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This paper presents a novel general system-structure coupling dynamic analysis procedure to comprehensively analyze the dynamic
performance of planetary gears. The novel coupling dynamic analysis takes dynamic loads of gears as excitations for structure
dynamic analysis. Considering the time-varying mesh stiffness of gears, torsional stiffness of carrier and support stiffness of
bearings, the system dynamic model of planetary gears is built by using lumped parameter method. Vibration modes and natural
frequencies of planetary gears are investigated through modal analysis. Furthermore, system dynamic response is analyzed under
various working conditions. Equations of structure dynamic analysis based on finite element method (FEM) are developed, and
their solving method is put forward. Dynamic loads obtained from system dynamic analysis are forced on the ring gear to analyze
its structure dynamic response. In every analysis step, if dynamic performance criteria are not satisfied, the planetary gears model
should be redesigned according to dynamic analysis results.

1. Introduction

Planetary gears are important types of mechanical transmis-
sions, which are typically composed of a sun gear, several
planet gears, a ring gear, and a carrier. In comparison with
parallel shaft trains, planetary gears offer many advantages
such as higher speed reductions, higher power density,
increased efficiency, and stronger stability [1]. They are
widely used in aircrafts, ships, automobiles, wind turbines,
and a variety of other applications. However, the vibration
generated in planetary gears induces the noise of system
and even influences the reliability of the whole machine. For
example, cabin noise exceeding 100 dB is directly traceable to
the planetary gears in some helicopters [2].

Analytical dynamics models of planetary gears are clas-
sified in three categories, namely, lumped parameter model,
distributed mass model, and rigid-flexible coupling model.
Lumped parameter model is the earliest and the most mature
modeling method for planetary gears dynamics analyses.
Every motion component is simplified as a mass point.

Motion components are interconnected by springs which
represent mesh teeth and support bearings.Therefore, plane-
tary gears are simplified as a spring-mass system, on which
second-order differential equations are set up. According
to the number of degree of freedom, the lumped param-
eter models can be further distinguished as purely rota-
tional dynamics model [3, 4], rotational-transverse coupling
dynamic model [1, 5], or rotational-transverse-shaft coupling
dynamic model [6, 7]. In distributed mass model, actions
between gear teeth are simplified by using FE-contact model
[8, 9]. Time-varying mesh stiffness computed in this model
is more accurate because of the introduction of simulation
process. In rigid-flexible coupling model, some components,
such as ring gear, are assumed as flexible bodies considering
their small stiffness, while others are assumed as rigid bodies
[10, 11]. Abousleiman and Velex [12] developed a hybrid
finite element/lumped parameter model based on a three-
dimensional finite element model of ring gear. Ericson and
Parker [13] reported that the appearance of the natural
frequencies of planetary gears tends to gather in to clusters.
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Three natural frequency clusters in relatively high frequen-
cies region were recorded. Every natural frequency cluster
includes a rotational vibration mode, a transverse vibration
mode, and a planet vibration mode. Parker andWu [14] ana-
lytically investigated the parametric instability of planetary
gear system containing elastic ring gear based on a hybrid
continuous-discrete model. Vibration mode properties of
planetary gears are studied [15–17], and a famous feature
indicated that vibrationmodes have obvious differentmotion
forms. The vibration modes are classified in two categories,
namely, distinct and degenerate mode [15]. Large numbers
of investigations have been made in the previous research
to discover the vibration mechanism of planetary gears;
however, there are no effectivemethods to reduce both system
and structure vibration of planetary gears.

Based on lumped parameter model and finite element
method (FEM), a novel system-structure coupling dynamic
analysis method of planetary gears is proposed. System
dynamics and structure dynamics are coupled together
through the dynamic load transfer. The analysis results
demonstrate that the proposed coupling dynamic analysis
method is a convenient approach to analyze the dynamic
characteristics. The system and structure dynamic perfor-
mances are obtained to guide the design of planetary gears
simultaneously.

2. System-Structure Coupling Dynamic
Analysis Procedure of Planetary Gears

2.1. General Procedure of System-Structure Coupling Dynamic
Analysis. In planetary gears dynamic vibration, there are
many excitations and influence factors, which include not
only system parameters but also structure parameters. If
the system and structure influence factors are considered
at the same time, more accurate dynamic characteristics
will be revealed. So a general procedure of system-structure
coupling dynamic analysis is proposed, whose main contents
are illustrated in Figure 1.

