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This paper presents a high-performance nonsingular terminal sliding mode control method for uncertain second-order nonlinear
systems. First, a nonsingular terminal sliding mode surface is introduced to eliminate the singularity problem that exists in
conventional terminal sliding mode control. By using this method, the system not only can guarantee that the tracking errors
reach the reference value in a finite time with high-precision tracking performance but also can overcome the complex-value and
the restrictions of the exponent (the exponent should be fractional number with an odd numerator and an odd denominator)
in traditional terminal sliding mode. Then, in order to eliminate the chattering phenomenon, a super-twisting higher-order
nonsingular terminal sliding mode control method is proposed. The stability of the closed-loop system is established using the
Lyapunov theory. Finally, simulation results are presented to illustrate the effectiveness of the proposed method.

1. Introduction

As the development of control schemes has progressed, a
variety of control systems have been developed for robotic
manipulators, including proportional-integral-derivative
(PID) control [1], adaptive control [2], computed torque
control [3, 4], fuzzy control [5], and neural network control
[6]. Sliding mode control (SMC) is an efficient control
method that has been widely applied to control for both
linear and nonlinear systems. In order to design slidingmode
control systems, establishment of suitable sliding surfaces
to ensure the desired dynamics is considered first, and then
a sliding mode controller is designed to drive the system
states to the sliding surface. The main characteristic of SMC
is to use discontinuous control effort to keep the system
states on the sliding surfaces, whereby SMC has strong
robustness with respect to system uncertainties and external
disturbances, fast response, and good transient performance.
However, the conventional SMC method cannot guarantee
the invariance properties during the reaching phase and even
against disturbances can degrade the performance of system
[7–9]. Moreover, this method adopts a linear sliding surface,

which can only provide asymptotic stability of the system in
the sliding phase.

Terminal sliding mode control (TSMC) methods, which
use nonlinear sliding surfaces instead of a linear surface,
were first introduced by Venkataraman and Gulati [10] and
further developed by Man et al. [11, 12] and Wu et al. [13].
Compared with linear SMC, TSMC schemes not only ensure
that the system states arrive at the equilibriumpoint in a finite
time but also offer some attractive properties, such as their
fast response and higher precision. However, the traditional
TSMC methods may have slower convergence performance
when the system states are not near the equilibrium point,
and they also suffer from the singularity problem and have
restrictions on the range of the power function. In order
to avoid these drawbacks, some new TSMC methods have
been proposed [14–16]. Yu and Zhihong [14] have developed
fast terminal sliding mode (FTSM), which can improve the
convergence speed when the system states are far from
the equilibrium point. This method, however, still has the
singularity problem. To overcome this, Feng et al. [16] intro-
duced nonsingular terminal sliding mode (NTSM) control.

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2015, Article ID 181737, 8 pages
http://dx.doi.org/10.1155/2015/181737



2 Mathematical Problems in Engineering

However, this surface has a limitation on the power function;
that is, 𝑝 and 𝑞must be positive odd integers.

Discontinuous terminal sliding mode control (TSMC)
has been widely applied to nonlinear systems. Nevertheless,
the main drawback of discontinuous TSMC is the chattering
phenomenon, which comes from high frequency switching
of the control signal. It shows undesirable oscillation on the
system, leads to low control accuracy, causes high wear of
the movingmechanical parts, andmay damage the actuators.
To deal with this problem, the most common methods
replace the sign function in the switching control with a
saturating approximation [17] or boundary layer technique
[18]. The boundary layer method was proposed to eliminate
the chattering by defining a boundary layer around the sliding
surface and then approximate the discontinuous control
by continuous function within this boundary layer. As a
result, the chattering elimination is achieved; however, there
is a trade-off between chattering elimination and tracking
performance; a thicker boundary layer can eliminate the chat-
tering phenomenon but the tracking error will be increased.
Recently, intelligent control schemes (neural network and
fuzzy logic) have been applied to attenuate the chattering
phenomenon [19–21]. However, some controller designs
based on intelligence techniques were quite complicated and
fell into difficulties in stability analysis. Therefore, in this
study, high-order sliding mode (HOSM) techniques have
been studied and applied. The main characteristic of HOSM
is that they are working with the discontinuous control in the
higher-order time derivative [22–27], so the chattering can
be reduced because the control signal is continuous. Further-
more, HOSM can bring better accuracy than conventional
SMC while the robustness of the control system is similar to
SMC. It has been presented in [23–25] for the control of rigid
robot manipulators.

