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Hooke’s lawwas naturally generalized to finite strains byHill in 1978, by introducing the Seth-Hill strain and its conjugate stress.This
paper presents the transversely isotropic relations, which are not only a natural extension of Hill’s theory from isotropic materials
to transversely isotropic materials, but also the natural generalization of the transversely isotropic Hooke’s law from infinitesimal
strains to moderate strains. This generalization introduces a class of transversely isotropic hyperelastic models, which are adopted
to investigate the uniaxial stretch and the simple shear problems. Results show that the material responses for different constitutive
equations are significantly different; the stiffening or softening behaviors of materials at moderate deformations can be described
by the appropriate model with proper material parameters.

1. Introduction

In the context of isotropic finite elasticity, Hooke’s law for
infinitesimal deformations is usually generalized tomoderate
deformations by adopting different stress and strainmeasures
[1–5]. Some of the generalized linear constitutive models
are hyperelastic, but some are not. Hill [4] defined a class
of Hookean type hyperelastic materials by replacing the
Cauchy stress and the infinitesimal strain in Hooke’s law with
any given Seth-Hill strain and its conjugate stress. Miehe
and Lambrecht [6] developed representation of stresses and
elasticity tensors for Seth-Hill strain tensor. Xiao and Chen
[7, 8] studied a special case of Hill’s materials, namely, the
linear elastic Hencky model at finite deformations. Farahani
and Bahai [9] analyzed the linear isotropic Hill theory and
compared the results with the hypoelastic model of Cauchy
stress. Xiao and He [10] gave a unified exact analysis for the
Poynting effects of cylindrical tubes at finite strains, made
of Hill’s class of elastic materials. Some general results for
linear isotropic relations in finite hyperelasticity are suggested

by Murphy [11]. Further, Gilchrist and his coworkers [12]
investigated the generalization of the linear isotropic elasticity
to model biological soft tissue undergoing moderate strains.
They experimentally proved that when a proper strain tensor
is chosen, such generalizations of the structures of the linear
theory to the nonlinear regime might provide an efficient
method to model the mechanical behaviors of such materials
at moderate deformations.

The researches mentioned above are mainly concerned
with the isotropic cases. In many engineering problems,
it is necessary to characterize the mechanical behaviors of
anisotropic materials undergoing large deformations. In the
past decades, there have been several different studies on
the large strain responses of anisotropic materials following
the pioneer work of Ericksen and Rivlin [13], which can be
referred to Spencer [14], Silhavy [15], Holzapfel [16], and ref-
erences therein. To the authors’ knowledge, there are mainly
three methods to construct the anisotropic hyperelastic
constitutive relations at finite strains.The first approach is the
introduction of some specific nonlinear elastic strain energy
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functions, which are functions of the irreducible invariants
of strain tensor and structure tensor [13–20]; in particular,
Merodio and the coworkers [21, 22] use this approach to
deal with different invariants, anisotropic materials, residual
stress, and structural instabilities. The second is based on
the fictitious configuration; Menzel and Steinmann [23]
assumed that there is a fictitious isotropic configuration that
renders an anisotropic undeformed reference configuration
via an appropriate linear tangent map. Then, the constitutive
equations are built up based on the strain energy equivalence.
The third is based on the projection method; Mahnken [24]
developed the anisotropic geometrically nonlinear elastic
model with generalized Seth-Hill strain tensors projected to
invariant subspaces. The Seth-Hill strain tensors are widely
used not only in anisotropic finite elasticity, but also in
anisotropic finite elastoplasticity [25–27]. The present paper
focuses on the cases of finite elasticity and adopts the first
approach, similar to isotropic cases [1–13], to generalizing
the structures of the classical anisotropic linear theory to
moderate deformation cases. The intuitive expectation for
doing so is that, given the excellent agreement of the classical
model with experimental data, such generalizations can
provide simple and accurate models of nonlinear elastic
media undergoing moderate deformations [12]. Therefore,
the linear anisotropic elasticity with Seth-Hill strain tensors
for moderate strains is worthy of further study.

