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As the thermal conductivity of thin plates composed of tightly compressed heterogeneous layers varies continuously in the
form of an exponential function, we present a nonlinear dynamical model of the fractal growth of thermal diffusion. We also
analyze the quantitative relationship between the probability of growth and the disturbance term, predict the control action of the
environmental disturbance term on fractal growth, and use Matlab simulation to verify the control effectiveness of thermal fractal
diffusion. The results facilitate the selection of appropriate control areas and control parameters for the thermal diffusion variable
coefficients. In addition, variation in the fractal dimension reflects the influence of environmental disturbance on the complex
process of thermal fractal diffusion.

1. Introduction

Fractal theory has attracted considerable research interest [1–
8], with the diffusion-limited aggregation (DLA) [9] model
proposed by Witten and Sander receiving particular atten-
tion. The DLA model successfully simulates fractal growth
processes under far-from-equilibrium conditions. It has been
widely used to explain various growth and aggregation
phenomena relating to fractalmorphologies and hasmetwith
widespread enthusiasm from researchers [10, 11]. Shen [12]
used an improved DLA model to effectively control fractal
thermal diffusion using a two-dimensional constant coeffi-
cient. Zhang and Liu [13] interpreted the thermal conduc-
tivity of homogeneous material as a constant and examined
methods of controlling the thermal diffusion fractal growth
of thin plates under conditions of environmental disturbance.

However, the thermal conductivity of a material is not
usually a constant. In most cases, including that of the widely
used thin plates created fromhomogeneous layers, the level of
conductivity changes constantly in accordancewith the struc-
tural make-up, orientation, chemical components, and tem-
perature. Contrary to the assumptions of many researchers
[14–18], changes in thermal source, pressure, and many other
external factors in real and complex environments affect

the aggregation growth process of fractal diffusion, resulting
in a fractal growth morphology that is complicated, variable,
and difficult to predict. It is thus important to identify
effectivemethods of predicting and controlling fractal growth
in nonhomogeneous plates.

In this paper, we are concerned with the continuous
variation of thermal conductivity in the form of an expo-
nential function and with thermal fractal diffusion in the
tightly compressed heterogeneous layers of thin plates. We
also analyze the quantitative relationship between the growth
probability and the disturbance term. Constructing an envi-
ronmental disturbance term that comprises a forced item
with a polynomial form and a source item with a circular
designated area enables us to predict and control the thermal
fractal diffusion of thin plates made of homogeneous layers.

2. Thermal Diffusion System of the
Nonhomogeneous Layers of Thin Plates

In 𝑊 (see Figure 1), a thin plate comprised of tightly com-
pressed heterogeneous layers, each layer contains various
substances, all with different levels of thermal conductiv-
ity. The layers are tightly compressed to remove transition
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Figure 1: Thermal conductivity 𝑘
𝑖
of a thin plate of tightly com-

pressed heterogeneous layers.

resistance. The plate’s thermal-conduction equation is as fol-
lows: 𝜌𝑐(𝜕𝑉/𝜕𝑡) = (𝜕𝑉/𝜕𝑥)(𝑎(𝑥, 𝑦)(𝜕𝑉/𝜕𝑥)) + (𝜕𝑉/𝜕𝑦)(𝑏(𝑥,
𝑦)(𝜕𝑉/𝜕𝑦)), where 𝜌 refers to the density of the substance,
𝑐 refers to the specific heat, and 𝑎(𝑥, 𝑦) and 𝑏(𝑥, 𝑦) refer to
thermal conductivity [19].

We arrange the tightly compressed heterogeneous layers
of the thin plate in spatial order to enable the use of a
step approximation for the plate’s varying thermal conduc-
tivity. As shown in Figure 2, the solid line represents the
thermal conductivity, 𝑘

𝑖
, and the dashed line represents the

approximately continuous function 𝐾(𝑥). We assume that
the thermal conductivity, 𝑥, varies and meets the following
conditions: 𝑎(𝑥, 𝑦) = 𝑏(𝑥, 𝑦) = 𝑘

0
𝑒
𝛼𝑥, 𝑘
0
> 0, where 𝛼 is a

constant to be identified.When𝛼 > 0,𝑥 steps up; when𝛼 < 0,
𝑥 steps down; when 𝛼 = 0, the thin plate of nonhomogeneous
layers is composed of the same material [20, 21].

