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This paper proposes an efficient alternative to construction of the linear system coming from a solution via the Finite Element
Method that is able to significantly decrease the time of construction of this system. From the presentation of the methodology
used and a numerical application it will be clear that the purpose of this work is to be able to decrease 6-7 times (on average) the
linear system building time.

1. Introduction

The several activities related to engineering and research
connected with it are not motivated solely and exclusively by
human curiosity, but mainly real needs, which often need to
be resolved quickly and accurately. The heat transfer study is
of great importance in various branches of engineering. The
interest to know the heat transfer mechanisms may involve
equipment operations, such as in boilers, condensers, and air
preheater. In cooling systems and those of air conditioning
that involve heat exchangers, the heat transfer study is
extremely important formechanical engineering. In electrical
engineering, in turn, there is an interest to know the heat
dissipation in chips and semiconductor devices, in chemical
engineering the interest is in heat transfer processes in various
chemical reactions, and in environmental engineering there
is an interest to study the effect of heat in the dispersion of
pollutants in the air and the diffusion of pollutants in soils
and thermal pollution in lakes and seas and their impact on
human life, in addition to many other applications in other
branches of engineering.

The majority of physical problems are governed or may
be represented by partial differential equations. The 3D
convection-diffusion-reaction problems can be represented,

in general, using the following partial differential equation
[1]:
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where 𝑘
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are the thermal conductivity terms

in each space direction, 𝐴
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are the velocity

components in each space direction, and 𝐵 is a reactive term.
Somemathematical methods are able to supply analytical

solutions of physical problems, especially problems from
heat transfer, but only of some and very specific problem,
due to which it becomes unviable for engineering practice.
So numerical methods are essential tools for solving heat
transfer problems.

For decades the numerical methods have been used to
solve such problems, among which stand out the Finite
Difference Method [2–7], the Finite Volume Method [8–
11], and the Finite Element Method [12–17]. You can find
the open literature numerous contributions in the study of
convection-diffusion-reaction problems in permanent and
transient states in the three numerical methods mentioned
above. But specifically in the Finite Element Method, the
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Table 1: Connectivity matrix for a domain divided into 12 hexahedrons elements with 8 nodes (see Figure 1).

Element Nodes
1 2 3 4 5 6 7 8

1 1 2 5 6 13 14 17 18
2 2 3 6 7 14 15 18 19
3 3 4 7 8 15 16 19 20
4 5 6 9 10 17 18 21 22
5 6 7 10 11 18 19 22 23
6 7 8 11 12 19 20 23 24
7 13 14 17 18 25 26 29 30
8 14 15 18 19 26 27 30 31
9 15 16 19 20 27 28 31 32
10 17 18 21 22 29 30 33 34
11 18 19 22 23 30 31 34 35
12 19 20 23 24 31 32 35 36

Galerkin method is known to present excellent numerical
precision with low computational time for pure diffusion
problems or diffusion-reaction [18–20]; however the same
cannot happen with dominant convection problems [1, 21]
and in the analysis of flows [22].

One may here mention other variants of the variants of
Finite Element Method, but the main focus of this paper is
related to a new proposal for constructing a global linear
system coming from a formulation made with some of
the variants of the Finite Element Method. Here, just for
simplicity, Galerkin method will be used for such study.

In the following, a summary of the manner which was
performed for the construction of the linear system in [1, 22]
will be presented, which is a traditional form found in several
books in this research area (like, e.g., in [12, 23]), and then the
purpose of this paper will be described.

2. Methodology

In the works cited above [1, 22], the procedure adopted
for the construction of global linear system stemming from
contributions of each element was as follows: for each matrix
element constructed, assign its values in the global matrix;
this process occurs element by element with the aid of an
array traditionally known as a connectivity matrix (Table 1).

Therefore, each contribution of an element (matrix ele-
ment) is inserted in the global linear system that represents
the physical characteristics of the problem. However, fol-
lowing this manner and remembering that each line of the
global matrix is directly connected to its node, that is, row
1 to node 1, row 2 to node 2, and so on, construction of
the mesh occurs in a manner unordered form because the
contributions that each line of the global matrix receives
do not occur in an orderly manner. See, for example, from
Table 1, that line 7 (line of the global matrix) relative to
node 7 of the global matrix will receive contributions from
elements 2, 3, 5, and 6 (they are bold in the table); that is, in
this interval of construction there will be contributions from
other nodes before finishing the relative to node 7 (line 7), so
the construction becomes of unordered form and slow.
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Figure 1: 3D domain divided into 12 hexahedrons elements with 8
nodes (each).

