analysis.

1. Introduction

The system identification theory is really vast, including
advances in time as in frequency domain [1–3]. For nonlinear
systems, an important question is how to determine a proper
structure to be used during the modeling procedure. Among
the several model structures that can be used to represent
nonlinear phenomena, the NARX/NARMAX representation
[4, 5] has been intensively used due to its adequacy for a
wide range of applications. However, the NARX/NARMAX
model efficiency is related to a proper model size and
overparametrization problems were reported [6]. Thus, a
previous model structure determination plays key role for a
successful identification procedure and many methodologies
are available for the NARX/NARMAX case [7–9]. Nowadays,
there are robust numerical methods to perform the NARX
structure selection [10, 11].

The technique known as term clustering has been exten-
sively used as an auxiliary method during the structure
selection of NARX/NARMAX models, providing useful
information about the group of regressors that should be
included into the model. It was demonstrated that a model
containing spurious clusters can present dynamic behavior
considerably different to the real system [12]. Additionally, it
was demonstrated that certain classes of nonlinearities can be
related to specific group of regressors called clusters in term
clustering context [13–15].

This paper aims to analyze some other aspects concerning
the relation between the term clusters and the inner system
nonlinearities. Differently from the discussions in the litera-
ture, the proposal here is to perform such analysis by using
arguments from the frequency domain. Although there are
some studies involving generalized frequency response analy-
sis of nonlinear systems in the literature [16, 17], the approach
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discussed in this paper is sufficient to provide the necessary
knowledge about the mechanisms relating the term clusters
to nonlinearities by using a simple spectral analysis. This
not only reinforces some conclusions already obtained in
the time domain, but also brings new insights about the
model structure problem. Secondly, it is demonstrated that
a frequency-domain analysis can be useful to detect, classify,
and relate some other nonlinearity types to specific term clus-
ters, thereby providing some additional information during
a further structure selection procedure. Similar ideas were
used to develop a structure selection approach for NARMAX
models [18] but new results involving the relation between
term clusters and spectral analysis are presented here.

The paper is organized as follows. Section 2 provides the
background concerning the NARX models and the term
clustering. In Section 3 the mathematical concepts related to
model analysis in the frequency domain are introduced, and
a methodology for nonlinearity classification is discussed.
These ideas are used in Section 4where the clusters are related
to each type of nonlinearity that they can represent. Finally,
Section 5 discusses some numerical results that illustrate the
proposed concept, while some conclusions and remarks are
drawn in Section 6.

2. NARX Models and Term Clustering

As was discussed by Billings et. al. [4, 5], a wide class of
nonlinear systems can be expressed as a nonlinear discrete
polynomial related to actual and previous values from the
input and output if mild assumptions are considered. In this
case, a model can be written as

𝑦 (𝑘) =

𝑙
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𝑚=0
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∑
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∑
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, (2)

which is a general formulation borrowed from [12], repre-
senting theNonlinear AutoRegressive with eXogenous inputs
(NARX) models. The most important characteristic of this
formulation is that it is linear in the parameters 𝑐𝑝,𝑚−𝑝.

The structure selection procedure consists in choosing
the most relevant terms of (1)—also denoted as regressors—
to take part into the final model, so that the overall nonlinear
behavior is properly represented. Then, a relevant regressor is
denoted as the onewhich represents the output in a betterway
than another, based on some criterion. Several criteria can be
used for this purpose and one commonly adopted is to rank a
determined regressor according to its ability to “explain” the
output data when compared to another one.This approach is
the basis of the error reduction ratio (ERR) [7]. This ratio is
based on the full orthogonalization of the regression matrix,

so that the individual importance of each regressor can be
evaluated.

The term clustering, which analyzes the identified param-
eters for regressors with similar format, is another auxiliary
strategy for regressor set determination [12, 19]. For the
purpose of presentation, suppose that the sampling time is
sufficiently short so that 𝑦(𝑘− 1) ≈ 𝑦(𝑘− 2) ≈ ⋅ ⋅ ⋅ ≈ 𝑦(𝑘 − 𝑛𝑦)

and 𝑢(𝑘 − 1) ≈ 𝑢(𝑘 − 2) ≈ ⋅ ⋅ ⋅ ≈ 𝑢(𝑘 − 𝑛𝑢). Then, (1) can be
rewritten as

𝑦 (𝑘) ≈

𝑛𝑦 ,𝑛𝑢

∑

𝑛1,𝑛𝑚
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The constants ∑
𝑛𝑦,𝑛𝑢

𝑛1,𝑛𝑚
𝑐𝑝,𝑚−𝑝(𝑛1, . . . , 𝑛𝑚) are the coefficients

of the term clusters Ω𝑦𝑝 ,𝑢𝑚−𝑝 , which contain terms of the
form 𝑦(𝑘 − 𝑖)

𝑝
𝑢(𝑘 − 𝑗)

𝑚−𝑝 for 𝑚 = 0, . . . , 𝑙 and 𝑝 =

0, . . . , 𝑚. These coefficients are called cluster coefficients,
represented as Σ𝑦𝑝𝑢𝑚−𝑝 [12]. It was demonstrated that terms
of a same cluster explain the same type of nonlinearity [15].
In addition, the cluster coefficient behavior can be used to
detect spurious clusters which should be discarded during the
model structure selection [12, 15].