2.1. Mathematical Model. If the tightly compressed het-
erogeneous layers of thin plates contain thermal sources,
the dynamics of fractal growth allow us to represent the
probability of growth in the thermal diffusion process as a
distributed-parameter system conforming to the following
boundary conditions:

𝜕𝑉

𝜕𝑥
(𝑎 (𝑥, 𝑦)

𝜕𝑉

𝜕𝑥
) +

𝜕𝑉

𝜕𝑦
(𝑏 (𝑥, 𝑦)

𝜕𝑉

𝜕𝑦
)

= 𝑢 (𝑥, 𝑦) + 𝑓 (𝑉 (𝑥, 𝑦)) ,

(1)

where 𝑉(𝑥, 𝑦) represents the probability of thermal diffusion
(temperature) [22] at a certain time, when the spatial body
𝑊 is located at (𝑥, 𝑦).The function𝑓(⋅) is usually a nonlinear
function known as the “forced” term, and 𝑢 is a quantitative
initial condition called the “source” term. Both the nonlinear
disturbance term 𝑓(⋅) and the source term 𝑢 can be consid-
ered equivalent to the environmental disturbance term 𝐺.

Given the complexity of (1), which depicts thermal
diffusion with variable coefficients, we cannot analytically
determine the solution. However, we can use the finite differ-
ence scheme to calculate a numerical solution for the thermal
diffusion equation. In accordance with the finite volume
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Figure 2: Spatial arrangement of the varying thermal conductivity
of a thin plate comprising tightly compressed heterogeneous layers.

method [23], the discrete dynamic structure of System (1),
a nonlinear fractal growth system, can be represented as
follows:

𝑎
𝑖+(1/2),𝑗

𝑉
𝑖+1,𝑗

+ 𝑎
𝑖−(1/2),𝑗

𝑉
𝑖−1,𝑗

+ 𝑏
𝑖,𝑗−(1/2)

𝑉
𝑖,𝑗−1

+ 𝑏
𝑖,𝑗+(1/2)

𝑉
𝑖,𝑗+1

− (𝑎
𝑖+(1/2),𝑗

+ 𝑎
𝑖−(1/2),𝑗

+ 𝑏
𝑖,𝑗−(1/2)

+ 𝑏
𝑖,𝑗+(1/2)

)𝑉
𝑖,𝑗

= 𝑢
𝑖,𝑗
+ 𝑓 (𝑉

𝑖,𝑗
) .

(2)

Without loss of generality, we assume that 𝑢(𝑥, 𝑦) and
𝑓(𝑥, 𝑦) are smooth functions and ensure that the values
of 𝑢(𝑥, 𝑦) and 𝑓(𝑥, 𝑦) within the spatial area of thermal
diffusion are sufficiently small. To ensure that adding the
source term and the forced term does not negate the compli-
ance of the difference equation with the extremum principle,
𝑉(𝑥, 𝑦) can only obtain an extremum at the boundary, which
requires it to meet the following boundary conditions. First,
the far-from-internal 𝑉(𝑥, 𝑦) must be capable of providing
the surface with a sustained total particle flow, 𝑉(𝑥, 𝑦) ≡ 1.
Second, the arrival probability of the internal 𝑉(𝑥, 𝑦) at the
boundary point where the particles terminate their growth
must be 𝑉(𝑥, 𝑦) = 0. As 𝑢(𝑥, 𝑦) and 𝑓(𝑥, 𝑦) are sufficiently
small, 0 ≤ 𝑎

𝑖+𝑟−(1/2),𝑗
𝑉
𝑖+𝑟,𝑗

+𝑎
𝑖−𝑟+(1/2),𝑗

𝑉
𝑖−𝑟,𝑗

+𝑏
𝑖,𝑗−𝑟+(1/2)

𝑉
𝑖,𝑗−𝑟

+

𝑏
𝑖,𝑗+𝑟−(1/2)

𝑉
𝑖,𝑗+𝑟

< 1 holds in the aggregation region.

2.2. Thermal Diffusion Simulation. The thermal diffusion of
a thin plate consisting of tightly compressed heterogeneous
layers is a random process controlled by a temperature
gradient. The specific algorithm for thermal diffusion fractal
growth is obtained as follows.

(1) Set the initial conditions. Establish the aggregation
region 𝐿 × 𝐿 for the simulated thermal particles, the particle-
movement step size, and the number of aggregation particles.

(2) Calculate the temperature gradient. In accordance
with System (2), a discrete system, and combining the central
particles subject to the initial boundary conditions (𝑉 = 0)
with the surrounding points at infinity (𝑉 = 1), we can
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calculate the distribution of the temperature gradient ∇𝑉
across the whole thin plate after multiple iterations [24].