See also that the global matrix in position, line 7 column
7, will receive contribution of four cited elements, but at
different times of the construction of this system, it would
be quiet if the storage of the global matrix is made in a full
matrix (NNost × NNost dimension), where NNost is the
number of nodes in the mesh, but it will be unfeasible for
reasons of computational memory, where an array of this
type, being a matrix extremely sparse, has a large number of
zero coefficients that are unnecessary storage. So archiving
only the nonzero coefficients of the global matrix becomes
necessary; however, create it in a disorderly manner (see an
example of this at the top of Table 2); the solution process will
make the linear system extremely slow, so the construction in
an orderly manner also becomes necessary.

Thus, the purpose of this paper is to build the global
linear system in orderly form and faster in order to accelerate
the computation process, for it is proposed that instead of
building the global linear system in the traditional form, that
is, element by element, build it node to node.

For this, it is proposed from connectivity matrix (see
again Table 1); create a matrix that presents for each node
which elements that are contained, as the example shown in
Table 3 (this table was constructed conforming to Figure 1).

With a matrix constructed conforming to the idea pre-
sented in Table 3, define KNN of dimensions of NNost × 8,
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Table 2: Example of matrix constructed of disorderly manner (above) and orderly one (below).

Disorderly
Row 1 2 1 3 7 2 ⋅ ⋅ ⋅

Column 1 3 5 1 2 9 ⋅ ⋅ ⋅

Coefficients 0.5 0.2 0.7 0.8 0.9 1.5 ⋅ ⋅ ⋅

Orderly
Row 1 1 2 2 3 7 ⋅ ⋅ ⋅

Column 1 5 3 9 1 2 ⋅ ⋅ ⋅

Coefficients 0.5 0.7 0.2 1.5 0.8 0.9 ⋅ ⋅ ⋅

ka = 1
do i = 1,NNost
do j = 1,8
if(KNN(i,j).eq.0) then
go to (1)
end if
do jj = 1,NNos
if(KCONEC(KNN(i,j),jj).eq.i) then !KCONEC is the connectivity matrix conform Table 1
iAUX = jj ! discover of which line of the element is the contribution
go to (2)
end if

end do
(2) do ii = 1,NNos

do jj = ka,k
if(Mjcol(jj).eq.KCONEC(KNN(i,j),ii).and.Mirow(jj).eq.i) then
GG(jj) = GG(jj) + G(iAUX,ii) !G is the element matrix
iAUXj = jj + 1
go to (3)
end if

end do
(3) continue

end do
end do

(1) continue
ka = iAUXj
end do

Code 1: Piece of the code that constructs the global linear system.

where “8” is the maximum number of elements to which a
node can belong (it is important to note that this quantity
may vary according to each generator mesh). As an example
let us consider node 2 that is contained in elements 1 and
2; according to Table 3, thus, it is known that node 2 will
receive contributions of these two elements through line 2 of
the global matrix. With that, from Table 1, in element 1 node
2 is in position 2 (i.e., it will receive the information of line
2 of element 1) and in element 2 node 2 is in position 1 (i.e.,
receiving information of line 1 of element 2).

Code 1 presents a portion of the code used to construct
the linear system from the use of the connectivitymatrix built
conforming to the models presented in Tables 1 and 3. In
Code 1, NNodes is the number of nodes in the element (in
this paper will be used a hexahedron with 8 nodes) and in
this table and in other codes that will be presented during this
paper was used a Fortran programming language.

The piece of Code 1, after insertion of each contribution
of each element (matrix element, G, NNodes × NNodes
dimension), will create three vectors: GG, a vector of real

Table 3: Connectivity matrix constructed to present for each node
which elements that are contained.

