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A two-stage stochastic quadratic programming problem with inequality constraints is considered. By quasi-Monte-Carlo-based
approximations of the objective function and its first derivative, a feasible sequential system of linear equationsmethod is proposed.
A new technique to update the active constraint set is suggested. We show that the sequence generated by the proposed algorithm
converges globally to a Karush-Kuhn-Tucker (KKT) point of the problem. In particular, the convergence rate is locally superlinear
under some additional conditions.

1. Introduction

Stochastic programming is a framework for modeling opti-
mization problems that involve uncertainty. It has applica-
tions in a broad range of areas ranging between finance,
transportation, and energy optimization [1, 2]. In the field of
industrial production, stochastic programming is also widely
used in stochastic control [3–7].

We consider the following two-stage stochastic quadratic
programming problem:

min 𝑓 (𝑥) = 𝑃 (𝑥) + 𝑄 (𝑥) , (1a)

subject to 𝑐 (𝑥) ≤ 0, (1b)

where

𝑄 (𝑥) = ∫
Ω
𝑄 (𝑥, 𝜔) 𝑝 (𝜔) 𝑑𝜔, (1c)

𝑄 (𝑥, 𝜔) = max {−12𝑦𝑇𝐺𝑦 + 𝑦𝑇 (ℎ (𝜔) − 𝑇𝑥) | 𝑊𝑦
≤ 𝑞, 𝑦 ∈ 𝑅𝑠} . (1d)

𝑃(⋅) : 𝑅𝑛 → 𝑅 and 𝑐(⋅) : 𝑅𝑛 → 𝑅𝑚 are twice continuously dif-
ferentiable. 𝐺 ∈ 𝑅𝑠×𝑠 is symmetric positive definite. 𝑇 ∈ 𝑅𝑠×𝑛,𝑞 ∈ 𝑅𝑡, and 𝑊 ∈ 𝑅𝑡×𝑠 are fixed matrices or vectors. 𝜔 ∈ 𝑅𝑟

and ℎ(⋅) are random vectors. 𝑝(⋅) : 𝑅𝑟 → 𝑅+ is a continuously
differentiable probability density function.

LetF = {𝑥 ∈ 𝑅𝑛 | 𝑐(𝑥) ≤ 0} andZ = {𝑦 ∈ 𝑅𝑠 | 𝑊𝑦 ≤ 𝑞}.
We denote the active constraint by 𝐼0(𝑥) = {𝑖 ∈ 𝐼 | 𝑐𝑖(𝑥) = 0},
where 𝐼 = {1, . . . , 𝑚}. Throughout the paper, the following
hypotheses hold.

Assumption 1. F andZ are bounded.

Assumption 2. At every 𝑥 ∈ F, the vectors ∇𝑐𝑖(𝑥), 𝑖 ∈ 𝐼0(𝑥)
are linearly independent.

A basic difficulty of solving stochastic optimization prob-
lem (1a), (1b), (1c), and (1d) is that the objective function with
uncertainty can be complicated or difficult to compute even
approximately.The aim of this paper is to give computational
approaches based on quasi-Monte-Carlo sampling tech-
niques. To solve stochastic programming problems, one usu-
ally resorts to deterministic optimization methods. This idea
is a natural one and was used by many authors over the years
[8–12]. Deterministicmethods were also applied to stochastic
programming problems which involve quadratic program-
ming in a vast literature. The extended linear quadratic
programming (ELQP) model was introduced by Rockafel-
lar and Wets [13, 14]. Qi and Womersley [15] proposed
an sequence quadratic programming (SQP) algorithm for
ELQP problems. To solve ELQP, Chen et al. [16] suggested
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a Newton-type approach and showed that this method is
globally convergent and locally superlinear convergent. At the
same time, Birge et al. [17] investigated a stochastic Newton
method for ELQP with inequality constraint 𝐴𝑥 ≤ 𝑏. Global
convergence and local superlinear convergence of themethod
were established.

In order to get a numerical solution of (1a), (1b), (1c), and
(1d) based on quasi-Monte-Carlo techniques, consider the
following approximation of (1c):

𝑄𝑛𝑘 (𝑥) = 1𝑛𝑘
𝑛𝑘−1∑
𝑖=0

𝜉𝑖𝑄(𝑥, 𝜔𝑖) , (2)

where𝜔𝑖 ∈ Ω and 𝜉𝑖 is generated by lattice rules [18, 19]. Con-
sequently problem (1a), (1b), (1c), and (1d) is approximated by

min 𝑓𝑛𝑘 (𝑥) = 𝑃 (𝑥) + 𝑄𝑛𝑘 (𝑥) , (3a)

subject to 𝑐 (𝑥) ≤ 0. (3b)

Since Z is bounded, it follows from [17] that 𝑓(𝑥) is twice
continuously differentiable.Moreover, from [16], the approxi-
mated objective function𝑓𝑛𝑘(𝑥) has the following continuous
first derivative in 𝑅𝑛:

𝑔𝑛𝑘 (𝑥) = ∇𝑃 (𝑥) − 1𝑛𝑘𝑇𝑇(
𝑛𝑘−1∑
𝑖=0

𝜉𝑖𝑧∗ (𝑥, 𝜔𝑖)) , (4)

where 𝑧∗(𝑥, 𝜔𝑖) = argmax{−(1/2)𝑧𝑇𝐺𝑧 + 𝑧𝑇(ℎ(𝜔𝑖) − 𝑇𝑥) |𝑧 ∈ Z}.
Let {𝑛𝑘}∞𝑘=1 be an integer sequence satisfying 1 ≤ 𝑛1 ≤⋅ ⋅ ⋅ ≤ 𝑛𝑘 ≤ 𝑛𝑘+1 ≤ ⋅ ⋅ ⋅ and 𝑛𝑘 → ∞ as 𝑘 → ∞. Generate

observations {𝜔𝑖, 𝑖 = 1, . . . , 𝑛𝑘} on the unit hypercube
according to an integration rule. Here, we choose quasi-
Monte-Carlo sequences [20]. SinceF andZ are compact, it
follows from [20] (or [21]) that there exists a constant 𝐶 > 0
such that, for any 𝑥 ∈ F,

𝑓 (𝑥) − 𝑓𝑛𝑘 (𝑥) ≤ 𝐶 (log 𝑛𝑘)𝑚−1𝑛𝑘 , (5)

∇𝑓 (𝑥) − 𝑔𝑛𝑘 (𝑥) ≤ 𝐶 (log 𝑛𝑘)𝑚−1𝑛𝑘 . (6)

The paper addresses a feasible sequential system of linear
equations (SSLE) approach to solve (1a), (1b), (1c), and (1d).
This study is stronglymotivated by recent successful develop-
ment of various SSLE algorithms for deterministic optimiza-
tion problems andquasi-Monte-Carlo simulation techniques.
SSLE methods for deterministic optimization problems have
been proposed by many authors over the years. An interested
reader is referred to the literature [22–26] for excellent
surveys. Our algorithm has the following interesting features.