In this paper, the above-mentioned problems are ad-
dressed based on a proposed NTSM surface for second-order
nonlinear systems. A control law is designed to drive the
system states to reach the sliding surface and converge to zero
in a finite time. It does not suffer from the singularity problem
or the restriction on the power function. Furthermore, a
super-twisting second-order sliding mode is also used to
reduce the chattering of the controller. The global finite time
stability of the closed-loop system is proven.The convergence
times of the reaching phase and sliding phase are also
given. The simulation results are presented to illustrate the
effectiveness of the proposed method on the two-link robot
manipulator.

The remainder of this paper is arranged as follows. Pre-
liminaries and problem formulation are given in Section 2.
In Section 3, the structure of super-twisting nonsingular
terminal sliding mode controller is presented and a stability
analysis is performed. In Section 4, simulation results for
a two-link robot manipulator are provided to demonstrate
the performance of the proposed controller. Finally, some
concluding remarks are presented in Section 5.

2. Preliminaries and Problem Formulation

Consider the following nonlinear second-order mechanical
systems:

�̇�1 = 𝑥2,

�̇�2 = 𝑓 (𝑥, 𝑡) + 𝑑 (𝑥, 𝑡) + 𝑏 (𝑥, 𝑡) 𝑢 (𝑡) ,
(1)

where 𝑥 = [𝑥1, 𝑥2]
𝑇 denotes the system state vector, 𝑓(𝑥, 𝑡)

and 𝑏(𝑥, 𝑡) are smooth nonlinear functions of 𝑥, 𝑢(𝑡) is
the control input, and 𝑑(𝑥, 𝑡) presents the uncertainties and
disturbances.

Assumption 1. Thematrices 𝑏(𝑥, 𝑡) are invertible ∀𝑥.

Assumption 2. The uncertain term is bounded by

|𝑑 (𝑥, 𝑡)| ≤ 𝐷, (2)

where𝐷 is a known positive constant.

Assumption 3. The desired state vector 𝑥
𝑑
(𝑡) ∈ 𝑅 is a twice

continuously differentiable function in terms of 𝑡.
The control objective of this paper is to design a controller

for system (1) to ensure that the error between the real state
vector 𝑥 and the desired state vector 𝑥

𝑑
(𝑡) converges to zero

in finite time.

3. Main Results

In this section, the design of super-twisting nonsingular
terminal sliding mode controller is presented. First, a new
nonsingular terminal sliding mode surface is proposed to
eliminate the singularity problem. Then, the conventional
SMC and super-twisting nonsingular terminal sliding mode
controller are designed to ensure that the tracking error
converges to zero in a finite amount time.

3.1. New Form of NTSM Surface. Wedefine the tracking error
as 𝜀(𝑡) = 𝑥1(𝑡)−𝑥1𝑑(𝑡).Thus, a newNTSMsurface is proposed
as follows:

𝑠 = ̇𝜀 + 𝛽1𝜀 + 𝛽2𝑒
−𝜆𝑡

(𝜀
𝑇
𝜀)
−𝛼

𝜀, (3)

where 𝑠 = [𝑠1, 𝑠2, . . . , 𝑠𝑛]
𝑇, 𝜀 = [𝜀1, 𝜀2, . . . , 𝜀𝑛]

𝑇, ̇𝜀 = [ ̇𝜀1,

̇𝜀2, . . . , ̇𝜀
𝑛
]
𝑇, 𝛽1 = diag(𝛽11, 𝛽12, . . . , 𝛽1𝑛), 𝛽2 = diag(𝛽21,

𝛽22, . . . , 𝛽2𝑛) with 𝛽1𝑖, 𝛽2𝑖 > 0 for every 𝑖 = 1, 2, . . . , 𝑛, 0 <

𝛼 < 1, and 𝜆 > 0.
When the system operates in sliding mode, the following

is true:

