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The shape of rapture surface for shallow anchors was presented and the effects of parameters on the shape of rapture surface were
analyzed. Based on the generalized nonlinear failure criterion and the limit equilibrium principle, an approach, which takes into
account the shape of rapture surface, dip angle of shallow anchors, and varieties of rock and soil mass, is proposed. The effects
of different parameters on ultimate uplift force of shallow anchors are discussed. In order to validate the practicability of the
proposed formula, a comparison between the theoretical solutions and local test results is conducted. The agreement shows that
the proposed formula is effective. The results of the proposed approach show that the ultimate uplift capacity of shallow anchor
increases nonlinearly with the shape coefficient linearly increasing. The values of ultimate uplift force local test are in the range of
the results of the proposed method with shape coefficient from 0 to 1.

1. Introduction

The design of shallow anchors is still empirical so far,
especially the ultimate pullout capacity. A common method
to verify partly the shallow anchor design is the pullout test
but it is difficult and expensive; and the working conditions of
the rock and soil mass around the shallow anchor are always
unknowable. As the range of applications for shallow anchor
expands, a greater understanding of their behaviors including
the ultimate pullout capacity is required. In order to improve
the shallow anchor design, it is necessary to have a good
understanding about the calculation of the ultimate pullout
capacity in the shallow anchor, especially for the important
engineering applications. The ultimate pullout capacity of
shallow anchor in rock and soil mass is helpful for the design
because the ultimate pullout capacity provides the essential
information related to the working status of the shallow
anchor, which is a reasonable basis for the adjustment of the
design.

Analysis of the ultimate pullout force of shallow anchors
in rock and soil mass is required in a wide variation of
geotechnical, petroleum, and mining engineering problems
such as in the design of boreholes and mine shafts. Reviews

of those contributions may be found in published journal [1–
7]. In most of the past analyses reported, the rock and soil
mass was conventionally assumed to be governed by a linear
Mohr-Coulomb yield criterion. However, the experimental
results show that the intermediate principal stress is the
important characteristic of rock and soil mass. In many
practical situations, for instance in a jointed rock mass and
crash rock mass, such yield criteria may not be justified
and a nonlinear yield criterion such as generalized nonlinear
failure criterion would be more appropriate [8–13]. On the
other hand, the interaction mechanism between the shallow
anchors and the rock and soil mass is not well understood.
The shallow anchor has been commonly determined based
on local observations and on empirical approaches. In order
to estimate the capacity and displacement of shallow anchor,
most of reports presented by some scholars are based on
the Mohr-Coulomb failure criterion and linear geometric
failure surface in sand. For instance, Vanitha et al. proposed
an analytical model to predict the net uplift capacity of pile
group anchors with limit equilibrium method and truncated
cone model based on the experiment investigations [6].
Hanna et al. presented an analytical model to predict the
pullout capacity and the load-displacement relationship for
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shallow single vertical helical and plate anchors, with the
assumption that failure mechanism consisted of logarithmic
spiral rupture in sand [14]. Based on the failure surface of
straight line originating from the edge of the strip anchor
at an angle, Deshmukh et al. [15] proposed a theoretical
analysis of net uplift capacity of horizontal strip anchor in
cohesionless soil using Koiter’s equation. At the same time, he
presented another model for the pile anchors with the failure
surface of cone frustum in cohesionless soil. Choudhury and
Subba Rao [16] proposed a semianalytical method for the net
uplift capacity with the log-spiral failure surface and pseu-
dostatic seismic forces. At the same time, various research
methods have been used to study the bearing behavior of
anchor, especially for the displacement and deformation of
anchor. For example, Farmer [17] presented the engineering
character of anchors instrumented in concrete, limestone,
and chalk by using the theoretical and numerical methods
and local test. Cai et al. [5] proposed a method for anchors
to analyze the interaction behavior of the rock bolt and the
surrounding rock mass based on an improved Shear-Lag
Model. Abramento andWhittle [18] presented a new analysis
method to predict the tensile stress distribution and load-
elongation response for identifying four successive phases
in the pullout response performed on thin, extensible, and
planar soil reinforcements. Serrano and Olalla [19] proposed
a method for the tensile resistance of rock anchors with the
published rupture surface shape based on the Hoek-Brown
failure criterion.