The proposed analysis procedure consists of four steps,
which are stiffness and inertia computation based on analyti-
cal formulas, planetary gearsmodal analysis, system dynamic
response analysis, and structure dynamic response analysis of
gears based on FEM. Input data for those activities are gears
model (including sun gear, planet gear, and ring gear), carrier
model, support stiffness, and working condition. Output data
generated are system dynamic performances (frequencies
and dynamic loads) and structure dynamic stresses. Upon
completion of every step, analysis results will be used to
determine whether the planetary gears design needs to be
improved or not.

2.2. Coupling Method of System Dynamics and Structure
Dynamics. The connection of system dynamics with struc-
ture dynamics is the interaction forces between components.
For solving the coupling problem, we propose a transfer
load method. After analyzing system dynamic response of

Table 1: Basic design parameters of the example planetary gears.

Parameter Sun gear Planet gear Ring gear
Number of teeth 35 37 110
Module, mm 4.33 4.33 4.33
Pressure angle, deg 20 20 20
Number of planet gears — 5 —
Face width, mm 58 58 58

planetary gears, the dynamic loads on every gear can be
obtained. Then the dynamic loads are applied on a 3D gear
structure to carry out structure dynamic response analysis
based on FEM.

2.3. Basic Parameters of Planetary Gears Model. An example
planetary gears system is chosen to represent a helicopter
gear set. The ring gear is held stationary and the other two
central members are input and output, respectively.The basic
design parameters of the example planetary gears are listed in
Table 1.

3. System Dynamic Analysis of
Planetary Gears

3.1. System Dynamic Model of Planetary Gears. Because the
axial influence of the planetary gears can be ignored, both
rotational and translational motions of the planetary gears
are considered in this paper. Therefore, each gear has three
degrees of freedom, including two planar translations and
one rotation. The system dynamic model of the planetary
gears is illustrated in Figure 2, where the subscripts 𝑆, 𝐶,
𝑅, and 𝑃, respectively, represent the sun gear, the carrier,
the ring gear, and the planet gears. The number of the
planet gears is 𝑁. 𝑢𝑗 (𝑗 = 𝑆, 𝐶, 𝑅, 𝑃1, 𝑃2, . . . , 𝑃𝑁) are the
rotational motions. ]𝑖, 𝜉𝑖 (𝑖 = 1, 2, . . . , 𝑁) are the radial
and circumferential translational motions of the planet gears,
respectively. 𝑥𝑆, 𝑥𝐶, 𝑥𝑅 and 𝑦𝑆, 𝑦𝐶, 𝑦𝑅 are the two planar
translational motions, respectively. 𝑘𝑆𝑢, 𝑘𝐶𝑢, 𝑘𝑅𝑢 are the
circumferential support stiffness. 𝑘𝐶𝑥, 𝑘𝑅𝑥 and 𝑘𝐶𝑦, 𝑘𝑅𝑦 are the
two translational support stiffness, respectively. Both the two
translational support stiffness of the sun gear are 𝑘𝑆. Both the
two translational support stiffness of each planet gear are 𝑘𝑃.
𝑘𝑆𝑖, 𝑘𝑅𝑖 (𝑖 = 1, 2, . . . , 𝑁) are the external and internal mesh
stiffness of planet 𝑖 (𝑖 = 1, 2, . . . , 𝑁)with the sun gear and the
ring gear, respectively. 𝐽𝑗, 𝑚𝑗 (𝑗 = 𝑆, 𝐶, 𝑅, 𝑃) are the rotational
inertias and the masses, respectively. 𝜑𝑖 is the location angle
of planet gear 𝑖 in the global coordinate system. 𝛼 is the
pressure angle of each gear.

According to Newton second law, the following motion
equations of the planetary gears are set up as in (1). The
dampings in the system model are neglected. Total number
of the degree of freedom of the system dynamic model is
3 × (𝑁 + 3). Consider
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Figure 1: Flowchart of system-structure coupling dynamic analysis.
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Here, 𝑟𝑆, 𝑟𝑃𝑖 (𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑁), 𝑟𝑅 are the base radii; 𝑟𝐶

is the equivalent radius of the carrier; 𝛿𝑆𝑃𝑖 is the relative
displacement between the sun gear and planet gear 𝑖 in the
line of contact; 𝛿𝑅𝑃𝑖 is the relative displacement between the
ring gear and planet gear 𝑖 in the line of contact; 𝛿𝑃𝑖𝑥 and
𝛿𝑃𝑖𝑦, respectively, are the relative displacements between the
carrier and planet gear 𝑖 in the 𝑥 and 𝑦 direction in the local
dynamic coordinate system of the planet gear.

