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We discuss the pseudo measurement method which is one of the main approaches to equality-constrained state estimation for a
dynamic system.We demonstrate by the fundamental theory of Kalman filtering that reviewing the equality constraint as a pseudo
measurement seems questionable. The main reason is that the additional pseudo measurement is actually a constant here which
cannot help to estimate the state.More specifically, when the states in an unconstrained dynamic systemmodel have already satisfied
the equality constraint, the extra constraint is obviously not necessary. When the true equality-constrained states do not satisfy the
unconstrained dynamic process equation, the effect of pseudo measurement is projecting the estimate which is not optimal onto
the constraint set. However, since the performance of a projected estimate is also certainly influenced by its original estimate, we
show through a numerical example that the pseudo measurement method is not always a good choice, especially when the process
equation mismatch is large.

1. Introduction

In practice, filtering problems often have certain inherent
and known constraints in the physical dynamic systems [1],
for example, target tracking [2, 3], robotics [4], multisensor
data fusion [5, 6], vision-based systems [7], econometric
modeling [8], biomedical systems [9] and others [10, 11]. For
equality-constrained state estimation, numerous approaches
have been developed, for example, the model reduction
method [5, 6, 12], the pseudo measurement method [13–18],
the estimate projectionmethod [19, 20], the systemprojection
method [21], the gain projectionmethod [22], and some other
methods [11, 23].

Among thesemethods, the pseudomeasurementmethod
has been deeply investigated. This method is to augment the
measurement space of the filter with the equality constraints
(i.e., as perfect noise-free measurements) at each iteration.
It is clearly simple and easy to be implemented. However,
since the pseudomeasurements are error free, the augmented
measurement noise has a singular covariance. Numerical
problems may arise when the Kalman filtering is applied.
Moreover, the increase in the dimension of the augmented
measurement will increase the computational burden of

the state estimator [20]. In order to deal with this problem,
Duan and Li proposed two sequential forms of the pseudo
measurement method in [18]. By the sequential forms, they
computed the equivalence of Kalman filtering with and
without pseudo measurement and proved that, under certain
conditions, the use of the pseudo measurement for filtering
is redundant. There are also many discussions about the
equivalence between the pseudo measurement method and
the others (see [17, 24–26]). Gupta [24] proved that, under
certain conditions, the pseudo measurement method and
the estimate projection method result in mathematically
equivalent constrained estimate structures. Moreover, this
equivalent estimate has a smaller error covariance than that
of the unconstrained state estimate [20].

In this paper, we discuss the reasonability of the pseudo
measurement method. By the fundamental theory of Kalman
filtering, we demonstrate that reviewing the equality con-
straint as a pseudo measurement seems questionable. The
main reason is that the additional pseudo measurement is
actually a constant here which cannot help to estimate the
state. More specifically, when the states in an unconstrained
dynamic system model have already satisfied the equality
constraint, the extra constraint is obviously not necessary.
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When the true equality-constrained states do not satisfy
the unconstrained dynamic process equation, but they are
actually observed, that is, the true state only satisfies the
measurement equation, the optimality of Kalman filtering
is of course lost. The effect of pseudo measurement in this
case, as said by Gupta [24], is to project the estimate which is
not optimal onto the constraint set. Therefore, when such an
estimate is outside the constraint set, the projected estimate
will of course be better than the Kalman filtering without
the pseudo measurement. Our analysis seems more straight-
forward and essential. Moreover, since the performance of a
projected estimate is also certainly influenced by its original
estimate, we show through a numerical example that the
pseudo measurement method is not always a good choice
especially when the process equation mismatch is large.

This paper is organized as follows. In Section 2, problem
formulation and a brief summary of the pseudomeasurement
method are presented. In Section 3, we demonstrate that
the pseudo measurement method is redundant simply by
using the fundamental theory of Kalman filtering rather
than computing the equivalence of Kalman filtering with and
without pseudo measurement. We also discuss the pseudo
measurement method in the mismatch process equation.
Numerical examples are provided in Section 4. Finally, we
present our conclusions in Section 5.

