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The presence of a weak layer in a slope requires special attention because it has a negative impact on slope stability. However,
limited insight into the seismic stability of slopes with a weak layer exists. In this study, the seismic stability of a pile-reinforced
slope with a weak thin layer is investigated. Based on the limit analysis theory, a translational failure mechanism for an earth slope
is developed. The rotational rigid blocks in the previous rotational-translational failure mechanism are replaced by continuous
deformation regions, which consist of a sequence of 𝑛 rigid triangles. The predicted static factor of safety and collapse mechanism
in two typical examples of slopes with a weak layer compare well with the results obtained from the available literature and by
using the Discontinuity Layout Optimization (DLO) technique. The lateral forces provided by the stabilizing piles are evaluated
using the theory of plastic deformation. An analytical solution for estimating the critical yield acceleration coefficient for the
pile-reinforced slopes is derived. Based on the proposed translational failure mechanism and the corresponding critical yield
acceleration coefficient,Newmark’s analytical procedure is employed to evaluate the cumulative displacement. Considering different
real earthquake acceleration records as inputmotion, the effect of stabilizing piles and varying the spacing of piles on the cumulative
displacement of slopes with a weak layer is investigated.

1. Introduction

Many catastrophic slope failures have been reported in
the past due to earthquakes. Estimation of the stability of
slopes subjected to seismic loads is a very important task in
geotechnical engineering. There are two practical estimation
methods that exist for this problem: the first one is calculating
the factor of safety of slopes by considering pseudostatic
earthquake body forces within a soil mass (e.g., Seed et al.
[1]; Seed [2]; Chen [3]). The concept of factor of safety has
been widely used because it is simple and straightforward
extension of static considerations. However, it provides no
details regarding the shaking process. On the other hand,
the technique of slopes stabilized by reinforcement is widely
employed by geotechnical engineers to enhance the stability
of slopes. The pseudostatic approach may underestimate the

stability of reinforced slopes for large earthquake acceleration
in engineering design (Ling et al. [4]; Michalowski [5]).

The second one calculates the cumulative displacement
subjected to seismic loads. The most common approach is
Newmark’s [6] sliding block method, which calculates the
cumulative displacement of slopes by integrating earthquake
acceleration in a one-block translational mechanism. This
approach has the advantage of providing information during
an earthquake and being less time consuming; it has been
further extended to the rotational mechanism (e.g., Chang
et al. [7]; Li et al. [8]) and multiblock mechanism (e.g.,
Michalowski [9]) of slope through limit analysis. Moreover,
this approach has been employed for the seismic displace-
ments of reinforced slopes by other researchers (e.g., Ling et
al. [4]; Ling and Leshchinsky [10]; Michalowski and You [11];
He et al. [12]).
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In engineering practice, the existence of a weak layer
in slopes requires special attention because the low shear
strength of a weak layer has an adverse effect on the perfor-
mance of a slope. The previous studies on slopes with a weak
layer were performed under the static condition. Fredlund
and Krahn [13] compared several methods for analyzing the
stability of a nonhomogeneous soil slope with a weak layer.
Moreover, finite element (FE) analysis, incorporated with the
shear strength reduction technique, was applied to investigate
the stability of a slope with a weak layer (Griffiths and
Marquez [14]; Ho [15]). Based on the upper-bound method,
Huang et al. [16] proposed a rotational-translational collapse
mechanism to assess the factor of safety of slopes with a weak
layer. Their analytical results were verified using the finite
element method. However, few studies have been conducted
regarding evaluating the seismic performance of slopes with
a weak layer.

In this study, a translational failure mechanism is devel-
oped to evaluate the stability of slopes with a weak layer,
which is validated using other solutions with respect to the
static factor of safety. Furthermore, a pseudostatic method
is employed within the limit analysis framework to calculate
the critical yield acceleration coefficient of a reinforced slope.
Finally, considering different real earthquake acceleration
records as input motion, Newmark’s analytical approach is
used to assess the cumulative displacement of two typical
cases of slopes with a weak thin layer.