(a) Without assuming isolatedness of the accumulation
point or boundedness of the Lagrange multiplier
approximation sequence, every accumulation point
of the iterative sequence generated by the proposed
algorithm converges to a KKT point of problem (1a),
(1b), (1c), and (1d).

(b) At each iteration, we only to solve four symmetric
systems of linear equationswith a common coefficient
matrix and a simple structure. In the proposed algo-
rithm the last system of linear equation only needs to
be solved for achieving a local one-step superlinear
convergence rate.

(c) In order to achieve the “working set,” the
multiplier function 𝜆(𝑥) fl (∇𝑐(𝑥)𝑇∇𝑐(𝑥)+ diag(𝑐2𝑖 (𝑥)))−1∇𝑐(𝑥)𝑇∇𝑓(𝑥) is needed to be obtained
firstly in [27]. The multiplier function also is
suggested by Facchinei et al. [28], while our algorithm
provides a new technique to update the “working
set,” consequently, without calculating the multiplier
function.

(d) In order to find a search direction, a quadratic pro-
gramming subproblem needs to be solved at each
iteration in [17]. Consequently, the Hessian of objec-
tive function needs to be approximated by Monte
Carlo (or quasi-Monte-Carlo) rule, while for the SSLE
methods the approximation is not necessary. Our
algorithm solves four linear systems of equations with
only the first-order derivative of objective function
involved.

The remainder of this paper is organized as follows.
Section 2 gives the algorithm of (1a), (1b), (1c), and (1d) and
shows the proposed algorithm is well defined. In Section 3 we
discuss the convergence of algorithm in detail. We proceed
in Section 4 by showing the local superlinear convergence.
Finally, our conclusions are presented in Section 5.

2. Algorithm

The Lagrangian function associated with problem (1a), (1b),
(1c), and (1d) is defined by

𝐿 (𝑥, 𝜆) = 𝑓 (𝑥) + 𝜆𝑇𝑐 (𝑥) . (7)

A point 𝑥∗ in F is called a KKT point of problem (1a), (1b),
(1c), and (1d), if there exits 𝜆∗ such that the following KKT
conditions hold:

∇𝑥𝐿 (𝑥∗, 𝜆∗) = 0, 𝜆∗ ≥ 0,
𝑐𝑖 (𝑥∗) 𝜆∗𝑖 = 0, ∀𝑖 ∈ 𝐼, (8)

where

∇𝑥𝐿 (𝑥, 𝜆) = ∇𝑓 (𝑥) + 𝑚∑
𝑖=1

𝜆𝑖∇𝑐𝑖 (𝑥) . (9)

For 𝑥, 𝑦 ∈ F, let

𝐼 (𝑥, 𝑦, 𝜆, 𝜀) fl {𝑖 ∈ 𝐼 | 𝑐𝑖 (𝑥) + 𝜀𝜌 (𝑦, 𝜆) > 0} , (10)

where 𝜀 is a nonnegative parameter and 𝜌(𝑦, 𝜆) = √‖Φ(𝑦, 𝜆)‖
with

Φ(𝑦, 𝜆) fl ( ∇𝑦𝐿 (𝑦, 𝜆)
min {−𝑐 (𝑦) , 𝜆}) . (11)
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From the definition of 𝜌(𝑥, 𝜆), 𝜌(𝑥∗, 𝜆∗) = 0 if and only
if (𝑥∗, 𝜆∗) satisfies KKT conditions (8). In order to achieve
the active constraint set in our algorithm, the estimate of set𝐼(𝑥, 𝑦, 𝜆, 𝜀) is defined by

𝐼𝑛𝑘 (𝑥, 𝑦, 𝜆, 𝜀) fl {𝑖 ∈ 𝐼 | 𝑐𝑖 (𝑥) + 𝜀𝜓𝑛𝑘 (𝑦, 𝜆) > 0} , (12)

where

𝜓𝑛𝑘 (𝑦, 𝜆) = {{{2[[( 1𝑛𝛿2
𝑘

)2 + (𝜌𝑛𝑘 (𝑦, 𝜆))4]]
}}}
1/4

,
𝜌𝑛𝑘 (𝑦, 𝜆) = √Φ𝑛𝑘 (𝑦, 𝜆),
Φ𝑛𝑘 (𝑦, 𝜆) fl ( ∇𝑦𝐿𝑛𝑘 (𝑦, 𝜆)

min {−𝑐 (𝑦) , 𝜆}) ,
∇𝑦𝐿𝑛𝑘 (𝑦, 𝜆) = 𝑔𝑛𝑘 (𝑦) + 𝑚∑

𝑖=1

𝜆𝑖∇𝑐𝑖 (𝑦) ,

(13)

and 𝛿2 is a positive parameter in (1/2, 1). Since 𝑓(𝑥) and 𝑐(𝑥)
are continuously differentiable, it follows fromTheorem 3.15
in [28] that 𝜌𝑛𝑘(𝑥, 𝜆) is nonnegative and continuous on 𝑅𝑛+𝑚.
Hence, from (6) and continuous differentiability of 𝑓𝑛𝑘(𝑥),
we have that 𝜌𝑛𝑘(𝑦, 𝜆) → 𝜌(𝑥∗, 𝜆∗), as 𝑛𝑘 → ∞, (𝑦, 𝜆) →(𝑥∗, 𝜆∗).