3. System Analysis in the Frequency Domain

The problem of nonlinearity detection has been deeply stud-
ied in the literature. In the frequency domain context, most
of the methodologies are based on specific multisinusoidal
excitations, due to their nice properties in relating the power
spectrum to the type of nonlinearity in the system. A class
of excitation commonly used for this task is the odd-odd
multisine signal. More precisely, let 𝑢(𝑘) be a discrete peri-
odic input with fundamental frequency 𝜔0 and a sampling
frequency𝜔𝑠 = 𝑁𝑢𝜔0, where𝑁𝑢 is the data length. Denote by
I = {𝑙 | 𝑙 = 1, 3, 5, . . . , 𝑁 < 𝑁𝑢/2} the set of all odd numbers
up to 𝑁 and F ⊂ I a subset with some of these odd numbers.
Then, the odd-odd multisine signal (OOMS) is defined as

𝑢 (𝑘) = ∑

𝑙∈F

𝐴 𝑙 sin(
2𝜋𝑘

𝜔𝑠

𝑙𝜔0 + 𝜙𝑙) , 𝜙𝑙 ∼ 𝑈 ([−𝜋, 𝜋[) , (4)

where𝑈(𝑟) denotes a uniformly distributed random number
within the specified range 𝑟. In the frequency domain, this
signal is characterized by an impulse train at specific fre-
quencies harmonic to the fundamental 𝜔0. These frequencies
are defined by the set I where only some odd numbers are
available and the result is a signal which excites only specific
odd harmonics of such fundamental frequency. Notice that
𝑢(𝑘) is a deterministic signal. This is possible because 𝜙𝑙,
once chosen by a random law, is maintained constant along
the experiment. This signal is an odd function. Another
important fact for nonlinearity detection is that an integer
number of signal periods—a function of𝜔0—should be used.
Additional details about the signal design for application in
identification and nonlinearity detection are richly discussed
in the literature [3, 20, 21].



Mathematical Problems in Engineering 3

The nonlinearity detection is based on the behavior of
nonlinear systems when a multisinusoidal input is applied
[21]. Consider an input-output system and an odd-odd
multisine signal input. Denote the excited frequency lines as
𝜔𝑒 = {𝑙𝜔0 | 𝑙 ∈ F} which correspond to those harmonics
effectively excited by the input. Define the set M = {𝑚 |

𝑚 = 𝑁,𝑁+2, . . . , 2𝑁−1}which represents the odd numbers
from 𝑁 to 2𝑁 − 1 and denote the odd non-excited frequency
lines as 𝜔𝑖 = {𝑙𝜔0 | 𝑙 ∈ (F̃ ∪ M), F̃ ∪ F = I}. These points
represent the odd harmonics of 𝜔0 which are not excited by
the input. Finally, denote the even nonexcited frequency lines
as 𝜔𝑝 = {𝑙𝜔0 | 𝑙 = 0, 2, . . . , 2𝑁} which represent the even
harmonics of 𝜔0. Then, the system output satisfies one of the
following conditions:

(i) pure linear system: there exists output power only at
the excited frequency lines 𝜔𝑒;

(ii) system containing only even nonlinearities: there exists
output power at some even nonexcited frequency
lines 𝜔𝑝 and, possibly, at the excited frequency lines
𝜔𝑒;

(iii) system containing only odd nonlinearities: there exists
output power at the excited frequency lines 𝜔𝑒 and at
some odd nonexcited frequency lines 𝜔𝑖;

(iv) system containing both odd and even nonlinearities:
there exists output power at the excited frequency
lines 𝜔𝑒, at some odd nonexcited frequency lines 𝜔𝑖,
and at some even nonexcited frequency lines 𝜔𝑝.

Based on (i)–(iv), the nonlinearity detection is performed
as follows. Firstly, an odd-odd multisinusoidal input is
applied and the output signal is acquired. The next step is to
calculate and analyze the Fourier transform of this signal. If
the system contains power spectrum only at the excited lines,
it is linear. If the system also exhibits power spectra at the
odd nonexcited frequency lines, then it contains some odd
nonlinearity such as cubic terms and saturation. Finally, if it
has power spectrum at the even nonexcited frequency lines,
the system contains some even nonlinearity such as quadratic
terms and absolute-value function.

In Section 4, these results are used to analyze and code
the relation between some term clusters and system inner
nonlinearities.

4. Cluster Interpretation

Some works were successful in relating a term cluster to the
specific type of nonlinearity that it can represent [13–15]. The
conclusions are helpful in choosing a group of term cluster
to take part into the model according to the inner system
behavior.

This paper proposes a different approach. Consider a
black-box nonlinear system, in which only the input and
output signals are available. As already discussed, one can
infer the inner nonlinearities by performing a preliminary
output spectra analysis. If in addition, one analyzes the
spectral content of the regressors formed through the input-
output signals, it is possible to infer if such regressors can

take part into a NARX model for the system. The idea is to
analyze the spectral power amplitude at the excited (𝜔𝑒), the
odd nonexcited (𝜔𝑖), and the even nonexcited (𝜔𝑝) for the
output signal and the regressors so that any conclusion can
be drawn.

This paper deals with systems which the nonlinearity can
be classified as an even or an odd function (static or dynamic).
Consider a nonlinear systemwith a specific nonlinearity type
(even or odd). By performing the proposed output spectral
analysis, one can know the involved nonlinearity and at
which nonexcited frequency lines the power is expected to
occur. Suppose a specific regressor (e.g., 𝑢(𝑘 − 1)𝑦(𝑘 − 1)) is
constructed through the available input and output signals.
There are three possibilities:

(i) if the spectral analysis for this regressor reveals power
spectra exclusively at the same type of nonexcited
frequency lines from the output analysis, then there
is a possibility that such regressor takes part in the
NARX model;

(ii) if the regressor spectral analysis reveals power spectra
at both types of nonexcited frequency lines (𝜔𝑝 and
𝜔𝑖), nothing can be assured about its presence into
NARX model;

(iii) if the regressor spectral analysis reveals power spectra
exclusively at different type of nonexcited frequency
lines from the output analysis, then such regressor
cannot take part into the NARX model and it can be
discarded.

