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A novel adaptive nonlinear observer-based parameter estimation scheme using a newly continuously differentiable friction model
has been developed to estimate the tire-road friction force. The differentiable friction model is more flexible and suitable for
online adaptive identification and control with the advantage of more explicit parameterizable form. Different from conventional
estimation methods, the filtered regression estimation parameter is introduced in the novel adaptive laws, which can guarantee
that both the observer error and parameter error exponentially converge to zero. Lyapunov theory has been used to prove the
stability of the proposed methods. The effectiveness of the estimation algorithm is illustrated via a bus simulation model in the
Trucksim software and simulation environment. The relatively accurate tire-road friction force was estimated just by the easily
existing sensors signals wheel rotational speed and vehicle speed and the proposed method also displays strong robustness against
bounded disturbances.

1. Introduction

The directional behavior of a vehicle on the road is primarily
governed by the forces developed at the tire-road interface
and thereby the tire-road friction coefficient. The vehicle
control systems especially the active safety control systems
such as ABS, traction control, and vehicle stability control
have been developed to limit the tire-road interface forces
to ensure safe and stable vehicle motion. Although the
superior performance of the chassis control systems has
been well established under a variety of road conditions and
external disturbances, their performance could be greatly
enhanced when a real-time estimate of the tire-road friction
coefficient is available [1]. The estimation of the tire-road
friction force, however, is known to be challenging due to
its highly nonlinear dependence on many uncontrollable
environmental characteristics such as temperature, tire state,
wear, normal force, tire pressure, and road surface conditions,
which are difficult tomeasure directly.The transient nature of
the tire-road contact further contributes to the complexities
associated with road friction estimations, particularly in the

real-time. See [2] for a discussion about the transient nature
of tire-pavement interaction and response. In [3, 4], a novel
wireless piezoelectric tire sensor was used to estimate the
friction variations with the tire-road friction coefficient (i.e.,
dry concrete, wet asphalt, hard snow, and ice). It is well
known that the longitudinal tire force at small slip ratio is
proportional to the slip ratio. Based on this assumption, a
brush model such that the tread elements are modeled as
a series of independent springs that undergo longitudinal
deformation and resist with a constant longitudinal stiffness
is proposed in [5]. A widely used empirical static tire model
required for large slip angles and large slip ratios is the
so-called Magic Formula proposed by Pacejka and Bakker
[6]. The model uses trigonometric functions to describe
relationship between slip and friction force generated in the
contact between the tire and the road. It is proven that
Pacejka model has ability to approximate experimental data.
However, as all other static models (such as brush model [5],
Burckhardt/Kiencke model [7], and LuGre model [8]) it has
significant disadvantage related to inability to describe low
slip effects and cannot realize parameter estimate online for
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the nonlinear time-varying parameter. Dugoff ’s tire model
[9] is an alternative to the elastic foundation analytical tire
model developed by Fiala [10] for lateral force generation
and by Pacejka and Sharp [11] for combined lateral lon-
gitudinal force generation. A typical dynamic model that
can be used for lateral tire force dynamics is produced by
[12]. Unfortunately, these commonly used friction models
are discontinuous or piecewise continuous, which bring
great difficulty for development of high-performance vehicle
safety control system.Moreover, the fixed friction coefficients
cannot reflect time-varying friction phenomena accurately in
practice.

There are usually two ways to estimate the tire-road fric-
tion. One way is that the special sensors that are directly used
tomeasure friction coefficient are utilized as described in [13].
References [14, 15] use acoustic sensors that directly attempt
to measure friction coefficient. An alternative approach
using optical sensors installed at the front bumper of the
vehicle to estimate the road surface type is developed in
[16]. A method presented in [17, 18] uses the drive torque
and acceleration signals obtained from a GPS system to
estimate the tire forces. However, sensors for friction force
measurement are too complex and expensive for practical
implementation. For instance, some commercially available
optical systems costing over US$30,000 [19] and the GPS
system (e.g., RT3000) from Oxford Technical Solutions are
also very expensive. The other way is by the estimator based
on the easily measurable signals (such as rotational speed and
vehicle speed) to estimate the tire-road friction in an indirect
way. Friction force state estimator based on Kalman filter is
proposed in [20]. In order to capture variations of the friction
model parameters, extended Kalman filter is proposed in [21,
22]. A state estimator based on passivity theory which is able
to estimate all state variables and different road conditions is
proposed in [23]. In [24] a nonlinear observer for estimating
the tire-road force by use of only the known angular wheel
velocity is proposed; the simplified motion dynamics of a
quarter-vehicle model results in the poor precision. In [25]
a nonlinear tire-road friction control based on tire model
parameter identification is proposed. The Magic Formula
model is proposed as the reference model, and its key param-
eters are identified online using a constrained hybrid genetic
algorithm to describe the evolution of tire-road friction with
respect to the wheel slip. All of the aforementioned estimators
are based on exact tire-road contact model and therefore are
limited by the model accuracy. So, many recent intelligent
tire-road friction estimators based on neural network can
be found in [26–28]. But they are too complex for practical
implantation.