2. Critical Yield Acceleration Coefficient for
Pile-Reinforced Slopes with a Weak Layer

In limit analysis theory, soil is assumed to deform plastically
according to the normality rule associated with the Mohr-
Coulomb yield criterion (e.g., Lu et al. [17]). For homoge-
neous slopes, the rotational log-spiral failure mechanism has
been found to be the most adverse for the stability of slopes
(e.g., Chen [3]; Chang et al. [7]; Li et al. [8]; Gao et al. [18]; Gao
et al. [19]). When a weak layer exists (the strength of a layer is
relatively weak) in a slope, the slip surface of the soil slides
along the weak layer (Griffiths and Marquez [14]; Huang
et al. [16]). Therefore, the weak layer governs the failure
mechanism and the conventional rotational log-spiral failure
mechanism is not suitable. Farzaneh et al. [20] developed
a rotational-translational mechanism to solve the bearing
capacity problems. Recently, Huang et al. [16] proposed
a rotational-translational mechanism, which contains three
rigid blocks, for a slopewith aweak layer, as shown in Figure 1.
The velocity of block 𝑏 is V𝑏, while the angular velocities of
block 𝑎 and block 𝑐 are 𝜔𝑎 and 𝜔𝑐, respectively. Every point
on discontinuous surfaces FN and O’M should satisfy the
kinematically admissible velocity. Thus, computational effort
is needed to determine those discontinuous surfaces, which
might become an issue when deriving upper-bound limit
solution in seismic analysis.

In this study, a translational failure mechanism was
developed. As shown in Figure 2, the rigid rotational blocks 𝑎
and 𝑐 (see Figure 1) were replaced by continuous deformation
regions 𝑎 and 𝑐 (log-spiral shear zones), consisting of a
sequence of 𝑛 rigid triangles. These triangles satisfy the
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Figure 1: Rotational-translational mechanism (after Huang et al.
2013 [16]).

admissible velocity field of every discontinuous surface. The
number of triangles in those regions can be increasedwithout
extra analytical effort.Those continuous deformation regions
𝑎 and 𝑐 are separated by the translational rigid block 𝑏. Due
to velocity discontinuities between adjacent blocks, energy
is dissipated at their interfaces. The velocity hodographs are
shown in Figure 3, in which V𝑏 is the velocity of rigid block
𝑏; V𝑎ℎ is the velocity at the end point𝑁 of the log-spiral shear
zone 𝑎; V𝑐0 is the velocity at the start point𝑀 of the log-spiral
shear zone 𝑐.Thedirections of the velocities incline at an angle
𝜓 = 𝜑 with the corresponding discontinuous surfaces. These
velocities constitute a kinematically admissible velocity field.

According to the theory of limit analysis, the slopes will
collapse if the rate of work performed by external forces
and soil weight exceeds the energy dissipation rate for any
assumed kinematically admissible failure mechanism. The
rate of external work due to the soil weight in this transla-
tional failure mechanism is the sum of different elements:

𝑊
𝛾
= 𝑊𝑎 +𝑊𝑏 +𝑊𝑐. (1)

The external work due to the self-weight of the log-spiral
shear zones 𝑎 and 𝑐 can be expressed as
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Figure 2: Translational collapse mechanism for pile-reinforced slopes with a weak layer.
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Figure 3: Velocity hodographs at points (a)𝑀 and (b)𝑁.

The external work due to the self-weight of block 𝑏 can be
written as

𝑊𝑏 = 𝑚𝑏𝑔 sin (𝛿 − 𝜑2) V𝑏 = 𝛾𝑆𝑏 sin (𝛿 − 𝜑2) V𝑏, (3)

where 𝑟𝑎 and 𝑟𝑐 are the radius of the log-spiral with respect
to angles 𝜃𝑎0 and 𝜃𝑐0, respectively; 𝛾 is the unit weight of the
soils; 𝜑1 and 𝜑2 are the internal friction angles of the soils,
respectively. 𝑙𝑎 and 𝑙𝑐 are shown in Figure 2; 𝑆𝑏 is the area of
block 𝑏.