For simplicity, let 𝐼(𝑛𝑘, 𝑘 + 1, 𝜀) fl 𝐼𝑛𝑘(𝑥𝑘+1, 𝑥𝑘, 𝜆𝑘, 𝜀), and
𝑀(𝑛𝑘, 𝑘 + 1) fl ( 𝐻𝑘+1 ∇𝑐 (𝑛𝑘, 𝑥𝑘+1)

∇𝑐 (𝑛𝑘, 𝑥𝑘+1)𝑇 0 ) , (14)

where

∇𝑐 (𝑛𝑘, 𝑥𝑘+1) fl (∇𝑐𝑖 (𝑥𝑘+1) | 𝑖 ∈ 𝐼 (𝑛𝑘, 𝑘 + 1, 𝜀)) . (15)

Now we formally state our algorithm.

Algorithm 3.

(S.0) (Initialization)

Parameters: 𝜎 ∈ (0, 1), 𝜎1 ∈ (0, 1), 𝜃 ∈ (0, 1), 𝜂 ∈(2, 3), 𝑢 ∈ (0, 1/2),𝛽 ∈ (0, 1), 𝛿1 ∈ (0, 1/2), 𝛿2 = 1−𝛿1;
Data: 0 < 𝑤0 < 1, 𝑀 > 0, 𝜆0 = 0 ∈ 𝑅𝑚, 𝜀0 > 0, sym-
metric positive define matrix 𝐻0 ∈ 𝑅𝑛×𝑛, 𝑥0 = 𝑥1 ∈
F, and 𝑐𝑖(𝑥0) < 0, for every 𝑖 ∈ 𝐼. Sequence {𝛼𝑘}
satisfies 𝛼𝑘 > 0, for all 𝑘, and ∑∞𝑘=0 𝛼𝑘 < +∞;

Choose 𝑛0, 𝑛1 such that 1/𝑛𝛿20 ∈ (0, 𝛼0), and 1/𝑛𝛿21 ∈(0, 𝛼1);
Generate observations {𝜔𝑖: 𝑖 = 0, . . . , 𝑛0} by quasi-
Monte-Carlo rules and calculate 𝑔𝑛0(𝑥0);
Set 𝑘 fl 1.

(S.1) (Choose Working Set)

(S1.1) If 𝜓𝑛𝑘−1(𝑥𝑘−1, 𝜆𝑘−1) > 𝑀, then set 𝜓𝑛𝑘−1(𝑥𝑘−1, 𝜆𝑘−1) =𝑀.
(S1.2) Set 𝜀 fl 𝜀𝑘, 𝑤 fl 𝑤𝑘.
(S1.3) Calculate 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) and𝑀(𝑛𝑘−1, 𝑘).
(S1.4) If ‖(𝑀(𝑛𝑘−1, 𝑘))‖ < 𝑤, then set 𝜀 = 𝜎𝜀, 𝑤 = 𝜎1𝑤, and

go to (S1.3).
(S1.5) Set 𝜀𝑘+1 = 𝜀, 𝑤𝑘+1 = 𝑤.

(S.2) (Computation of Search Direction)

If 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) = 0, then run the following step
(S2.1)–(S2.4); otherwise go to (S2.5).

(S2.1) Set 𝑙 fl 0.
(S2.2) Generate observations {𝜔𝑖: 𝑖 = 0, . . . , 𝑛𝑘 + 𝑙} by quasi-

Monte-Carlo rules and calculate 𝑔𝑛𝑘+𝑙(𝑥𝑘).
(S2.3) Set 𝑑𝑘0 = 𝑑𝑘1 = 𝑑𝑘2 = 𝑑𝑘3 = −𝐻𝑘𝑔𝑛𝑘+𝑙(𝑥𝑘).
(S2.4) If 1/(𝑛𝑘 + 𝑙)𝛿2 > 𝑀‖𝑑𝑘2‖, then set 𝑙 = 𝑙 + 1 and go to

(S2.2); otherwise set 𝑛𝑘 = 𝑛𝑘 + 𝑙, 𝜆𝑘 = 0, 𝑙𝑘 = 𝑙, and go
to (S.3).

(S2.5) Set 𝑙 fl 0.
(S2.6) Generate observations {𝜔𝑖: 𝑖 = 0, . . . , 𝑛𝑘 + 𝑙} by quasi-

Monte-Carlo rules and calculate 𝑔𝑛𝑘+𝑙(𝑥𝑘).
(S2.7) Compute (𝑑𝑘0 , 𝜆𝑘0) by solving the system of linear

equation in (𝑑, 𝜆)
𝑀 (𝑛𝑘−1, 𝑘) (𝑑𝜆) = (−𝑔𝑛𝑘+𝑙 (𝑥𝑘)0 ) . (16)

Set 𝜆𝑘 fl ( 𝜆𝑘0
0
) ∈ 𝑅𝑚.

(S2.8) Let

𝜐𝑘𝑖 = {{{
𝜆𝑘0𝑖 , 𝑖 ∈ Γ−𝑘0 ,
min {−𝑐𝑖 (𝑥𝑘) , 𝜆𝑘0𝑖 } , 𝑖 ∈ 𝐼 (𝑛𝑘−1, 𝑘, 𝜀𝑘) \ Γ−𝑘0 , (17)

where Γ−𝑘0 = {𝑖 ∈ 𝐼(𝑛𝑘−1, 𝑘, 𝜀) | 𝜆𝑘0𝑖 < 0}.
Compute (𝑑𝑘1 , 𝜆𝑘1) by solving the system of linear
equation in (𝑑, 𝜆)

𝑀 (𝑛𝑘−1, 𝑘) (𝑑𝜆) = (−𝑔𝑛𝑘+𝑙 (𝑥𝑘)𝜐𝑘 ) . (18)

If 1/(𝑛𝑘 + 𝑙)𝛿2 > 𝑀‖𝑑𝑘1‖, then set 𝑙 = 𝑙 + 1 and go to
(S2.6); otherwise set 𝑛𝑘 = 𝑛𝑘 + 𝑙, and 𝑙𝑘 = 𝑙.

