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We consider a capacitated hub location-routing problem (HLRP) which combines the hub location problem and multihub vehicle
routing decisions. The HLRP not only determines the locations of the capacitated 𝑝-hubs within a set of potential hubs but
also deals with the routes of the vehicles to meet the demands of customers. This problem is formulated as a 0-1 mixed integer
programming model with the objective of the minimum total cost including routing cost, fixed hub cost, and fixed vehicle cost. As
the HLRP has impractically demanding for the large sized problems, we develop a solution method based on the endosymbiotic
evolutionary algorithm (EEA) which solves hub location and vehicle routing problem simultaneously. The performance of the
proposed algorithm is examined through a comparative study. The experimental results show that the proposed EEA can be a
viable solution method for the supply chain network planning.

1. Introduction

In supply chain management, the design of distribution
networks is one of the most important problems because it
offers a great potential to reduce costs and to improve service
quality. An important aspect of designing a distribution
network is the determination of the locations of facilities such
as warehouses, depots, and distribution centers. Classical
facility location models assume that each customer is served
on a straight-and-back basis on a given route while comput-
ing distribution cost.This situation is true only if the demand
of each customer is a full truckload. However, in many
applications arising in practice, the demand of each customer
may be less than a truckload such that multiple customers
are served in a single route and distribution cost depends on
the sequence of customers on the route [1]. In this case, to
reflect accurately the distribution cost of routes within a
location model, the location-routing problem (LRP) should
be solved simultaneously.

The LRP deals with determining the location of facilities
and the routes of the vehicles for serving the customers under

some constraints such as facility and vehicle capacities and
route length to satisfy demands of all customers and to mini-
mize the total cost including routing costs, vehicle fixed costs,
facility fixed, and operating costs. Location-routing models
are especially necessary for systems where the time horizon
for the facility location decisions is not too long, and location
costs are comparable to the routing costs. For an extensive
review and classification of LRP, see Nagy and Salhi [2].

This study is motivated by the observation made in the
postal service. Hub and spoke structure is a well-known
configuration implemented in postal systems. It provides
economies of scale by consolidating the traffic flows at the
hubs as opposed to connect directly each origin-destination
(O-D) point. In the standard LRP, we assume a structure of
facilities serving a number of customers, who are connected
to their depot by means of vehicle tours. No routes connect
facilities to each other. On the other hand, this study deals
more complex network structure than the standard LRP. We
consider a variant of the LRP known as the hub location-
routing problem (HLRP). In the HLRP, flow of packages,
mail, or passengers from different nodes are collected at

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2015, Article ID 525980, 11 pages
http://dx.doi.org/10.1155/2015/525980



2 Mathematical Problems in Engineering

hubs, transferred between hubs along hub links in order to
economically consolidate flows on the route, and distributed
to their destinations. In a typical hub and spoke network, the
flow of each O-D pair consists of three components, in other
words, collection, transfer, and distribution, respectively. For
handling the HLRP it is convenient to distinguish between
two types of decisions, that is, hub location problem (HLP)
and multihub vehicle routing problem (MH-VRP). The HLP
is concerned with determining which nodes in a network are
designated as hubs and which nonhub nodes are allocated
to each hub. In 𝑝-hub median problem, the total number of
hubs is fixed as 𝑝 and the locations of 𝑝 number of hubs are
determined such that the sum of the flow costs is minimized.
The HLP can be categorized into single allocation and
multiple allocations hub problem. In the single allocation,
each nonhubnodemust be allocated only one hubwhereas, in
the multiple allocations, each nonhub node may be allocated
to more than one hub. Further, the HLP can be categorized
as either capacitated or uncapacitated. The capacitated HLP
considers capacity constraint on the amount of flow through
hub. On the other hand, there are no capacity restrictions on
the uncapacitated HLP. While the HLP that has received the
most attention from researchers is the uncapacitated single
allocation 𝑝-hub median problem, this paper deals with the
capacitated single allocation 𝑝-hub median problem for the
part of HLP. We prescribe that exactly 𝑝 hubs need to be
chosenwithin a set of potential hub locations. Each candidate
location of hub has capacity restriction and fixed cost for
establishing it as hub. In addition,we determine the allocation
of each customer node to exactly one hub among the deter-
mined 𝑝 number of hubs. The flow of each O-D customer
pair should go through one hub and at most through two
hubs. Once the HLP is solved, the HLRP reduces to the MH-
VRP. A set of homogeneous vehicles with the same capacity
are available. Each customer must be served by exactly one
vehicle for pickup and delivery service, respectively.The loads
of each route cannot exceed the vehicle capacity and the total
demands of customers allocated to each hub also should not
exceed the capacity of that hub. We determine the routes of
vehicles so as to minimize the routing costs and fixed vehicle
costs.