Modeling and compensation for friction effects have been
a hot topic in motion control research area in recent years
[29–33]. Their basic idea is that if the friction effects in
the plant can be accurately modeled, there is an improved
potential to design controllers which can avoid the effects
of steady-state tracking errors, oscillations, and limit cycles.
In order to solve the problem that discontinuous and piece-
wise continuous friction models are problematic for the
development of high-performance continuous controllers, a
parameterizable continuously differentiable friction model

for friction is proposed in [34]. Motivated by the desire
to include dynamic friction models in the control design,
numerous researchers have embraced the LuGre friction
model. For example, an asymptotic tracking result for square
integral disturbances based on the LuGre friction model is
proposed in [35]. In [36], Canudas de Wit and Lischinsky
proposed observer-based approaches for the LuGre model.
Robust adaptive controllers based on LuGre model were
also proposed in [37, 38]. An integrated approach using
an intelligent tire-based friction estimator and a brush tire
model-based estimator is proposed in [39], which realizes
estimation friction for a wider range of excitations. However,
the physical brush tiremodel is not always consistent with the
experimental results, because it is based on many assump-
tions such as the same stiffness of the longitude and lateral,
uniform distribution of pressure. Besides, the estimator in
[39] is based on theRLSmethod, which cannot guarantee that
the parameter estimations converge to their true values due to
the lack considering the parameter error in the updating laws
[40].

Summarizing all of the aforementioned friction estima-
tion methods, two issues are still worth mentioning. First,
although there are many friction models that can be used to
model the friction, but due to the large number of parameters
andnonlinear relationship among the existing frictionmodel,
which makes them incapable of directly being used for tire-
road friction identification, can we design a more suitable
model for online adaptive identification friction model?
Second, the conventional parameter estimation methods
like the gradient method, the RLS methods, and Kalman
method are driven by using the tracking error, while the
parameter error is not included in the updating laws. It has
been proven in [41] that the parameter estimation error is
also considered in the updating laws which can improve
the error convergence. So, can we design novel updating
laws for the friction estimator inspired from [41]? By using
the friction compensation in motion control area’s research
thought, this paper will develop new adaptive nonlinear
tire-road friction force estimation vehicular systems based
on a new tire-road differentiable friction model. Based on
Magic Formula model, a new tire-road friction model with
linear parameters is proposed. Then an adaptive observer is
developed based on the new tire-road friction model and is
used to estimate the friction between tire and road by using
the tire rotational speed and vehicle longitudinal speed. A
low-pass filtered operation was applied on the longitudinal
vehicle dynamics to produce the parameter estimation error
without measuring the acceleration. Then a novel online
adaptive law using the filtered regression matrix parameter
estimation error is proposed. Finally, simulation results based
on a realistic bus model constructed in Trucksim verify the
proposed estimation algorithm. The main contributions of
this paper are as follows:

(i) A new adaptive estimator is proposed to estimate the
tire-road friction. The proposed method based on a
new tire-road differentiable friction model is more
flexible and suitable for online adaptive identification
and control with the advantage of more explicit
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Figure 1: Longitudinal dynamics of bus systems.

parameterizable form. Moreover, the developed esti-
mation schemes only require the tire rotational speed
and vehicle longitudinal speed.