(S2.9) Compute (𝑑𝑘2 , 𝜆𝑘2) by solving the system of linear
equation in (𝑑, 𝜆)

𝑀 (𝑛𝑘−1, 𝑘) (𝑑𝜆) = (−𝑔𝑛𝑘+𝑙 (𝑥𝑘)𝜇𝑘 ) , (19)
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where

𝜇𝑘 = 𝜐𝑘 − 𝜌𝑘𝑒,
𝜌𝑘 = (𝜃 − 1) 𝑔𝑛𝑘+𝑙 (𝑥𝑘)𝑇 𝑑𝑘11 + ∑𝑖∈𝐼(𝑛𝑘−1 ,𝑘,𝜀𝑘) 𝜆𝑘0𝑖  𝑑𝑘1𝜂

𝑑𝑘1𝜂 . (20)

(S2.10) Compute (𝑑𝑘3 , 𝜆𝑘3) by solving the system of linear
equation in (𝑑, 𝜆)

𝑀 (𝑛𝑘−1, 𝑘) (𝑑𝜆) = (−𝑔𝑛𝑘+𝑙 (𝑥𝑘)𝜔𝑘 ) , (21)

where

𝜔𝑘 = ∇𝑐 (𝑛𝑘−1, 𝑥𝑘)𝑇 𝑑𝑘2 − 𝑐 (𝑛𝑘−1, 𝑥𝑘 + 𝑑𝑘2)
− 𝑑𝑘2𝜂 𝑒.

(22)

(S.3) If ‖𝑑𝑘3 − 𝑑𝑘2‖ > ‖𝑑𝑘2‖, then set 𝑑𝑘3 = 𝑑𝑘2 .
Choose 𝑡𝑘, the first number 𝑡 in the sequence {1, 𝛽, 𝛽2, . . .}

satisfying

𝑓𝑛𝑘 (𝑥𝑘 + 𝑡𝑑𝑘2 + 𝑡2 (𝑑𝑘3 − 𝑑𝑘2)) − 𝑓𝑛𝑘 (𝑥𝑘)
≤ 𝑢𝑡𝑔𝑛𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 + 𝛼𝑘, (23)

𝑐𝑖 (𝑥𝑘 + 𝑡𝑑𝑘2 + 𝑡2 (𝑑𝑘3 − 𝑑𝑘2)) < 0, 𝑖 ∈ 𝐼. (24)

(S.4) Compute𝑁𝑘 such that 1/𝑁𝛿2
𝑘

∈ (0, 𝛼𝑘+1).
Set 𝑛𝑘+1 = max{𝑁𝑘, 𝑛𝑘}, and 𝑥𝑘+1 fl 𝑥𝑘 + 𝑡𝑘𝑑𝑘2 + 𝑡2𝑘(𝑑𝑘3 −𝑑𝑘2). Generate a new symmetric positive define matrix𝐻𝑘+1.

Set 𝑘 fl 𝑘 + 1 and go to (S.1).

Remarks

(a) Themain purpose of (S.1) is to generate a working set
and ensure that the matrix𝑀(𝑛𝑘−1, 𝑘) is nonsingular,
for every 𝑘. Hence, (𝑑𝑘𝑖 , 𝜆𝑘𝑖) is well defined, for all 𝑖 ∈{0, 1, 2, 3}.The calculation of set 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) specially
is different from the one proposed in [27]. We use
the solution 𝜆𝑘1 of system (18) as a substitute for
the multiplier function proposed in [27]. Moreover,𝑀(𝑛𝑘−1, 𝑘) is also uniformly bounded. Details will
subsequently be given.

(b) From the construction of the algorithm, four linear
systems need to be solved at each iteration. To ensure
the iterate sequence globally converges to KKT point
of (1a), (1b), (1c), and (1d), we only need to solve
the previous three linear systems (16), (18), and (19).
The linear systems (16) and (19) play important roles
in proving the global convergence. The main aim of
the linear system (21) is to guarantee the one-step
superlinear convergence rate of the algorithm under
mild conditions.

(c) It is not difficult to show that there exists 𝑡𝑘, the first
number of the sequence {1, 𝛽, 𝛽2, . . .}, which satisfies
the linear search (23) and (24). In Section 4 we will
show that 𝑡𝑘 = 1, for sufficiently large 𝑘. Hence, the
Maratos effect will be avoided.

(d) In numerical experiments 𝐻𝑘 is usually updated by
the Broyden-Fletcher-Goldfarb-Shanno (BFGS) for-
mula [27, 29]. At any iteration 𝑘 Algorithm 3 stops as
the following termination criteria, with 𝜀stop ∈ (0, 1)
and maximum iterations𝑁max:

(i) Φ𝑛𝑘 (𝑥𝑘, 𝜆𝑘) < 𝜀stop,
or (ii) 𝑘 = 𝑁max. (25)

The rest of section is devoted to show that Algorithm 3 is
well defined. We firstly give the following hypothesis on the
choice of the matrix𝐻𝑘.
Assumption 4. There exist positive constants 𝐶1 and 𝐶2 such
that for all 𝑘 and 𝑑 ∈ 𝑅𝑛

𝐶1 ‖𝑑‖2 ≤ 𝑑𝑇𝐻𝑘𝑑 ≤ 𝐶2 ‖𝑑‖2 . (26)

It is not difficult to see from 𝑐𝑖(𝑥𝑘) < 0, for every 𝑘 in
nonnegative integer setN, the inner iteration (S.1) terminates
finitely.

Lemma 5. ∇𝑓(𝑥𝑘) = 0, if there exists some 𝑘 such that the
following conditions hold.

(a) 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) = 0, (b) 1/(𝑛𝑘 + 𝑙)𝛿2 > 𝑀‖𝑑𝑘2‖ for all𝑙 ≥ 0.
Proof. From condition (b), we have that 𝑑𝑘2 → 0. It follows
that∇𝑓 (𝑥𝑘) ≤ ∇𝑓 (𝑥𝑘) − 𝑔𝑛𝑘+𝑙 (𝑥𝑘) + 𝑔𝑛𝑘+𝑙 (𝑥𝑘)

≤ 𝐶 [log (𝑛𝑘 + 𝑙)]𝑚−1𝑛𝑘 + 𝑙 + 𝐻𝑘𝑑𝑘2 → 0. (27)

From independence of 𝑘 and 𝑙, the result follows.
Lemma 6. ∇𝑓(𝑥𝑘) = 0, if there exists some 𝑘 such that the
following conditions hold.