Then, the analysis uses an exclusion argument. For example,
a nonlinear system with an even nonlinearity has spectral
power at 𝜔𝑝. If a specific regressor provides power only at 𝜔𝑝,
then such regressor is a candidate to appear into the NARX
model. If the regressor provides power at 𝜔𝑝 and 𝜔𝑖, nothing
can be assured. The reason is that, in spite of the presence of
unexpected 𝜔𝑖 lines, the interplay with other regressors can
result in a final output spectral content only at 𝜔𝑝. However,
if the regressor analysis reveals power spectra only at 𝜔𝑖, such
regressor is certainly spurious and it should be excluded.The
reason is because it is trying to explain an inexistent system
nonlinear behavior.

Denote a system containing only even nonlinearities as
LE (Linear + Even) and a system containing only odd nonlin-
earities as LO (Linear +Odd). To obtain the conclusions, each
type of regressor should be analyzed considering the involved
nonlinearity. This procedure is performed as follows.

4.1. Input Related Clusters. The input related cluster analysis
is firstly performed because it does not depend on the
output characteristics, and the conclusions are valid for any
nonlinearity type within the system. Moreover, this case
enables an easier demonstration of the mathematical tools
concerning the frequency-domain analysis.

Consider initially the regressor 𝑢(𝑘 − 𝜏1)𝑢(𝑘 − 𝜏2) from
cluster Ω𝑢2 and 𝑦Ω

𝑢
2
the contribution that such cluster can

provide to the model output. By applying discrete Fourier
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transformand its properties, one can straightforwardly derive
that

𝑌Ω
𝑢
2
(𝑒
𝑗𝜔
) = F {𝑢 (𝑘 − 𝜏1) 𝑢 (𝑘 − 𝜏2)}

=
𝑒
−𝑗𝜔(𝜏1+𝜏2)

2𝜋
[𝑈 (𝑒
𝑗𝜔
) ∗ 𝑈 (𝑒

𝑗𝜔
)] .

(5)

Then, |𝑌Ω
𝑢
2
| ∝ |𝑈 ∗ 𝑈| (the Fourier transform argument

𝑒
𝑗𝜔 is dropped for notation simplification). As the input is
an impulse train at the frequencies 𝜔𝑒, the cluster provides
spectral contributions at the frequency lines given by the con-
volution of the input harmonics. Without loss of generality,
suppose the odd signal 𝑈(𝑘) = 𝐴, 𝑘 ≡ 𝑒

𝑗𝜔, 𝑘 = 1, 5, 7, 9, . . .

where𝑈 (𝑘 = 3), is purposely null.The unilateral convolution
𝑈 ∗ 𝑈 is expressed by

𝑌Ω
𝑢
2
(𝑘) = 𝑈 (𝑘) ∗ 𝑈 (𝑘) =

𝑘

∑

𝑗=0

𝑈(𝑗)𝑈 (𝑘 − 𝑗) . (6)

By evaluating (6), one can easily notice that 𝑌Ω
𝑢
2
(𝑘) ̸= 0

only for 𝑘 = 2, 6, 8, . . .. In other words, 𝑌Ω
𝑢
2
(𝑘) ̸= 0 only

for even values of 𝑘 or at the “even frequency lines” in
frequency-domain context. Observe that such even points are
not excited in 𝑈(𝑘). Hence, 𝑌Ω

𝑢
2
(𝑘) only have contributions

at the even nonexcited frequency lines. This proves that the
cluster Ω𝑢2 will provide spectral power only at the even
(and nonexcited) frequency lines 𝜔𝑝. Notice that similar
conclusion can be obtained for any clusterΩ𝑢𝑚 with𝑚 being
an even number.

Consider now the regressor𝑢(𝑘−𝜏1)𝑢(𝑘−𝜏2)𝑢(𝑘−𝜏3) from
cluster Ω𝑢3 . In this case |𝑌Ω

𝑢
3
| ∝ |𝑈 ∗ 𝑈 ∗ 𝑈| = |𝑈 ∗ 𝑌Ω

𝑢
2
|.

Based on the input characteristics and the spectral content of
𝑌Ω
𝑢
2
, one can conclude that 𝑌Ω

𝑢
3
will contain power at the

excited (𝜔𝑒) and some odd nonexcited (𝜔𝑖) frequency lines.
There is no power at𝜔𝑝. To show this, let us suppose the signal
𝑈(𝑘) above once again. By evaluating the correlation

𝑌Ω
𝑢
3
(𝑘) = 𝑈 (𝑘) ∗ 𝑌Ω

𝑢
2
(𝑘) =

𝑘

∑

𝑗=0

𝑈 (𝑗) 𝑌Ω
𝑢
2
(𝑘 − 𝑗) (7)

it is straightforward to conclude that 𝑌Ω
𝑢
3
(𝑘) ̸= 0 only for

𝑘 = 3, 5, 7, . . .. Notice that 𝑘 are only odd numbers and one
of them was not excited by the original signal (𝑘 = 3). This
proves that the cluster Ω𝑢3 will provide spectral power only
at the odd excited 𝜔𝑒 and nonexcited 𝜔𝑖 frequency lines. The
same conclusion can be extended for any cluster Ω𝑢𝑚 with𝑚

being an odd number.
Similar analysis can be extended to any cluster type, to

exhibit its spectral content. However, such procedure would
be quite tedious. In Sections 4.2–4.4, the spectra content of
each cluster type will be summarized by following the same
arguments from this section.