𝑠 = ̇𝜀 + 𝛽1𝜀 + 𝛽2𝑒
−𝜆𝑡

(𝜀
𝑇
𝜀)
−𝛼

𝜀 = 0 (4)

̇𝜀 = − 𝛽1𝜀 − 𝛽2𝑒
−𝜆𝑡

(𝜀
𝑇
𝜀)
−𝛼

𝜀. (5)

Theorem 4. Considering the sliding mode dynamic equation
(5), the system is finite time stable at the equilibrium point 𝜀 =

0, and the tracking error 𝜀 will converge to zero in finite time if
2𝛼𝜆min(𝛽1) − 𝜆 > 0.
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The finite convergence time is

𝑇
𝑠
≤
ln (1 + (𝑒

2𝛼𝜆min(𝛽1)𝑡 ⋅ 𝑉
𝛼
(0)) /𝑎2)

2𝛼𝜆min (𝛽1) − 𝜆
, (6)

where 𝑎2 is expressed by (15).

Proof. Consider the Lyapunov function:

𝑉 =
1
2
𝜀
𝑇
𝜀. (7)

Taking the derivative of 𝑉 in (7) and substituting (5) into
it yield

�̇� = 𝜀
𝑇

̇𝜀 = 𝜀
𝑇
[−𝛽1𝜀 − 𝛽2𝑒

−𝜆𝑡
(𝜀
𝑇
𝜀)
−𝛼

𝜀] , (8)

�̇� = − 𝜀
𝑇
𝛽1𝜀 − 𝛽2𝑒

−𝜆𝑡
(𝜀
𝑇
𝜀)
−𝛼

𝜀
𝑇
𝜀

≤ − 𝜆min (𝛽1) 𝜀
𝑇
𝜀 − 𝜆min (𝛽2) 𝑒

−𝜆𝑡
(𝜀
𝑇
𝜀)

1−𝛼

≤ − 2𝜆min (𝛽1) 𝑉− 21−𝛼𝜆min (𝛽2) 𝑒
−𝜆𝑡

𝑉
1−𝛼

≤ 0.

(9)

Therefore, according to the Lyapunov stability, it is obvi-
ous that the origin is at globally stable equilibrium. Next, we
will show that the system states converge to zero in finite time.

Multiplying both sides of (9) by 𝛼𝑉𝛼−1, we have

𝛼𝑉
𝛼−1 𝑑𝑉

𝑑𝑡
≤ − 2𝛼𝜆min (𝛽1) 𝑉

𝛼
− 21−𝛼𝛼𝜆min (𝛽2) 𝑒

−𝜆𝑡
,

𝑑𝑉
𝛼

𝑑𝑡
+ 2𝛼𝜆min (𝛽1) 𝑉

𝛼
≤ − 21−𝛼𝛼𝜆min (𝛽2) 𝑒

−𝜆𝑡
.

(10)

Multiplying both sides of (10) by 𝑒2𝛼𝜆min(𝛽1)𝑡 yields

𝑒
2𝛼𝜆min(𝛽1)𝑡 (

𝑑𝑉
𝛼

𝑑𝑡
+ 2𝛼𝜆min (𝛽1) 𝑉

𝛼
)

≤ − 21−𝛼𝛼𝜆min (𝛽2) 𝑒
[2𝛼𝜆min(𝛽1)−𝜆]𝑡,

(11)

𝑑 (𝑒
2𝛼𝜆min(𝛽1)𝑡 ⋅ 𝑉

𝛼
)

𝑑𝑡
≤ − 21−𝛼𝛼𝜆min (𝛽2) 𝑒

[2𝛼𝜆min(𝛽1)−𝜆]𝑡. (12)

Taking the integral on both sides of (12) from 0 to 𝑇
𝑠
and

knowing 𝑉(𝑇
𝑠
) = 0 yield

− 𝑒
2𝛼𝜆min(𝛽1)𝑡 ⋅ 𝑉

𝛼
(0) ≤ − 𝑎2 [𝑒

[2𝛼𝜆min(𝛽1)−𝜆]𝑇𝑠 − 1] , (13)