(3) Calculate the thermal-growth probability of the points
awaiting growth. The growth-probability function of every
possible aggregation point has a more nonlinear than linear
relationship with the temperature gradient. Pietronero and
Wiesmann proposed the following model of growth proba-
bility [25]:

𝑝
𝑖
=

∇𝑉𝑖 (𝑥, 𝑦)


∑
𝑛

𝑖=1

∇𝑉𝑖 (𝑥, 𝑦)


, (3)

where 𝑛 refers to the number of points awaiting growth
and the denominator refers to the total probability and
normalization coefficient of the particles growing in all
directions.

(4) Choose the particle aggregation location. Around the
nucleation particles, there are both nearest neighbor and
next-nearest neighbor points awaiting growth (as shown in
Figure 3). During the practical process of conduction, the
next-nearest neighbor is also of great importance.

The final aggregation position of the thermal particles
occurs at random, and its probability is proportional to
the probability 𝑝

𝑖
of the nodes awaiting growth. We use

the roulette wheel selection algorithm [26] to choose new
thermal diffusion points from all of the possible points
awaiting growth. 𝛼 is a randomly produced number with a
value interval of (0,1).The comparison is as follows:∑𝑘−1

𝑖=1
𝑝
𝑖
≤

𝛼 < ∑
𝑘

𝑖=1
𝑝
𝑖
.

(5) Modify the boundary conditions.When new particles
aggregate, the thermal-diffusion probability falls to zero.
The thermal-diffusion probability of these newly developed
points is also included among the boundary conditions.

By modifying the movement-boundary conditions of the
mathematical model and using the roulette wheel selection
algorithm, the model described in this paper more accurately
simulates the thermal diffusion of thin plates consisting of
tightly compressed heterogeneous layers.

3. Fractal Diffusion Control of the
Thermal Sources of Thin Plates Consisting
of Homogeneous Layers

Thepolynomial function approximation is widely used in the
fields of fractal graphics, voice-processing systems, geotech-
nical engineering, and electrical engineering and in real
physical systems such as ion-exchange glass, ion chemistry,
and thin-film preparation [27].

According to the Weierstrass theorem, any continu-
ous function defined in a closed interval can be uni-
formly approximated by a polynomial function. Therefore,
we assume that System (2) takes the nonlinear function
𝑓 (𝑉
𝑖,𝑗
) = 𝜉 (𝜔𝑉

𝑖,𝑗
)
𝑝

+ 𝜇, and here 𝑝 = 1, 2, . . . , 𝑛. We can
thus represent the system as follows:
𝑎
𝑖+(1/2),𝑗

𝑉
𝑖+1,𝑗

+ 𝑎
𝑖−(1/2),𝑗

𝑉
𝑖−1,𝑗

+ 𝑏
𝑖,𝑗−(1/2)

𝑉
𝑖,𝑗−1

+ 𝑏
𝑖,𝑗+(1/2)

𝑉
𝑖,𝑗+1

− 𝜔𝑉
𝑖,𝑗
= 𝑢
𝑖,𝑗
+ 𝜇 + 𝜉 (𝜔𝑉

𝑖,𝑗
)
𝑝

+ 𝜔𝑉
𝑖,𝑗
.

(4)

Nucleation point

Nearest-neighbor points

Next-nearest neighbor points

Figure 3: Nearest neighbor and next-nearest neighbor points
awaiting growth.

For simplicity of presentation, the constant 𝜇 = 0 is
assumed and the following notation is used:

𝐸 (𝑟) = 𝐸𝑖,𝑗 (𝑟) = 𝑎𝑖+𝑟−(1/2),𝑗𝑉𝑖+𝑟,𝑗 + 𝑎𝑖−𝑟+(1/2),𝑗𝑉𝑖−𝑟,𝑗

+ 𝑏
𝑖,𝑗−𝑟+(1/2)

𝑉
𝑖,𝑗−𝑟

+ 𝑏
𝑖,𝑗+𝑟−(1/2)

𝑉
𝑖,𝑗+𝑟
.

(5)

Consequently, System (2) takes the following form:
𝐸 (1) = 𝑢𝑖,𝑗 + 𝜉𝐸

𝑝
(0) + 𝐸 (0), 𝑝 = 1, 2, . . . , 𝑛. 𝑝 ∈ 𝑍

+

.
Without loss of generality, we represent the system as

follows:

𝐸 (𝑟) = 𝑢 (𝑥, 𝑦) + 𝜉𝐸
𝑝
(𝑟 − 1) + 𝐸 (𝑟 − 1) , 𝑟 = 1, 2, . . . , 𝑛.