(ii) Different from the classical estimation methods
driven by observer errors, a new estimator driven by
the filtered regression matrix estimation parameter
error is proposed. It should be pointed out that the
estimation parameter instead of observer errors is
used to drive the adaptive online updating laws, which
can guarantee the observer error convergence to zero
and also the estimated parameter convergence to their
real value. The convergence of the tracking error is
proved via Lyapunov function.

This paper is organized as follows. Section 2 discusses
the new tire-road differentiable friction model. Section 3
introduces the adaptive estimator. Section 4 describes the
simulation results. Section 5 summarizes the conclusion and
finally we have the acknowledgements.

2. Differentiable Friction Model

There are usually two types of vehicle friction estimation
systems [1]:

(i) systems that utilize longitudinal vehicle dynamics and
longitudinal motion measurements,

(ii) systems that utilize lateral vehicle dynamics and
lateral motion measurements.

This paper will mainly discuss longitudinal motion based
systems. Schematic of the longitudinal dynamics for bus
systems is showed in Figure 1.

The longitudinal vehicle dynamics can be presented by

𝑚V̇ = 𝐹
−𝑑

−𝐹
−rf −𝑚𝑔 sin 𝜃 −𝐶

−vfV−𝐶V2, (1)

where 𝑚 is the vehicle mass, V is the vehicle speed, 𝐹
−𝑑

is
the driving force, 𝐹

−rf is the rolling friction force, 𝜃 is the
road gradient, 𝐹 vf = 𝐶

−vfV is the viscous friction force, and
𝐹
−drag = 𝐶V2 defines the air drag force. Here, we consider only

the case of longitudinal dynamics of vehicles to estimate the
tire force, where the lateral dynamics are negligible.Thus only
the longitudinal force is considered.

The Magic Formula model, with appropriate choice of
parameters, can be very effective in representing lateral,
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Figure 2: Fitting curve of the proposed frictionmodel and themagic
model.

longitudinal, and combined tire force generation. So we can
get

𝐹
−rf

= 𝐷 sin [𝐶 arctan {𝐵𝑠
𝑥

−𝐸 (𝐵𝑠
𝑥

− arctan (𝐵𝑠
𝑥

))}] .

(2)

Unfortunately, due to the large number of parameters
and nonlinear relationship among them involved in the
Magic Formula, which make it incapable of directly being
used for tire-road friction identification, we proposed a new
differentiable friction model based on [34]. Assume that 𝐹rf
has the following parameterizable form:

𝐹
−rf = 𝑎1 tanh (𝑎2𝑠𝑥) − 𝑎7 tanh (𝑎3𝑠𝑥) + 𝑎4 tanh (𝑎5𝑠𝑥)

+ 𝑎6𝑠𝑥,
(3)

where 𝑎2, 𝑎3, and 𝑎5 mainly determine the profile of the
friction effects and 𝑎1, 𝑎7, 𝑎4, and 𝑎6 will be online updated.
As can been seen from Figure 2, we can choose proper
parameters to make the proposed friction model (3) fit the
Magic Formula model by a curve fitting method, so the
proposed friction model (3) is effective.

Compared to other friction models, model (3) has a
more explicit parameterized form allowing for flexible and
suitable adaptive identification and control. Moreover, it
has a continuous differential manner while exhibiting static,
Stribeck, viscous, and even slip effects.

For the purpose of parameter estimation, we rewrite (1)
and (3) in a parameterized form as

𝑚V̇ = − (𝑎1 tanh (𝑎2𝑠𝑥) − 𝑎7 tanh (𝑎3𝑠𝑥)

+ 𝑎4 tanh (𝑎5𝑠𝑥) + 𝑎6𝑠𝑥) + 𝐹
𝑑

−𝑚𝑔 sin 𝜃 −𝐶
−vfV

−𝐶V2.

(4)

Further (4) can be rewritten as

V̇ = Φ (𝑡)Θ (𝑡) , (5)
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whereΦ(𝑡) = [tanh(𝑎2𝑠𝑥) − tanh(𝑎3𝑠𝑥) tanh(𝑎5𝑠𝑥) 𝑠
𝑥

−𝑔],
Θ(𝑡) = [Θ1 Θ2 Θ3 Θ4 Θ5], Θ1 = −(1/𝑚)𝑎1, Θ2 =

(1/𝑚)𝑎7, Θ3 = −(1/𝑚)𝑎4, Θ4 = −(1/𝑚)𝑎6, and Θ5 = sin𝜃+
(1/𝑚)(𝐶

−vfV + 𝐶V2).