𝑒
[2𝛼𝜆min(𝛽1)−𝜆]𝑇𝑠 ≤ 1+ 𝑒

2𝛼𝜆min(𝛽1)𝑡 ⋅ 𝑉
𝛼
(0)

𝑎2
, (14)

where

𝑎2 =
21−𝛼𝛼𝜆min (𝛽2)

2𝛼𝜆min (𝛽1) − 𝜆
> 0. (15)

Taking the natural logarithm of both sides of (14) yields

[2𝛼𝜆min (𝛽1) − 𝜆] 𝑇
𝑠
≤ ln(1+ 𝑒

2𝛼𝜆min(𝛽1)𝑡 ⋅ 𝑉
𝛼
(0)

𝑎2
) .

𝑇
𝑠
≤
ln (1 + (𝑒

2𝛼𝜆min(𝛽1)𝑡 ⋅ 𝑉
𝛼
(0)) /𝑎2)

2𝛼𝜆min (𝛽1) − 𝜆

(16)

This completes the proof.

Remark 5. The expression in (3) is different from the pre-
viously reported TSM and fast TSM in [14], which are
expressed, respectively, as

𝑠 = �̇� + 𝛽𝑥
𝑞/𝑝

,

𝑠 = �̇� + 𝛼𝑥+𝛽𝑥
𝑞/𝑝

,

(17)

where 𝛼 and 𝛽 are positive constants and 𝑝 and 𝑞 are positive
odd integers that satisfy the following condition: 1 < 𝑝/𝑞 < 2.
We can easily see that, for𝑥 < 0, the fractional power 𝑞/𝑝may
lead to the term 𝑥

𝑞/𝑝
∉ 𝑅, which means �̇� ∉ 𝑅. In addition,

the TSM control signals in [14] contain 𝑥1
𝑞/𝑝−1

𝑥2, which may
cause a singularity to occur if 𝑥2 ̸= 0 when 𝑥1 = 0.

To solve the complex-value problem in (17), Yu et al. [28]
proposed the TSM surface as

𝑠 = �̇� + 𝛽 |𝑥|
𝛾 sign (𝑥) ,

𝑠 = �̇� + 𝛼𝑥+𝛽 |𝑥|
𝛾 sign (𝑥) .

(18)

The sliding surface in (18) could solve the complex-value
number, but the control input can suffer from the singularity
problem if 𝑥2 ̸= 0 when 𝑥1 = 0.

Recently, a nonsingular terminal sliding surface was
proposed to overcome the singularity problem [16]:

𝑠 = 𝑥 +
1
𝛽
�̇�
𝑝/𝑞

. (19)

However, this surface still has the limitation for the
exponent of the power function; that is, 𝑝 and 𝑞 should
be positive odd integers. Thus, our proposed TSM surface
does not contain any of the mentioned singularities, and the
exponent can be any real number in the interval 0 < 𝛼 < 1.

Remark 6. Comparing with linear sliding mode, NTSM
has higher convergence rate when the system state is far
away from the equilibrium point, while NTSM has lower
convergence speed when the system state is close to the
equilibrium point [29, 30].

It is obvious that the term 𝑒
−𝜆𝑡 in the proposed surface

will go backward to zero after a certain time. Thus, the
nonsingular terminal slidingmode surfacewill become linear
sliding mode after a period of time. By choosing a suitable 𝜆,
the proposed surface will have the advantage of both NTMS
and linear sliding surface.

3.2. NTSM Control (NTSMC) Design. One suitable sliding
manifold is established. The next step is to design the control
to drive the nonlinear system (1) to the expected sliding
surface (3) in a finite amount time. The proposed control
method is summarized as follows.