(6)

After a simple iteration of System (6), we obtain the following:

𝐸 (𝑟)

= 𝑟𝑢
𝑖,𝑗
+ 𝜉𝐸
𝑝
(𝑟 − 1) + 𝜉𝐸

𝑝
(𝑟 − 2) + ⋅ ⋅ ⋅ + 𝜉𝐸

𝑝
(0) + 𝐸 (0) ,

= 𝜉 (𝐸
𝑝
(𝑟 − 1) + 𝐸

𝑝
(𝑟 − 2) + ⋅ ⋅ ⋅ + 𝐸

𝑝
(0)) + 𝐸 (0) + 𝑟𝑢𝑖,𝑗,

𝑟 = 1, 2, . . . , 𝑛.

(7)

With regard to System (7), we discuss the control action
of environmental disturbance on thermal diffusion fractal
growth in thin plates composed of tightly compressed hetero-
geneous layers. With regard to System (2), we expand 𝑓(𝑡) =
𝜉𝑡
𝑝 into a Fourier series within the interval [−1, 1] as follows:

𝑓 (𝑡) =
𝑎
0

2
+

𝑛=∞

∑

𝑛=1

(𝑎
𝑛
cos 𝑛𝜋𝑡 + 𝑏

𝑛
sin 𝑛𝜋𝑡) , 𝑛 = 1, 2, . . . .

(8)

In the following discussion, we compare the effects of an
odd 𝑝 value with those of an even 𝑝 value.
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3.1. Control Action of Environmental Disturbance on Thermal
Fractal Diffusion When 𝑝 Is Even. Consider

𝑎
0
=

1

𝑝 + 1
,

𝑎
𝑛
= ∫

1

−1

𝑓 (𝑡) cos 𝑛𝜋𝑡𝑑𝑡

=

∞

∑

𝑛=1

[−2 cos 𝑛𝜋 (
𝑝

𝑛2𝜋2
+ ⋅ ⋅ ⋅ +

𝑝!

𝑛𝑝𝜋𝑝
)] ,

𝑏
𝑛
= 0,

𝑓 (𝑡) =
𝜉

𝑝 + 1
+ 𝜉

×

∞

∑

𝑛=1

[−2 cos 𝑛𝜋 (
𝑝

𝑛2𝜋2
+ ⋅ ⋅ ⋅ +

𝑝!

𝑛𝑝𝜋𝑝
) cos 𝑛𝜋𝑡] ,

𝑛 = 1, 2, . . . .

(9)
Therefore, System (6) takes the following form:

𝐸 (𝑟) =
𝜉

𝑝 + 1
+ 𝜉

×

∞

∑

𝑛=1

[−2 cos 𝑛𝜋 (
𝑝

𝑛2𝜋2
+ ⋅ ⋅ ⋅ +

𝑝!

𝑛𝑝𝜋𝑝
)

× cos (𝑛𝜋𝐸 (𝑟 − 1))] + 𝐸 (𝑟 − 1) + 𝑢,

𝐸 (𝑟) =
𝜉

𝑝 + 1
+ 𝜉

×

∞

∑

𝑛=1

[−2 cos 𝑛𝜋 (
𝑝

𝑛2𝜋2
+ ⋅ ⋅ ⋅ +

𝑝!

𝑛𝑝𝜋𝑝
)

× cos 𝑛𝜋𝐸 (𝑟 − 1)] + 𝐸 (𝑟 − 1) + 𝑢

≤
𝑟𝜉

𝑝 + 1
+ 𝑟𝜉

∞

∑

𝑛=1

[−2 cos 𝑛𝜋 (
𝑝

𝑛2𝜋2
+ ⋅ ⋅ ⋅ +

𝑝!

𝑛𝑝𝜋𝑝
)]

+ 𝐸 (0) + 𝑟𝑢.

(10)

∑
∞

𝑛=1
[−2 cos 𝑛𝜋(𝑝/𝑛2𝜋2 + ⋅ ⋅ ⋅ + 𝑝!/𝑛𝑝𝜋𝑝)] appears to be an

alternating series. According to Leibnitz’s theorem [28],
this type of series is convergent and meets the following
conditions: ∑∞

𝑛=1
[−2 cos 𝑛𝜋(𝑝/𝑛2𝜋2 + ⋅ ⋅ ⋅ + 𝑝!/𝑛𝑝𝜋𝑝)] = 𝑔,

(𝑝/𝜋
2
> 𝑔 > 0).

Therefore,

𝐸 (𝑟) ≤
𝑟𝜉

𝑝 + 1
+ 𝑟𝜉𝑔 + 𝐸 (0) + 𝑟𝑢

= 𝑟𝜉 (
1

𝑝 + 1
+ 𝑔) + 𝐸 (0) + 𝑟𝑢.