2. Problem Formulation

Consider the following dynamic system:
𝑥𝑘+1 = 𝐹𝑘𝑥𝑘 + ]𝑘, (1)

𝑦𝑘 = 𝐻𝑘𝑥𝑘 + 𝜔𝑘, (2)
where 𝑥𝑘 ∈ R𝑚 is the system state, 𝑦𝑘 ∈ R𝑛 is the
measurement vector, and the process noise ]𝑘 ∈ R𝑚 and
measurement noise 𝜔𝑘 ∈ R𝑛 are zero-mean white noise
sequences with the following covariances
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where 𝛿𝑘−𝑗 is the Kronecker delta function, that is 𝛿𝑘−𝑗 = 1

if 𝑘 = 𝑗 and 𝛿𝑘−𝑗 = 0 if 𝑘 ̸= 𝑗. Matrices 𝐹𝑘 and 𝐻𝑘 are of
appropriate dimensions. It is known that the state vector 𝑥𝑘

in (1) is subject to the following linear equality constraint:
𝐷𝑘𝑥𝑘 = 𝑑𝑘, (4)

where 𝐷𝑘 is a known constant matrix and 𝑑𝑘 is a known
constant vector.

To deal with this problem, the pseudo measurement
method first augments themeasurement space of the filtering
with the equality constraints (i.e., as perfect noise-free mea-
surements) at each iteration and rewrites the measurement
equation (2) as partitioned form accordingly:

(

𝑦𝑘

𝑑𝑘

) = (

𝐻𝑘

𝐷𝑘

)𝑥𝑘 + (

𝜔𝑘

0

) (5)

and the state equation (1) is not changed. Then classic
Kalman filtering can be used to estimate the state vector in
the remodeled dynamic system (1) and (5). The details are
omitted here.

Remark 1. Wemust notice that themodification from (2) and
(4) to (5) is not equivalent. The state vector 𝑥𝑘 is random
and its value depends on the sample of the process noise
]𝑘. However, the equality constraint equation (4) of the state
exists objectively. For example, a car moves on a road. It
means that every possible sample of the state 𝑥𝑘 should satisfy
the equality constraint. On the other hand, if we take the
equality constraints as a pseudo measurement (5), it only
requires the currentmeasured sample of state 𝑥𝑘 to satisfy the
equality constraint and does not restrict all possible values of
𝑥𝑘 in the constraint set.Therefore, the equality constraint has
been changed significantly in this method.

In fact, the true state vector 𝑥𝑘 must satisfy the equality
constraint equation (4). However, in practice, we often give
the dynamic system equation (1) at first. Then, if we get extra
information about the state vector, we give the additional
constraint (4). In this situation, usually, 𝑥𝑘 in (1) cannot be
guaranteed to satisfy the equality constraint equation (4). We
call the process equation in this situation mismatch. In the
following, we will discuss the pseudo measurement method
in the cases of both an exactly matched process equation and a
mismatched process equation.

3. Analysis of Pseudo Measurement Method

In this section, we will discuss the pseudo measurement
method for more details. From Section 2, we can see that the
essence of the pseudo measurement method is augmented
measurement Kalman filtering. Kalman filtering is the best
known recursive least mean square error (LMSE) algorithm
to optimally estimate the unknown state of a dynamic
system. For later use with analyzing the pseudomeasurement
method, we first present the famous LMSE estimate theorem
(see [27]).

Lemma 2. Let the random variable

(

𝑥
𝑇

𝑦
𝑇
) (6)

have mean and covariance

(

𝑚𝑥

𝑚𝑦

) , (

Σ𝑥𝑥 Σ𝑥𝑦

Σ𝑦𝑥 Σ𝑦𝑦

) . (7)

Then, the LMSE estimate of 𝑥 using 𝑦 is given by

𝑥 = 𝑚𝑥 + Σ𝑥𝑦Σ
†

𝑦𝑦
(𝑦 − 𝑚𝑦) , (8)

where † denotes the pseudoinverse.

We denote the following:

𝑥𝑘|𝑘 is the estimation of the dynamic system equations
(1)-(2) by Kalman filtering;
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𝑥𝑘|𝑘 is the estimation of the augmented dynamic
system equations (1), (5) by Kalman filtering, that is,
the pseudo measurement method.

We have the following theorem for the pseudo measurement
method with exactly matched process equation.