Kuby and Gray [3] consider the hub network design
problem where they determine the least cost set of direct or
stopover routes for the traffic from a given set of points to a
predetermined hub. Aykin [4] addresses the HLRP in contin-
uous solution space where the hubs can be located anywhere
in the service region encountered in air cargo transportation.
He presents an algorithm solving a series of shortest path
problems and a multifacility location problem in an iterative
manner. Even though these two studies consider routing
possibilities, their approaches are restricted in parallel with
their assumptions. Nagy and Salhi [5] introduce themany-to-
many location-routing problem similar to the HLRP where
several customers send goods to others and the locations of
each hub are to be determined. In their study, a hierarchical
heuristic solution framework based on the concept of nested
methods is presented. Bruns et al. [6] consider a problem aris-
ing in the parcel delivery operations of a postal service. They

determine the locations of delivery hubs and the allocation of
customer area to delivery hubs. In the case of routing costs,
they present a route length estimation formula. The problem
studied by Wasner and Zäpfel [7] is closely related to the
HLRP. However, all interhub flow must go through a central
hub rather than allowing all hubs to be directly connected to
each other. Çetiner et al. [8] consider the combined hubbing
and routing problem in postal delivery systems and develop
an iterative two-state solution procedure for the problem
in order to produce a route-compatible hub configuration.
Catanzaro et al. [9] investigate the partitioning-HLRP, a
peculiar version of the HLP involving graph partitioning and
routing features and mainly arising from the deployment of
an internet routing protocol.The partitioning-HLRP consists
of partitioning a given network into subnetworks, locating
at least one hub in each subnetwork, and routing the traffic
within the network at minimum cost.

The HLRP is very difficult to be solved since it is
composed of two NP-hard problems, the HLP and the
MH-VRP. Therefore, the relatively large number of papers
devoted to develop the approximation methods and the
heuristic approaches can be classified into three categories
such as clustering-based, iterative, andhierarchical heuristics,
respectively. Clustering-basedmethods begin by partitioning
the customer set into clusters, one cluster per potential depot
or one per vehicle route. Then, they locate a depot in each
cluster and then solve a VRP for each cluster [10–13]. Iterative
heuristics decompose the problem into its two subproblems.
Then, the methods iteratively solve the subproblems, feeding
information fromone phase to the other [14–17]. Hierarchical
heuristics considers the location problem as the main prob-
lem and routing as a subordinate problem where main algo-
rithm is devoted to solving the location problem and refers
in each step to a subroutine that solves the routing problem
[18, 19]. To solve the problem, the HLRP is formulated as a 0-
1 mixed integer programming model. The integer program-
mingmodel can provide the optimal solutions for small sized
problem instances, but it is not practical for problems of large
size in a reasonable computational time. Therefore, a novel
solution framework based on an endosymbiotic evolutionary
algorithm (EEA) is proposed which solves the HLRP and the
MHVRP simultaneously.

The remainder of this paper is organized as follows. In
Section 2, a mathematical model of the HLRP is developed.
Section 3 presents an EEA and the detailed descriptions.
Section 4 provides the computational results. Finally, we
present the conclusion and the discussion of some future
research directions.

2. Mathematical Model

TheHLRP under study can be formulated as a 0-1mixed inte-
ger programming model which is an extension of the many-
to-many proposed by Nagy and Salhi [5]. The HLRP has
some different characteristics with the many-to-many LRP of
which exactly 𝑝 hubs have to be chosen within a set of
potential hub locations and each candidate hub has a capacity
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Figure 1: A typical hub and spoke structure for HLRP.

restriction. In addition, the vehicle route of pickup and
delivery purpose for each hub can be constructed separately
as shown in Figure 1. Then the HLRP under study can be
formulated mathematically using the following notations:

𝑁: the set of nodes,𝑁 = 𝐻 ∪ 𝐶,
𝐻: the set of candidate hub locations,
𝐶: the set of customer nodes,
𝑉: the set of type of vehicle route = {𝑝(=

collection), 𝑑(= delivery)},
𝐹𝑘: the fixed cost of establishing candidate hub node
𝑘 as a hub, 𝑘 ∈ 𝐻,
𝑅𝑘: the capacity of loads associated with candidate
hub node 𝑘, 𝑘 ∈ 𝐻,
𝐷𝑖𝑗: the distance between nodes 𝑖 and 𝑗, 𝑖, 𝑗 ∈ 𝑁,
𝑆𝑖𝑗: the amount of flow between origin 𝑖 and destina-
tion 𝑗, 𝑖, 𝑗 ∈ 𝐶,
𝑝: the number of hubs to be opened,
𝛼: the transfer coefficient between two hub nodes,
𝛽: the routing coefficient among the customer nodes,
𝑓: the fixed vehicle operating cost,
𝑟: the maximum capacity of each vehicle,
𝑥
V
𝑖𝑗
: {1, if a route type V can be constructed directly

from node 𝑖 to node 𝑗; 0, otherwise},
𝑦𝑘: {1, if candidate hub 𝑘 is used as a hub;
0, otherwise},
𝑧𝑖𝑘: {1, if customer 𝑖 is assigned to hub 𝑘; 0, otherwise},
𝑤𝑖𝑗𝑘𝑙: {1, if the flow from origin 𝑖 to destination 𝑗

routed via hub 𝑘 and 𝑙; 0, otherwise},
𝑡𝑘𝑙: the amount of flow from hub 𝑘 to hub 𝑙,

𝑔
𝑝

𝑖
: pickup load on vehicle just after having serviced

customer 𝑖,

𝑔
𝑑

𝑖
: delivery load on vehicle just before having ser-

viced customer 𝑖.