Besides those, although researches of failure surface shape
have been presented by most published papers, the failure
surface shape for shallow anchor is effective with certain
conditions [20–22]. For instance,Mariupol’skii [23] proposed
a method for calculating the ultimate capacity of anchor
foundations based on the rapture surface deduced from test
results. Deshmukh et al. [15] presented an analysismethod for
net uplift capacity of horizontal strip anchor in cohesionless
soil with the Kotter’s equation based on the assumption that
a plane failure surface inclined at a characteristic angle with
the ground surface. Based on the failure rapture of laboratory
test for shallow single vertical helical and plate anchors in
sand, Hanna et al. [14] presented a model to predict the
pullout capacity and the load-displacement relationship with
the limit equilibrium technique.

In order to overcome the above defections, an analytical
model based on an introduced model for shallow anchor is
developed. The presented model is based on the proposed
shape of failure rapture. A back analysis method was pro-
posed to calculate the ultimate pullout capacity and the effect
of parameters on the ultimate pullout capacity. The analysis
of parameters for rapture surface shape and ultimate pullout
capacity was conducted.

2. Analysis of Failure Mechanism for
Uplift Piles

The failure surface shape and the failure mechanism in differ-
ent rock and soil mass have been studied bymany researchers
andmost of assumptions for rupture surface shape of shallow
anchor subjected to limit load were presented. Published data

and test results have been summarized and studied by Zou
et al. [24]. A new rapture surface shape for shallow anchor
subjected to a vertical force is developed considering the
following boundary condition: at the surface failure outlet,
the angle between the failure surface and the ground surface
is𝜋/4−𝜑/2; and a parameter equation of failure surface shape
for shallow anchor has been proposed as shown in Figure 1.

The parameter equation of failure surface shape for
shallow anchor can be expressed as

𝑥 = 𝑟
0
+

𝐿

(𝑛 + 1) tan (𝜋/4 − 𝜑/2)

(

𝑧

𝐿

)

(𝑛+1)

, (1)

where 𝑟
0
is the radius of shallow anchor, 𝜑 is the friction angle

of rock and soil mass, 𝐿 is the length of shallow anchor, and 𝑛
is parameters of failure surface shape.

As 𝑛 → ∞, 𝑛 → 0, and 0 < 𝑛 < 1, the failure surface in
(1) is 𝑎, 𝑏, and 𝑐 in Figure 1, respectively.

The effect of parameters on failure surface shaped is
shown in Figures 2–7 corresponding to 𝑟

0
= 0.055m, 𝐿 =

12m, 𝜑 = 45
∘, and 𝑛 = 0.

It can be seen from Figures 2–7 that (1) the failure
surface shape will be narrowing with 𝑛 increasing and will be
widening with 𝐿 or 𝑧 increasing; (2) the parameter 𝜑 has no
significant effect on failure surface shape with 𝑛 increasing;
(3) the failure surface shape will be widening with 𝑧 or 𝜑

increasing as 𝑧 > 8m and 𝜑 > 40
∘; and (4) the failure surface

shape will be widening with 𝜑 or 𝑛 increasing as 𝑛 < 5 and
𝜑 > 20

∘.

3. Generalized Nonlinear Failure Criterion

Although the Mohr-coulomb and Hoek-Brown failure crite-
rion is adopted bymost researchers [25–32], the intermediate
principal stress is not considered. According to the litera-
ture [8], the generalized nonlinear failure criterion can be
expressed as in Figure 8.

And the failure criterion is given:

𝜏 = 𝑀
𝑓
(

𝜎
𝑛
+ 𝜎
𝑡

𝑝
𝑟

)

𝑚

𝑝
𝑟
, (2)

where 𝜎
𝑡
is the three-dimensional extension strength and

𝑀
𝑓
(𝑀
𝑓

= 𝑞/𝑝
𝑟
) is the failure stress ratio under a given

reference pressure 𝑝
𝑟
. For frictional materials, the range of

frictional angle is 0∘–90∘ and the corresponding range of𝑀
𝑓

is 0 < 𝑀
𝑓

< 3. 𝑚 is the material constant reflecting the
influence of mean principal stress on strength, 0 < 𝑚 < 1.
𝜎
𝑛
and 𝜏 are the positive and shear stress on the cut surface,

respectively.