Theorem3. If the two estimators are initialized by the same 𝑥0
and error covariance matrix 𝑃0, the use of the pseudo measure-
ment for exactly matched process equation is redundant; that
is,

𝑥𝑘|𝑘 = 𝑥𝑘|𝑘. (9)

Proof. When the process equation is exactly matched, the
pseudo measurement method is just a recursive LMSE
estimation using all observations (𝑦1, . . . , 𝑦𝑘, 𝑑𝑘) to estimate
𝑥𝑘. Since 𝑑𝑘 is a constant vector, Cov(𝑥𝑘, 𝑑𝑘) = 0. According
to Lemma 2, it is no use to estimate 𝑥𝑘 by a constant vector 𝑑𝑘.
Thus, it is easy to see that the pseudo measurement method,
which adds a constant vector 𝑑𝑘 to estimate the state vector
𝑥𝑘, is redundant for the LMSE estimation; that is, 𝑥𝑘|𝑘 =

𝑥𝑘|𝑘.

Gupta [24] proved that under certain conditions, the
pseudo measurement method and the estimate projection
method result in mathematically equivalent constrained esti-
mate structures. Moreover, this equivalent estimate has a
smaller error covariance than that of the unconstrained state
estimate [20]. This is to say the estimation 𝑥𝑘|𝑘 given by
the pseudo measurement method should satisfy the equality
constraint equation (4) and its result is better than 𝑥𝑘|𝑘; that
is,

𝐷𝑘𝑥𝑘|𝑘 = 𝑑𝑘, cov (𝑥𝑘 − 𝑥𝑘|𝑘) ≤ cov (𝑥𝑘 − 𝑥𝑘|𝑘) . (10)

By Gupta’s conclusion, the estimate of pseudo measure-
mentmethod, 𝑥𝑘|𝑘 is the projection of 𝑥𝑘|𝑘 onto the constraint
set. However, we have 𝑥𝑘|𝑘 = 𝑥𝑘|𝑘 in Theorem 3. In fact,
Theorem 3 does not contradict Gupta’s conclusion, since,
in the following corollary, we show that 𝑥𝑘|𝑘, without the
pseudo measurement in Theorem 3, has already satisfied the
constraint.

Corollary 4. If the state vector in (1) has already satisfied
the equality constraint equation (4), the estimate by Kalman
filtering without the pseudo measurement must satisfy the
constraint; that is, 𝐷𝑘𝑥𝑘|𝑘 = 𝑑𝑘.

Proof. Aswe know, the estimate 𝑥𝑘|𝑘 of Kalman filtering is the
LMSE estimate. By Lemma 2, we have

𝑥𝑘|𝑘 = 𝐸𝑥𝑘 + Cov (𝑥𝑘, 𝑌𝑘)Var𝑌
†

𝑘
(𝑌𝑘 − 𝐸𝑌𝑘) ,

(11)
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Multiplying both sides of (11) by the same matrix𝐷𝑘,

𝐷𝑘𝑥𝑘|𝑘 = 𝐷𝑘 [𝐸𝑥𝑘 + Cov (𝑥𝑘, 𝑌𝑘)Var𝑌
†
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(13)

We complete the proof.

Remark 5. By Corollary 4, Gupta’s conclusion and the con-
clusion in Theorem 3 are consistent. Since 𝑥𝑘|𝑘 satisfies the
constraint, the projection of 𝑥𝑘|𝑘 onto the constraint set is still
equal to itself. Thus, we show 𝑥𝑘|𝑘 = 𝑥𝑘|𝑘 in another way.

ByGupta’s conclusion, although the pseudomeasurement
can make the estimate better than the estimate without the
pseudo measurement in the case of mismatched process
equation, we have to note that the model mismatch is also an
important factor in estimation performance. In practice, it is
quite possible for a large mismatch to result due to an extra
constraint, especially when the constraint not only constrains
the trajectory of target but also significantly changes its
moving conditions. For example, if the unconstrained process
equation originally presents a car as moving on a high
way, then one discovers that it is moving on a countryside
road. In this case, the velocity of the car and road noise
would be very different; that is, the original process equation
mismatches the present state significantly. In the next section,
we will show through a numerical example that the pseudo
measurement method is not always a good choice when the
process equation mismatch is large.

4. Numerical Examples

In this section, simulations will be done for a dynamic system
with equality constraints.We discuss the performances of the
pseudo measurement method in both an exactly matched
process equation and a mismatched process equation.