The present paper is not only a natural extension of Hill’s
relations from isotropic materials to transversely isotropic
materials, but also the natural generalization of transversely
isotropic Hooke’s law from infinitesimal strains to moderate
strains.The outline of the paper is as follows. Section 2 briefly
recalls the Seth-Hill strain tensors and their conjugate stress
tensors. Section 3 naturally generalizesHill’s class ofHookean
compressible materials to transversely isotropic materials.
Finally, the uniaxial stretch and the simple shear are analyzed
by using these generalized models; the stiffening or softening
behaviors of such materials are discussed. The results may be
useful for the mechanical analysis of soft tissue materials.

2. Seth-Hill Strain Tensors and Their
Conjugate Stress Tensors

2.1. Strain Measures. For a deformation body, with F denot-
ing the deformation gradient at a material point, the polar
decomposition theorem of F states can be

F = R ⋅ U = V ⋅ R, (1)

where U and V are the right and left stretch tensors,
respectively, and R is the rotation tensor.

The Seth-Hill Lagrangian strain tensors are defined as

E(𝑚) = 1

𝑚

(U(𝑚) − I) =

3

∑

𝑖=1

𝑓 (𝜆𝑖)N𝑖 ⊗ N𝑖 (2)

in which 𝑓(𝜆𝑖) = (𝜆

𝑚
𝑖 − 1)/𝑚, 𝜆𝑖 and N𝑖 are the principal

stretches and corresponding orthonormal eigenvectors of U,
respectively, I is the identity tensor, and𝑚 is a real number.

The corresponding Eulerian strain tensors are expressed
as

𝜀
(𝑚)

=

1

𝑚

(V(𝑚) − I) =

3

∑

𝑖=1

𝑓 (𝜆𝑖)n𝑖 ⊗ n𝑖 (3)

in which n𝑖, 𝑖 = 1, 2, 3, are the orthonormal eigenvectors ofV
corresponding to eigenvalues 𝜆𝑖.

When the parameter 𝑚 = 0 in (2) and (3), we obtain the
Lagrangian and the Eulerian logarithmic strains, respectively,
as follows:

E(0) = lnU,

𝜀
(0)

= lnV.
(4)

The relation between E(0) and 𝜀(0) is

lnV = R (lnU)R𝑇. (5)

2.2. Conjugate Stress Tensors. Hill [4] has stated that the stress
measureT(𝑚) is said to be conjugated to a strainmeasureE(𝑚),
when T(𝑚) and E(𝑚) satisfy

̇
𝑊 = 𝐽𝜎 : D = T(𝑚) : ̇E(𝑚), (6)

where 𝐽, 𝜎, andD represent the volume ratio between before
and after deformation, the Cauchy stress, and strain rate
tensor, respectively.

When the hyperelastic constitutive equations for the
Seth-Hill strains and their conjugate stresses are adopted
to solve the actual problems, it is necessary to express the
Cauchy stress 𝜎 as T(𝑚) for analyzing the actual stress state at
one material point. The relations of the Eulerian components
of 𝜎 and the Lagrangian components of T(𝑚) are given in the
following.

The left and right Cauchy-Green deformation tensors B
and C possess the same principal stretches Λ 𝑖 (Λ 𝑖 = 𝜆

2
𝑖 )

and the corresponding orthonormal eigenvectors n𝑖 and N𝑖,
respectively. Then B and C can be expressed as the following
spectral forms:

B = Λ 𝑖n𝑖 ⊗ n𝑖,

C = Λ 𝑖N𝑖 ⊗ N𝑖.
(7)

T(𝑚) conjugated to the Seth-Hill strain tensor E(𝑚) can be
written as

T(𝑚) = 𝑇

(𝑚)

𝑖𝑗 N𝑖 ⊗ N𝑗. (8)

Decomposing the Cauchy stress 𝜎 in the Eulerian principal
axes, we obtain

𝜎 = 𝜎𝑖𝑗n𝑖 ⊗ n𝑗. (9)

From (2) and (6), we get [29]

𝜎𝑖𝑗 =

2𝜆(𝑖)𝜆(𝑗)𝜑 (𝜆(𝑖), 𝜆(𝑗))

𝐽 [𝜆(𝑖) + 𝜆(𝑗)]

𝑇

(𝑚)

𝑖𝑗

(𝜆(𝑖) represents no summation) ,

(10)
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where

𝜑 (𝜆𝑖, 𝜆𝑗) =

{
{
{

{
{
{

{

𝑓


(𝜆𝑖) (𝜆𝑖 = 𝜆𝑗)

𝑓 (𝜆𝑗) − 𝑓 (𝜆𝑖)

𝜆𝑗 − 𝜆𝑖

(𝜆𝑖 ̸= 𝜆𝑗) .