Nodes Elements
1 2 3 4 5 6 7 8

1 1 0 0 0 0 0 0 0
2 1 2 0 0 0 0 0 0
3 2 3 0 0 0 0 0 0
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values that will load the information of nonzero coefficients
global matrix, and Mirow andMjcol vectors of integer values
that loaded, respectively, the information of the position
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!∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗∗ GAUSS SEIDEL METHOD ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
T = 1.d0; Ti = T; rAux = 0.d0; Emax = 0.0000000001d0 !T: Temperature; Ti: initial shot
do i = 1, 200000
ii = 1; rAuxE = 0.d0

do j = 1,nnost
soma = 0.d0
do jj = ii,k
if(Mirow(jj).eq.j.and.Mjcol(jj).eq.j) then
rAux = GG(jj)
end if
if(Mirow(jj).eq.j) then

if(Mjcol(jj).eq.j) then
continue
else
soma = soma + GG(jj)∗T(Mjcol(jj))
end if

else
ii = jj
go to (2)

end if
end do

(2) T(j) = (1.d0/rAux)∗(FG(j) - soma)
end do
do j = 1,nnost

Erro = dabs(Ti(j) - T(j))
if(Erro>rAuxE) then
rAuxE = Erro
end if

end do
if(rAuxE>Emax) then !Emax: stop criterion
Ti = T
else
go to (1)
end if

end do
(1) continue

Code 2: Gauss-Seidel method used for calculating the global linear system.

Table 4: Example of construction of the vectors GG, Mirow, and
Mjcol.

GG −0.15 0.04 −0.02 ⋅ ⋅ ⋅ 1.12 2.00 1.13 ⋅ ⋅ ⋅
Mirow 1 1 1 ⋅ ⋅ ⋅ 2 2 2 ⋅ ⋅ ⋅

Mjcol 1 2 5 ⋅ ⋅ ⋅ 1 7 2 ⋅ ⋅ ⋅

(row and column) of each one of the coefficients of the GG
vector. It is noteworthy that the vector GG constructed only
accumulates nonzero values. The right side of the global
linear system is not being mentioned here in this paper
because there is no change in its construction compared to
that implemented in [1, 22]. In Table 4, an example of the
construction of vectors GG,Mirow, andMjcol for a unit cube
divided into 12 elements is presented.

Note that, in the example shown in Code 1, the vectors are
constructed in an orderlymanner with respect to line, but the
same does not happen with the column; let us see the case
of line 2, where column 7 arises before column 2. The code

shown in Code 1 was constructed to only be concerned with
the ordering of the rows, since the solution method of the
linear system used in this paper is the Gauss-Seidel method,
so the ordering of the columns is not necessary and does not
interfere with computation speed of the global linear system.
For details, see, in Code 2, a piece of code to calculate the
global linear system using the Gauss-Seidel method.

It is noteworthy that if it was also necessary to have
the ordinates columns, a simple code would solve this.
Furthermore, the choice of the Gauss-Seidel method is due
to its simplicity of implementation; however, this proposal
could be adapted to other methods of solving linear systems,
as, for example, the method of conjugate gradients when the
formulation is done via LSFEM (Least Squares Finite Element
Method).

3. Numerical Results

To analyze the efficiency of this proposal, we analyze appli-
cation 2 of [22] with 𝑘

𝑥
= 𝑘
𝑦
= 𝑘
𝑧
= 1, 𝐵 = 1, and
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Mirow = 0; Mjcol = 0; KNN = 0; k = 1; ka = 1
do i = 1,NNost
ki = 1; iel = 1
do j = 1,Nelem
do ii = 1,NNos
if(KCONEC(j,ii).eq.i) then
iAUX = j
KNN(i,ki) = j
ki = ki + 1
iel = iel + 1
go to (1)
end if
if(ii.eq.NNos) then

go to (3)
end if

end do
(1) continue

if(iel.eq.2) then
do ii = 1,NNos

Mirow(k) = i
Mjcol(k) = KCONEC(iAUX,ii)
k = k + 1

end do
else
do ii = 1,NNos

do kk = ka,k
if(Mirow(kk).eq.i.and.Mjcol(kk).eq.KCONEC(iAUX,ii)) then
go to (2)
end if

end do
Mirow(k) = i
Mjcol(k) = KCONEC(iAUX,ii)
k = k + 1

(2) continue
end do

end if
(3) continue
end do
ka = k - 1

end do
k = k - 1
continue

Code 3: Code used for the construction of KNN for CASE 3.