Consider

min ∑
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(1)

∑

𝑗∈𝑁

𝑥
V
𝑖𝑗
= 1, ∀V ∈ 𝑉, ∀𝑖 ∈ 𝐶, (2)

∑

𝑗∈𝑁

𝑥
V
𝑖𝑗
− ∑

𝑗∈𝑁

𝑥
V
𝑗𝑖
= 0, ∀V ∈ 𝑉, ∀𝑖 ∈ 𝑁, (3)

∑

𝑘∈𝐻

𝑧𝑖𝑘 = 1, ∀𝑖 ∈ 𝐶, (4)

𝑥
V
𝑖𝑘
≤ 𝑧𝑖𝑘, ∀V ∈ 𝑉, ∀𝑖 ∈ 𝐶, ∀𝑘 ∈ 𝐻, (5)

𝑥
V
𝑘𝑖
≤ 𝑧𝑖𝑘, ∀V ∈ 𝑉, ∀𝑖 ∈ 𝐶, ∀𝑘 ∈ 𝐻, (6)

𝑥
V
𝑖𝑗
+ 𝑧𝑖𝑘 + ∑

𝑙∈𝐻,𝑙 ̸=𝑘

𝑧𝑗𝑙 ≤ 2,

∀V ∈ 𝑉, ∀𝑖, 𝑗 ∈ 𝐶, 𝑖 ̸= 𝑗, ∀𝑘 ∈ 𝐻,

(7)

𝑧𝑖𝑘 ≤ 𝑦𝑘, ∀𝑖 ∈ 𝐶, ∀𝑘 ∈ 𝐻, (8)

∑
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𝑡𝑘𝑙 + ∑
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𝑡𝑙𝑘 ≤ 𝑅𝑘𝑦𝑘, ∀𝑘 ∈ 𝐻, (9)

𝑧𝑖𝑘 + 𝑧𝑗𝑙 − 2𝑤𝑖𝑗𝑘𝑙 ≥ 0, ∀𝑖, 𝑗 ∈ 𝐶, 𝑖 ̸= 𝑗, ∀𝑘, 𝑙 ∈ 𝐻, (10)
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𝑥
𝑑

𝑖𝑘
) , ∀𝑖 ∈ 𝐶, (21)

𝑥
V
𝑖𝑗
∈ {0, 1} , ∀V ∈ 𝑉, ∀𝑖, 𝑗 ∈ 𝐶, (22)

𝑦𝑘 ∈ {0, 1} , ∀𝑘 ∈ 𝐻, (23)

𝑧𝑖𝑘 ∈ {0, 1} , ∀𝑖 ∈ 𝐶, ∀𝑘 ∈ 𝐻, (24)

𝑤𝑖𝑗𝑘𝑙 ∈ {0, 1} , ∀𝑖, 𝑗 ∈ 𝐶, ∀𝑘, 𝑙 ∈ 𝐻, (25)

𝑡𝑘𝑙 ≥ 0, ∀𝑘, 𝑙 ∈ 𝐻, (26)

𝑔
V
𝑖
≥ 0, ∀V ∈ 𝑉, ∀𝑖 ∈ 𝐻. (27)

The objective function of the given model is to minimize
the total cost including flow costs between all the O-D pairs,
hub, and vehicle fixed costs. Constraint (2) ensures that any
vehicle leaving from any customer must visit exactly one cus-
tomer as the next node, and constraint (3) guarantees that the
number of entering and leaving vehicles to each node is equal.
Constraint (4) ensures that each customer must be assigned
to exactly one hub. Constraints (5)–(7) forbid the illegal
routes, in other words, the routes which do not start and end
at the same hub. Constraint (8) requires that each customer
can be assigned to the hub when it is determined to be
opened. Constraint (9) requires that the total delivery and
pickup loads on any hubdonot exceed the corresponding hub
capacity. Constraint (10) and (11) guarantee that all the traffic
between each O-D pair must be routed via the hub subnet-
work. Constraint (12) requires that the total amounts sending
from any hub to all other hubs are equal to the total sum of
the sending amounts from all customers assigned to the hub.
Similarly constraint (13) also requires that the total amounts
receiving to any hub from all other hubs are equal to the
sum of the receiving amounts to all customers assigned to the
hub. Constraint (14) ensures that the amounts of flow from
hub 𝑘 to hub 𝑙 are equal to the sum of the amounts sending
from all customers whose transportation route includes hub
𝑘 and 𝑙. Constraint (15) requires that the total number of hubs
is 𝑝. Constraints (16)–(21) are valid inequalities proposed
by Karaoglan et al. [1]. Valid inequalities are one of the

most practical ways to strengthen the linear relaxation of
the formulations.These inequalities eliminate some practical
solutions from the solution space such that a stronger lower
bound can be obtained for the problem. Constraints (16) and
(17) prevent generating the subtour among the customers
assigned to the same hub. Constraints (22)–(25) are known
as integrality constraints. The last two of constraints (26) and
(27) are nonnegativity constraints.