(11)

When𝑚 = 0, (10) becomes

𝜎𝑖𝑗 =

{
{
{
{
{

{
{
{
{
{

{

𝑇

(0)

𝑖𝑗

𝐽

(𝜆𝑖 = 𝜆𝑗)

2𝜆(𝑖)𝜆(𝑗) (ln 𝜆(𝑗) − ln 𝜆(𝑖))

𝐽 [𝜆

2
(𝑗)

− 𝜆

2
(𝑖)
]

𝑇

(0)

𝑖𝑗
(𝜆𝑖 ̸= 𝜆𝑗) .

(12)

The Cauchy stress 𝜎 can be written as 𝜎 = 𝜎𝑖𝑗e𝑖 ⊗ e𝑗 in
the physical frames. Then, the physical components of the
Cauchy stress are

𝜎𝑖𝑗 = 𝜎𝑚𝑛𝑛𝑚𝑖𝑛𝑛𝑗, (13)

in which 𝑛𝑚𝑖 = n𝑚 ⋅ e𝑖, 𝑛𝑛𝑗 = n𝑛 ⋅ e𝑗.

3. Natural Extensions of Hill’s Class of
Compressible Materials

In this section, we will give a natural extension of Hill’s class
of Hookean compressible materials to transversely isotropic
materials at finite strains by the structure tensor method.

3.1. Hill’s Class of Compressible Materials. For the isotropic
linear hyperelastic materials at finite deformations, we take

𝑊 =

1

2

𝑎


𝐼

2

1 + 𝑏


𝐼2, (14)

where 𝐼1 and 𝐼2 are two invariants of E(𝑚),

𝐼1 = tr (E(𝑚)) ,

𝐼2 = tr [(E(𝑚))
2
] ,

(15)

𝑎

 and 𝑏

 are Lamé constants

𝑎


=

𝐸V
(1 + V) (1 − 2V)

,

𝑏


=

𝐸

2 (1 + V)

(16)

with the Poisson ratio V and Young’s modulus 𝐸.
From (6) and (14), Hill’s class of compressible materials is

given by

T(𝑚) = C𝐼 : E
(𝑚)

, (17)

where C𝐼 is the elasticity tensor for isotropic materials

C𝐼 = 𝑎

I ⊗ I + 𝑏


(I ⊠ I + I ⊠̂ I) . (18)

In (18) the fourth-order tensors P ⊗Q, P ⊠Q, and P ⊠̂Q are
three tensor products of the second-order tensors P and Q
and defined as

(P ⊗Q) : A = tr (A ⋅Q𝑇)P,

(P ⊠Q) : A = P ⋅ A ⋅Q𝑇,

(P ⊠̂Q) : A = P ⋅ A𝑇 ⋅Q𝑇,

(19)

in which A is a second-order tensor.
The equivalent component formulation (17) with respect

to the Lagrangian principal axes is

𝑇

(𝑚)

𝑖𝑗 = [𝑎


𝐼1 + 2𝑏


𝑓 (𝜆(𝑖))] 𝛿𝑖𝑗, (20)

where

𝛿𝑖𝑗 =

{

{

{

1 𝑖 = 𝑗

0 𝑖 ̸= 𝑗.

(21)

From (10)∼(12), the corresponding component formulation
of (17) relative to the Eulerian principal axes is

𝐽 𝜎𝑖𝑗 = 𝜆(𝑖)𝑓

(𝜆(𝑖)) [𝑎


𝐼1 + 2𝑏


𝑓 (𝜆(𝑖))] 𝛿𝑖𝑗. (22)

3.2. Transversely Isotropic Hill’s Compressible Materials. In
this subsection we give a natural extension of Hill’s class of
compressible materials to transversely isotropic materials by
introducing the structure tensor L, which is defined as

L = l0 ⊗ l0, (23)

where l0 is a unit vector describing the local fiber direction in
the undeformed configuration.The strain energy function𝑊

is an isotropic scalar function on the strain tensorE(𝑚) and the
structure tensor L. For geometrically nonlinear transversely
isotropic materials,𝑊 takes the following form:

𝑊 =

1

2

𝑎𝐼

2

1 + 𝑏𝐼2 + 𝑐𝐼

2

4 + 𝑑𝐼1𝐼4 + 𝑒𝐼5 (24)

in which 𝑎, 𝑏, 𝑐, 𝑑, and 𝑒 are material parameters and 𝐼4 and 𝐼5

are two invariants of E(𝑚) and L:

𝐼4 = tr [E(𝑚) ⋅ L] ,

𝐼5 = tr [(E(𝑚))
2
⋅ L] .