𝐴
𝑥
= 𝐴
𝑦
= 𝐴
𝑧
= 0, and this paper was using a process

element by element for construction of the linear system and
thus ordering the vectors thus constructed; it will be called
CASE 1.

Theproposal presented in this paper through the previous
item will be called CASE 2. However, in this paper, CASE 2
was performed in such a way that the computer’s own code
constructs the mesh and its connectivity matrix, and with
that,meshwas performedwhich is constructed building code
lines using this knowledge; however, there may be situations
that a mesh stemming from an external mesh generator to
the FEM code is used and therefore did not have knowledge
of how thismesh is constructed, so here it will be called CASE
3, the situation where how the mesh is constructed is not
known, so for each node of the mesh, the connectivity matrix

(Table 1) has to be read in its entirety to thus determine for
each node which elements that the contains.

For clarity, in the code of CASE 2, it is known that the
mesh is constructed from left to right (in 𝑥), from front to
back (in 𝑦), and from the bottom up (in 𝑧) to an orthog-
onal three-dimensional domain composed of hexahedrons
elements; also, for example, it is known that node 1 is only
element 1 (see Figure 1); it is not necessary to read all elements
as inCASE 3.Next, inCode 3, a code for construction ofKNN
in CASE 3 is presented.

The numerical results of this application are shown in
Table 5, where ℎ is the edge length of the element built in
cubic form, Linf and CR are, respectively, the maximum error
committed and the convergence rate as described in [1], and
C1C3% is the percentage comparison of the numerical results
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Table 5: Numerical results for the three case studies.

8 nodes per element In seconds
𝑁nost 𝑁elem ℎ 𝐿 inf CR CASE 1 CASE 3 % C1C3 CASE 2 % C1C2
1331 1000 0.100 7.08𝐸 − 05 — 24.39 1.09 4.47% 1.07 4.39%
2744 2197 0.077 4.22𝐸 − 05 1.97 52.45 3.60 6.86% 3.45 6.58%
4096 3375 0.067 3.16𝐸 − 05 2.02 94.45 6.54 6.92% 6.51 6.89%
6859 5832 0.056 2.20𝐸 − 05 1.98 176.08 15.00 8.52% 15.51 8.81%
9261 8000 0.050 1.78𝐸 − 05 2.01 252.98 25.09 9.92% 19.85 7.85%
13824 12167 0.043 1.34𝐸 − 05 2.03 218.00 55.88 25.63% 45.92 21.06%
17576 15625 0.040 1.14𝐸 − 05 1.93 313.46 83.87 26.76% 65.42 20.87%
24389 21952 0.036 9.06𝐸 − 06 2.02 485.78 144.51 29.75% 117.15 24.12%
29791 27000 0.033 7.90𝐸 − 06 1.98 664.28 202.25 30.45% 146.48 22.05%

Average∗ 16.59% 13.62%
∗Average is the average of all percentual values.

of the time spent between CASE 1 and CASE 3 and C1C2%
of CASE 1 and CASE 2 (e.g., in NNost = 1331, Nelem = 1000,
h = 0.100, Linf = 7.08𝐸 − 05, and % C1C3 = 4.47% because
CASE 1 (C1) = 24.39 and CASE 3 (C3) = 1.09; in other words,
1.09/24.39 = 4.47%). It is clear to perceive by the results,
analyzing the average of these, that revolve around a decrease
in the time 6-7 times, and it is good to make it clear that
this time shown in Table 5 is the time to construct the mesh,
construct the connectivitymatrix (KNN inCASE 2 andCASE
3), and construct and calculate the global linear system.

4. Conclusions

It is believed that this proposal is very important and it could
bring many benefits in the art of programming numerical of
heat transfer problems via Finite Element Method. It is clear
that, in character of numerical programming, lines of code
could be presented maybe a little more technically better, but
this is not the main objective of this paper.

The most interesting part of this paper is the results
presented in CASE 3, where, without having knowledge of
how the mesh is built, we obtained an average of 16.59% of
the time spent compared with CASE 1 which is used in a
traditional manner, element by element, for construction of
the global linear system, that is, a significant improvement in
computation time.
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