(11)

Let 𝐺(𝜉, 𝑢, 𝑟) = 𝑟𝜉(1/(𝑝 + 1) + 𝑔) + 𝐸(0) + 𝑟𝑢, where
𝑢(𝑥, 𝑦), 𝜉 is the linear function of 𝐺(𝜉, 𝑢, 𝑟),

𝐺 (𝜉, 𝑢, 𝑟) = 𝑟𝜉 (
1

𝑝 + 1
+ 𝑔) + 𝐸 (0) + 𝑟𝑢,

𝜕𝐺

𝜕𝜉
= 𝑟 (

1

𝑝 + 1
+ 𝑔) > 0,

𝜕𝐺

𝜕𝑢
= 𝑟 > 0.

(12)

According to the “judgment” method of increasing and
decreasing functions inmathematical analysis,𝐸(𝑟) increases
monotonically with respect to 𝑉

𝑖,𝑗
𝜉 and 𝑢(𝑥, 𝑦), respectively.

Conclusion 1. 𝑉
𝑖,𝑗

increases with source item 𝑢
𝑖,𝑗
, which

means that the introduction of source item 𝑢(𝑥, 𝑦) signif-
icantly increases the particle concentration in the control
directions. Thus, the particles have obvious growth advan-
tages in the control directions.

Conclusion 2. 𝑉
𝑖,𝑗
increases with source item 𝜉, which means

that the introduction of the nonlinear forcing term 𝜉(𝜔𝑉
𝑖,𝑗
)
𝑝

intensifies particle aggregation in the whole region.

As 𝑉(𝑥, 𝑦) can only reach its extrema at the boundaries,
extremum conditions can only be met by modifying control
parameter 𝜉 and source item 𝑢(𝑥, 𝑦) to make 𝑉(𝑥, 𝑦) ≪ 1.
This also ensures that the system’s controlled quantity ismuch
less than its input quantity:

𝐸 (𝑟) < 𝑟𝜉 (
1

𝑝 + 1
+ 𝑔) + 𝐸 (0) + 𝑟𝑢 < 1. (13)

FromConclusions 1 and 2 and Formula (13), the quantita-
tive relations between source item 𝑢(𝑥, 𝑦) and the nonlinear
forced term can be identified. When the action region of the
source item is circular, Corollary 1 holds.

Corollary 1. When the action region of a source item is
circular, the center of the control region is the center of the
circle, the radius is 𝑅, and the control function is as follows:
𝑢(𝑥, 𝑦)

𝑥2+𝑦2≤𝑅2
= 𝜆(𝑥

2
+ 𝑦
2
). When 𝜆 > (1 − 𝐸 (0))/𝑟(1/(𝑝 +

1) + 𝑔 + 1)𝑅
2, 𝜉 < 𝑢max; that is, the particles gain an obvious

control advantage in the control region.

Proof. When the number of iterations is 𝑟, the source item
is 𝑢(𝑥, 𝑦) = 𝜆(𝑥2 + 𝑦2), where 𝑥2 + 𝑦2 ≤ 𝑅2; then 𝑢max =

𝜆𝑅
2
> ((1 − 𝐸 (0)) /𝑟(1/(𝑝 + 1) + 𝑔 + 1)𝑅

2
) 𝑅
2
= (1 − 𝐸 (0))/

𝑟(1/(𝑝 + 1) + 𝑔 + 1).
It follows from Formula (13) that

𝐸 (𝑟) ≤ 𝑟𝜉 (
1

𝑝 + 1
+ 𝑔) + 𝐸 (0) + 𝑟𝑢 < 1; (14)

that is,

𝑟𝜉 (
1

𝑝 + 1
+ 𝑔)

+ 𝐸 (0) + 𝑟𝑢 ≤ 𝑟𝜉 (
1

𝑝 + 1
+ 𝑔) + 𝐸 (0) + 𝑟𝑢max < 1.

(15)
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Then

𝜉 <
1 − 𝐸 (0) − 𝑟𝑢max
𝑟 (1/ (𝑝 + 1) + 𝑔)

, (16)

because

𝑢max >
1 − 𝐸 (0)

𝑟 (1/ (𝑝 + 1) + 𝑔 + 1)
,

−𝑟𝑢max < −
1 − 𝐸 (0)

1/ (𝑝 + 1) + 𝑔 + 1
.