4.2. LO System. The LO system is characterized by the
occurrence of excited (𝜔𝑒) and odd nonexcited (𝜔𝑖) frequency
lines at the output, when an odd-odd multisine input is

applied. This means that a polynomial NARX model should
contain regressors which provide power spectrum only at
these frequency lines. In other words, a regressor which
provides power spectrum only at 𝜔𝑝 could not take part into
the NARX model because it explains a type of nonlinearity
which does not exist in the system. Then, one can infer
the unnecessary clusters through an output spectral analysis.
Such analysis follows for each type of clusters.

Ω𝑢𝑚 . Based on the discussion in Section 4.1 and the output
spectral content of a LO system, it is easy to conclude that
the cluster Ω𝑢𝑚 , with 𝑚 being an odd number, can appear
at NARX model. In other hand, regressors from Ω𝑢𝑚 with 𝑚

being an even number are not expected.

Ω𝑦𝑚 . Firstly, consider the regressor 𝑦(𝑘 − 𝜏1)𝑦(𝑘 − 𝜏2) (Ω𝑦2).
In this case |𝑌Ω

𝑦
2
| ∝ |𝑌 ∗ 𝑌|. The LO system output contains

power only at the odd frequency lines. The consequence is
that the convolution above would produce power spectrum
only at the even nonexcited frequency lines 𝜔𝑝. However,
these frequencies are not possible for such system. The
conclusion is that the cluster Ω𝑦2 cannot appear into the
polynomialNARXmodel of a LO system. It is straightforward
to show the same for any cluster Ω𝑦𝑚 with 𝑚 being an even
number. Conversely, the regressor 𝑦(𝑘− 𝜏1)𝑦(𝑘− 𝜏2)𝑦(𝑘− 𝜏3)

(cluster Ω𝑦3) is characterized by |𝑌Ω
𝑦
3
| ∝ |𝑌 ∗ 𝑌Ω

𝑦
2
|, which

provides spectral contribution at the odd frequency lines (𝜔𝑒
and 𝜔𝑖). Then, this cluster—and any other Ω𝑦𝑚 with 𝑚 being
an odd number—can take part into the NARX model.

Ω𝑢𝑟𝑦𝑠 . Consider the regressor 𝑢(𝑘 − 𝜏1)𝑦(𝑘 − 𝜏2) (cluster
Ω𝑢𝑦). It implies |𝑌Ω𝑢𝑦

| ∝ |𝑈 ∗ 𝑌|. In this case, as the input
and the output are odd functions, presenting spectral power
only at odd frequency lines. Then, the convolution would
produce contributions only at even frequency lines, but this is
impossible for a LO system. Similar conclusion can be drawn
for any clusterΩ𝑢𝑟𝑦𝑠 where 𝑟 + 𝑠 is an even number. All these
clusters can be discarded from the polynomial NARX model
of a LO system. The regressor 𝑢(𝑘 − 𝜏1)𝑦

2
(𝑘 − 𝜏2) (cluster

Ω𝑢𝑦2) produces |𝑌Ω
𝑢𝑦
2
| ∝ |𝑈 ∗ 𝑌Ω

𝑦
2
|. In this case, there is the

convolution between an odd function (input) and the even
function 𝑦

2
(𝑘 − 𝜏2) (due to the output odd aspect). This will

produce contributions only at odd frequency lines (excited
and/or nonexcited). Then, such cluster is possible for a LO
system.The same holds for any clusterΩ𝑢𝑟𝑦𝑠 where 𝑟 + 𝑠 is an
odd number.

4.3. LE System. The LE system is characterized by the occur-
rence of excited (𝜔𝑒) and even nonexcited (𝜔𝑝) frequency
lines at the output, when an odd-odd multisine input is
applied. The cluster analysis is identical to those performed
in Section 4.2; however, the results are quite different.

Ω𝑢𝑚 . Only the cluster Ω𝑢𝑚 with 𝑚 being an even number is
possible to appear in the NARX model, due to the output
content of a LE system. In this case,Ω𝑢𝑚 with𝑚 being an odd
number is not possible because it produces contributions at
the odd nonexcited frequency lines 𝜔𝑖.
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u(k)
f(·) H(z)

w(k) y(k)

(a)

f(·)H(z)
u(k) w(k) y(k)

(b)
Figure 1: Block-oriented models: (a) Hammerstein system and (b) Wiener system.

Ω𝑦𝑚 and Ω𝑢𝑟𝑦𝑠 . Nothing can be assured about these clusters.
Their regressors can produce contributions not only at𝜔𝑝, but
also at 𝜔𝑖. This is because the output is a not-even-nor-odd
function, and any regressor formed with the output is also
a not-even-nor-odd function. The final output contribution
at 𝜔𝑖 can vanished by the interplay of different output-
related regressors and, because of this, any conclusion can be
drawn with basis on the spectral analysis. For instance, the
regressor 𝑢(𝑘 − 𝜏1)𝑦

2
(𝑘 − 𝜏2) (Ω𝑢𝑦2) produces contributions

given by the convolution of an odd function (input) and
𝑦
2
(𝑘 − 𝜏2). Notice that this is a not-even-nor-odd function,

since the output has both odd and even frequency lines.
The result is a signal which—in addition to 𝜔𝑝 and 𝜔𝑒—also
contains oddnonexcited frequency lines𝜔𝑖.These nonexcited
odd frequency lines can be—in principle—canceled by the
interplay with other regressors, resulting in output power
only at 𝜔𝑝 (and, eventually, at 𝜔𝑒). Because of this, it is not
possible to assure the presence (or not) of such regressor.