4. Ultimate Pullout Capacity

Taking the shallow anchor as an example, the analysis model
of shallow anchor subjected to pullout load is shown in Fig-
ure 9. The rock and soil mass is assumed to be homogeneous
and isotropic and behaves as an elastic-plastic material and
obeys the generalized nonlinear failure criterion.
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Figure 1: Typical rupture surface of shallow anchors.

The balance equilibrium of the infinitesimal element is
scratched in Figure 9 in terms of the balance of the infinites-
imal element for the anchor, the surrounding rock and soil
mass, and the matrix together with the reinforcement in the
Cartesian coordinate system, respectively; the equilibrium
equation of vertical forces of the infinitesimal section in the
failure region is expressed as follows based on the theory of
limit equilibrium and the equation for rupture surface shape:

𝑑𝑃 = 2𝜋𝑞𝑑𝑥 + 𝜋𝛾

𝑥
2
𝑑𝑧 + 2𝜋 [𝜏 sin 𝜃 + 𝜎

𝑛
cos 𝜃] 𝑥𝑑𝑧, (3)

where 𝛾 is the soil unit weight, 𝑑𝑧 is the depth of infinitesimal
element, 𝑑𝑃/𝑑𝑧 is the increment of vertical antipull load for
the infinitesimal element, 𝑞 is the uniformly distributed load
on the infinitesimal element, 𝑥 is the radius at the bottom of
the infinitesimal element, 𝑑𝑥 is difference value of the radius
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Figure 2: Relationships between 𝑥 and 𝑛 with different value of 𝐿.
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Figure 3: Relationships between 𝑥 and 𝑧 with different value of 𝑛.

between the upper and bottom surface of the infinitesimal
element, 𝜏 is the tangential stress on the failure surface, and𝜎

𝑛

is the normal stress on the failure surface, which is expressed
as

𝜎
𝑛
= [𝛾 (𝐿 − 𝑧) + 𝛾


(𝐿 − 𝑧 −

Δ𝑧

2

)] [cos 𝜃 + 𝑘
0
sin 𝜃] , (4)

where 𝑘
0
is the lateral pressure coefficient of the soil mass

and 𝑧 is the vertical distance from the anchor plate to the
infinitesimal section.
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Figure 4: Relationships between 𝑥 and 𝜑 with different value of 𝑛.
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Figure 5: Relationships between 𝑥 and parameters of 𝑛 and 𝑧.
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Figure 6: Relationships between 𝑥 and parameters of 𝜑 and 𝑧.
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Figure 7: Relationships between 𝑥 and parameters of 𝜑 and 𝑛.
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Figure 8: Failure curve on triaxial compression meridian plane.

According to equilibrium conditions of vertical force for
infinitesimal element, Δ𝑃 can be obtained as follows:

Δ𝑃 = {𝜋𝑞 [(𝑥 + Δ𝑥)
2
− 𝑥
2
] (𝑞 + Δ𝑞) + 𝜋𝑥

2
Δ𝑞}

+ 𝜋(𝑥 +

Δ𝑥

2

)

2

Δ𝑧𝛾


+ 2𝜋(𝑥 +

Δ𝑥

2

) (𝜏 sin 𝜃 − 𝜎
𝑛
cos 𝜃) Δ𝑧.

(5)

Ignoring the higher order terms of differentiation and
taking limit equilibrium equation (3), the following expres-
sion is derived by Δ𝑞 = 𝛾Δ𝑧:

𝑑𝑃 = 2𝜋𝑞𝑥𝑑𝑥 + 𝜋𝑥
2
𝛾𝑑𝑧 + 𝜋𝛾


𝑥
2
𝑑𝑧

+ 2𝜋 [𝜏 sin 𝜃 − 𝜎
𝑛
cos 𝜃] 𝑥𝑑𝑧.

(6)

According to Figure 9, 𝑞 = 𝛾(𝐿 − 𝑧) and 𝑑𝑥/𝑑𝑧 =

cot(𝜋/4 − 𝜑/2) are obtained. Substituting (2) and (4) into (6),
the vertical antipull load increment at an arbitrary depth 𝑧

can be given by the following equation:

𝑑𝑃

𝑑𝑧

= 2𝜋 [(𝛾 + 𝛾

) (𝐿 − 𝑧)] 𝑥 cot 𝜃 + 2𝜋𝑥 {𝜏 sin 𝜃

− [(𝛾 + 𝛾

) (𝐿 − 𝑧)] ⋅ [cos 𝜃 + 𝑘

0
sin 𝜃] cos 𝜃} ,

(7)
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Figure 9: The calculation model for ultimate pullout force of piles.

where cos 𝜃 = √1/(1 + tan2𝜃), sin 𝜃 = √tan2𝜃/(1 + tan2𝜃),
and cot 𝜃 = 𝑑𝑥/𝑑𝑧 = (1/ tan 𝜃)(𝐿/𝑧).