Once the slope with a weak layer is subjected to seismic
loads, the rate of the inertial force should be considered
in the energy balance equation. The collapse mechanism is
considered as an incipientmechanism and does not influence
the shaking mode (Li et al. [8]; He et al. [12]). The effects
of the seismic loads acting on the potential sliding mass are
represented by horizontal forces applied to the center of soil

mass.The rate of external work due to the inertial force is the
sum of different elements

𝑊
𝑠
= 𝑊
𝑠

𝑎
+𝑊
𝑠

𝑏
+𝑊
𝑠

𝑐
. (4)

The external work due to the inertial force of log-spiral shear
zones 𝑎 and 𝑐 can be expressed as
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(5)

The external work due to the inertial force of block 𝑏 can be
written as

𝑊
𝑠

𝑏
= 𝑘𝑚𝑏𝑔 cos (𝛿 − 𝜑2) V𝑏 = 𝑘𝛾𝑆𝑏 cos (𝛿 − 𝜑2) V𝑏. (6)

The technique of stabilizing piles, which has been proven
as an efficient approach to enhancing the stability of a slope,
is widely adopted in geotechnical engineering practice. It
provides lateral force for resistance to the sliding of a slope
(He et al. [21]).The total energy dissipation of pile-reinforced
slopes is the sum of𝐷𝑐 and𝐷𝑝, which can be expressed as

𝐷 = 𝐷
𝑝
+ 𝐷
𝑐
, (7)

where 𝐷𝑝 is the rate of work dissipation caused by the piles;
𝐷
𝑐 is the rate of energy dissipation of soil cohesion. To

calculate the effect of the piles, a lateral force is assumed to
act at the potential failing surface.The energy dissipation rate
can be written as

𝐷
𝑝
= 𝐹𝑝V𝑖 cos (𝛿 − 𝜑2) , (8)

where 𝐹𝑝 is the lateral force exerted by the piles per unit
thickness of the sliding mass; V𝑖 is the velocity of the sliding
soil.

The theoretical method proposed by Ito and Matsui [22]
was adopted in this analysis to calculate lateral force𝐹𝑝 acting
on the piles. The lateral force 𝐹𝑝 can be expressed as follows:
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(9)

where 𝐷1 is the center-to-center spacing between neigh-
boring piles; 𝐷2 is the clear spacing between neighboring

piles; 𝐻 is the height of the unstable soil layer from the
ground surface to the slip surface; 𝑁𝜑 = tan2 (𝜋/4 + 𝜑/2);
𝐴 = 𝐷1(𝐷1/𝐷2)(𝑁

1/2

𝜑
tan𝜑 + 𝑁𝜑 − 1). It can be observed

that the lateral force increases as the ratio 𝐷2/𝐷1 decreases.
The method assumes that the piles are rigid and the soil
surrounding the piles deforms plastically. Li et al. [8] reported
that when the spacing 𝐷2/𝐷1 is below approximately 0.5–
0.6, piles act like a continuous wall and soil around the piles
cannot reach the plastic state. Thus, values of 𝐷2/𝐷1 larger
than 0.5 were used in this study.

The rate of internal energy dissipation 𝐷𝑐 induced by
soil cohesion in the collapse mechanism can be calculated as
follows:

𝐷
𝑐
= 𝐷𝑎 + 𝐷FN + 𝐷𝑏 + 𝐷EM + 𝐷𝑐, (10)

in which

𝐷𝑏 = 𝑙MN𝑐2V𝑏 cos𝜑2,

𝐷FN = 𝑐1𝑙FN sin 2𝜑2V𝑏,

𝐷EM = 𝑐1𝑙EM sin (𝜑1 − 𝜑2) V𝑏.

(11)

Energy dissipation in the radial shear regions 𝑎 and 𝑐
is the sum of the rate of dissipation along the discontinuity
surfaces and the rate of dissipation within the continually
deforming log spiral shear regions. As shown in Figure 2,
energy dissipation takes place along the radial lines 𝑂𝐴0,
𝑂𝐴1, 𝑂𝐴2, and so forth because all the triangles move
as rigid blocks in directions that make an angle 𝜑1 with
the discontinuity surfaces. Energy is also dissipated on the
discontinuity surfaces 𝐴0, 𝐴1, 𝐴2, 𝐴3, 𝐴4, 𝐴5, and 𝐴6
between the material at rest and the material in motion.
The energy dissipation along the discontinuity surfaces is the
cohesion multiplied by the relative velocities and the length
of discontinuity lines in the soil mass