3. Endosymbiotic Evolutionary
Algorithm for HLRP

The problem under study is hard to be solved exactly when
the number of nodes increases.Therefore, we propose an EEA
based solutionmethod to get the near optimal solution of the
HLRP within a reasonable time. Kim et al. [20] introduce the
concepts and underlying fundamentals of the EEA. Nowa-
days, the EEAbased algorithms have been applied and proven
to be very effective on combinatorial optimization problems.
Kim et al. [21] apply an EEA to the balancing and sequencing
problems in mixed-model U-shaped lines. Rocha et al. [22]
propose a transgenetic algorithm based on the process of
endosymbiosis for the biobjective minimum spanning tree
problem. Yadav et al. [23] present a robust optimization tech-
nique based on EEA for a multistage, multiperiod logistics
system. Shin et al. [24] provide a multiobjective symbiotic
evolutionary algorithm to solve the hub and spoke location
problem under multiple scenarios. Sun [25] develops an
EEA for the capacitated asymmetric allocation𝑝-hubmedian
problem. He shows that the EEA is a very valuable approach
to design the postal delivery network. In the EEA, the original
problem is split into subproblems, and each subproblem has
a population consisting of a set of elements. An element in
the population for a subproblem can be a part of a com-
plete solution to the original problem. The selection of hub
locations and the vehicle routing decision are regarded as
subproblems in this paper. The EEA well manages two sub-
problems and efficiently acquires high quality solutions of the
entire problem. The EEA is a type of symbiotic evolutionary
algorithm that can consider multiple subproblems at the
same time [26, 27]. When the original problem is interwoven
by multiple subproblems and we want to solve the original
problem as a whole instead of considering them individually,
the EEA can be a good option to search for the solutions
of multiple subproblems concurrently. The EEA considers
each subproblem along with its symbiotic partners, which are
corresponding subproblems, in the original problem during
the evolution. The concurrent consideration of subproblems
may reduce the probability that the algorithm dwells on the
local optimum.

The EEA for the HLRP under consideration breaks down
the original problem into two different subproblems and
it also considers the original problem itself as combined
problem of two subproblems; one is the subproblem for hub
location (SP-H), another is the subproblem for vehicle rout-
ing (SP-V), and the last is the combined problem considering
both hub location and vehicle routing (CP-HV). Two sub-
problems and the combined problems maintain their own
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Figure 2: The concept of the EEA for HLRP (𝑘th generation of EEA).

population. The populations for the subproblems regarding
hub location and vehicle routing in the proposed algorithm
are referred as POP-H and POP-V, respectively. These two
populations play the roles of corresponding symbionts in the
endosymbiotic theory, and individuals in those populations
represent partial solutions of the original problem. Both
populations evolve in such a direction that corresponding
symbionts from both populations cooperate with each other
to find the better solutions to the original problem. Since
individuals in POP-HandPOP-Varemerely partial solutions,
only when corresponding symbionts are combined appro-
priately into the endosymbionts, evaluation of the solutions
to the original problem becomes possible. The population
for the combined problem (POP-HV) plays the role of the
endosymbionts in this algorithm. An endosymbiont carries
the genes of all symbionts, which are partial solutions.
Therefore, individuals in POP-HV represent solutions to the
original problem. The individuals in POP-HV compete for
survival with new offsprings that are generated through the
mating of individuals from POP-H and POP-V. Eventually,
POP-HV evolves toward a better population that contains
better individuals in terms of the original problem. Figure 2
shows the concept of the EEA for the HLRP under consider-
ation and depicts the overall evolution procedure of the pro-
posed EEA with the interactions among POP-H, POP-V, and
POP-HV. In Figure 2, evolution means that the individuals
in POP-H and POP-V are separated but cooperate with each
other while evolving and the individuals in POP-HV compete
with those in POP-H and POP-V, and at the same time they
evolve by themselves while keeping up their combined form
within the population. The detailed procedures of evolution
are described in the following Section 3.1.

3.1. Overall Procedures of EEA. In the algorithm, individuals
in POP-H and POP-V are separately working as partial
solutions but cooperate with each other. To make a complete
solution of the original problem, a pair of individuals from
each subproblem is required. On the other hand, individuals
in POP-HV represent solutions of the original problem
and they compete with those created by combination of
individuals from POP-H and POP-V. In general, the search
efficiency of evolutionary algorithms is often influenced by
population diversity. An evolutionary search with a diverse
population can continue to produce new generations and
thus avoid becoming trapped at local optima [26]. Therefore,
maintaining diverse populations is necessary for the long-
term success of any evolutionary algorithm. Kim et al. [20]
suggest a two-dimensional structure of toroidal grid as a
population topology and the localized interactions among the
populations instead of randomized and scattered interactions
in order to maintain population diversity. They show the
effectiveness of this policy in their previous work. For appro-
priate localized interactions in the processes among popula-
tions, we adopt the same population structure and the topo-
logical locations of corresponding individuals are defined
as follows.