The above equation may be solved by integrating from 0
to 𝐿, and the formulation of ultimate pullout load for shallow
anchor can be expressed as

𝑃 = ∫

𝐿

0

(2𝜋 [(𝛾 + 𝛾

) (𝐿 − 𝑧)] 𝑥 cot 𝜃 + 2𝜋𝑥 {𝜏 sin 𝜃

− [(𝛾 + 𝛾

) (𝐿 − 𝑧)]

⋅ [cos 𝜃 + 𝑘
0
sin 𝜃] cos 𝜃}) 𝑑𝑧.

(8)

As 𝜃 = 90
∘, the shallow anchor will be destroyed along

the contact surface between the slurry wall and the hole;
its fracture surface will be the type 𝑎 as shown in Figure 1.
According to (8), the ultimate pullout load of shallow anchor
can be given as

𝑃ult = 𝜋𝐷𝐿𝜏
∗
= 𝜋𝐷𝐿 ⋅ 𝑀

𝑓
(

𝜎
𝑛
+ 𝜎
𝑡

𝑝
𝑟

)

𝑚

𝑝
𝑟
, (9)

where 𝑃ult is the ultimate pullout load, 𝜎
𝑛
is the maximum

between rock and soil pressure and the grouting pressure for
calculation, and 𝐷 is the anchor diameter.

The effects of parameters on the characteristic of ultimate
pullout load are shown in Figures 10–17 with respect to 𝑟

0
=

0.055m, 𝑚 = 1.6, 𝑛 = 0, ℎ = 6.0m, 𝑘 = 0.75, 𝑀 = 1.07,
𝜎
𝑛
= 500 kPa,𝑀

𝑓
= 1.12, 𝑃

𝑟
= 100 kPa, and 𝜎

𝑡
= 0 kPa.

It can be seen from Figure 10 that ultimate pullout load
will increase nonlinearly with𝑚 increasing and will increase
with 𝐿 increasing.

Figure 11 shows that ultimate pullout load will decrease
nonlinearly with𝑚 increasing as𝑚 > 1, will be a constant as
𝑚 = 1, and will increase linearly as𝑚 = 0.

It is shown from Figure 12 that ultimate pullout load
will be increased nonlinearly with 𝑧 increasing and will be
increased with𝑚 increasing.
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Figure 10: Relationships between 𝑃 and𝑚 with different value of 𝐿.

It can be found from Figure 13 that ultimate pullout
load will increase nonlinearly with 𝑧 increasing and will be
increasing with 𝑛 increasing.

It is revealed from Figure 14 that the ultimate pullout will
increase with 𝐿 increasing, will decrease as 𝜃 < 15

∘, and then
will increase as 𝜃 > 15

∘.
It can be found from Figure 15 that the ultimate pullout

will increase with 𝐿 or 𝑛 increasing, especially for 𝑛 < 1 and
𝐿 > 6m.

Figure 16 shows that the ultimate pullout load will
increase nonlinearly with 𝑚 increasing, and there is no
significant effect of 𝑛 on the ultimate pullout load.
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Table 1: Comparison of the local test and proposed method results.

Category
Results of proposed method (kPa)

Results of local test (kPa)𝑛

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Clay 1 731.34 616.12 525.40 452.81 393.91 345.54 305.39 271.74 243.30 219.09 198.33 332.5
2 710.83 598.87 510.73 440.19 382.96 335.95 296.94 264.24 236.61 213.08 192.91 341.7

Sandy soil 1 1111.88 952.43 825.04 721.62 636.51 565.63 505.99 455.35 411.98 374.59 342.12 400.5
2 1133.16 970.72 840.95 735.59 648.88 576.67 515.90 464.30 420.12 382.01 348.93 411.3

Coarse-grained
soil

1 670.81 566.96 484.92 419.06 365.43 321.25 284.46 253.53 227.31 204.92 185.66 194.6
2 600.89 507.90 434.43 375.45 327.43 287.87 254.92 227.23 203.75 183.70 166.46 188.2
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Figure 11: Relationships between 𝑃 and 𝑃
𝑟
with different value of𝑚.
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Figure 13: Relationships between 𝑃 and 𝑧 with different value of 𝑛.