𝐷𝑎

= 𝑐1 ∫

𝜃
𝑎ℎ

𝜃
𝑎0

(2𝑟𝑎0 − 𝑙𝑎) ⋅ V𝑎0 exp (2 (𝜃 − 𝜃𝑎0) ⋅ tan𝜑1) 𝑑𝜃,

𝐷𝑐

= 𝑐1 ∫

𝜃
𝑐ℎ

𝜃
𝑐0

(2𝑟𝑐0 − 𝑙𝑐) ⋅ V𝑐0 exp (2 (𝜃 − 𝜃𝑐0) ⋅ tan𝜑1) 𝑑𝜃.

(12)

To determine the critical yield acceleration coefficient
𝑘𝑐, at which the slope will be in the limit state, 𝑘𝑐 can be
calculated by equating the rate of internal energy dissipation
to the external rate of work; that is,

𝑊
𝛾
+𝑊
𝑠
= 𝐷
𝑝
+ 𝐷
𝑐
. (13)

The critical yield acceleration coefficient 𝑘𝑐 can be calcu-
lated as
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𝑘𝑐 =

𝐷
𝑝
+ 𝐷
𝑐
−𝑊
𝛾

∫

𝜃
𝑎ℎ

𝜃
𝑎0

𝑚𝑎 ⋅ 𝑔 ⋅ V𝑎 ⋅ sin 𝜃 𝑑𝜃 + 𝑚𝑏𝑔 cos (𝛿 − 𝜑2) V𝑏 + ∫
𝜃
𝑐ℎ

𝜃
𝑐0

𝑚𝑐 ⋅ 𝑔 ⋅ V𝑐 ⋅ sin 𝜃 𝑑𝜃
, (14)

where 𝑚𝑎, 𝑚𝑏, and 𝑚𝑐 are the masses of different elements;
𝑔 is the gravitational acceleration. The minimum critical
yield acceleration coefficient was obtained with respect to the
parameters of 𝜃𝑎0, 𝜃𝑎ℎ, 𝜃𝑐0, 𝜃𝑐ℎ, V𝑎ℎ/V𝑏, and V𝑐0/V𝑏.

3. Assessment of Cumulative
Displacement of Pile-Reinforced Slopes with
a Weak Layer Subjected to Seismic Loads

Once the horizontal earthquake acceleration exceeds the
critical value, the displacement of the soil mass begins to
accumulate. Newmark’s sliding block technique was adopted
to evaluate the cumulative displacement of the slope sub-
jected to seismic loads. The classical sliding block technique
involves only one block; this method was employed by other
researchers to evaluate the stability of a slope under the
rotational failure mechanism in both 2D and 3D problems
(e.g., Chang et al. [7]; Li et al. [8]; He et al. [12]). This
technique was adopted in this study for the translational
mechanismof a pile-reinforced slopewith aweak layer.When
the earthquake acceleration is exceeded, the sliding block
starts to acceleratewith acceleration items �̈�𝑎, �̈�𝑏, and �̈�𝑐; thus,
balancing the work rate equation yields

𝑊𝛾 +𝑊𝑠 = 𝐷𝑐 + 𝐷𝑝 + ∫

𝜃
𝑎ℎ

𝜃
𝑎0

𝑚𝑎V𝑎�̈�𝑎 𝑑𝜃

+ ∫

𝜃
𝑐ℎ

𝜃
𝑐0

𝑚𝑐V𝑐�̈�𝑐 𝑑𝜃 + 𝑚𝑏V𝑏�̈�𝑏.