(17)

It follows that

𝜉 <
1 − 𝐸 (0) − 𝑟𝑢max
𝑟 (1/ (𝑝 + 1) + 𝑔)

,

<
1 − 𝐸 (0)

𝑟 (1/ (𝑝 + 1) + 𝑔)

−
1 − 𝐸 (0)

𝑟 (1/ (𝑝 + 1) + 𝑔 + 1) (1/ (𝑝 + 1) + 𝑔)
,

=
1 − 𝐸 (0)

𝑟 (1/ (𝑝 + 1) + 𝑔 + 1)
= 𝑢max .

(18)

Therefore, when 𝑢max(𝑥, 𝑦) > 𝜉, the increase in particle
concentration in the control directions clearly exceeds that
of the nonlinear item in the whole region. The particles
thus have obvious growth advantages in the control direc-
tions.

3.2. Control Action of Environmental Disturbance onThermal
Fractal Diffusion When 𝑝 Is Odd. Consider

𝑎
𝑛
= 0,

𝑏
𝑛
= ∫

1

−1

𝑓 (𝑡) sin 𝑛𝜋𝑡𝑑𝑡

=

∞

∑

𝑛=1

[−2 cos 𝑛𝜋(
𝑝

𝑛𝜋
+
𝑝 (𝑝 − 1)

𝑛2𝜋2
+ ⋅ ⋅ ⋅ +

𝑝!

𝑛𝑝𝜋𝑝
)] ,

𝑓 (𝑡) = 𝜉

×

∞

∑

𝑛=1

[−2 cos 𝑛𝜋 (
𝑝

𝑛2𝜋2
+ ⋅ ⋅ ⋅ +

𝑝!

𝑛𝑝𝜋𝑝
) sin 𝑛𝜋𝑡] ,

𝑛 = 1, 2, . . . .

(19)
System (6) takes the following form:

𝐸 (𝑟) = 𝜉

×

∞

∑

𝑛=1

[−2 cos 𝑛𝜋 (
𝑝

𝑛2𝜋2
+ ⋅ ⋅ ⋅ +

𝑝!

𝑛𝑝𝜋𝑝
)

× sin 𝑛𝜋𝐸 (𝑟 − 1) ] + 𝐸 (𝑟 − 1) + 𝑢,

(20)

and as a result,
𝐸 (𝑟)

= 𝜉

∞

∑

𝑛=1

[−2 cos 𝑛𝜋 (
𝑝

𝑛2𝜋2
+ ⋅ ⋅ ⋅ +

𝑝!

𝑛𝑝𝜋𝑝
) sin 𝑛𝜋𝐸 (𝑟 − 1)]

+ 𝐸 (𝑟 − 1) + 𝑢

≤ 𝑟𝜉

∞

∑

𝑛=1

[−2 cos 𝑛𝜋 (
𝑝

𝑛2𝜋2
+ ⋅ ⋅ ⋅ +

𝑝!

𝑛𝑝𝜋𝑝
)] + 𝐸 (0) + 𝑟𝑢.

(21)

According to Dirichlet’s theorem [28], ∑∞
𝑛=1
[−2 cos 𝑛𝜋(𝑝/

𝑛
2
𝜋
2
+ ⋅ ⋅ ⋅ + 𝑝!/𝑛

𝑝
𝜋
𝑝
)] = 𝑔 belongs to a converging series.

Then, 𝐸(𝑟) ≤ 𝑟𝜉𝑔 + 𝐸(0) + 𝑟𝑢.
We can then state the following:𝐺(𝜉, 𝑢, 𝑟) = 𝑟𝜉𝑔+𝐸(0)+

𝑟𝑢. 𝐺(𝜉, 𝑢, 𝑟) is clearly a monotonically increasing function
of the variables 𝜉 and 𝑢.

It is easy to show that Conclusions 1 and 2 hold when
the nonlinear forced term is an odd function. Proceeding
according to the proof for Corollary 1 gives Corollary 2.

Corollary 2. When the action region of the source item is
circular, the center of the control region is the center of the
circle, the radius is 𝑅, and the control function is as follows:
𝑢(𝑥, 𝑦)

𝑥2+𝑦2≤𝑅2
= 𝜆(𝑥

2
+ 𝑦
2
). When 𝜆 > (1 − 𝐸 (0))/𝑟(1 +

𝑔)𝑅
2, 𝜉 < 𝑢max; that is, the particles gain an obvious control

advantage in the control region.

In short, a similar conclusion is reachedwhether𝑝 is even
or odd, but the condition parameters differ.