Equation (1) is given in the matrix form as

[𝑀] {�̈�} + [𝐾 (𝑡)] {𝑋} = {𝑃 (𝑡)} , (2)

where [𝑀] is the mass matrix, [𝐾(𝑡)] is the time-varying
stiffness matrix, {𝑋} is the displacement vector, and {𝑃(𝑡)} is
the load vector.

3.2. Parameters Computation

3.2.1. Time-VaryingMesh Stiffness of Gear Pair. Mesh stiffness
of gear pair is varying with mesh position at all times. Time-
varying mesh stiffness of gear pair should be considered in

solving systemdynamic equations.The total deformation𝑢(𝑡)

along the line of contact of a gear pair is generated when
the gear pair meshes all the time.Therefore, the time-varying
mesh stiffness of gear 𝐾(𝑡) pair is written as

𝐾 (𝑡) =
𝑇

𝑅𝑏𝑢 (𝑡)
, (3)

where 𝑅𝑏 is the base radius of the driving gear and 𝑇 is the
input torque. The time-varying mesh stiffness is a periodic
function in keepingwith themesh cycle of gear pair; one cycle
of the mesh stiffness is shown in Figure 3.

3.2.2. Torsional Stiffness of the Shaft. Torsional stiffness of the
shaft is computed by dividing shaft into a number of simple
shafts which have a pair of interior and external diameter.The
torsional stiffness of shaft 𝐾𝑠 is defined as

𝐾𝑠 =
𝐺𝐼𝑝

𝐿
,
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𝜋 (𝑟
4
2 − 𝑟

4
1)

2
,

(4)

where 𝐺 is the shear modulus, 𝐿 is the length of the shaft, 𝑟1
is the interior radius of the shaft, 𝑟2 is the external radius of
the shaft, and 𝐼𝑝 is the polar moment of inertia of the shaft.

3.2.3. Moment of Inertia of the Shaft. Computation method
of the moment of inertia of the shaft is same as the torsional
stiffness of the shaft. The moment of inertia of the shaft 𝐽𝑠 is
defined as

𝐽𝑠 =
1
2
𝜋𝜌 (𝑟

4
2 − 𝑟

4
1) 𝐿, (5)

where 𝐿 is the length of the shaft, 𝑟1 is the interior radius of
the shaft, and 𝑟2 is the external radius of the shaft.

3.3. Modal Analysis of Planetary Gears. Let the load vector
{𝑃(𝑡)} in (2) be a zero vector; then (2) can be used in modal
analysis of planetary gears. According to the aforementioned
computation method of time-varying mesh stiffness of gear
pair, we can easily obtain the mean mesh stiffness to be
applied in modal analysis. The mean mesh stiffness of the
example planetary system is computed as 𝑘𝑆𝑖 = 1.088 ×

10
9N/m and 𝑘𝑅𝑖 = 1.238 × 10

9N/m. With assumption
of 𝑘𝐶𝑢 = 6.0 × 10

8N/m, 𝑘𝑆𝑢 = 5.0 × 10
8N/m, 𝑘𝑅𝑢 =

9.0 × 10
9N/m, 𝑘𝑆 = 2.0 × 10

8N/m, 𝑘𝑃 = 2.0 × 10
8N/m,

𝑘𝐶𝑥 = 𝑘𝐶𝑦 = 3.0 × 10
8N/m, and 𝑘𝑅𝑥 = 𝑘𝑅𝑦 = 9.0 × 10

8N/m,
the top twelve orders of natural frequencies of the example
planetary gears can be calculated as Table 2.

Two types of vibration modes exist in the modal analysis.
First, distinct modes in which all components vibrate in
rotational or translational mode are shown in Figure 4. The
other type vibrationmode is called degeneratemode inwhich
only the planet gears vibrate and other components have no
motion, as illustrated in Figure 5.
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Table 2: The top twelve orders of natural frequencies of the planetary gears.

Order number 1 2 3 4 5 6 7 8 9 10 11 12
Frequency, Hz 1325 2106 2863 3594 3594 3594 3594 3989 4302 4766 5130 5288
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Figure 2: System dynamic model of planetary gears.
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3.4. System Dynamic Response Analysis of Planetary Gears.
The input power of the example planetary system is 1200 kW,
the input rotational speed is 1435 rpm, and the output rota-
tional speed is 350 rpm. Assuming no power loss, we can
obtain the values of input torque (𝑇𝐷) and output torque (𝑇𝐿)
according to (9) as 𝑇𝐷 = 7985N⋅m and 𝑇𝐿 = 32739N⋅m:

𝑇 = 9549𝑃
𝑛
. (6)

The exact values of the load vector {𝑃(𝑡)} are then
calculated based on (2). By introducing Fourier series, the
dynamic meshing loads and rotational displacements on the
gears of the planetary gears are obtained. Figure 6(a) plots the
dynamic force between the sun gear and the planet gears, and
Figure 6(b) plots the dynamic force between the planet gears
and the ring gear. Figure 7 presents the dynamic rotational
displacements of the sun gear, the planet gears, and the ring
gear of the planetary gears.