(15)

According to Newmark’s analytical approach [6], the
sliding mass moves only downhill, irrespective of the direc-
tion of the earthquake acceleration. Earthquake acceleration
varies during the process of shaking. The slope movement
will occur when the seismic coefficient 𝑘 exceeds its critical

yield acceleration coefficient 𝑘𝑐. The velocity of the failing
mass increases from zero and reaches its peak value when
the earthquake acceleration decreases to a certain critical
value. After that, the failing mass will still move until the
acceleration drops back down to some level below the
critical yield acceleration coefficient 𝑘𝑐 (He et al. [12]). The
acceleration can be integrated to calculate the velocity of
the failing soil mass, while cumulative displacement can be
estimated by integrating velocity (Newmark [6]). Subtracting
(14) from (15), the acceleration can be expressed as

𝑔 (𝑘 − 𝑘𝑐) (∫

𝜃
𝑎ℎ

𝜃
𝑎0

𝑚𝑎 ⋅
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⋅ sin 𝜃 𝑑𝜃 + 𝑚𝑏 cos (𝛿 − 𝜑2)

+ ∫

𝜃
𝑐ℎ

𝜃
𝑐0

𝑚𝑐 ⋅

V𝑐
V𝑏
⋅ sin 𝜃 𝑑𝜃)

= �̈�𝑏 (∫

𝜃
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𝜃
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𝑚𝑎 ⋅

V𝑎
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⋅

�̈�𝑎
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𝑑𝜃 + ∫

𝜃
𝑐ℎ

𝜃
𝑐0

𝑚𝑐 ⋅

V𝑐
V𝑏
⋅

�̈�𝑐
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𝑑𝜃

+ 𝑚𝑏) .

(16)

To satisfy the kinematical admissibility, the ratios �̈�𝑎ℎ/�̈�𝑏
and �̈�𝑏/�̈�𝑐0 are the same as V𝑎ℎ/V𝑏 and V𝑏/V𝑐0 (Michalowski
and You [11]), which can be expressed as

V𝑎ℎ
V𝑏
=

�̈�𝑎ℎ

�̈�𝑏

= 𝐴𝑎,

V𝑐0
V𝑏
=

�̈�𝑐0

�̈�𝑏

= 𝐴𝑐.

(17)

Thus, the acceleration �̈�𝑏 becomes

�̈�𝑏 = 𝑔 (𝑘 − 𝑘𝑐)

∫

𝜃
𝑎ℎ

𝜃
𝑎0

𝑚𝑎 ⋅ 𝐴𝑎 ⋅ sin 𝜃 𝑑𝜃 + 𝑚𝑏 cos (𝛿 − 𝜑2) + ∫
𝜃
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𝜃
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∫

𝜃
𝑎ℎ

𝜃
𝑎0

𝑚𝑎𝐴
2
𝑎
𝑑𝜃 + 𝑚𝑏 + ∫

𝜃
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𝜃
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𝑚𝑐𝐴
2
𝑐
𝑑𝜃

= 𝑔 (𝑘 − 𝑘𝑐) 𝐶. (18)

This expression indicates that soil acceleration is not
related to the piles directly but the piles affect the fail-
ure mechanism and the critical yield acceleration coef-
ficient 𝑘𝑐. The failure mechanism tends to reach below
the toe of slopes due to the location of the weak layer.
The horizontal displacement in the toe of slopes must be
determined, though the analysis allows for calculation of

the displacement of any point in the failing mass; that
is,

𝑢𝑏(𝑥) = cos (𝛿 − 𝜑2)∬
𝑡

�̈�𝑏 𝑑𝑡 𝑑𝑡

= 𝐶 cos (𝛿 − 𝜑2)∬
𝑡

𝑔 (𝑘 − 𝑘𝑐) 𝑑𝑡 𝑑𝑡.

(19)
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(a) (b) (c) (d)

Figure 4: Procedure of DLO to determine critical layout of slip-lines: (a) starting problem; (b) discretization of soil by nodes; (c)
interconnection of nodes with potential discontinuities; (d) identification of critical subset of potential discontinuities by optimization
(adapted from Smith and Gilbert [25]).

Coefficient 𝐶 was calculated based on the proposed
translational mechanism. Additionally, the geometry of the
slope and soil properties are contained in coefficient𝐶, which
is involved in the optimization of the collapse mechanism.
The double integral in (19) is dependent on the earthquake
acceleration record and the critical yield acceleration coeffi-
cient of the pile-reinforced slope.

4. Comparison with Other Results

Before the proposed translational mechanism was used for
the analysis of cumulative displacement, it was validated
using other solutions with respect to the static factor of safety.
The Monte Carlo technique (Hammersley and Handscomb
[23]) was employed for determining the critical collapse
mechanism and the critical yield acceleration coefficient 𝑘𝑐.
This technique is efficient in the search for the critical slip
surface of slope stability analysis (e.g., He et al. [12]). To
obtain a more reliable solution, efficient searches are needed
(500,000 trials).