(a) 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) ̸= 0, (b) 1/(𝑛𝑘+𝑙)𝛿2 > 𝑀‖𝑑𝑘1‖ for all 𝑙 ≥ 0.
Proof. From condition (b), 𝑑𝑘1 → 0. It follows that, as 𝑙 → ∞

𝑔𝑛𝑘+𝑙 (𝑥𝑘)𝑇 𝑑𝑘1
= −𝑑𝑘0𝐻𝑘𝑑𝑘0 − ∑

𝑖∈Γ−
𝑘0

(𝜆𝑘0𝑖 )2

− ∑
𝑖∈𝐼(𝑛𝑘−1 ,𝑘,𝜀𝑘)\Γ

−
𝑘0

𝜆𝑘0𝑖 min {−𝑐𝑖 (𝑥𝑘) , 𝜆𝑘0𝑖 } = 0.
(28)
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Therefore, we get 𝑑𝑘0 → 0, and
𝜆𝑘0𝑖 → 0 if 𝑖 ∈ Γ−𝑘0 ,

𝜆𝑘0𝑖 𝑐𝑖 (𝑥𝑘) → 0 if 𝑖 ∈ 𝐼 (𝑛𝑘−1, 𝑘, 𝜀𝑘) \ Γ−𝑘0 . (29)

Since 𝑐𝑖(𝑥𝑘) < 0, 𝜆𝑘0 → 0, we have, as 𝑙 → ∞,∇𝑓 (𝑥𝑘) ≤ ∇𝑓 (𝑥𝑘) − 𝑔𝑛𝑘+𝑙 (𝑥𝑘) + 𝑔𝑛𝑘+𝑙 (𝑥𝑘)
= ∇𝑓 (𝑥𝑘) − 𝑔𝑛𝑘+𝑙 (𝑥𝑘)

+ ∇𝑐 (𝑛𝑘−1, 𝑥𝑘) 𝜆𝑘0 + 𝐻𝑘𝑑𝑘0 → 0.
(30)

This completes the proof.

It is easy to see from Lemmas 5 and 6 that 𝑥𝑘 is a
unconstrained stationary point of 𝑓, if we are not able to get
the next iteration 𝑥𝑘+1 from the current iteration 𝑥𝑘; that is,
the inner iterations (S2.1)–(S2.8) terminate infinitely. Since
we always have 𝑥𝑘 ∈ F, this means that 𝑥𝑘 is actually a KKT
point of problem (1a), (1b), (1c), and (1d). In the following
section, we assume that the inner iterations (S2.1)–(S2.8)
terminate finitely for all 𝑘 ∈ N; namely, there always exists𝑙0 ∈ N such that, for every 𝑘 ∈ N, one of the following condi-
tions holds.

(i) 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) = 0, 1/(𝑛𝑘 + 𝑙0)𝛿2 ≤ 𝑀‖𝑑𝑘2‖.
(ii) 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) ̸= 0, 1/(𝑛𝑘 + 𝑙0)𝛿2 ≤ 𝑀‖𝑑𝑘1‖.

Therefore, the algorithm generates an infinite iterative
sequence {𝑥𝑘}.
Lemma 7. If there exists 𝑘0 such that 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) = 0 for all𝑘 > 𝑘0, then there exists 𝜀 > 0 such that 𝜀𝑘 ≥ 𝜀 for all 𝑘 ∈ N.

Proof. Since 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) = 0, we have that ‖𝑀(𝑛𝑘−1, 𝑘)−1‖ =‖𝐻−1𝑘 ‖. So the result follows from Assumption 4.

Lemma 8. If there exist 𝑘0 and subset 𝐾 ⊂ N such that𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) ̸= 0 with 𝑘 ∈ 𝐾 and all 𝑘 > 𝑘0, then 𝜀𝑘+1 = 𝜀𝑘 for
sufficiently large 𝑘.
Proof. Assume to contrary that for any 𝑘0 ∈ 𝐾 there always
exists 𝑘 > 𝑘0 such that 𝜀𝑘+1 ̸= 𝜀𝑘. From construction of the
algorithm, we have that 𝜀𝑘 → 0. By Assumption 1 and the
finiteness of set 𝐼, without loss of generality, we can assume
that

(i) {𝑥𝑘}𝐾 → 𝑥∗ with 𝑥∗ ∈ F and 𝜀𝑘+1 < 𝜀𝑘 for all 𝑘 ∈ 𝐾;
(ii) 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘), 𝑘 ∈ 𝐾 keep changeless.

For simplicity, let 𝐼𝐾 fl 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘). Since 𝜓𝑛𝑘−1(𝑥𝑘−1, 𝜆𝑘−1)
is bounded, it follows from 𝜀𝑘 → 0 that 𝐼𝐾 ⊂ 𝐼0(𝑥∗) for suffi-
ciently large 𝑘. Hence, by Assumption 4 and step (S.1), we get∇𝑐𝐼𝐾 (𝑥𝑘)𝑇 ∇𝑐𝐼𝐾 (𝑥𝑘) → ∇𝑐𝐼𝐾 (𝑥∗)𝑇 ∇𝑐𝐼𝐾 (𝑥∗)

= 0, (31)

which contradicts with Assumption 2, and the proof is
complete.

From Lemmas 7 and 8 we can directly obtain Lemma 9.

Lemma 9. There exists 𝜀 > 0 such that 𝜀𝑘 > 𝜀 for all 𝑘.
SinceF is compact, we get Lemma 10.

Lemma 10. 𝑀(𝑛𝑘−1, 𝑘) is nonsingular and uniformly bounded
with respect to 𝑘 ∈ N; that is, there exists 𝑊 > 0 and 𝑀 > 0
such that, for all 𝑘 ∈ N,

𝑊 ≤ det (𝑀 (𝑛𝑘−1, 𝑘)) ≤ 𝑀. (32)

From Assumption 1 and Lemma 10, the following lemma
is then obvious.