Each population forms a two-dimensional structure of
toroidal grid with the same number of individuals, 𝑛 × 𝑛,
and individuals in the population are mapped into the cells
of the grid. Let (𝑖, 𝑗), 𝑖, 𝑗 = 1, . . . , 𝑛, be the location index in
the 𝑛 × 𝑛 toroidal grids. An individual in the population has
its own location index (𝑖, 𝑗) and is surrounded by 8 neighbor
individuals. The individual has corresponding individuals in
the same geographical location at the toroidal grids of other
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two populations. Hence, when an arbitrary location (𝑖, 𝑗) is
selected at a generation, the neighborhoods of individuals
including (𝑖, 𝑗) at center of the 3 × 3 grid and 8 neighbor
individuals in the POP-H, POP-V, and POP-HV are defined
as NH𝑖𝑗, NV𝑖𝑗, and NHV𝑖𝑗, respectively. Only the individuals
in these three sets of neighborhoods are considered for the
interactions among the three populations at the generation.
The neighborhoods of NH𝑖𝑗 from POP-H and NV𝑖𝑗 from
POP-V cooperate to find a good solution of the problem.
Since each neighborhood contains 9 individuals, 81 (9 × 9)
combinations are considerable as the candidate solutions of
the original problem. The best combination among them is
compared with the current best solution in the algorithm that
competes with 9 individuals in NHV𝑖𝑗 from POP-HV as well.
Based on the interactions among the sets of neighborhoods,
the parallel search with partial solutions from POP-H and
POP-V in subproblems and the integrated search with com-
plete solutions from POP-HV in the combined problem are
carried out simultaneously in all generations.The procedures
of the proposed algorithm proceed as follows.

Step 1 (initialization of population). Generate initial individ-
uals of POP-H, POP-V, and POP-HV, randomly. Set the best
solution value, 𝑓best = −∞.

Step 2 (construction of neighbors). Select an arbitrary loca-
tion (𝑖, 𝑗) and set up the neighborhoods, NH𝑖𝑗, NV𝑖𝑗, and
NHV𝑖𝑗, in each population.

Step 3 (cooperation between subproblems). Consider the
following:

Step 3.1: evaluate the fitness of all possible combina-
tions that can be produced by the concatenation of
individuals in NH𝑖𝑗 and NV𝑖𝑗.

Step 3.2: letℎ𝑝V𝑞 be the best combination among those
evaluated in Step 3.1, which becomes a candidate
endosymbiont.

Step 3.3: if 𝑓(ℎ𝑝V𝑞) > 𝑓best, then update 𝑓best =

𝑓(ℎ𝑝V𝑞) and keep ℎ𝑝V𝑞 as the best solution from
subproblems for the competition in Step 4.

Step 4 (competition between entire problem and subprob-
lems). Consider the following:

Step 4.1: evaluate the fitness of individuals in NHV𝑖𝑗.

Step 4.2: let ℎV𝑏 be the best individual and let ℎV𝑤 be
the worst one in NHV𝑖𝑗.

Step 4.3: if 𝑓(ℎV𝑏) > 𝑓best, then update 𝑓best = 𝑓(ℎV𝑏)
and keep ℎV𝑏 as the current best solution.

Step 4.4: if 𝑓(ℎ𝑝V𝑞) > 𝑓(ℎV𝑤), then replace ℎV𝑤 with
ℎ𝑝V𝑞 in NHV𝑖𝑗.

Step 5 (evolution). Consider the following:
Step 5.1: perform the evolution of individuals in NH𝑖𝑗
by genetic evolution (NH𝑖𝑗, 𝑅𝑐, 𝑅𝑚, 𝑓best).
Step 5.2: perform the evolution of individuals in NV𝑖𝑗
by genetic evolution (NV𝑖𝑗, 𝑅𝑐, 𝑅𝑚, 𝑓best).
Step 5.3: perform the evolution of individuals in
NHV𝑖𝑗 by genetic evolution (NHV𝑖𝑗, 𝑅𝑐, 𝑅𝑚, and
𝑓best).
Step 5.4: release the evolved neighbors, NH𝑖𝑗, NV𝑖𝑗,
and NHV𝑖𝑗, to the population, POP-H, POP-V, and
POP-HV, respectively.

Step 6 (iteration and termination). If the termination criteria
of evolution are met, then stop. Otherwise, go back to Step 2

and repeat the process.

In Step 5, not only POP-HV but also POP-H and POP-
V evolve to find better solutions through competition and
cooperation in the algorithm. Only individuals in the neigh-
borhood in three populations are considered to perform the
evolution. The procedure of genetic evolution used in Step 5

is as follows.

Genetic Evolution (P, 𝑅𝑐, 𝑅𝑚, and 𝑓best)

Step 1 (selection and crossover). First, select individuals from
P using a selection mechanism and a random number is
generated for each selected individual. When the random
number is smaller than or equal to 𝑅𝑐 (crossover rate), the
individual becomes a candidate of crossover operation.Then,
create offspring by applying a crossover operator to a pair of
candidate individuals.

Step 2 (creation of new generation). Individuals for replace-
ment are selected from P and the selected individuals are
replaced by the newly created offspring.

Step 3 (mutation). Select 𝑅𝑚 (mutation rate) individuals from
P and apply mutation operator to each individual.

Step 4 (evaluation and update). Evaluate the newly generated
offspring and update 𝑓best when the fitness of the best
individual is higher than 𝑓best.

Each population requires its unique genetic representa-
tion for the corresponding problem and goes through its
own genetic operations to evolve. The details of genetic
representations and operators are described in the following
sections.