(25)

Then, we have

T(𝑚) = 𝜕𝑊

𝜕E(𝑚)
= C𝑇 : E

(𝑚)
, (26)

where C𝑇 is the elasticity tensor for transversely isotropic
material

C𝑇 = 𝑎I ⊗ I + 𝑏 (I ⊠ I + I ⊠̂ I) + 2𝑐L ⊗ L

+ 𝑑 (I ⊗ L + L ⊗ I)

+

𝑒

2

(I ⊠ L + I ⊠̂ L + L ⊠ I + L ⊠̂ I) .

(27)



4 Mathematical Problems in Engineering

The component form of the constitutive model (26) with
respect to the Lagrangian principal axes is

𝑇

(𝑚)

𝑖𝑗 = [𝑎𝐼1 + 2𝑏𝑓 (𝜆(𝑖)) + 𝑑𝐼4] 𝛿𝑖𝑗

+ {2𝑐𝐼4 + 𝑑𝐼1 + 𝑒 [𝑓 (𝜆(𝑖)) + 𝑓 (𝜆(𝑗))]} 𝑙0𝑖𝑙0𝑗,

(28)

where 𝑙0𝑖 = l0 ⋅ N𝑖.
From (10) and (28), the corresponding component for-

mulation of (26) relative to the Eulerian principal axes can
be expressed as

𝐽𝜎𝑖𝑗 =

2𝜆(𝑖)𝜆(𝑗)𝜑 (𝜆(𝑖), 𝜆(𝑗))

(𝜆(𝑖) + 𝜆(𝑗))

𝑇

(𝑚)

𝑖𝑗 . (29)

The present model should be able to be used in small
strain cases. Engineering parameters (𝐸, 𝐸, V, V, and 𝜇

) are
usually used in infinitesimal strain cases, which are elastic
modulus, Poisson’s ratios, and shear modulus in the isotropic
plane and the direction of the axis of symmetry, respectively.
The relations between material parameters 𝑎, 𝑏, 𝑐, 𝑑, 𝑒 and
engineering constants (𝐸, 𝐸, V, V, and 𝜇


) are

𝑎 =

𝐸 (V + 𝜉V2)
𝜍 (1 + V)

,

𝑏 =

𝐸

2 (1 + V)
,

𝑐 =

𝐸


(1 − V)
2𝜍

−

𝑎

2

− 𝑏 − 𝑑 − 𝑒,

𝑑 =

𝐸V

𝜍

− 𝑎,

𝑒 = 𝜇


− 𝑏,

(30)

where 𝜉 and 𝜍 are

𝜉 =

𝐸

𝐸


,

𝜍 = 1 − V − 2𝜉V2.
(31)

When the materials are isotropic, namely, 𝐸 = 𝐸


, V =

V, 𝜇 = 𝜇

, the nonvanishing parameters are 𝑎 and 𝑏, which
reduce to the form of (16).

3.3. Models for Logarithmic Strains. When 𝑚 = 0, the
generalized Seth-Hill strain tensor reduces to the logarithmic
strain. Then, we have

T(0) = C𝑇 : lnU. (32)

The corresponding component form of (32) relative to
Lagrangian principal axes is

𝑇

(0)

𝑖𝑗 = (𝑎𝐼1 + 2𝑏 ln 𝜆(𝑖) + 𝑑𝐼4) 𝛿𝑖𝑗

+ [2𝑐𝐼4 + 𝑑𝐼1 + 𝑒 (ln 𝜆(𝑖) + ln 𝜆(𝑗))] 𝑙0𝑖𝑙0𝑗.