4.4. Block-Oriented Systems with a Single Nonlinearity Type.
Consider the following block-oriented models in Figure 1,
𝑓(⋅) being a static nonlinearity and𝐻(𝑧) a linear system.

For the Hammerstein system (Figure 1(a)), the inner
signal 𝑤(𝑘) is just the nonlinearity applied to the input. Only
nonlinear regressors related to the input are possible because
the nonlinearity only affects this signal. Moreover, only terms
with the same lag are present (e.g., 𝑢𝑚(𝑘 − 𝜏1)) since a static
nonlinearity does not affect the input lags. A term such as
𝑢
𝑚
(𝑘 − 𝜏1)𝑢

𝑛
(𝑘 − 𝜏2), 𝜏1 ̸= 𝜏2 is impossible.

If 𝑓(⋅) is an even function, 𝑊(𝑒
𝑗𝜔
) will have frequency

lines only at 𝜔𝑝 for an odd-odd multisine input. The same
will occur for the output 𝑌(𝑒

𝑗𝜔
) since it is the result of

𝑤(𝑘) applied to a linear system (𝐻(𝑧)). Hence, only the
nonlinear cluster Ω𝑢𝑚 with 𝑚 being an even number—
and with terms of identical lags—can be present in NARX
models for Hammerstein systems with an even nonlinearity.
On the other hand, if 𝑓(⋅) is an odd function; 𝑌(𝑒

𝑗𝜔
) will

have frequency lines at 𝜔𝑒 and 𝜔𝑖. By following the same
arguments above, the NARX model can contain only terms
from cluster Ω𝑢𝑚 with 𝑚 being an odd number—and with
terms of identical lags. Notice that these results are in perfect
accordance with those in [13], where a different eigenvalue
analysis was applied to Hammerstein models. The merit here
is that one can discard some clusters of type Ω𝑢𝑚 which are
not able to represent the actual inner nonlinearity.

For the Wiener system (Figure 1(b)), the analysis is
more involving. The literature already showed that NARX
regressors containing terms on 𝑦

𝑚
(𝑘 − 𝜏), for all 𝑚 are not

possible [13]. The reason is that such regressors yield a model
with output multiplicity, which is impossible for a NARX
polynomial model of Wiener systems.

Because the nonlinearity is located after the linear block,
it is applied to both 𝑢(𝑘 − 𝜏𝑢) and 𝑤(𝑘 − 𝜏𝑤) (𝜏𝑢 and 𝜏𝑤

determined by the linear transfer function).The consequence
is that some nonlinear clusters involving output terms are
expected to appear in a NARX model. Technically, the input
terms from Ω𝑢𝑚 can contain different lags since the linear
block can introduce lagged input terms in 𝑤(𝑘). To explore
such affirmation, consider that 𝑓 is a square function and

𝐻(𝑧) =
𝑊 (𝑧)

𝑈 (𝑧)
=

1 + 𝑎1𝑧
−1

+ 𝑎2𝑧
−2

1 + 𝑏1𝑧
−1 + 𝑏2𝑧

−2
. (8)

Hence, the output can be written as

𝑦 (𝑘) = 𝑤
2
(𝑘)

=

2

∑

𝑙=1

2

∑

𝑚=1

𝑏𝑙𝑏𝑚𝑤 (𝑘 − 𝑙) 𝑤 (𝑘 − 𝑚)

+

2

∑

𝑙=1

2

∑

𝑚=1

2𝑎𝑙𝑏𝑚𝑢 (𝑘 − 𝑙) 𝑤 (𝑘 − 𝑚)

+

2

∑

𝑙=1

2

∑

𝑚=1

𝑎𝑙𝑎𝑚𝑢 (𝑘 − 𝑙) 𝑢 (𝑘 − 𝑚) .

(9)

Notice that the last summation in (9) has the product of
different lagged terms from the input. The conclusion is that
the polynomial NARX model for a Wiener system can have
some terms from cluster Ω𝑢𝑚 with different lags.

Concerning the nonlinearity analysis, consider a Wiener
system with an even static function. In this case, 𝑌(𝑒

𝑗𝜔
) will

have frequency lines only at 𝜔𝑝 because it is the consequence
of an odd signal applied to an even nonlinearity. Similarly
to the analysis of the Hammerstein case, the cluster Ω𝑢𝑚

with 𝑚 being an even number is possible to occur in such
Wiener system. Now, consider the clusterΩ𝑢2𝑦 and its output
contribution |𝑌Ω

𝑢
2
𝑦

| ∝ |𝑌Ω
𝑢
2
∗ 𝑌|. Notice that both 𝑌Ω

𝑢
2

and 𝑌 only contain power spectrum at even nonexcited
frequency lines 𝜔𝑝. As a consequence, 𝑌Ω

𝑢
2
𝑦

also contain
power spectrum only at 𝜔𝑝. Hence, the cluster Ω𝑢2𝑦 is
possible. Similar analysis shows that any clusterΩ𝑢𝑚𝑦 with𝑚

being an even number is possible for Wiener systems with
even nonlinearity, in accordance with [13]. Finally, the cluster
Ω𝑢𝑚𝑦 with 𝑚 being an odd number results in power only at
𝜔𝑒 and 𝜔𝑖. However, power is expected only at 𝜔𝑝 for even
Wiener systems. Hence, this cluster can be discarded.