For verification of the proposed solution, the factor of
safety predicted by the proposed limit analysis was compared
with the results obtained by using different computational
approaches. The solutions from the available literature and
the numerical program LimitState: GEO (LimitState [24])
were selected for comparison. LimitState: GEO, which has
been successfully adopted in evaluating slope stability and
other geotechnical problems (e.g., Smith and Gilbert [25, 26];
Leshchinsky and Ambauen [27]), employs the Discontinuity
LayoutOptimization (DLO) technique to evaluate the critical
failure mechanisms and associated upper-bound solution. As
shown in Figure 4, it automatically searches for the critical
failure surface in a soil mass that is at a limit state and has no
need to preassume a critical collapse mechanism.Thus, it can
be considered as a useful tool for ensuring the accuracy of the
failuremechanism assumed in this study. Two typical cases of
slopes with a weak thin layer were selected. The comparison
is based on natural slopes without reinforcement.

Slope 𝐴, shown in Figure 5, is taken from Huang et al.
[16]. A nonhomogeneous slope for 𝛽 = 45

∘ has a height
of 6m and is built from a soil characterized by 𝜑1 = 10

∘,
𝑐1 = 20 kPa, and 𝛾1 = 20 kN/m3, with a 0.5m thick
weak layer characterized by 𝜑2 = 5

∘, 𝑐2 = 12 kPa, and
𝛾2 = 20 kN/m3. To validate the derived equation and the
random search approach, the factor of safety computed by

Table 1: Comparison of the results of factor of safety (slope 𝐴).

Factor of safety
Present
study LA (Huang et al. [16]) FEM (Huang et al. [16]) DLO

1.31 1.27 1.28 1.25

5m 4m
1m

0.5m

6m

6m15 m 15 m

c2 = 12 kPa
𝜙2 = 5∘

c1 = 20 kPa
𝜙1 = 10∘

Figure 5: Schematic diagram of slope 𝐴.

the translational mechanism was compared with the results
obtained by Huang et al. [16] and the DLO. The comparison
is shown in Table 1. It can be observed that the calculated
values from the proposed translational mechanism and the
existing rotational-translational mechanism (Huang et al.
[16]) were slightly higher than the result fromDLO (≈4% and
1%, resp.). The computed critical failure mechanism, that is,
panhandling failure mechanism that partially penetrates the
weak layer, can be observed in Figure 7. While the values of
the factor of safety are quite close, the slip surface fromHuang
et al. [16] is not similar to that of DLO. In their study, the
velocities of point 𝑁 in block 𝑎 and point 𝑀 in the block
𝑐 were fixed. It means that the ratios V𝑎ℎ/V𝑏 and V𝑐0/V𝑏 were
not considered in the optimization, which contributes to the
deviation of the slip surface. On the other hand, the predicted
critical failure surface from the translational mechanism was
similar to that of DLO, which proves the reliability of the
random search approach.

Slope 𝐵 is a nonhomogeneous slope underlain by a thin
weak layer, as shown in Figure 6 (Fredlund andKrahn [13]). A
1 : 2 slope has a height of 10m, and the soil properties are 𝜑1 =
20
∘, 𝑐1 = 29 kPa, and 𝛾1 = 18.8 kN/m

3, with aweak layer (𝜑2 =
10
∘, 𝑐2 = 0 kPa, and 𝛾2 = 18.8 kN/m

3) in the foundation of the
slope. Fredlund and Krahn [13] compared several methods
for calculating this slope. The limit equilibrium solutions
(Spencer’s method and Janbu’s rigorous method) published
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Table 2: Comparison of the results of factor of safety (slope 𝐵).

Factor of safety
Present study Spencer’s method (Fredlund and Krahn [13]) Janbu’s rigorous method (Fredlund and Krahn [13]) DLO
1.36 1.377 1.432 1.32

2
1

0

5

10

15

20

(m
)

c1 = 29 kPa
𝜙1 = 20∘

c2 = 0 kPa
𝜙2 = 10∘

40 30 20 10 050

Figure 6: Schematic diagram of slope 𝐵.