(33)

From (10)∼(12), we get

𝐽𝜎𝑖𝑗 =

2𝜆(𝑖)𝜆(𝑗)𝜑 (𝜆(𝑖), 𝜆(𝑗))

(𝜆(𝑖) + 𝜆(𝑗))

𝑇

(0)

𝑖𝑗 . (34)

In the isotropic case, we have 𝑎 = 𝑎

 and 𝑏 = 𝑏

. Then,
(32) and (33) are simplified to

T(0) = 𝑎 tr (lnU) I + 2𝑏 lnU, (35)

𝑇

(0)

𝑖𝑗 = (𝑎𝐼1 + 2𝑏 ln 𝜆(𝑖)) 𝛿𝑖𝑗. (36)

Substituting (36) into (34), we obtain

𝐽𝜎𝑖𝑗 = (𝑎𝐼1 + 2𝑏 ln 𝜆(𝑖)) 𝛿𝑖𝑗. (37)

Comparing (36) and (37), we get that

𝑇

(0)

𝑖𝑗 = 𝐽𝜎𝑖𝑗 (38)

which implies that

T(0) = 𝐽R𝑇 ⋅ 𝜎 ⋅ R. (39)

From (5), (35), and (39), we have

𝐽𝜎 = 𝑎tr (lnV) I + 2𝑏 lnV. (40)

Considering (35) and (40), we can find that for isotropic
materials the Lagrangian and Eulerian Hencky models take
the same linear structures.

4. Applications and Discussions

In this section, the proposed transversely isotropic Hill class
of compressible materials is used to analyze two kinds of
homogeneous deformations, the uniaxial stretch and the
simple shear.

4.1. Uniaxial Stretch. Let (𝑋1, 𝑋2, 𝑋3) and (𝑥1, 𝑥2, 𝑥3) be the
Lagrangian and Eulerian rectangular coordinates, respec-
tively. They possess the same origin. Without losing of gen-
erality, we consider a cubic element of transversely isotropic
materials with arrises aligned with coordinate directions.
Under the action of the normal stress 𝜎11 along the 𝑥1

direction, it deforms
𝑥1 = 𝜆1𝑋1,

𝑥2 = 𝜆2𝑋2,

𝑥3 = 𝜆3𝑋3.

(41)

Then, we have

E(𝑚) = e(𝑚)

=

𝜆

𝑚
1 − 1

𝑚

e1 ⊗ e1 +
𝜆

𝑚
2 − 1

𝑚

e2 ⊗ e2 +
𝜆

𝑚
3 − 1

𝑚

e3

⊗ e3,

lnU = lnV

= ln 𝜆1e1 ⊗ e1 + ln 𝜆2e2 ⊗ e2 + ln 𝜆3e3 ⊗ e3,

(42)
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where e𝑖 (𝑖 = 1, 2, 3) denotes the unit vector along the 𝑥𝑖

direction. It is easy to get

𝐽 = 𝜆1𝜆2𝜆3,

𝐼1 =
𝜆

𝑚
1 + 𝜆

𝑚
2 + 𝜆

𝑚
3 − 3

𝑚

.

(43)

4.1.1. Uniaxial Stretch in the Fiber Direction. Let l0 = e1, and
then (41) describes the uniaxial stretch in the fiber direction.
Then, we obtain 𝐼4 = (𝜆

𝑚
1 − 1)/𝑚. Considering 𝜎22 = 𝜎33 = 0,

from (13), (28), (29), (42), and (43), we get

𝜆2 = 𝜆3 = [1 + (1 − 𝜆

𝑚

1 )
𝑎 + 𝑑

2 (𝑎 + 𝑏)

]

1/𝑚

. (44)

The total load acting on the element is 𝐿 = 𝜆2𝜆3𝜎11.Then, the
nondimensional total load is

𝐿

𝑏

= 𝛽1

𝜆

𝑚−1
1 (𝜆

𝑚
1 − 1)

𝑚

,
(45)

where

𝛽1 = [2 +

2

𝑏

(𝑐 + 𝑑 + 𝑒) +

𝑎𝑏 − 2𝑎𝑑 − 𝑑

2

𝑏 (𝑎 + 𝑏)

] . (46)

When𝑚 = 0, taking limits as𝑚 → 0 in (44)–(46), we obtain

𝜆2 = 𝜆3 = 𝜆

−(𝑎+𝑑)/2(𝑎+𝑏)

1 ,

𝐿

𝑏

= 𝛽1

ln 𝜆1

𝜆1

.