4. Numerical Analysis of the Thermal
Fractal Diffusion of Thin Plates Consisting
of Homogeneous Layers

We simulate the fractal diffusion and aggregation of 10000
thermal particles by constructing a 101 × 101 grid on the
thin plate (𝑊) of heterogeneous layers, with the thermal
source in the center of the grid (51, 51). In addition, we
set various values for 𝑢(𝑥, 𝑦) and the radius of the action
region of the source item to simulate the control action
on thermal diffusion fractal growth under conditions of
environmental disturbance. Figure 4 shows the morphology
of thermal diffusion aggregates on the thin plate when 𝑓 = 0
and 𝑢 = 0.

4.1. Control of Thermal Diffusion under Conditions of Envi-
ronmental Disturbance. According to Conclusion 1 and
Corollary 1, the particles have an obvious growth advantage
in the control region when 𝑝 = 2. When the control region is
enlarged, the corresponding 𝑉

𝑖,𝑗
also grows and the particles

gain a distinct growth advantage in the circular region.
Figure 5 shows that when 𝑝 = 2, 𝑎(𝑥, 𝑦) = 𝑏(𝑥, 𝑦) = 𝑒0.2𝑥,
𝑢max(𝑥, 𝑦) > 𝜉, and the thermal fractal form increases with
the action region of the source item. The figure clearly
illustrates that when 𝑢max(𝑥, 𝑦) > 𝜉, the growing particles
become more closely aggregated as the radius of the domain
of the source item increases. When the control region of
the source item is a fixed constant, we can construct fractal-
aggregation graphs for various control radiuses, as shown in
Figure 6. According to the graph for the control region in
Figure 6, particles aggregate more closely than the particles
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(a) 𝑎(𝑥, 𝑦) = 𝑏(𝑥, 𝑦) = 𝑒0.2𝑥 (b) 𝑎(𝑥, 𝑦) = 𝑏(𝑥, 𝑦) = 𝑒−0.2𝑥

(c) 𝑎(𝑥, 𝑦) = 𝑏(𝑥, 𝑦) = 𝑒0.02𝑥 (d) 𝑎(𝑥, 𝑦) = 𝑏(𝑥, 𝑦) = 𝑒−0.02𝑥

Figure 4: Thermal fractal diffusion on plate𝑊 when 𝑓 = 0 and 𝑢 = 0.

(a) 𝑅 = 10 (b) 𝑅 = 14

(c) 𝑅 = 20 (d) 𝑅 = 26

Figure 5: Fractal aggregation when 𝑢 = 5 × 10−5(𝑥2 + 𝑦2), 𝜉 = 1 × 10−7, and 𝑝 = 2.

in the control region in Figure 5. This result indicates that
constant control strength has a greater control action than
uneven control strength.

In Figures 5 and 6, thermal conductivity to the right of the
central point increases with 𝑥more obviously than to the left

of the central point. The thermal particles on the right grow
rapidly in the direction of 𝑥, such that thermal conductivity
in the right control region exceeds that in the left. Compared
with Figure 4(a), which depicts particle aggregation in the
absence of environmental disturbance, the disturbance term
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(a) 𝑢 = 5 × 10−3, 𝑅 = 10, and 𝜉 = 1 × 10−7 (b) 𝑢 = 10−2, 𝑅 = 14, and 𝜉 = 1 × 10−6

(c) 𝑢 = 2 × 10−2, 𝑅 = 20, and 𝜉 = 1 × 10−6 (d) 𝑢 = 5 × 10−3, 𝑅 = 26, and 𝜉 = 1 × 10−7

Figure 6: Fractal aggregation when 𝑢 is a constant and 𝑝 = 2.

in Figures 5 and 6 aggregates thermal particles much more
obviously in the action region.

According to Conclusion 1 andCorollary 2, particles have
an obvious growth advantage in the control region when
𝑝 = 3. When the control region is enlarged, the corre-
sponding 𝑉

𝑖,𝑗
also grows and the particles gain a distinct

growth advantage in the circular region. Figure 7 shows that
when 𝑝 = 3, 𝑎(𝑥, 𝑦) = 𝑏(𝑥, 𝑦) = 𝑒

0.02𝑥, 𝑢max(𝑥, 𝑦) > 𝜉,
and the thermal fractal form increases with the action
region of the source item. Figure 8 presents the particle
aggregation in various control regions when the control
strength is a constant. The graph for the control region in
Figure 8 shows closer aggregation in this region than that
in Figure 7. Compared with Figure 4(c), which presents the
thermal particle aggregation in the absence of environmental
disturbance, the thermal particles in the control regions in
Figures 7 and 8 are more clearly aggregated. As a result, our
conclusions are similar to those for the even term. However,
as thermal conductivity does not increase very clearly with
𝑥, the aggregation of the particles to the right of the central
point in the direction of 𝑥 is less obvious than the equivalent
aggregation in Figures 5 and 6.