Example 1 (exactly matched process equation). A two-
dimension target tracking problem is considered. The target
dynamic models are given as (1)-(2). The first two elements
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of the state vector are positions in two coordinates and the
last two elements of the state vector are their velocities,
respectively. The state transition matrices

𝐹𝑘 = (

1 0 𝑇 0

0 1 0 0

0 0 1 0

0 0 0 1

), (14)

and the measurement matrix is given by

𝐻𝑘 = (

1 0 0 0

0 1 0 0

) . (15)

The target starts at x0 = (50, 10, 1, 1)
𝑇, 𝑇 = 1. The covariance

matrices of the noises are given by

𝑅]𝑘 = (

1 0 0 0

0 0 0 0

0 0 1 0

0 0 0 1

), 𝑅𝜔𝑘
= (

1 0

0 1

) . (16)

It is clear that the target moves along a line and the state
satisfies the following equality constraint:

𝐷𝑥𝑘 = (0 1 0 0) 𝑥𝑘 = 10. (17)

Using 100 Monte-Carlo runs, we can evaluate the estimation
performance of an algorithm by estimating the second
moment of the tracking error:

𝐸
2

𝑘
=

1

100

100

∑

𝑗=1

[(𝑥
(𝑗)

𝑘|𝑘
(1) − 𝑥𝑘 (1))

2

+ (𝑥
(𝑗)

𝑘|𝑘
(2) − 𝑥𝑘 (2))

2

] ,

𝑘 = 1, 2, . . . , 50.

(18)

Figure 1 compares the tracking errors of Kalman filtering
with and without pseudo measurement. The performance
of the pseudo measurement method is the same as that of
Kalman filtering.Theuse of pseudomeasurement for filtering
is redundant.

Figure 2 shows the estimates of Kalman filtering and
those of the pseudo measurement method are equal and
satisfy the equality constraint.

Example 2 (mismatched process equation). The true dy-
namic equations of the states are the same as in Example 1.
However, one case of a mistaken process equation would be

𝑥𝑘+1 = 𝐹𝑘𝑥𝑘 + ]̃𝑘, (19)

where

𝐹𝑘 = (

1 0 𝑇 0

0 1 0 𝑇

0 0 1 0

0 0 0 1

), �̃�]𝑘 = (

0.1 0 0 0

0 0 0 0

0 0 0.1 0

0 0 0 0.1

) .

(20)
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Figure 1: Comparison of Kalman filtering and the pseudomeasure-
ment method.
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Figure 2: Estimates of Kalman filtering and the pseudo measure-
ment method.

The target starts at x0 = (50, 10, 1, 1)
𝑇, 𝑇 = 1. The mea-

surement equation is the same as in Example 1. We get the
additional information that the state satisfies the following
equality constraint:

𝐷𝑥𝑘 = (0 1 0 0) 𝑥𝑘 = 10. (21)

In the following, we will compare the tracking errors
of three algorithms, that is, standard Kalman filtering,
the pseudo measurement method, and the measurement
projection method. The measurement projection method
directly projects themeasurement onto the constraint set and
takes this projection of the measurement as the estimate.
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Figure 3: Estimates of Kalman filtering and the pseudo measure-
ment method.

It is obvious that the measurement projection method is only
a choice of state estimation and certainly not optimal in the
MSE sense. However, the measurement projection method
seems to be a better choice than the pseudo measurement
method when the mismatch of the process equation is large.

Figure 3 shows that the estimates of the pseudo measure-
ment method are really the projection of Kalman filtering
onto the constraint set.

Using 100 Monte-Carlo runs, Figure 4 shows that the
performance of the pseudo measurement method is better
than that of Kalman filtering. However, the performances of
both algorithms are worse than those of the measurement
projection method. This is because the measurement projec-
tion method does not use the wrong process equation.

Remark 6. From this example, we should notice that the
pseudo measurement method has a smaller error covariance
than that of Kalman filtering, but the improvement is small
and may not significantly neutralize the bad effects of the
mismatched process equation. This is to say that we would
rather discard the mismatched process equation than use it
when the process equation mismatch is large.

5. Conclusion

In this paper, we discuss the pseudo measurement method
in both an exactly matched process equation case and a mis-
matched process equation case. We show simply that the use
of pseudomeasurement for filtering is redundant when states
in the process equation satisfy the equality constraint. When
the process equation is mismatched, that is, its states do not
satisfy the equality constraint, although the pseudo measure-
ment method is better than the unconstrained state estimate,
its performance is still not good enough to neutralize the
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Figure 4: Comparison of the three methods.

bad effects of the mismatch process equation. This suggests
that when the additional information not only constrains the
trajectory of a target but also significantly changes its moving
conditions, remodelling the process equation should be a
better choice in the mismatched process equation case.
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