4. Structure Dynamic Analysis Based on
FEM under Dynamic Loads

4.1. Principle of Structure Dynamic Analysis Based on FEM.
The principle of structure dynamic analysis based on FEM is
described as follows.

4.1.1. Structure Dynamic Equation. The first step of structure
dynamic analysis based on FEM is similar to static analysis,
which is to separate structure into many elements. And
then the whole finite element (FE) dynamic equations of
separated structure are built on basis of single element
dynamic equation. Hamilton’s principle is used as a variation
principle to build the whole FE equation.

Hamilton’s Principle. Among all the possible time-variant
displacement forms that satisfy the compatibility condition,
constraint condition, motion boundary condition, and time
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Figure 7: Dynamic rotational displacements of the gears of the planetary gears.

condition, the variation form of real solution minimizes the
Lagrange function [18].

Element dynamic equation is written as

[𝑀𝑒] {
̈𝛿𝑒} + [𝐶𝑒] {

̇𝛿𝑒} + [𝐾𝑒] {𝛿𝑒} = {𝐹𝑒 (𝑡)} , (7)

where [𝑀𝑒] is the element mass matrix, [𝐶𝑒] is the element
damping matrix, [𝐾𝑒] is the element stiffness matrix, {𝐹𝑒(𝑡)}
is the node transient variant force vector, and {𝛿𝑒} is the node
displacement vector.

Through assembling all the element dynamic equations
(7), the whole FE dynamic equations of structure system are
obtained as

[𝑀] { ̈𝛿𝑠} + [𝐶] { ̇𝛿𝑠} + [𝐾] {𝛿𝑠} = {𝐹𝑠 (𝑡)} , (8)

where [𝑀] is the system mass matrix, [𝐶] is the system
damping matrix, [𝐾] is the system stiffness matrix, {𝐹𝑠(𝑡)} is

the transient variant force vector of all nodes, and {𝛿𝑠} is the
displacement vector of all nodes.

4.1.2. Solution Method of Structure Dynamic Equation. The
structure dynamic equations (8) are second-order differential
equations. If there are no external excitation forces, namely,
the right hand size {𝐹𝑠(𝑡)} = {0} of (8), nonzero solution
of the equations can be obtained by means of free vibration
analysis. The solution reflects the natural characteristics
of the structure, namely, natural frequencies and vibration
modes, which are called eigenvalues and eigenvectors. In
fact, damping has little influence to natural frequencies and
vibrationmodes of structure; therefore it is ignored in natural
characteristics analysis. Equation (8) is simplified as

[𝑀] { ̈𝛿𝑠} + [𝐾] {𝛿𝑠} = {0} . (9)
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Figure 8: The finite element model of the ring gear.

Assuming that the structure has simple harmonic vibra-
tion,

{𝛿𝑠} = {𝜙} sin (𝜔𝑡 + 𝜃) ,

{ ̈𝛿𝑠} = −𝜔
2
{𝜙} sin (𝜔𝑡 + 𝜃) ,

(10)

where𝜔 is the circular frequency, 𝜃 is the starting phase angle,
𝑡 is the time variable, and {𝜙} is the displacement amplitude
unrelated with 𝑡.

Equation (9) in conjunction with (10) yields an equation
as

[𝐾] {𝜙} = 𝜆 [𝑀] {𝜙} , (11)

where 𝜆 = 𝜔
2. Such equation is a generalized eigenvalue

solving problem of structure dynamics. The kernel of the
problem is to obtain 𝜆 and nonzero solution {𝜙}. Obviously,
the equation solution is only determined by the stiffness
matrix [𝐾] and the mass matrix [𝑀] of the structure. 𝜆

denotes the eigenvalue, and the corresponding vibration
mode is the eigenvector. In three dimensional dynamics,
since both mass matrix [𝑀] and stiffness matrix [𝐾] are
symmetric positive definite matrices, all eigenvalues are
nonnegative real numbers.