3.2. Genetic Representations. The solution representation
method is very critical to the successful implementation of
EEA to the application area. The number of hubs which will
be open must be specified as 𝑝 at the beginning of the search
process. The proposed EEA contains two different subprob-
lems, SP-H and SP-V. Each subproblem requires different
genetic representation method due to different character-
istics. In this paper, one-dimensional array is used to
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Head part Tail part

Node allocationHub selection

1 0 1 5 8 10 2 3 6 94 7 1

Figure 3: An example of genetic representation for SP-H.

genetically represent individuals for SP-H. According to the
characteristics of SP-H, the length of an individual is equal to
the number of the candidate hub locations plus the number
of customer nodes. Assume that there are three potential hub
locations numbered from 1 to 3 and 𝑝 = 2 is given. Further,
the locations 1 and 3 are selected as hubs and there are ten
customer nodes in the network. Then, binary representation
for hub selection and permutation representation for node
allocation are applied to this study as shown in Figure 3.

After the hub locations are determined, each customer
node is successively allocated to the hub. For the genetic
representation of node allocation, problem specific encod-
ing/decoding method where an individual is encoded as a
permutation of node numbers and then decoded as one-
dimensional array of hub numbers is proposed. In Figure 3,
an individual for node allocation can be represented as (4 7
1 5 8 10 2 3 6 9) which is not an allocation yet. Then each
customer node 𝑖 is considered one by one and assigned to
the hub 𝑘 which has the maximum value of 𝜏𝑖𝑘, defined as
(28). Intuitively, each customer node is likely to be allocated

to the hub which incurs the low vehicle routing costs with the
already allocated customer nodes:

𝜏𝑖𝑘

=

{{

{{

{

1

min𝑗∈𝐴𝑠
𝑘

(𝐷𝑖𝑗)
, if the capacity of hub 𝑘 is not violated

0, otherwise,

(28)

where 𝐴𝑠
𝑘
is the set of customer nodes which are allocated to

hub 𝑘 in the 𝑠th individual. Note that𝐴𝑠
𝑘
also includes the hub

𝑘 itself. This procedure continues until all customer nodes
are allocated to the hubs. The proposed problem specific
decodingmethod guarantees that each decoded solution does
not violate the capacity constraints on hubs.

The MH-VRP considered in this paper assumes that all
the vehicles have an identical capacity. All customers can be
visited only once by a single vehicle for pickup and delivery
respectively. When a new route of vehicle is created a fixed
cost per vehicle is considered in order to minimize the
total number of vehicles used. In order to solve the MH-
VRP, each route of the vehicle should be complied with the
clusters obtained in the corresponding individual of POP-H.
Therefore, a permutation of customer node numbers is used
to genetically represent individuals for MH-VRP. And then
each individual is rearranged according to the clusters of
corresponding symbiotic partner. Let 𝑛𝑖 be the number of
customers who are assigned to hub 𝑖 = 1, 2, . . . , 𝑝. The
following equation illustrates the genetic representation of an
individual for SP-V:

[V11 V12 ⋅ ⋅ ⋅ V1,𝑛
1

| V21 V22 ⋅ ⋅ ⋅ V2,𝑛
2

| ⋅ ⋅ ⋅ | V𝑝1 V𝑝2 ⋅ ⋅ ⋅ V𝑝,𝑛
𝑝
] . (29)

The genetic representation of each cluster is encoded as a
permutation of customer nodes already assigned to the hub.
Its route is constructed by incrementally selecting customers
in consideration of the demand of each customer and the
loading capacity of vehicles until all customers have been
visited. Initially, each vehicle starts at each hub and the set
of customers included in its tour is empty. The unassigned
customers are considered one by one in the order they appear
in the permutation and the storage capacity of the vehicle
is updated before another customer is selected. The vehicle
returns to the depot when the capacity constraint of the
vehicle ismet orwhen all customers are visited.This decoding
method is applied to each cluster successively. It ensures that
the feasibility conditions are not violated by the crossover
operations such that every permutation results in a feasible
solution.

The proposed EEA consists of not only subproblems (SP-
H and SP-V) but also a combined problem (CP-HV). An
individual in POP-HV is a candidate solution for the original
problem and consists of two different parts of genomes;
one has an identical form of the individual in POP-H and
the other has an identical form of the individual in POP-V.
Therefore, an individual in POP-HV is a completely formed

solution for the HLRP under consideration.The genomes for
the hub location and vehicle routing are concatenated in a
row.The genome for the hub location is placed at the head of
the individual and is followed by the genome for the vehicle
routing. The genome at the head and the genome at the tail
use identical genetic representations for SP-Hand SP-Vwhich
are already explained in this section. The concatenation of
two different genes results in a one-dimensional array, but
two separate genes within an individual in POP-HV are het-
erogeneous. Therefore, the genetic operations for POP-HV
are carried out separately in two steps: one for the head and
the other for the tail. Figure 4 shows the genetic representa-
tion of individuals in POP-HV.

3.3. Genetic Operators. At the end of each generation of EEA,
only the individuals in the three neighborhoods, NH𝑖𝑗, NV𝑖𝑗,
and NHV𝑖𝑗, are considered for genetic operations such as
selection, crossover, and mutation to generate new offspring
for the next generation. Since a pair of individuals from each
subproblem is needed to form a complete solution for the
original problem, the individual in the pair shares the fitness
value in the proposed EEA. The higher an individual has
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Hub selection Node allocation Vehicle routing

Head part (genomes for HLP) Tail part (genomes for MH-VRP) 

� � · · · � | � � · · · � | · · · | � � · · · �[ ]11 12 1,n1 21 22 2,n2 p1 p2 p,n𝑝
h1 h2 · · · h|H| | n11 n12 · · · | · · · | np1 np2 · · · np,n𝑝[ ]n1,n1

Figure 4: The genetic representation for the entire problem.

fitness value, the higher it has the chances to participate in
mating pool. In this paper, a stochastic remainder sampling
without replacement method [28] is used for selection oper-
ator. After selection process is completed, members of the
newly generated chromosomes are mated at random. Then,
the crossover operator is applied to produce two offspring. In
this study, we use the position based crossover [28] for HLP
as the following.