(47)

4.1.2. Uniaxial Stretch in the Transverse Direction. When l0 =
e2 (or l0 = e3), (41) describes uniaxial stretch in the transverse
direction. Herein, we only consider l0 = e2. Then, we obtain
that 𝐼4 = (𝜆

𝑚
2 − 1)/𝑚. From the boundary conditions that

𝜎22 = 𝜎33 = 0, we get

𝜆2 = [1 + (1 − 𝜆

𝑚

1 )
2𝑏 (𝑎 + 𝑑)

𝜒

]

1/𝑚

,

𝜆3 = [1 + (1 − 𝜆

𝑚

1 )
2𝑎 (𝑏 + 𝑐 + 𝑒) − 𝑑

2

𝜒

]

1/𝑚

,

(48)

where

𝜒 = 2𝑎 (𝑐 + 𝑒) + 4𝑏 (𝑎 + 𝑏 + 𝑐 + 𝑑 + 𝑒) − 𝑑

2
. (49)

The nondimensional total load acting on the element is

𝐿

𝑏

= 𝛽2

𝜆

𝑚−1
1 (𝜆

𝑚
1 − 1)

𝑚

,
(50)

where

𝛽2 = [2 −

2𝑑

2
− 4𝑎 (𝑏 + 𝑐 + 𝑒)

𝜒

] . (51)

For the special case 𝑚 = 0, we take limits as 𝑚 → 0 in (48)–
(50) and obtain

𝜆2 = 𝜆

−2𝑏(𝑎+𝑑)/𝜒

1 ,

𝜆3 = 𝜆

(𝑑
2
−2𝑎(𝑏+𝑐+𝑒))/𝜒

1 ,

𝐿

𝑏

= 𝛽2

ln 𝜆1

𝜆1

.

(52)

4.1.3. Simplification for Isotropic Materials. For isotropic
materials, the structure tensor is l0 = 0. Then (44), (45), (48),
and (50) reduce

𝜆2 = 𝜆3 = [1 + (1 − 𝜆

𝑚

1 )
𝑎

2 (𝑎 + 𝑏)

]

1/𝑚

= [1 + (1 − 𝜆

𝑚

1 ) V]
1/𝑚

,

(53)

𝐿

𝑏

= 𝛽0

𝜆

𝑚−1
1 (𝜆

𝑚
1 − 1)

𝑚

(54)

in which

𝛽0 = 2 +

𝑎

𝑎 + 𝑏

. (55)

When𝑚 = 0, (47) and (52) reduce

𝜆2 = 𝜆3 = 𝜆

−𝑎/2(𝑎+𝑏)

1 = 𝜆

−V
1 ,

𝐿

𝑏

= 𝛽0

ln 𝜆1

𝜆1

= 2 (1 + V)
ln 𝜆1

𝜆1

.

(56)

4.1.4. Discussions. Results of the uniaxial stretch are given
above for Hill’s class of materials for several numbers 𝑚.
Noting (45), (50), and (54), it is easy to find that they take
the same structures with differentmaterial parameters𝛽𝑖, 𝑖 =

0, 1, 2. Hence, we give the unified expressions of nondimen-
sional total force

𝐿

𝑏

= 𝛽𝑖

𝜆

𝑚−1
1 (𝜆

𝑚
1 − 1)

𝑚

.
(57)

Now, we study how the nondimensional total force 𝐿/𝑏 will
change. Hence, we consider the derivative of 𝐿/𝑏with respect
to 𝜆1,

𝐷[

𝐿

𝑏

] = 𝛽𝑖𝜆
𝑚−2

1 [𝜆

𝑚

1 (2 −
1

𝑚

) − (1 −

1

𝑚

)] . (58)

Firstly, we consider the tensile case where 𝜆1 > 1. When
𝑚 ≥ 1/2, (58) suggests that 𝐷[𝐿/𝑏] > 0 which predicts
that the nondimensional total force 𝐿/𝑏 will increase mono-
tonously in the process of stretching. When −∞ < 𝑚 < 1/2,
from𝐷[𝐿/𝑏] = 0, we can obtain that the tensile force 𝐿/𝑏will
reach its maximum 𝛽𝑖(1/(1 − 2𝑚))((𝑚 − 1)/(2𝑚 − 1))