Modal coordinates should be transformed when the
structure dynamic equations (8) are solved; that is, dynamic
equations in the original physical space are transformed
into the modal space. The transformation method adopted
is mode superposition method. The front 𝑝 orders of fun-
damental modes 𝜑 = [𝜑1, 𝜑2, . . . , 𝜑𝑝] comprise coordinate
transformationmatrix. So the order number of systemmodel
is decreased. Equation (8) is simplified as 𝑝 second-order
differential equations which are independent to each other.
The displacement response of the structure is computed
according to these equations. Then dynamic stress com-
ponents 𝜎𝑥(𝑡), 𝜎𝑦(𝑡), 𝜎𝑧(𝑡), 𝜏𝑥𝑦(𝑡), 𝜏𝑦𝑧(𝑡), and 𝜏𝑧𝑥(𝑡) are

calculated. Equivalent stress 𝜎(𝑡) according to Von Mises
yield criterion is defined as

𝜎 (𝑡) = √3

⋅ (
1
2
(𝜎
2
𝑥 +𝜎
2
𝑦 +𝜎
2
𝑧 ) + 𝜏

2
𝑥𝑦 + 𝜏

2
𝑦𝑧 + 𝜏

2
𝑧𝑥)

1/2
,

𝜎

𝑥 = 𝜎𝑥 −

1
3
(𝜎𝑥 +𝜎𝑦 +𝜎𝑧) ,

𝜎

𝑦 = 𝜎𝑦 −

1
3
(𝜎𝑥 +𝜎𝑦 +𝜎𝑧) ,

𝜎

𝑧 = 𝜎𝑧 −

1
3
(𝜎𝑥 +𝜎𝑦 +𝜎𝑧) .

(12)

4.2. Structure Dynamic Analysis of Gears. Structure dynamic
analysis is a general method to explore the vibration char-
acteristics and to verify the dynamic structure strength of
all gears. By using the commercial software ANSYS, the
structure dynamic analysis of the planetary gears is carried
out. In order to illustrate the detail method, now we take the
ring gear as an example, whose FE model and analysis results
are described below.

4.2.1. Ring Gear FE Model. The finite element model of the
ring gear is built by using ANSYS and is shown in Figure 8.
The model consisted of 693222 elements and 760151 nodes.
Thematerial of the ring gear is one kind of killed steel, whose
elastic modulus 𝐸 is 210GPa, poisson ratio 𝜇 is 0.3, and
density 𝜌 is 7800 kg/m3. The constraint condition of the FE
model is that the displacements of all the exterior ring nodes
are zeros. Denser grids in gear roots ensure high computation
accuracy for analyzing dynamic response of the ring gear.

4.2.2. Dynamic ResponseAnalysis of RingGear. Oneperiod of
dynamic loads is applied on five gear teeth engaged with five
planet gears by forty load steps in one mesh period (0.0016
seconds), as displayed in Figure 9.

At every load step, the ring gear transient dynamic
response is solved, and then the entire dynamic stresses and
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Figure 9: Dynamic loads applied on gear teeth.
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Figure 10: Dynamic maximum stresses of the ring gear.

displacements of all nodes can be obtained in this load period.
Figure 10 shows the dynamic maximum stresses of the ring
gear at every even load step. Among these twenty stresses,
the maximum stress is 76.45MPa, which is less than the
critical strength (121MPa) of thematerial.The result indicates
the ring gear is safe to run in such working situation. If
the maximum stress is higher than the critical strength, the
ring gear has to be redesigned and its dynamic response
recomputed for evaluating its safety. Finally, after analyzing
and redesigning all parts of planetary gears by using the
proposed method, an optimal scheme of the planetary gears
is achieved.

5. Conclusions

In this paper, a novel general method of system-structure
coupling dynamic analysis is presented, which is used to

analyze planetary gears dynamic vibration when the influ-
ences of system parameters and structure dimensions are
considered at the same time. The lumped parameter system
dynamic model of the planetary gears is built, and the
structure dynamic analysis method is presented in detail by
introducing the FEM method. The coupling method of the
two dynamicmodels is completed through the dynamic loads
on gear teeth obtained from system dynamics. Compared
to existing models according to the results, the proposed
coupling dynamic analysis method has some advantages
below:

(1) Since all components are simplified as rigid bodies
in lumped parameter model, structure flexibility is
considered in the proposedmodel; so it demonstrates
more accurate than lumped parameter model in
analyzing gears structure dynamics.

(2) The proposed analysis method is easier to develop
the model through coupling system dynamics and
structure dynamics than distributed mass model and
rigid-flexible coupling model. Moreover, it can save
computer time than these models in calculating the
dynamic equations of the planetary gears.

The proposed coupling dynamic analysis method is
a convenient and efficient approach to analyze full-scale
dynamic characteristics of planetary gears, which considers
system vibration modes, natural frequencies, dynamic loads
on gears, structure dynamic displacements, and dynamic
stresses.The analysis results can be used as the direct evidence
to estimate dynamic performances of the planetary gears.
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