Similar analysis can be applied to Wiener systems with
an odd nonlinearity. The conclusion is that the clusters Ω𝑢𝑚
with 𝑚 being an odd number and Ω𝑢𝑟𝑦, 𝑟 = 0, 2, 4, . . . can
take part into the NARXmodel, because they produce output
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Table 1: Summary of the results.

Cluster
System type

LO LE H W
O E O E

Ω𝑢𝑚 ,𝑚 even × P × P∗ × P
Ω𝑢𝑚 ,𝑚 odd P × P∗ × P ×

Ω𝑦𝑚 ,𝑚 even × ? × × × ×

Ω𝑦𝑚 ,𝑚 odd P ? × × × ×

Ω𝑢𝑟𝑦𝑠 , 𝑟 + 𝑠 even × ? × × × ×

Ω𝑢𝑟𝑦𝑠 , 𝑟 + 𝑠 odd P ? × × P† P†

H—Hammerstein,W—Wiener, O—odd, and E—even. LE and LO according
to Section 4. P implies that such cluster can appear in a polynomial NARX
model, in contrast to ×. The symbol ? denotes that nothing can be assured
about the cluster. P∗ indicates that only terms with the same lag are possible.
P† implies 𝑠 ≡ 1.

power spectrum only at the odd frequency lines (𝜔𝑒 and
𝜔𝑖). Regressors from the cluster Ω𝑢𝑚 with 𝑚 being an even
number should be discarded. The regressors from the cluster
Ω𝑢𝑟𝑦, 𝑟 = 1, 3, 5, . . . can be discarded.

4.5. Summary. Based on specific multisine excitation and
output frequency-domain analysis, several conclusions were
drawn in Sections 4.1–4.4 related to the clusters of a NARX
model. Such results are conveniently summarized in Table 1.

Such analysis is not able to decide whether a possible
cluster (marked as 𝑃 in Table 1) is really useful for the
model or not. For instance, the clusters Ω𝑢𝑚 with 𝑚 even
(Ω𝑢2 , Ω𝑢4 , . . .) do not present the necessary conditions to be
present in a LO systemmodel. In consequence, they should be
automatically discarded from the candidate set. On the other
hand, the clusterΩ𝑢3 can be present in the LOmodel. Further
analysis is still necessary to conclude if such cluster is really
necessary or not.

In conclusion, the proposedmethodology does not assign
if a cluster marked as 𝑃 in Table 1 is spurious or not. What is
possible to assure is that those clusters marked as × are surely
spurious and they should be discarded from the candidate set.

5. Numerical Results

This section presents the numerical examples that show
the cluster interpretation based on the proposed spectral
analysis. Some practical details are also provided. All the
considered systems are constructed through a linear part
properly connected to nonlinear blocks. The linear part was
assumed as

𝐻(𝑠) =
1

𝑠 + 1
. (10)

Six different cases with the transfer function in (10) were
considered.

(I) Linear system with a Coulomb friction term, pre-
ceded by saturation and dead zone nonlinearities
(Figure 2). In this case, the saturation level was set as
±2 while the dead zone length is ±0.5. The Coulomb

1

s + 1

u(t) y(t)
+
+

Saturation Dead zone Transfer fcn

Coulomb and 
viscous friction

Figure 2: Nonlinear system considered in Case (I).

1

s + 1

2

s + 2

u(t) y(t)
+

+

Transfer fcn

Transfer fcn1

|u|

Abs

Figure 3: Nonlinear system considered in Case (II).

friction has unitary offset and gain. Similar block
diagram is common in mathematical models of
mechanical systems.

(II) Linear system in parallel to an unsigned term
(Figure 3).

(III) A Hammerstein system with linear part given by (10)
preceded by saturation and dead zone nonlinearities
(identical to Case (I)).

(IV) A Hammerstein system with linear part given by (10)
preceded by the square operation.

(V) A Wiener system with linear part given by (10)
followed by saturation and dead zone nonlinearities
(identical to Case (I)).

(VI) A Wiener system with linear part given by (10)
followed by the square operation.

Initially, a nonnoisy environment is considered.This is useful
to show the main points discussed in the paper. The effects
of measurement noise on the proposed methodology are
presented in Section 5.1.

A multisine input signal should be designed so that the
spectral analysis can be performed. Full details about the
signal design can be found in the literature [3, 21] and such
design involves decisions about the signal magnitude, excited
frequency lines, and so forth. Given a sampling frequency
(10Hz for these examples), the fundamental frequency 𝜔0

is chosen by establishing a compromise between a sufficient
amount of available harmonics (by choosing a small 𝜔0) and
a reasonable experiment duration (by choosing higher values
for 𝜔0). Concerning the excitation frequency range, it should
be sufficiently wide to cover the nonlinear phenomena to
be explained. For this study, a fundamental frequency of
0.01Hz was chosen. The maximum excitation frequency was
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Figure 4: Nonlinearity detection and cluster analysis through power spectrum. Case (I) (a) has an odd nonlinearity. Case (II) (b) has an even
nonlinearity (× excited, ∘ odd, ∗ even).

set as 1Hz, which provides 50 odd frequency harmonics,
20% of them—randomly chosen—are not effectively excited.
The harmonic amplitudes were chosen so that the input RMS
value is 1.8.The same inputwas used in all the discussed cases.