Lemma 11. {(𝑑𝑘𝑗 , 𝜆𝑘𝑗)} are bounded for 𝑗 = 0, 1, 2, 3.
Lemma 12. If 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) ̸= 0, the following results hold.

(a) 𝑔𝑛𝑘+𝑙(𝑥𝑘)𝑇𝑑𝑘0 = −𝑑𝑘0𝐻𝑘𝑑𝑘0 for 0 ≤ 𝑙 ≤ 𝑙𝑘.
(b) 𝑔𝑛𝑘+𝑙(𝑥𝑘)𝑇𝑑𝑘1 ≤ 𝑔𝑛𝑘+𝑙(𝑥𝑘)𝑇𝑑𝑘0 for 0 ≤ 𝑙 ≤ 𝑙𝑘.
(c) 𝑔𝑛𝑘+𝑙𝑘(𝑥𝑘)𝑇𝑑𝑘2 ≤ 𝜃𝑔𝑛𝑘+𝑙𝑘(𝑥𝑘)𝑇𝑑𝑘1 .

Proof. (a) is a direct consequence of linear system (16). It is
easy to see from linear systems (16), (18), and (19) that

𝑑𝑘0𝑇𝐻𝑘𝑑𝑘1 = −𝑔𝑛𝑘+𝑙 (𝑥𝑘)𝑇 𝑑𝑘0 ,
𝑑𝑘1𝑇𝐻𝑘𝑑𝑘0 + 𝜆𝑘0𝑇𝜐𝑘 = −𝑔𝑛𝑘+𝑙 (𝑥𝑘)𝑇 𝑑𝑘1 ,

𝑑𝑘0𝑇𝐻𝑘𝑑𝑘2 = −𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘0 ,
𝑑𝑘2𝑇𝐻𝑘𝑑𝑘0 + 𝜆𝑘0𝑇𝜇𝑘 = −𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 .

(33)

Therefore, we have

𝑔𝑛𝑘+𝑙 (𝑥𝑘)𝑇 𝑑𝑘1 = 𝑔𝑛𝑘+𝑙 (𝑥𝑘)𝑇 𝑑𝑘0 − 𝜆𝑘0𝑇𝜐𝑘
= 𝑔𝑛𝑘+𝑙 (𝑥𝑘)𝑇 𝑑𝑘0 − ∑

𝑖∈Γ−
𝑘0

(𝜆𝑘0𝑖 )2

− ∑
𝑖∈𝐼(𝑛𝑘−1 ,𝑘,𝜀𝑘)\Γ

−
𝑘0

𝜆𝑘0𝑖 min {−𝑐𝑖 (𝑥𝑘) , 𝜆𝑘0𝑖 }
≤ 𝑔𝑛𝑘+𝑙 (𝑥𝑘)𝑇 𝑑𝑘0 ,
𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 = 𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘1 + 𝜆𝑘0𝑇 (𝜐𝑘 − 𝜇𝑘)
= 𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘1

+ (𝜃 − 1) 𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘1 ∑𝑖∈𝐼(𝑛𝑘−1,𝑘,𝜀𝑘) 𝜆𝑘0𝑖  𝑑𝑘1𝜂1 + ∑𝑖∈𝐼(𝑛𝑘−1 ,𝑘,𝜀𝑘) 𝜆𝑘0𝑖  𝑑𝑘1𝜂
≤ 𝜃𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘1 .

(34)

This completes the proof.
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3. Convergence

Lemma 13. Suppose the following conditions hold.

(i) {𝑥𝑘}𝐾 → 𝑥∗.
(ii) 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) = 0 for every 𝑘 ∈ 𝐾.

(iii) There exists 𝐾0 ⊂ 𝐾 such that {𝑥𝑘−1, 𝜆𝑘−1}𝐾0 →(𝑥∗, 𝜆∗), and 𝜌(𝑥∗, 𝜆∗) ̸= 0.
Then 𝑥∗ is a stationary point; namely, ∇𝑓(𝑥∗) = 0.
Proof. We show the conclusion by contradiction. Suppose
that ∇𝑓(𝑥∗) ̸= 0. Without loss of generality, we assume that{𝑑𝑘2}𝐾 → 𝑑 ̸= 0 and 𝐻𝑘 → 𝐻∗. So there exists 𝛾1 > 0 such
that for sufficiently large 𝑘 ∈ 𝐾
𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘2
= (𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘) − ∇𝑓 (𝑥𝑘))𝑇 𝑑𝑘2

+ ∇𝑓 (𝑥𝑘)𝑇𝐻−1𝑘 𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)
≤ −∇𝑓 (𝑥𝑘)𝑇𝐻−1𝑘 ∇𝑓 (𝑥𝑘)

+ 𝐶 (log (𝑛𝑘 + 𝑙𝑘))𝑚−1𝑛𝑘 + 𝑙𝑘 [𝑑𝑘2 + ∇𝑓 (𝑥𝑘)𝑇𝐻−1𝑘 ]
≤ −𝛾1.

(35)

Since 𝜌(𝑥∗, 𝜆∗) ̸= 0, for sufficiently big 𝑘 ∈ 𝐾0, there exists𝜌0 > 0 such that

𝜓𝑛𝑘−1 (𝑥𝑘−1, 𝜆𝑘−1) > 𝜌0. (36)

So

𝑐𝑖 (𝑥𝑘) ≤ −𝜀𝜓𝑛𝑘−1 (𝑥𝑘−1, 𝜆𝑘−1) ≤ −𝜀𝜌0. (37)

Let 𝛾 = min{𝛾1, 𝜀𝜌0}. Since {𝑑𝑘2}𝐾 → 𝑑 ̸= 0, it is obvious that𝑜(‖𝑡𝑑𝑘‖) = 𝑜(𝑡). So we have that, for sufficiently large 𝑘 ∈ 𝐾,

𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘 + 𝑡𝑑𝑘2) − 𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘)
≤ 𝑓 (𝑥𝑘 + 𝑡𝑑𝑘2) − 𝑓 (𝑥𝑘)

+ (𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘 + 𝑡𝑑𝑘2) − 𝑓 (𝑥𝑘 + 𝑡𝑑𝑘2))
+ (𝑓 (𝑥𝑘) − 𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘))