3. Adaptive Observer

In order to estimateΘ(𝑡)with exponential error convergence,
we define the filtered variables of V, Φ as

𝑘V̇
𝑓

+ V
𝑓

= V, V
𝑓

(0) = 0,

𝑘Φ̇
𝑓

+Φ
𝑓

= Φ, Φ
𝑓

(0) = 0,
(6)

where 𝑘 is the designed filter constant.
Then from (4) and (5) we can get

V
𝑓

=

V − V
𝑓

𝑘

= Φ
𝑓

Θ. (7)

Further we define the filtered regression matrix 𝑃(𝑡) and
vector 𝑄(𝑡) as

�̇� (𝑡) = − 𝑙𝑃 (𝑡) +Φ
𝑇

𝑓

(𝑡) Φ
𝑓

(𝑡) , 𝑃 (0) = 0,

�̇� (𝑡) = − 𝑙𝑄 (𝑡) +𝑄
𝑇

𝑓

(𝑡) [

(V (𝑡) − V
𝑓

(𝑡))

𝑘

] ,

𝑄 (0) = 0,

(8)

where 𝑙 is the designed constant.
From (8) one can get

𝑃 (𝑡) = ∫ 𝑒
−𝑙(𝑡−𝑟)

Φ
𝑇

𝑓

(𝑟)Φ
𝑓

(𝑟) 𝑑𝑟,

𝑄 (𝑡) = ∫ 𝑒
−𝑙(𝑡−𝑟)

Φ
𝑇

𝑓

(𝑟) [

(V (𝑟) − V
𝑓

(𝑟))

𝑘

] 𝑑𝑟.

(9)

Definition 1 (see [42]). A vector or matrix function Φ is
persistently excited (PE) if there exist 𝜏 > 0, 𝜀 > 0 such that
∫

𝑡+𝜏

𝑡

Φ
𝑇

(𝑟)Φ(𝑟)𝑑𝑟 > 𝜀𝐼, ∀𝑡 ≥ 0.

Remark 2. If the repressor vectorΦ is PE, thenΦ
𝑓

defined in
(6) is PE because Φ

𝑓

is the filtered version of Φ in terms of a
minimum strictly proper transfer function 1/(𝑘𝑠+1) in (6) as
proved in [42]. Moreover, based on Definition 1, if Φ

𝑓

is PE,
the inequality ∫

𝑡+𝜏

𝑡

Φ
𝑇

𝑓

(𝑟)Φ
𝑓

(𝑟)𝑑𝑟 > 𝜀𝐼 is true for all 𝑡 > 0,
𝜀 > 0.Then ∫

𝑡+𝜏

𝑡

𝑒
−𝑙(𝑡−𝑟)

Φ
𝑇

𝑓

(𝑟)Φ
𝑓

(𝑟)𝑑𝑟 > 𝜀𝐼 holds for all 𝑡 > 0,
𝜀 > 0.

Finally, we denote another auxiliary vector as

𝑊(𝑡) = 𝑃 (𝑡) Θ̂ −𝑄 (𝑡) , (10)

where Θ̂ is the estimation of Θ(𝑡) given by the following
adaptive law (13). It is clear that𝑊(𝑡) can be calculated based
on (9).

Define the observer error as

𝑒 = V− V̂. (11)

Then we can design the observer as

̇V̂ = ΦΘ̂ +𝐾𝑒. (12)

Now we can design the adaptive law for updating Θ̂ as

̇
Θ̂ = Γ [Φe− 𝛾W] , (13)

where𝐾 > 0, 𝛾 > 0, and Γ > 0.
From (4), (11), and (12) we can get

̇𝑒 = V̇− ̇V̂ = ΦΘ−ΦΘ̂−𝐾𝑒 = −𝐾𝑒+ΦΘ̃, (14)

where Θ̃ = Θ − Θ̂ is the parameter estimation error.

Theorem 3. Consider system (4) with the observer (12) and
parameter adaptive law (13); then the observer error 𝑒 = V − V̂
and parameter error Θ̃ = Θ − Θ̂ can exponentially converge to
zero.