Huang et al. [16]

This study

DLO

Figure 7: Comparison of failure mechanisms of slope 𝐴.

by Fredlund and Krahn [13] were selected in this section,
whereas the results of DLO were also compared. As shown
in Table 2, the present upper-bound solution yields a factor
of safety of 1.36, which is in the vicinity of that of other
methods. Figure 8 shows the comparison of the predicted
failure mechanism between the upper-bound solution and
limit equilibrium method for slope 𝐵. Furthermore, the
critical slip surface from the limit analysis is reasonably
consistent with that of DLO but quite different from the
one of Fredlund and Krahn [13]. In the limit equilibrium
method (Fredlund and Krahn [13]), the analytical parameters
(e.g., failure radii, number of slices, and interslice forces)
require high computational effort.The discrepancy of the slip
surfaces may be attributed to the limitation of computational
constraints in the limit equilibrium.Thus, the factor of safety
is sensitive to the slip surface.

The agreement is satisfactory, in terms of both factor
of safety and the location of its associated critical failure
surface.The computed results show good agreement with the
values obtained by other approaches. With the confidence
gained through the validation, the next section examines
the cumulative displacement of pile-reinforced slopes with a
weak thin layer.

5. Example

The cumulative displacements of slopes with a weak layer
subjected to seismic loadswere evaluated by usingNewmark’s
analytical approach. Moreover, the effects of the stabilizing
piles on the cumulative displacement were also compared.

Fredlund and 
Krahn [13]

This study

DLO

Figure 8: Comparison of failure mechanisms of slope 𝐵.
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Figure 9: Acceleration records of Imperial Valley-06 Earthquake
(PGA = 0.307 g, duration = 14.76 s).

The properties and geometries of the slope are shown in
Figures 5 and 6. Ho [15] employed the finite element method
(FEM) to draw the conclusion that the middle portion of the
slope is the optimal pile position for slopes with a weak layer.
Thus, the pile was assumed to be in the middle of the slope to
assess the seismic displacement in this study.

The displacement of a structure due to seismic loads
depends on the different real earthquake acceleration time
histories. To make the results useful, the cases selected in this
study were evaluated for different earthquake acceleration
records. As shown in Figures 9–11, three typical earthquake
records (He et al. [12]) were used to estimate the seismic
displacements. Figure 9 is the Imperial Valley-06 Earthquake
records, with peak earthquake acceleration (PGA) of 0.307 g
and a record duration of 14.76 s. Figure 10 is the Kobe Earth-
quake record, with PGA = 0.345 g and a record duration of 20
s. Figure 11 is the Parkfield-02 Earthquake record, with PGA
= 0.373 g and a duration of 21.07 s. The constant time interval
of the Imperial Valley-06 and Kobe Earthquake records is
0.01 s, while the constant time interval of the Parkfield-
02 Earthquake record is 0.005 s. These earthquake records
were used one after another to assess the performance of
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Table 3: Results of cumulative displacement for slopes with a weak layer with and without piles.

Without piles With piles
Slope 𝐴 Slope 𝐵 Slope 𝐴 Slope 𝐵 Slope 𝐴 Slope 𝐵 Slope 𝐴 Slope 𝐵

𝐷2/𝐷1 — — 0.9 0.9 0.85 0.85 0.8 0.8
𝑘𝑐 0.145 0.122 0.257 0.172 0.273 0.190 0.294 0.211

𝑢𝑥 (cm)
Imperial Valley-06 16.89 29.49 0.324 8.54 0.068 5.422 0.006 2.907

Kobe 42.43 67.59 1.673 23.20 1.002 15.17 0.415 8.428
Parkfield-02 49.13 68.45 8.845 30.99 6.490 23.06 3.955 16.75
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Figure 10: Acceleration records of Kobe Earthquake (PGA =
0.345 g, duration = 20 s).
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Figure 11: Acceleration records of Parkfield-02 (CA) Earthquake
(PGA = 0.373 g, duration = 21.07 s).

the slopes (with/without reinforcement) subjected to seismic
loads. The results are listed in Table 3. Calculations of the
slope displacements are illustrated for the above two example
slopes.