4.2. Fractal Dimension ofThermal Diffusion under Conditions
of Environmental Disturbance. A fractal dimension is an
index for characterizing fractal patterns or sets by quantifying
their complexity as a ratio of the change in detail to the
change in scale. It has also been characterized as a measure of
the space-filling capacity of a pattern that tells how a fractal
scales differently from the space it is embedded in [29]. As
the thermal diffusion of a spatial point source has an obvious

Table 1: 𝑎(𝑥, 𝑦) = 𝑏(𝑥, 𝑦) = 𝑒
0.2𝑥, fractal dimension of thermal

diffusion under different environmental disturbances.

Figure number Parameter Fractal dimension
𝜉 𝑢 𝑅

Figure 4(a) 0 0 0 1.2102
Figure 5(a) 10−7 5 ∗ 10−5(𝑥2 + 𝑦2) 10 1.3557
Figure 5(b) 10−7 5 ∗ 10−5(𝑥2 + 𝑦2) 14 1.4763
Figure 5(c) 10−7 5 ∗ 10−5(𝑥2 + 𝑦2) 20 1.7419
Figure 5(d) 10−7 5 ∗ 10−5(𝑥2 + 𝑦2) 26 1.8522
Figure 6(a) 10−7 5 ∗ 10−3 10 1.2746
Figure 6(b) 10−6 0.01 14 1.3847
Figure 6(c) 10−6 5 ∗ 10−4 20 1.4834
Figure 6(d) 10−7 5 ∗ 10−3 26 1.7437

central growth point, we use Sandbox to measure the fractal
dimension with different variable coefficients and circular
regions, as shown in Tables 1 and 2. With different variable
coefficient functions, and as the environmental disturbance
term increases in scope and intensity, the corresponding
fractal dimensions expand to different degrees. This suggests
that the environmental disturbance term not only controls
the surfacemorphological changes that occur during thermal
fractal diffusion in flat objects, but also increases the com-
plexity of fractal diffusion growth.

5. Conclusion

As the thermally conductive effects of thin plates consisting
of homogeneous layers have extensive applications in the field
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(a) 𝑅 = 10 (b) 𝑅 = 14

(c) 𝑅 = 20 (d) 𝑅 = 26

Figure 7: Fractal aggregation when 𝑢 = 5 × 10−5(𝑥2 + 𝑦2), 𝜉 = 1 × 10−7, and 𝑝 = 3.

(a) 𝑅 = 10 (b) 𝑅 = 14

(c) 𝑅 = 20 (d) 𝑅 = 26

Figure 8: Fractal aggregation when 𝑢 = 0.01, 𝜉 = 1 × 10−7, and 𝑝 = 3.

of engineering technology, methods for their prediction and
control have great practical significance. In this paper, we
investigate the continuous variation of thermal conductivity
in the form of an exponential function. We also present a

mathematical model for the environmental disturbance of
thermal fractal growth and analyze the quantitative relation-
ship between the growth probability and the disturbance
term. Assuming that the environmental disturbance term
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Table 2: 𝑎(𝑥, 𝑦) = 𝑏(𝑥, 𝑦) = 𝑒0.02𝑥, fractal dimension of thermal
diffusion under different environmental disturbances.

Figure number Parameter Fractal dimension
𝜉 𝑢 𝑅

Figure 4(c) 0 0 0 1.4456
Figure 7(a) 10−7 5 ∗ 10−5(𝑥2 + 𝑦2) 10 1.1569
Figure 7(b) 10−7 5 ∗ 10−5(𝑥2 + 𝑦2) 14 1.6921
Figure 7(c) 10−7 5 ∗ 10−5(𝑥2 + 𝑦2) 20 1.795
Figure 7(d) 10−7 5 ∗ 10−5(𝑥2 + 𝑦2) 26 1.9432
Figure 8(a) 10−7 10−2 10 1.4995
Figure 8(b) 10−7 10−2 14 1.5276
Figure 8(c) 10−7 10−2 20 1.653
Figure 8(d) 10−7 10−2 26 1.7866

consists of a forced item with a polynomial form and a
source item with a circular designated area, we use Matlab
simulation to measure the control effectiveness of thermal
fractal diffusion.This enables us to select appropriate control
areas and control parameters for the variable coefficients of
thermal diffusion. Our findings offer insight into the physical
mechanisms of fractal growth in thin plates consisting of
homogeneous layers, with applications in fields such as
materials technology, medical science, and physics.
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