1−1/𝑚 at
𝜆1 = ((𝑚 − 1)/(2𝑚 − 1))

1/𝑚.
Secondly, we analyze the compression case in which 0 <

𝜆1 < 1. When −∞ < 𝑚 ≤ 1, (58) suggests that 𝐷[𝐿/𝑏] > 0

which predicts that the compressive force 𝐿/𝑏 will increase



6 Mathematical Problems in Engineering

0.50 0.75 1.00 1.25 1.50

−3

−2

−1

0

1

L
/b

𝜆1

m = 3

m = 2

m = 1

m = 0

m = −1

m = −2

m = −3

Figure 1: Relations between nondimensional loading 𝐿/𝑏 and
stretch 𝜆1 for l0 = e1.
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Figure 2: Relations between nondimensional loading 𝐿/𝑏 and
stretch 𝜆1 for l0 = e2.

monotonously in the process of compressing. When 1 < 𝑚 <

∞, from 𝐷[𝐿/𝑏] = 0, we can obtain that the compressive
force𝐿/𝑏will reach itsmaximum𝛽𝑖(1/(1−2𝑚))((𝑚−1)/(2𝑚−

1))

1−1/𝑚 at 𝜆1 = ((𝑚 − 1)/(2𝑚 − 1))

1/𝑚.
In order to analyze the differences between the proposed

models with the different number 𝑚, we draw the relations
between the nondimensional total load and uniaxial stretch
for the known models with 𝑚 = 0, ±1, ±2, ±3 in Figures 1
and 2 in which the parameters V, V, 𝜉, and 𝜇


/𝑏 in (30) are

0.35, 0.25, 3, and 0.5, respectively. Figure 1 shows the relations
between the nondimensional total load 𝐿/𝑏 and the uniaxial
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Figure 3: Comparison of the present results with experimental data
[28] (stretch in the fiber direction).
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Figure 4: Comparison of the present results with experimental data
[28] (stretch in the transverse direction).

stretch 𝜆1 when l0 = e1. When l0 = e2, results are given
in Figure 2. It can be found that when 𝑚 > 1 the material
stiffens in tension and softens in compression.When𝑚 = 1, it
predicts the linear relations. When𝑚 < 1 the material shows
tensile softening and compressive stiffening.

In applications, once engineering constants (𝐸, 𝐸, V, V,
and 𝜇

) are obtained from experimental data, we can give
parameters a, b, c, d, and e for moderate deformations from
(30). Then, the exponent “m” can be determined by fitting
the experimental data. Figures 3 and 4 show the comparison
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between the present results and experimental data [28] of the
uniaxial stretch in the fiber longitudinal and transverse direc-
tions, respectively. In reference [28], the values of V and V are
measured. From the uniaxial stretch experimental data (in
fiber longitudinal and transverse two directions), we can
obtain parameters 𝐸 and 𝐸

, respectively. At last, we deter-
mined the parameter 𝜇

 and the exponent “m” by fitting
the experimental data. We get the material parameters 𝑎 =

31.1763KPa, 𝑏 = 17.1474KPa, 𝑐 = 450.692KPa, 𝑑 =

−4.11503KPa, and 𝑒 = 0. It can be found that when 𝑚 = 4.6

for stretch fiber longitudinal directions (and 𝑚 = −2.6 for
stretch in transverse directions), present results agree well
with the experiment data. The tissue in reference [28] is a
special kind of materials. The strain-stiffening behavior hap-
pens when the tissue is stretched in the fiber directions, while
it becomes strain-softening when stretched in transverse
directions. One value of the exponent “m” cannot predict this
phenomenon.

4.2. Simple Shear. We consider a homogeneous simple shear
in the isotropic plane of a transversely isotropic material.The
deformation is defined by

𝑥1 = 𝑋1,

𝑥2 = 𝑋2 + 𝛾𝑋3,

𝑥3 = 𝑋3,

(59)

where (𝑋1, 𝑋2, 𝑋3) and (𝑥1, 𝑥2, 𝑥3) are the coordinates of a
point before and after deformation, respectively. The princi-
pal stretches are

Λ 1 = 1,

Λ 2,3 =
1

2

(2 + 𝛾

2
∓ 𝛾√4 + 𝛾

2
) .