Theorem 7. For the system (1), if the control signal is designed
as (20) and the gain 𝜂 of the controller is larger than the upper
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bounds of the uncertainties, the tracking error 𝜀(𝑡)will converge
to zero in finite time:

𝑢 (𝑡) = − 𝑏 (𝑥, 𝑡)
−1

⋅ [𝑓 (𝑥, 𝑡) − �̈�
𝑑
+𝛽1 ̇𝜀 + 𝛽2𝐴+𝜂 sign (𝑠)] ,

(20)

where 𝜂 = diag(𝜂1, 𝜂2, . . . , 𝜂𝑛), 𝜂𝑖 > 0. Therefore,

𝐴 = [(−𝜆) 𝑒
−𝜆𝑡

(𝜀
𝑇
𝜀)
−𝛼

𝜀

+ 𝑒
−𝜆𝑡

(−2𝛼) 𝑥 (𝜀
𝑇
𝜀)
−𝛼−1

(𝜀
𝑇

̇𝜀) 𝜀 + 𝑒
−𝜆𝑡

(𝜀
𝑇
𝜀)
−𝛼

̇𝜀] .

(21)

Proof. Consider the following Lyapunov candidate function:

𝑉 =
1
2
𝑠
𝑇
𝑠. (22)

The time derivative of the sliding surface (3) with respect
to time can be expressed as

̇𝑠 = ̈𝜀 + 𝛽1 ̇𝜀 + 𝛽2𝐴

= 𝑓 (𝑥, 𝑡) + 𝑑 (𝑥, 𝑡) + 𝑏 (𝑥, 𝑡) 𝑢 (𝑡) − �̈�
𝑑 (𝑡) + 𝛽1 ̇𝜀

+ 𝛽2𝐴.

(23)

Differentiating 𝑉 with respect to time and substituting
(20) and (23) into it yield

�̇� = 𝑠
𝑇
(−𝜂 sign (𝑠) + 𝑑 (𝑡)) ≤ − (𝜂 −𝐷) |𝑠| ≤ 0. (24)

Therefore, the condition for Lyapunov stability is satisfied;
in the following, we will show that the error converges to zero
in finite time.

From (24), we have

�̇� ≤ −√2 (𝜂 −𝐷)𝑉
1/2

,

𝑑𝑡 ≤ −
𝑑𝑉

√2 (𝜂 − 𝐷)𝑉1/2
= −

√2𝑑𝑉1/2

(𝜂 − 𝐷)
.

(25)

Taking the integral of both sides of (25) from 𝑇
𝑟
to 𝑇
𝑠
, we

have

𝑇
𝑠
−𝑇
𝑟
≤ −∫

𝑉(𝑇
𝑠
)

𝑉(𝑇
𝑟
)

√2𝑑𝑉1/2

(𝜂 − 𝐷)
=

√2
(𝜂 − 𝐷)

𝑉
1/2

(𝑇
𝑟
) . (26)

Note that 𝑉(𝑇
𝑠
) = 0; therefore, the TSM will reach zero

in the finite time:

𝑇
𝑠
≤

√2
(𝜂 − 𝐷)

𝑉
1/2

(𝑇
𝑟
) +𝑇
𝑟
. (27)

This completes the proof.

Remark 8. In order to eliminate the chattering, a saturation
function sat or 𝑠/(‖𝑠‖ + 𝜀) (𝜀 is a small positive constant) can
be used to replace the sign function.

3.3. Super-Twisting NTSM Control (ST-NTSMC) Design. The
main drawback of the conventional sliding mode is the
chattering phenomenon which is caused by discontinu-
ous control action when the system state operates near
the sliding surface. Even though the chattering reduction
can be achieved by using Remark 8, there is a trade-off
between chattering elimination and tracking performance;
increasing the thickness of the boundary layer can eliminate
the chattering phenomenon but will increase the tracking
error. Therefore, in this subsection, super-twisting control is
applied to attenuate chattering and to increase the tracking
performance.

The ST-NSTSMC is designed as

𝑢 = 𝑢eq +𝑢STW, (28)

where

𝑢eq = − 𝑏 (𝑥, 𝑡)
−1

[𝑓 (𝑥, 𝑡) − �̈�
𝑑
+𝛽1 ̇𝜀 + 𝛽2𝐴] . (29)

Based on [27], the super-twisting controller is designed as

𝑢STW = − 𝑏 (𝑥, 𝑡)
−1

(𝑘1 |𝑠|
1/2 sign (𝑠) + 𝑧) ,

�̇� = − 𝑘2 sign (𝑠) .