≤ 𝑓 (𝑥𝑘 + 𝑡𝑑𝑘2) − 𝑓 (𝑥𝑘) + 2
⋅ 𝐶 (log (𝑛𝑘 + 𝑙𝑘))𝑚−1𝑛𝑘 + 𝑙𝑘

= 𝑡∇𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘2
+ 𝑡 (∇𝑓 (𝑥𝑘) − ∇𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘))𝑇 𝑑𝑘2 + 𝑜 (𝑡) + 2
⋅ 𝐶 (log (𝑛𝑘 + 𝑙𝑘))𝑚−1𝑛𝑘 + 𝑙𝑘

≤ 𝑡∇𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 + 𝑜 (𝑡) + (𝑡 𝑑𝑘2 + 2)
⋅ 𝐶 (log (𝑛𝑘 + 𝑙𝑘))𝑚−1𝑛𝑘 + 𝑙𝑘

≤ 𝑢𝑡∇𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 − (1 − 𝑢) 𝑡𝛾 + 𝑜 (𝑡)
+ (𝑡 𝑑𝑘2 + 2) ⋅ 𝐶 (log (𝑛𝑘 + 𝑙𝑘))𝑚−1𝑛𝑘 + 𝑙𝑘 .

(38)

Therefore, we have

𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘 + 𝑡𝑑𝑘2) − 𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘)
≤ 𝑢𝑡∇𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 − (1 − 𝑢) 𝑡𝛾 + 𝑜 (𝑡) + 𝛼𝑘. (39)

By (37), for all 𝑖 ∈ 𝐼
𝑐𝑖 (𝑥𝑘 + 𝑡𝑑𝑘2) = 𝑐𝑖 (𝑥𝑘) + 𝑡∇𝑐𝑖 (𝑥𝑘)𝑇 𝑑𝑘2 + 𝑜 (𝑡)

≤ −𝛾 + 𝑡∇𝑐𝑖 (𝑥𝑘)𝑇 𝑑𝑘2 + 𝑜 (𝑡) . (40)

It follows that from (39) and (40) that there exists 𝑡 > 0
independent of 𝑘 such that, for any 𝑡 ∈ (0, 𝑡], both (23) and
(24) hold. From (39), there exists 𝑘0 such that, for all 𝑘 ≥ 𝑘0
with 𝑘 ∈ 𝐾, 𝑡 ≥ 𝑡𝑘 ≥ 𝛽𝑡,

𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘 + 𝑡𝑘𝑑𝑘2) − 𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘) ≤ −𝑢𝑡𝛽𝛾 + 𝛼𝑘. (41)

It is not difficult to see from (23) and Lemma 12 that, for
sufficiently large 𝑘,

𝑓 (𝑥𝑘 + 𝑡𝑘𝑑𝑘2) − 𝑓 (𝑥𝑘)
= 𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘 + 𝑡𝑘𝑑𝑘2) − 𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘)

+ (𝑓 (𝑥𝑘 + 𝑡𝑘𝑑𝑘2) − 𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘 + 𝑡𝑘𝑑𝑘2))
+ (𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘) − 𝑓 (𝑥𝑘))

≤ 𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘 + 𝑡𝑘𝑑𝑘2) − 𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘) + 𝛼𝑘
≤ 𝑢𝑡𝑘𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 + 𝛼𝑘 + 𝛼𝑘 ≤ 2𝛼𝑘.

(42)
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Combining with (41), we get

∞∑
𝑘=𝑘0

(𝑓 (𝑥𝑘+1) − 𝑓 (𝑥𝑘)) ≤ ∞∑
𝑘=𝑘0 , 𝑘∉𝐾

2𝛼𝑘
+ ∞∑
𝑘≥𝑘0 , 𝑘∈𝐾

(𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘 + 𝑡𝑘𝑑𝑘2) − 𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘) + 𝛼𝑘)
≤ ∞∑
𝑘=𝑘0

4𝛼𝑘 + ∞∑
𝑘≥𝑘0 , 𝑘∈𝐾

(−𝑢𝑡𝛽𝛾) → −∞.
(43)

It follows that 𝑓(𝑥𝑘) → −∞, which contradicts with the fact
that {𝑓(𝑥𝑘)} is bounded, and the proof is complete.

Lemma 14. Suppose the following conditions hold.

(i) {𝑥𝑘}𝐾 → 𝑥∗.
(ii) 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) = 0 for every 𝑘 ∈ 𝐾.

(iii) There exists 𝐾0 ⊂ 𝐾 such that {𝑥𝑘−1, 𝜆𝑘−1}𝐾0 →(𝑥∗, 𝜆∗), and 𝜌(𝑥∗, 𝜆∗) = 0.
If 𝐼(𝑛𝑘−2, 𝑘 − 1, 𝜀𝑘−1) = 0 for every 𝑘 ∈ 𝐾0, then 𝑥∗ is a

stationary point; namely, ∇𝑓(𝑥∗) = 0.
Proof. From the above conditions, we have that, for every 𝑘 ∈𝐾0, 𝜆𝑘 = 𝜆𝑘−1 = 0, ∇𝑓(𝑥∗) = 0, and therefore

{𝑑𝑘𝑗−1}
𝐾0

→ 𝐻∗−1∇𝑓 (𝑥∗) = 0, 𝑗 = 0, 1, 2, 3. (44)

It follows that as 𝑘 → ∞ and 𝑘 ∈ 𝐾0
𝑥𝑘 = 𝑥𝑘−1 + 𝑡𝑘𝑑𝑘2−1 + 𝑡2𝑘 (𝑑𝑘3−1 − 𝑑𝑘2−1) →
𝑥∗ = 𝑥∗. (45)

This completes the proof.