In this paper, a fictitious candidate regressor set is con-
sidered for illustration purpose. This set is formed by terms
from all clusters up to second degree and with single-lagged
regressors. This includes the nonlinear regressors 𝑢2(𝑘 − 1),

𝑢
3
(𝑘−1), 𝑦2(𝑘−1), 𝑦3(𝑘−1), 𝑢(𝑘−1)𝑦(𝑘−1), 𝑢2(𝑘−1)𝑦(𝑘−1),

and 𝑢(𝑘 − 1)𝑦
2
(𝑘 − 1).

The spectral content is used to analyze the term clusters.
Initially, consider Figure 4(a) concerning Case (I). In all
plots, the points marked as “×” represent the input excited
frequency lines (𝜔𝑒), while the points marked as “∗” and
“∘” are respectively the even and odd nonexcited frequency
lines (𝜔𝑝 and 𝜔𝑖). The left bigger plot represents the output
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Figure 5: Power spectral analysis: Cases (III) (a), (IV) (b), (V) (c), and (VI) (d) (× excited, ∘ odd, ∗ even).

spectrum for Case (I). Notice the power dominance at
the excited and odd nonexcited frequency lines. According
to the exposed in Section 4, this system can be classified as
“Linear + Odd” (LO) and the expected clusters which can
take part into a polynomial NARXmodel areΩ𝑢3 ,Ω𝑦3 ,Ω𝑢2𝑦,
and Ω𝑢𝑦2 . To show this, the power spectrum of each cluster
above was evaluated and presented at the smaller plots in
Figure 4(a). It is important to observe that the clusters Ω𝑢2 ,
Ω𝑦2 , and Ω𝑢𝑦 produce dominant power spectrum only at
the even nonexcited frequency lines and then they are not
useful to represent the nonlinear characteristics in Case (I).
In accordance with the discussed in Section 4.2, Figure 4(a)
shows that the clusters Ω𝑢3 , Ω𝑦3 , Ω𝑢2𝑦, and Ω𝑢𝑦2 produced
power spectrum at the same frequency lines than the output
signal. Hence, they are candidate to form the polynomial
NARX model.

Similar study was performed for Case (II) and it is
summarized in Figure 4(b). Notice that the output power

spectrum (left) appears dominantly at excited and even
nonexcited frequency lines in such case, thereby enabling
its classification as a “Linear + Even” (LE) system. From the
smaller plots one can observe that the nonlinear cluster Ω𝑢2
presents power only at𝜔𝑝. Hence, it is possible to be present in
a NARXmodel.Ω𝑢3 is not expected due to it produces power
only at 𝜔𝑒 and 𝜔𝑖. Concerning the other clusters, nothing can
be assured because they can produce power at 𝜔𝑒𝜔𝑖 and 𝜔𝑝.

The same procedure can be applied to the other cases so
that the conclusions in Section 4 can be derived. However,
only the output power spectrum for each case is presented
in this paper for sizing questions.

For Case (III) (Figure 5(a)) it is possible to note the
power spectral dominance at the excited and odd nonexcited
frequency lines, thereby enabling its classification as a “Linear
+ Odd” (LO) system. This spectrum is similar to those pre-
sented in Figure 4(a) and this could induce that the clusters
Ω𝑦3 and Ω𝑢𝑦2 can be relevant in a NARX model. However,
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these clusters only occur in systems with output multiplicity,
what is not possible for Hammerstein models [13]. Moreover
Ω𝑢2𝑦 is also impossible due to the Hammerstein system
characteristics. Hence, only the clusterΩ𝑢3 with single-lagged
terms can be included at the polynomial NARX model.

For Case (IV) (Figure 5(b)), the output contains power
spectrum only at the even nonexcited frequency lines. This is
a characteristic common in block-oriented systems with even
nonlinearities. Then, if a system contains an output power
spectrum with such aspect, one can infer a Hammerstein
and/or Wiener block connection containing even nonlinear-
ities. In addition, by considering the discussed in Section 4.4
for Hammerstein systems, the only useful cluster for a NARX
model isΩ𝑢2 with single-lagged terms.

Case (V) (Figure 5(c)) can be also classified as a “Linear +
Odd” (LO) system. Once again, notice the similarity with
Figure 4(a). As it is a Wiener model, it can contain only
the clusters Ω𝑢3 and Ω𝑢2𝑦, including multilagged terms (see
Section 4.4). In spite of the clusters Ω𝑦3 and Ω𝑢𝑦2 are also
possible from the frequency-domain point of view, they are
not possible due to their output multiplicity aspect.

Finally, Case (VI) (Figure 5(d)) contains only the even
nonexcited frequency lines—a characteristic of block-
oriented systems with even nonlinearities. A Wiener model
with such character can contain regressors from the cluster
Ω𝑢2 , Ω𝑢2𝑦. The clusters Ω𝑦2 and Ω𝑢𝑦2 cannot be included
because—although they are possible from the frequency-
domain point of view—they explain an inexistent output
multiplicity behavior.

5.1. Noisy Environment. Noise can hamper any methodology
for structure selection and this is also true for the spectral
analysis. The main difficulty in this case is to decide whether
the power at a specific frequency line is related to a dynamic
behavior or not. When the power related to the noise is
as high as the effective power provided by the system,
the nonlinearity classification can become hard to perform.
Hence, the main question here is how to improve the signal
to noise ratio (SNR).

A well-known methodology is the averaging procedure
[3]. The idea is to perform 𝑀 realizations of the same exper-
iment (or, equivalently, to apply 𝑀 consecutive multisine
periods). This 𝑀 records are then used to reduce the bias
and variance of the power spectra estimation. Such procedure
produces high signal to noise ratio (SNR). However, a
considerably high number ofmeasurements can be necessary.