(30)

The differentiation of the sliding surface is now obtained
as

̇𝑠 = 𝑓 (𝑥, 𝑡) + 𝑑 (𝑥, 𝑡) + 𝑏 (𝑥, 𝑡) (𝑢eq +𝑢SMW) − �̈�
𝑑 (𝑡)

+ 𝛽1 ̇𝜀 + 𝛽2𝐴.

(31)

Substituting (29) and (30) into (31) yields

̇𝑠 = − 𝑘1 |𝑠|
1/2 sign (𝑠) + 𝑧 + 𝑑 (𝑥, 𝑡) ,

�̇� = − 𝑘2 sign (𝑠) .

(32)

The stability and convergence of the closed-loop system
in (32) are given inTheorem 9.

Theorem 9. Suppose that Assumption 1 is guaranteed and the
uncertain terms are bounded by

𝑑 (𝑥, 𝑡) ≤ 𝛿 |𝑠|
1/2

,

𝛿 = diag (𝛿1, 𝛿2, . . . , 𝛿𝑛) , 𝛿
𝑖
> 0.

(33)

For system (1), with the terminal sliding mode surface
chosen as in (3) and the proposed control signal designed
as in (28), if the sliding gains of 𝑢STW given in (30) satisfy
condition (34), then the sliding surface 𝑠will converge to zero
in a finite time:

𝑘1 > 2𝛿,

𝑘2 > 𝑘1
5𝑘1 + 4𝛿
2 (𝑘1 − 2𝛿)

𝛿.
(34)

Proof. Now, referring to Moreno’s work [27], let us consider
the Lyapunov candidate function:

𝑉 = 𝜉
𝑇
𝑃𝜉, (35)
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where

𝜉 = [|𝑠|
1/2 sign (𝑠) , 𝑧]

𝑇

,

𝑃 =
1
2
[
𝑘1

2
+ 4𝑘2 −𝑘1

−𝑘1 2
] .

(36)

As we know, 𝑉 is positive definite and radially un-
bounded:

𝜆min (𝑃)
𝜁

2
≤ 𝑉 ≤ 𝜆max (𝑃)

𝜁

2
, (37)

where ‖𝜁‖2 = |𝑠| + 𝑧
2. The time derivative of 𝑉 becomes

�̇� = −
1

|𝑠|
1/2 (𝜉
𝑇
𝑄1𝜉 − 𝑑 (𝑥, 𝑡) 𝑄2

𝑇
𝜉) , (38)

where

𝑄1 =
𝑘1
2

[
𝑘1

2
+ 2𝑘2 −𝑘1

−𝑘1 1
] ,

𝑄2
𝑇
= [

𝑘1
2

2
+ 2𝑘2 −

𝑘1
2
] .

(39)

Using condition (33), it can be shown that

�̇� ≤ −
1

|𝑠|
1/2 𝜉
𝑇
𝑄𝜉 ≤ −

1
|𝑠|

1/2 𝜆min (𝑄)
𝜉

2
, (40)

where

𝑄 =
𝑘1
2

[
[

[

𝑘1
2
+ 2𝑘2 − (

4𝑘2
𝑘1

+ 𝑘1)𝛿 − (𝑘1 + 2𝛿)

− (𝑘1 + 2𝛿) 1

]
]

]

. (41)

In the case in which the condition in (34) is satisfied,𝑄 >

0, so �̇� is negative definite.
We can use (37) and the fact that

|𝑠|
1/2

≤
𝜁
 ≤

𝑉
1/2

𝜆min
1/2

(𝑃)

𝜁
 ≥

𝑉
1/2

𝜆max
1/2

(𝑃)
.