(60)

Let l0 = e1. Then, from (28), (29), and (13), the physical
components of Cauchy stress tensor can be expressed as

𝜎11 = (𝑎 + 𝑏) (𝑓2 + 𝑓3)

𝜎22 =

𝑚 (𝑎 + 2𝑏) [𝑓

2
2 (1 + Λ 2) + 𝑓

2
3 (1 + Λ 3)] + 2𝑏 [𝑓2 (1 + Λ 2) + 𝑓3 (1 + Λ 3)]

4 + 𝛾

2
+ 𝑎 (𝑓2 + 𝑓3 + 𝑚𝑓2𝑓3)

𝜎33 =

𝑚 (𝑎 + 2𝑏) [𝑓

2
3 (1 + Λ 2) + 𝑓

2
2 (1 + Λ 3)] + 2𝑏 [𝑓3 (1 + Λ 2) + 𝑓2 (1 + Λ 3)]

4 + 𝛾

2
+ 𝑎 (𝑓2 + 𝑓3 + 𝑚𝑓2𝑓3)

𝜎23 = −

2𝑏 (𝑓2 − 𝑓3) + 𝑚 (𝑎 + 2𝑏) (𝑓

2
2 − 𝑓

2
3 )

√4 + 𝛾

2

.

(61)

Next, we will study how the stress 𝜎33 in (61) will change in
the case of infinitesimal deformations. Consider the Taylor
expansion of the third equation of (61) for a very small 𝛾, and
then

𝜎33 =
1

4

[𝑚 (𝑎 + 3𝑏) − 2𝑏] 𝛾

2
+ 𝑜 (𝛾

4
) . (62)

It may be clear that, for a small shear deformation, each Hill’s
model (26) with

𝑚 >

2𝑏

𝑎 + 3𝑏

=

2𝜁

2 (V + 𝜉V2) + 3𝜁

(63)

will predict the compressive stress, whereas each Hill’s model
(26) with

𝑚 <

2𝜁

2 (V + 𝜉V2) + 3𝜁

(64)

will predict the tensile stress. When𝑚 = 2𝑏/(𝑎 + 3𝑏), 𝜎33 will
vanish for small deformation cases.

Figure 5 plots the developments of the nondimensional
stress 𝜎33/𝑏 in the isotropic plane shear deformation for the
transversely isotropic Hill model with 𝑚 = 0, ±1, ±2, ±3.
Figure 5 adopts the same material parameters as those of

Figure 1, such that 2𝜁/(2(V + 𝜉V2) + 3𝜁) = 0.29. It can be seen
that when 𝑚 < 0.29 the material is subjected to pressure in
the 𝑥3 direction, and when𝑚 > 0.29 the material is subjected
to tension.These results are consistent with those of (63) and
(64) in the infinitesimal deformation.

Next we will show how 𝑚 affects the shear stress 𝜎23/𝑏
in the isotropic plane shear deformation. Taking the same
parameters as those of Figure 1, we present in Figure 6 the
developments of the nondimensional stress 𝜎23/𝑏 for 𝑚 =

0, ±1, ±2, ±3. It is shown that 𝜎23/𝑏 takes the same values for
𝑚 and −𝑚. When 𝑚 > 0 the stress 𝜎23/𝑏 stiffens in the shear
process; for𝑚 = 0 it will reach its upper bound at 𝛾 = 3.29.

5. Conclusion

Based on the structure tensor method, the present paper
generalized the isotropic Hill theory to transversely isotropic
media undergoing moderate deformations. The differences
of these models are discussed through the analyses of the
uniaxial stretch and the simple shear problems. Such gen-
eralizations of the structures of the isotropic theory to the
transversely isotropic casesmight provide an efficientmethod
to model the stiffening or softening behaviors of materials
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Figure 5: Relations between nondimensional normal stress 𝜎33/𝑏
and shear deformation 𝛾 (shear in the isotropic plane).
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Figure 6: Relations between nondimensional shear stress 𝜎23/𝑏 and
shear deformation 𝛾 (shear in the isotropic plane).

at moderate deformations. The results may be useful for the
mechanical analysis of soft tissue materials.
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