Since a precise determination of the spectral power in
each frequency line is not necessary for nonlinearity detec-
tion, this paper considers an alternative procedure. The idea
is to assume some assumptions for the noise and to analyze
the power spectrum content. Initially, consider a sufficiently
high SNR (signal-to-noise ratio) so that the system dynamic
behavior can be remarkably noted from the output power
spectrum—at least in some frequency range. By assuming
that the noise has a white Gaussian behavior, it will present
a flat power spectral contribution over the whole frequency
range.Then, one can obtain an empirical “noise cutting level”
through a spectrum inspection at the frequency range where
the system behavior is not that clear. Those frequency lines
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Figure 6: Case (II) including a Gaussian noise with 𝜎
2

= 0.1 (×
excited, ∘ odd, ∗ even, — noise level).

whose power spectrum is above such cutting level are then
classified as “useful” from the nonlinearity detection point of
view.

Figure 6 shows the procedure for Case (II) when an
output white Gaussian noise is added (𝜎2 = 0.01). By
observing the final part of the output power spectrum, it is
possible to infer that there is the dominance of noise. Then,
the contribution along all the spectrum can be inferred by
extrapolation of a level at this final part, here assumed as the
maximum amplitude. Now, the nonlinearity classification is
performed by noting the dominant power spectrum above
such level. Even for a colored noise, such analysis can be
useful if the SNR condition holds.

It is obvious that this is an approximate procedure and
definitive information about the noise cannot be assured.
However, this procedure, although it is simple, can be
sufficient for nonlinearity detection and it is recommended as
a first attempt, since the output power spectrum was already
evaluated.

6. Conclusion

This paper presented a comprehensive study involving the
even/odd nonlinearity mapping onto NARX models by con-
sidering arguments from the frequency domain. The idea
is to apply a specific class of broadband excitation at the
input and to analyze the output spectral content.This analysis
contemplated two objectives: the inner nonlinearity classifi-
cation and exhibiting the relation between such nonlinearity
and the possible clusters which can explain it. These results
only apply to input-output nonlinear systems where a specific
excitation is possible. This condition is met by several real
cases discussed in the literature.

Important results are drawn for systems with a unique
(or dominant) nonlinearity type. As shown, some regressors
cannot represent an odd nonlinearity while others are not
proper to explain even nonlinearities. This is an important
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contribution, because such conclusions are hard to obtain
in the time domain. Although it is not the paper’s aim
to proposing any formal methodology for model structure
selection, the proposed analysis provides relevant additional
information which can be used in association to techniques
such as ERR and term clustering.

These results show that the proposed analysis can be
useful in many applications. The spectral study enables not
only the nonlinearity detection—which is a great feature by
itself—but also the nonlinearity codification through some
clusters.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgment

This work was supported by the National Counsel of Techno-
logical and Scientific Development—CNPq, Brazil.

References

[1] G. Giannakis and E. Serpedin, “A bibliography on nonlinear
systems identification,” Signal Processing, vol. 81, no. 3, pp. 533–
580, 2001.

[2] L. Ljung, System Identification, Prentice Hall, Upper Saddle
River, NJ, USA, 1987.

[3] R. Pintelon and J. Schoukens, System Identification—A Fre-
quency Domain Approach, IEEE Press, New York, NY, USA,
2001.

[4] S. Chen and S. A. Billings, “Representations of non-linear
systems: theNARMAXmodel,” International Journal of Control,
vol. 49, no. 3, pp. 1013–1032, 1989.

[5] I. Leontaritis and S. Billings, “Input-output parametric models
for non-linear systems. Part I: deterministic non-linear sys-
tems,” International Journal of Control, vol. 41, no. 2, pp. 303–
344, 1985.

[6] L. A. Aguirre and S. A. Billings, “Dynamical effects of over-
parametrization in nonlinear models,” Physica D: Nonlinear
Phenomena, vol. 80, no. 1-2, pp. 26–40, 1995.

[7] S. A. Billings, S. Chen, and M. J. Korenberg, “Identification of
MIMO nonlinear systems using a forward-regression orthogo-
nal estimator,” International Journal of Control, vol. 49, no. 6, pp.
2157–2189, 1989.

[8] R. Haber and H. Unbehauen, “Structure identification of non-
linear dynamic systems—a survey on input/output approaches,”
Automatica, vol. 26, no. 4, pp. 651–677, 1990.

[9] X. Hong, R. J. Mitchell, S. Chen, C. J. Harris, K. Li, and G.
W. Irwin, “Model selection approaches for non-linear system
identification: a review,” International Journal of Systems Science,
vol. 39, no. 10, pp. 925–946, 2008.

[10] T. Baldacchino, S. R. Anderson, and V. Kadirkamanathan,
“Structure detection and parameter estimation for NARXmod-
els in a unified EM framework,” Automatica, vol. 48, no. 5, pp.
857–865, 2012.

[11] M. Bonin, V. Seghezza, and L. Piroddi, “NARXmodel selection
based on simulation error minimisation and LASSO,” IET
ControlTheory andApplications, vol. 4, no. 7, pp. 1157–1168, 2010.

[12] L. A. Aguirre and S. A. Billings, “Improved structure selection
for nonlinear models based on term clustering,” International
Journal of Control, vol. 62, no. 3, pp. 569–587, 1995.

[13] L. A. Aguirre, M. C. S. Coelho, and M. V. Correa, “On the
interpretation and practice of dynamical differences between
Hammerstein and Wiener models,” IEE Proceedings—Control
Theory and Applications, vol. 152, no. 4, pp. 349–356, 2005.
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