(42)

Then, substituting (42) into (40) yields

�̇� ≤ − 𝜅𝑉
1/2

, (43)

where

𝜅 =
𝜆min

1/2
(𝑃) 𝜆min (𝑄)

𝜆max (𝑃)
. (44)

Since the solution of the differential equation

V̇ ≤ − 𝜅V1/2,

V (0) = V0 > 0
(45)

l1

l2

m2

m1

q2

q1

Figure 1: Configuration of the two-link robotic system [3].

is given as

V (𝑡) = (V0
1/2

−
𝜅

2
𝑡)

2
, (46)

here, V(𝑡) converges to zero in a finite time and reaches
zero after 𝑇 = 2𝑉1/2

(𝑥0)/𝜅. It follows from the comparison
principle [18] that 𝑉(𝑡) ≤ V(𝑡) when 𝑉(𝑥0) ≤ V0. From
(46), we can determine that 𝑉(𝑡) and therefore 𝑠 converge
to zero in a finite time and reach that value at most after
𝑇 = 2𝑉1/2

(𝑥0)/𝜅.

4. Simulation Results

In this section, to verify the validity and effectiveness of the
proposed method, the two-link planar robot manipulator
shown in Figure 1 is considered.

The dynamic equation of the two-link robot is described
as follows [3]:

𝑀(𝑞) ̈𝑞 +𝐶 (𝑞, ̇𝑞) +𝐺 (𝑞) = 𝜏 (𝑡) + 𝜏
𝑑
+𝐹 ( ̇𝑞) , (47)

where

𝑀(𝑞)

= [
𝑙
2
2𝑚2 + 2𝑙1𝑙2𝑚2𝑐2 + 𝑙

2
1 (𝑚1 + 𝑚2) 𝑙

2
2𝑚2 + 𝑙1𝑙2𝑚2𝑐2

𝑙
2
2𝑚2 + 𝑙1𝑙2𝑚2𝑐2 𝑙

2
2𝑚2

] ,

𝐶 (𝑞, ̇𝑞) = [
−𝑚2𝑙1𝑙2𝑠2 ̇𝑞

2
2 − 2𝑚2𝑙1𝑙2𝑠2 ̇𝑞1 ̇𝑞2

𝑚2𝑙1𝑙2𝑠2 ̇𝑞
2
1

] ,

𝐺 (𝑞) = [
𝑚2𝑙2𝑔𝑐12 + (𝑚1 + 𝑚2) 𝑙1𝑔𝑐1

𝑚2𝑙2𝑔𝑐12
] ,

(48)

and 𝑞 = (𝑞1, 𝑞2)
𝑇 is the joint variable vector, 𝑀(𝑞) is the

inertial matrix,𝐶(𝑞, ̇𝑞) represents the centripetal and Coriolis
torque matrix, 𝐺(𝑞) represents the gravity torque vector, 𝜏

𝑑
is

the vector of the bounded external disturbance, 𝐹( ̇𝑞) is the
friction, and 𝜏 is the control torque. 𝑚1 and 𝑚2 are the link
masses, 𝑙1 and 𝑙2 are the link lengths, gravity 𝑔 = 9.81(𝑚/𝑠

2
),

and the symbols 𝑠1, 𝑠2, 𝑠12 and 𝑐1, 𝑐2, 𝑐12 are, respectively,
defined as 𝑠1 = sin(𝑞1), 𝑠2 = sin(𝑞2), 𝑠12 = sin(𝑞12), 𝑐1 =

cos(𝑞1), 𝑐2 = cos(𝑞2), and 𝑐12 = cos(𝑞12).



6 Mathematical Problems in Engineering

0 1 2 3 4 5 6 7 8 9 10

0.8

1

1.2

1.4

Time (s)

Reference
C-TSMC
ST-NTSMC

q
1

(r
ad

)

(a)

Time (s)

Reference
C-TSMC
ST-NTSMC

0 1 2 3 4 5 6 7 8 9 10
0

0.5

1

1.5

q
2

(r
ad

)

(b)

Figure 2: Tracking performance of two-link robot manipulator, (a) at joint 1, (b) at joint 2.
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Figure 3: Tracking errors of two-link robot manipulator, (a) at joint 1, (b) at joint 2.

The friction and external disturbance are chosen as

𝐹 ( ̇𝑞) = [
̇𝑞1 + 2 sin (𝑞1)

0.5 sin (𝑞2)
] ,

𝜏
𝑑
= [

0.2 sin (𝑡)

0.2 cos (2𝑡)
] .