Proof. Choose a Lyapunov function as

𝑉 =

1
2
𝑒
2
+

1
2
Θ̃
𝑇

Γ
−1
Θ̃. (15)

From (11), (12), (13), and (14) and ̇
Θ̃ = −

̇
Θ̂ one can get

�̇� = 𝑒 ̇𝑒 +

1
2
Θ̃
𝑇

Γ
−1 ̇
Θ̃

= 𝑒 (−𝐾𝑒+ΦΘ̃) − Θ̃
𝑇

Γ
−1
Γ [Φ𝑒 − 𝛾𝑊]

= −𝐾𝑒
2
+ Θ̃
𝑇

𝛾𝑊.

(16)

From (7) and (9) one can get

𝑄 (𝑡) = 𝑃 (𝑡) Θ,

𝑊 (𝑡) = 𝑃 (𝑡) Θ̂ −𝑄 (𝑡) = 𝑃 (𝑡) Θ̂ − 𝑃 (𝑡) Θ

= −𝑃 (𝑡) Θ̃.

(17)

Putting (17) into (16) one can get

�̇� = −𝐾𝑒
2
− 𝛾Θ̃
𝑇

𝑃 (𝑡) Θ̃. (18)

From Remark 2 we know that 𝑃(𝑡) > 0 for all 𝑡 > 0, so
�̇� < 0; then the observer error 𝑒 = V − V̂ and parameter error
Θ̃ = Θ − Θ̂ can exponentially converge to zero.

Remark 4. It should be noted that the online adaptive updat-
ing law (13) is different from the conventional estimation
methods (e.g., gradient and recursive least square (RLS)).
One can find that the second term of (13) is different. As
shown in (13), the variable 𝑀 derived from (10) denotes the
estimation parameter not the estimation error. Moreover, we
have also given the conclusions that the estimation parameter
is used to drive the adaptive updating laws which can
guarantee that both the observer error and parameter error
exponentially converge to zero.
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Figure 3: Left rear wheel friction force.
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Figure 4: Estimation error of the left rear wheel friction force.

4. Simulation

A 2WD full bus model was built in the commercial vehicle
simulation software Trucksim cooperating with Matlab to
verify the estimation performance in the realistic driving
maneuvers. The main bus parameters are

spring mass = 6360 kg,
height = 2.92m,
length = 4.49m,
width = 2.35m,
wheel center height 0.6 m,
height for mass = 1.2m,
𝜇 = 0.85,
𝑔 = 9.8m/s2,
𝜃 = 0.

The bus is driven by the driver controls procedure with the
constant target speed 20 km/h at a straight long road. The
wheel rotational speed and vehicle speed can be obtained
from Trucksim. By equation 𝑠 = (𝜔𝑅 − V)/max(V, 𝜔𝑅) we
can get wheel slip; then vehicle speed and wheel slip will be
used as the input for the observer. In the simulations, other
parameters are given as 𝑘 = 200, 𝛾 = 0.01, Γ = 100, 𝑎2 = 200,
𝑎3 = 0.01, and 𝑎5 = 100.

Simulation results of the left rear wheel friction force
and the estimation error are given in Figures 3 and 4, which
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Figure 5: Estimated parameters.

illustrate the estimated friction force convergence to the true
values with the proposed estimated algorithm except for a
little vibration at the vehicle which started before 1 second.

Estimated parameters are shown in Figure 5. From
Figure 6, we can see that the observed speed convergence to
the target speed is no less than 0.1 s, which further verifies
Theorem 3. Figure 7 shows the result of the left rear wheel
friction force with the 0.01 white noise power incorporated to
the estimator input, and we can see that it also displays better
convergence.

5. Conclusion

In this paper, we proposed a new friction parameter esti-
mation algorithm for vehicle system. The tire-road fric-
tion force can be estimated only by using the longitudinal
vehicle velocity and wheel rotational speed. Compared to
conventional estimation methods, the obtained parameter
estimation error is introduced in the online update laws
to guarantee the estimated parameters convergence to the
real value. Moreover, the proposed algorithms are proved
to be robust to bounded disturbance. Simulation results are
presented confirming the validity of the proposed approach.
Future work may consider extending the friction estimation
method from 2D case to 3D case and carrying out the real
vehicle experiments to verify the proposed friction parameter
estimation methods.
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