Step 1. Two individuals (P1 and P2) in the current neighbor-
hood are selected at random.

Step 2. Select a set of positions from one parent (P1) at
random. Produce a protochild by copying the genes on these
positions into the corresponding positions of it. Delete the
genes which are already selected from the other parent (P2).

Step 3. Place the genes into the unfixed positions of the
protochild from left to right according to the order of the
sequence in P2 to produce one offspring. This process is
applied to each genome for hub selection and node allocation
successively.

Further, we present a modified order crossover (MOX)
operator for MH-VRP and its procedure can be explained as
the following.

Step 1. Two individuals (P1 and P2) in the current neighbor-
hood are selected at random.

Step 2. A vehicle number used in one parent (P1) is randomly
chosen. The corresponding genes, which are the sequence
of customer indices for the chosen vehicle, are copied to
the beginning of the new offspring. The indices of already
inherited genes from P1 are deleted from the other parent
(P2).

Step 3.The remaining genes in P2 are copied into the offspring
in the order inwhich they appear in P2.This process is applied
to each cluster successively.

The proposed MOX operator is illustrated with an exam-
ple as follows. Assume that there are 12 customer nodes of the
first cluster only for simplicity, nodes 1, 5, 7, and 9 are assigned
to vehicle 1, nodes 2, 4, 8, 11, and 10 are assigned to vehicle 2,
and nodes 3, 6, and 12 are assigned to vehicle 3, respectively.
Assume that the randomly selected vehicle in the parent 1 is
vehicle number 1. Then possible generation of offspring can
be described as shown in Figure 5.

1 5 7 9 2 4 8 11 10 3 6 12

6 9 3 2 4 1 5 10 7 8 12 11

1 5 7 9 6 3 2 4 10 8 12 11

P1
P2

Figure 5: An example of the proposed MOX operator.

In addition, a swap mutation operator is used which
selects randomly two nodes in different clusters and swaps
their assigned hubs. If the feasibility is violated by the
mutation operator a penalty is imposed to the fitness function
when the individual is evaluated.

To improve the quality of solutions for the various combi-
natorial optimization problems, various local searchmethods
have been applied to the evolutionary algorithm. In this paper
we adopt the 2-opt exchange method to improve the quality
of solution for theMH-VRP. For each pair of customers in the
route of each vehicle, the 2-opt exchange heuristic swaps their
locations in the route andfinds the best combination resulting
the most great improvements. It has been applied to only the
elite individual of the neighborhoods, NH𝑖𝑗, NV𝑖𝑗, andNHV𝑖𝑗
in each generation after crossover andmutation operators are
finished.

4. Computational Results

This section evaluates the effectiveness of the proposed EEA
through a comparative study. For this purpose, the proposed
algorithm is programmed inC++ and run on a personal com-
puter with a 3.6GHz Pentium 4CPU and 8.0GB RAM. The
parameters in EEA have been determined via the preliminary
experiments. A 10 × 10 toroidal grid is used for POP-H, POP-
V, and POP-HV. Thus the size of each population is 100. The
crossover rate and the mutation rate are set to 0.8 and 0.05,
respectively. To determine the crossover rate (p crossover)
and mutation rate (p mutation), an experimental design is
developed at different levels. We tested p crossover values
in the range of [0.5, 0.9] with an increment of 0.1 and
p mutation values of 0.01, 0.05, 1.0, 1.05, and 2.0. Finally
we selected the pair, p crossover = 0.8 and p mutation =
0.05, which gives the highest performance.When the current
number of generations reaches at a specified maximum
number depending on the size of solution space, the proposed
algorithm terminates.

Computational experiments are carried out to evaluate
the effectiveness of the proposed EEA over multiple ant
colony optimization (ACO) algorithm which is one of the
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Table 1: Computational results from ACO and EEA.

Problem
number

Number of
customers

Number of
candidate hubs

Number
of clusters

Clustering
ratio

ACO EEA
Cost CPU Cost CPU Improvement ratio (%)

1 100 10 0 — 1523.7 2.66 1453.2 3.88 4.85
2 100 10 3 0.5 1497.3 2.37 1436.5 4.25 4.23
3 100 10 3 1.0 1473.5 3.12 1438.1 3.69 2.46
4 100 10 5 0.5 1383.9 3.55 1328.8 4.72 4.15
5 100 10 5 1.0 1358.6 2.78 1315.0 3.55 3.32
6 100 20 0 — 1465.8 2.94 1408.5 3.90 4.07
7 100 20 3 0.5 1429.2 3.48 1366.3 4.84 4.60
8 100 20 3 1.0 1392.0 4.25 1321.5 4.62 5.33
9 100 20 5 0.5 1277.4 3.83 1236.9 5.02 3.27
10 100 20 5 1.0 1261.5 4.33 1218.4 5.73 3.54
11 200 10 0 — 2858.3 10.38 2710.7 15.58 5.45
12 200 10 3 0.5 2644.0 13.73 2518.3 14.25 4.99
13 200 10 3 1.0 2569.8 12.92 2496.4 15.39 2.94
14 200 10 5 0.5 2378.2 12.80 2272.9 14.26 4.63
15 200 10 5 1.0 2318.7 13.19 2258.5 13.81 2.67
16 200 20 0 — 2749.0 13.05 2567.3 16.35 7.08
17 200 20 3 0.5 2562.6 15.06 2418.6 18.29 5.95
18 200 20 3 1.0 2461.9 14.77 2319.1 17.72 6.16
19 200 20 5 0.5 2146.2 15.20 2045.8 18.30 4.91
20 200 20 5 1.0 2123.7 14.58 2037.5 16.08 4.23