(49)

The parameter values employed to simulate the robot are
given as𝑚1 = 𝑚2 = 1 (m) and 𝑙1 = 𝑙2 = 1 (kg), and the design
reference signals are given by

𝑞1𝑑 = 1+ 0.2 sin (0.5𝜋𝑡) ,

𝑞2𝑑 = 1− 0.2 cos (0.5𝜋𝑡) .
(50)

The initial states of the system are chosen as

𝑞1 (0) = 1.3,

𝑞2 (0) = 0.3,

̇𝑞1 (0) = 0,

̇𝑞2 (0) = 0.

(51)

To this end, Matlab/Simulink is used to perform all of
the simulations, and with the sampling time set to 10−4 s,
the simulation compares the proposed ST-NTSMC control

Table 1: Control parameters.

Control schemes Parameters
C-TSMC [28] 𝛽 = 10𝐼2, 𝜂1 = 25𝐼2, 𝜂2 = 45𝐼2, 𝛾 = 1.5, 𝜑 = 0.3.

ST-NTSMC 𝛽1 = 12𝐼2, 𝛽2 = 10𝐼2, 𝑘1 = 9, 𝑘2 = 5, 𝜆 = 3,
𝛼 = 0.3.

scheme with the previously proposed control method in [28].
Yu et al. [28] suggested the continuous terminal sliding mode
control (C-TSMC), which was designed for a two-link robot
manipulator as follows:

𝜏 = 𝐶0 (𝑞, ̇𝑞) +𝐺0 (𝑞) +𝑀0 (𝑞) ̈𝑞
𝑑

−𝑀0𝛽
−1
𝛾
−1sig ( ̇𝑒)

(2−𝛾)
−𝑀0 (𝜂1𝑠 + 𝜂2sig (𝑠)

𝜑
) ,

(52)

where 𝑠 = 𝑒 + 𝛽 sig ( ̇𝑒)
𝛾, sig (𝑥)𝛾 = [|𝑥1|

𝛾 sign (𝑥1),
|𝑥2|
𝛾 sign (𝑥2), . . . , |𝑥𝑛|

𝛾 sign (𝑥
𝑛
)], 𝛽 = diag(𝛽1, 𝛽2, . . . , 𝛽𝑛),

𝜂1 = diag(𝜂11, 𝜂12, . . . , 𝜂1𝑛), 𝜂2 = diag(𝜂21, 𝜂22, . . . , 𝜂2𝑛), 𝛽𝑖,
𝜂1𝑖, 𝜂2𝑖 > 0, 0 < 𝜑 < 1, and 1 < 𝛾 < 2.

The control parameters are selected as shown in Table 1.
The simulation results are shown in Figures 2–5. In

Figure 2, the tracking results of the robot manipulator using
the two control laws above are compared. It shows that the
state trajectories can reach the design reference signals in
the presence of model parameter uncertainties and external
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Figure 4: Control inputs, (a) at joint 1, (b) at joint 2.
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Figure 5: Time responses of the terminal sliding mode surface, (a) at joint 1, (b) at joint 2.

disturbances. The tracking errors via two controllers are
compared in Figure 3. One can easily see that the ST-NTSMC
produces tracking performance with faster convergence and
higher precision. Figure 4 shows the time histories of the
applied control inputs and shows that the proposed ST-
NTSMC method achieves superior control input perfor-
mance with smaller control efforts, higher precision tracking,
and smoother than the C-TSMCmethod.The time responses
of the sliding manifolds are shown in Figure 5. Clearly,
the sliding surface of the proposed method was also much
smaller than C-TSMC.

5. Conclusions

In this paper, we presented the ST-NTSMC method for
second-order nonlinear systems. This method has been
successfully applied in a two-link robot manipulator. The
designed nonsingular terminal sliding surface not only avoids
the singularity problem, but also can overcome the complex-
value and the restriction on the exponent of a power function
in conventional TSMC. The performance of the proposed
method was evaluated in comparison with recently pro-
posed approaches [28]. The simulation results show that the
proposed method achieves highly precise tracking, fast and
finite time convergence, and robustness against parameter
uncertainties and external disturbances. Furthermore, ST-
NTSMC is used to smooth the discontinuous control term
in order to attenuate the chattering phenomenon.
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