It can be seen fromFigure 17 that the ultimate pullout load
will increase with 𝐿 and𝑚 increasing as𝑚 > 1.4.

Generally speaking, there is a significant effect of
𝐿, 𝑚, 𝑧, 𝜑, and 𝑃

𝑟
on ultimate pullout load from Figures 10–

17.

5. Comparison of Theoretical and Local Test
Results

In order to validate the reliability of the proposed method, a
model and a pier uplift pile test data were taken as examples
for comparison.The results of the proposedmethod and local
test are shown in Table 1 corresponding to (1) 𝐿 = 3.15m,𝐷 =

0.0508m,𝜑 = 28
∘, 𝛾 = 16.8 kN/m3,𝑀

𝑓
= 1.12,𝑝

𝑟
= 147 kPa,

𝑚 = 1, and 𝜎
𝑡
= 0; the experiment results of ultimate capacity

are 332.5 kN and 341.7 kN. (2) 𝐿 = 2.51m, 𝐷 = 0.041m,
𝜑 = 36

∘, 𝛾 = 25 kN/m3,𝑀
𝑓
= 1.68, 𝑝

𝑟
= 100 kPa, 𝑚 = 0.62,

and 𝜎
𝑡
= 0; the experiment results of ultimate capacity are

400.5 kN and 411.3 kN. (3) 𝐿 = 2.1m,𝐷 = 0.0308m, 𝜑 = 32
∘,

𝛾 = 24.6 kN/m3, 𝑀
𝑓

= 1.86, 𝑝
𝑟
= 100 kPa, 𝑚 = 0.9, and
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𝜎
𝑡

= 0; the experiment results of ultimate capacity are
194.6 kN and 188.2 kN.

It can be seen fromTable 1 that the ultimate pullout capac-
ity increases nonlinearly with parameter 𝑛 increasing. The
surface shape cannot be determined because of disturbance
when rock and soil mass is excavated. So, the parameter 𝑛
cannot be accurately determined and the values of ultimate
uplift force are calculated with 𝑛 from 0 to 1. It is shown from
Table 1 that the results of local test are all in the range of the
results of the proposed method.

The comparison proves the theoretic reliability and valid-
ity in this work, so it can provide consultancy for shallow
anchor design. The differences between the theoretical cal-
culation and the local test data come from other factors such
as the anchor length, the anchor diameter, and the strength of
the soil around the anchor. The effects of these factors on the
displacement and deformation of uplift piles demand more
study.
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6. Conclusions

(1) A new rapture surface shape is described in the
present analysis. Based on the rapture surface equa-
tion and the limit equilibrium principle, rational
calculation method for calculating the ultimate uplift
capacity of the shallow anchor embedded in rock and
soil mass is formulated.

(2) The results of theoretical solutions and local tests
show that the present method can provide a certain
reasonable reference for designing of uplift capacity
of shallow anchor.

Notations

𝑐: Cohesion of rock and soil mass [FL−2]
𝐷: The anchor diameter [L]
𝑘
0
: The lateral pressure coefficient of the soil mass
[—]

𝐿: The length of shallow anchor [L]
𝑚: Material constant reflecting the influence of

mean principal stress on strength [—]
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𝑀
𝑓
: The failure stress ratio under a given refer-
ence pressure 𝑝

𝑟
[—]

𝑛: Parameters of failure surface shape [—]
𝑃
𝑟
: Internal pressure in the anchor hole [FL−2]

𝑃ult: Ultimate pullout load [FL−2]
𝑞: The uniformly distributed load on the

infinitesimal element [FL−2]
𝑟
0
: Radius of shallow anchor [L]

𝑥: The radius at the bottom of the infinitesi-
mal element [L]

𝑧: The vertical distance from the anchor plate
to the infinitesimal section [L]

𝜏: The tangential stress on the failure surface
[FL−2]

𝜑: Friction angle of rock and soil mass [—]
𝛾: Soil unit weight [FM−1]
𝜃: The angle between the failure surface and

horizon [—]
𝜎
𝑛
: Normal stress on the failure surface [FL−2]

𝜎
𝑡
: Three-dimensional extension strength

[FL−2].
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