most recent LRP heuristic by Ting and Chen [29]. We
generated a test set that consists of a wide variety of problems.
In the experiment, the number of customers was set at levels
100 and 200, whereas the number of candidate hubs was set
at 10 and 20. Spatial distribution of customers may also affect
the performance of the algorithms. It is considered by two
factors: number of clusters and clustering ratio. The number
of clusters is set at levels 0, 3, and 5, where level 0 refers to uni-
formly distributed customers. The clustering ratio is defined
as the ratio of number of customers that belong to a cluster
to the total number of customers. This factor is set at levels
50% and 100%. For all the instances, we generated customer
demand from an uniformdistribution in the range of [10, 20].
And vehicle capacity is set to 150 which corresponds to an
average 10 customers on a route. The values of discount
factors for transfer and routing are set to 𝛼 = 0.75 and 𝛽 = 2.
In all of these instances, hub fixed cost was set equal to 10.0
for all hubs and vehicle fixed cost to 1.0 for all vehicles. The
comparison of computational results is given in Table 1.

In Table 1, columns 1, 2, 3, 4, and 5 indicate the problem
number of test problems, the number of customers, the num-
ber of candidate hub locations, the number of clusters, and
clustering ratio, respectively. The sixth and seventh columns
show the solution values and CPU times (in seconds)
obtained from the ACO algorithm.The results from the pro-
posed EEA are reported in the eighth to tenth columns. The
improvement ratio in column ten indicates the relative
improvement ratio of solutions obtained by EEA over ACO.
Each entry of the solution value obtained by EEA and ACO

is the average of the 10 runs. Though we tried to solve
the proposed 0-1 mixed integer programming model using
Xpress-MP 7.6, commercial optimization software, we found
that the mathematical formulation for the HLRP could not
get the optimal solutions for the test problems with more
than 10 nodes in a reasonable computational time.Themath-
ematical programming approach is not practical to obtain
a solution for the real sized problems.

The results of computational experiments indicate that
the proposed EEA outperforms the existing ACO based solu-
tion method and generates 2.46% ∼ 7.08% improved solu-
tions. As shown in Table 1, the proposed EEA provided better
solutions in all test problems than the ACO algorithm.These
encouraging results are due to the characteristics of EEA
which it is originally designed to handle complex structures
consisting of multiple subproblems. The distinguishing fea-
ture of the proposed EEA is that it maintains endosymbionts
that are a combination of an individual and its symbiotic
partner. The existence of endosymbionts can accelerate the
speed that individuals converge to good solutions. It seems
that the EEA can take advantage of a proper balance between
the parallel search with partial solutions and the integrated
search with entire solutions. This enhanced capability of
exploitation together with the parallel search capability of
traditional symbiotic algorithms results in finding better
quality solutions than existing hierarchical approach based
on ACO algorithm. As distribution costs account for a
large portion of the company costs in most industries, it is
readily justified to invest more computation time in order
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Figure 6: Progresses of the best solutions in the EEA and ACO
algorithm.

to improve the solution quality even by a small amount. It
can be observed that the computation times required by both
algorithms increase by approximately the same factor as the
number of customers increases.

In addition, the progresses of the best solutions in both
algorithms have been compared. For the experiment, prob-
lem number 16 in Table 1 is used. It consists of 200 customers
and 20 candidate hub locations. Figure 6 shows the progress
of the best solutions in each generation for the test problem
from the EEA and ACO algorithm. Lines in the figure
represent the change in the value of the best solutions in both
approaches during the evolution.

5. Conclusion

In this paper we considered the capacitated HLRP which is
composed of two subproblems, HLP and MH-VRP, encoun-
tered in postal delivery service. We developed a 0-1 mixed
integer programming model and proposed a new integrated
approach based on EEA in order to solve the combined
problem simultaneously. In the HLRP, the hub selections and
customer allocation decisions will affect the total cost of vehi-
cle routes and the structure of vehicle routes will also affect
the decisions of hub selections and allocation of customers
to hubs. The proposed EEA iterates between location and
routing phases in order to search for better solutions. The
experimental results show that the proposed EEA outper-
forms the existing heuristic. The encouraging results suggest
that the proposed EEA can be a valuable approach to design
the postal delivery network and it can be applied to other
combinatorial problems that contain multiple levels of deci-
sion making.

In the future research, a parallel implementation of the
EEA can be considered for the rapidity of convergence in
search process. Another future work is the development of

robust optimization scheme in the environment of demand
uncertainty.
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