The seismic loads of the Imperial Valley-06 Earth-
quake, Kobe Earthquake, and Parkfield-02 Earthquake were
exerted on the slopes, resulting in displacements of 16.89 cm,
42.43 cm, and 49.13 cm for slope 𝐴 and 29.49 cm, 67.59 cm,

and 68.45 cm for slope 𝐵, respectively. The maximum
horizontal displacements of the slopes increase with the
peak earthquake acceleration of the earthquake experiences.
Michalowski and You [11] introduced a displacement crite-
rion for a slope subjected to seismic loads. In the criterion,
a slope is allowed to move with a small displacement. The
maximum horizontal displacement at the toe 𝑢𝑥 should be
smaller than 0.005𝐻. According to the results, the displace-
ments of those two cases exceed this criterion. The piles
must be embedded to improve the performance of the slope,
and the different ratios of spacing between neighboring piles
𝐷2/𝐷1 of 0.80, 0.85, and 0.90 were compared in this study.
The ratio 𝐷2/𝐷1 of 0.80 should be used for the Parkfield-
02 Earthquake with PGA = 0.373 g, while the ratio 𝐷2/𝐷1
of 0.90 is sufficient for slope 𝐴 under the Imperial Valley-06
Earthquake. Generally, the results show the efficiency of piles
in limiting the deformation of the slope under earthquake
loading, especially for slope 𝐴. This may be because the
location of the weak layer in slope 𝐴 is deeper. Thus, the
height of the portion of piles above the sliding surface was
relatively higher, resulting in larger lateral force𝐹𝑝 of the piles.
For Parkfield-02 Earthquake record (PGA = 0.373 g), the
reduced displacement ratios for slope 𝐵 (𝐻 = 10m) are 45%,
66%, and 75.5% with different 𝐷2/𝐷1 ratios, respectively. Li
et al. [8] evaluated the effect of piles (𝐷2/𝐷1 = 0.6) on the
displacement of homogeneous slopes with a height of 13.7m.
Under a seismic load with PGA = 0.4 g, the reduced ratios
of displacement ranging from 68% to 86% were reported
in their study. For Parkfield-02 Earthquake record, He et al.
[12] reported that the piles (𝐷2/𝐷1 = 0.85) reduced the
cumulative displacement ratio of a homogeneous slope (𝐻 =
12m) by about 50%. This comparison further proves that
the 𝐷2/𝐷1 ratio significantly influences the deformation of
a slope. Comparing with the homogeneous slope, the piles
contribute to the larger benefit in slopes with a weak layer.
This is because the pile reduces the depth of slip surface
in homogeneous slopes (Ausilio et al. [28]), leading to the
limiting effect of pile lateral force.

6. Conclusion

Previous studies of slopes with a weak layer have focused
on the static factor of safety. The seismic performance of
pile-reinforced slopes with a weak layer is evaluated in this
study. Based on the upper-bound theorem of limit analysis,
a translational mechanism is developed to determine the
critical yield acceleration coefficient and the accumulative
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displacement. The rigid rotational blocks in the rotational-
translational failure mechanism proposed by Huang et al.
[16] were replaced by continuous deformation regions 𝑎 and
𝑐, with a sequence of 𝑛 rigid triangles. The factor of safety
and failure mechanism, evaluated by using the proposed
translational failure mechanism, exhibit excellent agreement
with other solutions of the available literature and the DLO
technique, which proves the accuracy of the proposed failure
mechanism.

To account for the presence of piles, the plastic theory is
employed to calculate the lateral force and energy dissipation
of the piles. Newmark’s analytical procedure is adopted to
assess the cumulative displacement of pile-reinforced slopes
with a weak layer subjected to seismic loads. Two typical
cases existing in the available literature are shown to illustrate
the influence of an earthquake on the displacements of
slopes. The earthquake experiences and the peak earthquake
acceleration have a significant influence on the displacement
of the slope. Stabilizing piles can be regarded as an efficient
approach in reducing the cumulative displacement of slopes
with a weak thin layer, and reducing the spacing of piles is
needed for large earthquake acceleration.
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