Let 𝜋𝑘𝑗 , 𝑗 = 0, 1, 2, 3, denote the vectors on 𝑅𝑚 with
components 𝜋𝑘𝑗𝑖 , respectively, where

𝜋𝑘𝑗𝑖 fl
{{{
𝜆𝑘𝑗𝑖 , 𝑖 ∈ 𝐼 (𝑛𝑘−1, 𝑘, 𝜀𝑘) ,0, 𝑖 ∈ 𝐼 \ 𝐼 (𝑛𝑘−1, 𝑘, 𝜀𝑘) . (46)

Lemma 15. Suppose conditions (i)–(iii) hold in Lemma 14. If𝐼(𝑛𝑘−2, 𝑘−1, 𝜀𝑘−1) ̸= 0 for every 𝑘 ∈ 𝐾0, then 𝑥∗ is a stationary
point; namely, ∇𝑓(𝑥∗) = 0.
Proof. Without loss of generality, we suppose that 𝐼𝐾 fl𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) and 𝐼𝐾0 fl 𝐼(𝑛𝑘−2, 𝑘 − 1, 𝜀𝑘−1) keep changeless.

From condition (iii) in Lemma 14

{𝜌𝑛𝑘 (𝑥𝑘−1, 𝜆𝑘−1)}𝐾0 → 0,
{𝜓𝑛𝑘−1 (𝑥𝑘−1, 𝜆𝑘−1)}𝐾0 → 0. (47)

Combining with the first equation of linear system (16),{𝑑𝑘0−1}𝐾0 → 0. It is easy to see from (47) that

{min {−𝑐𝑖 (𝑥𝑘−1) , 𝜆𝑘0−1𝑖 }}
𝐾0

→ 0
for 𝑖 ∈ 𝐼 (𝑛𝑘−2, 𝑘 − 1, 𝜀𝑘−1) \ Γ−𝑘0−1,

{𝜆𝑘0−1𝑖 }
𝐾0

→ 0 for 𝑖 ∈ Γ−𝑘0−1.
(48)

Therefore, we have

{𝑑𝑘𝑗−1}
𝐾0

→ 0,
{𝜋𝑘𝑗−1}

𝐾0
→ 𝜆∗,

𝑗 = 1, 2, 3.
(49)

So we get

𝑥𝑘 = 𝑥𝑘−1 + 𝑡𝑘𝑑𝑘2−1 + 𝑡2𝑘 (𝑑𝑘3−1 − 𝑑𝑘2−1) → 𝑥∗, (50)

and for sufficiently large 𝑘 ∈ 𝐾0𝑑𝑘2−1 = 𝑂 (𝑑𝑘1−1) ,𝑑𝑘3−1 = 𝑂 (𝑑𝑘1−1) . (51)

Let 𝐼+0 (𝑥∗) = {𝑖 ∈ 𝐼 | 𝜆∗𝑖 > 0}. Since (𝑥∗, 𝜆∗) is a KKT pair of
problem (1a), (1b), (1c), and (1d), we have

𝐼+0 (𝑥∗) ⊂ 𝐼𝐾0 . (52)

Therefore, from (50)

𝑥∗ = 𝑥∗,
𝑐𝑖 (𝑥∗) = 𝑐𝑖 (𝑥∗) = 0, 𝑖 ∈ 𝐼+0 (𝑥∗) . (53)

If there is𝑀 > 0 such that ‖𝑑𝑘0−1‖ ≥ 𝑀‖𝑑𝑘1−1‖, then we have
from (51) that for arbitrary 𝑖 ∈ 𝐼+0 (𝑥∗) and sufficiently large𝑘 ∈ 𝐾0

𝑐𝑖 (𝑥𝑘) + 𝜀𝜓𝑛𝑘−1 (𝑥𝑘−1, 𝜆𝑘−1) = 𝑐𝑖 (𝑥𝑘)
+ 𝜀{{{2[[( 1𝑛𝛿2

𝑘−1

)2 + 𝜌𝑛𝑘−1 (𝑥𝑘−1, 𝜆𝑘−1)4]]
}}}
1/4

≥ 𝑐𝑖 (𝑥𝑘) + 21/4𝜀 [∇𝑥𝐿𝑛𝑘−1 (𝑥𝑘−1, 𝜆𝑘−1)2

+ 𝑚∑
𝑖=1

min {−𝑐𝑖 (𝑥𝑘−1) , 𝜆𝑘−1𝑖 }2]
1/4 = 𝑐𝑖 (𝑥𝑘)

+ 21/4𝜀 [𝐻𝑘−1𝑑𝑘0−12
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+ 𝑚∑
𝑖=1

min {−𝑐𝑖 (𝑥𝑘−1) , 𝜆𝑘−1𝑖 }2]
1/4 ≥ 𝑐𝑖 (𝑥𝑘)

+ 2−1/2𝜀 [[
𝐻𝑘−1𝑑𝑘0−11/2

+ ( 𝑚∑
𝑖=1

min {−𝑐𝑖 (𝑥𝑘−1) , 𝜆𝑘−1𝑖 }2)
1/4]] > 0.

(54)

For ‖𝑑𝑘1−1‖ = 0(‖𝑑𝑘0−1‖), since𝑀(𝑛𝑘−1, 𝑘) is nonsingular
𝑑𝑘1−1 = 𝑂(√ 𝑚∑

𝑖=1

min {−𝑐𝑖 (𝑥𝑘−1) , 𝜆𝑘−1𝑖 }2) . (55)

So we can also get that for sufficiently large 𝑘 ∈ 𝐾0
𝑐𝑖 (𝑥𝑘) + 𝜀𝜓𝑛𝑘−1 (𝑥𝑘−1, 𝜆𝑘−1) > 0. (56)

So we have

𝐼+0 (𝑥∗) ⊂ 𝐼𝐾 ⊂ 𝐼0 (𝑥∗) . (57)

Since 𝐼𝐾 = 0, 𝐼+0 (𝑥∗) = 0. It follows that𝜆∗ = 0, and, therefore,∇𝑓(𝑥∗) = 0. This completes the proof.

Lemma 16. Suppose that {(𝑥𝑘, 𝜆𝑘)}𝐾 → (𝑥∗, 𝜆∗). If{𝑔𝑛𝑘+𝑙𝑘(𝑥𝑘)𝑇𝑑𝑘2}𝐾 → 0, then (𝑥∗, 𝜆∗) is a KKT pair of problem
(1a), (1b), (1c), and (1d).

Proof. If, for every 𝑘 ∈ 𝐾, 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) = 0, the result can
be directly obtained from 𝑑𝑘2 = −𝐻𝑘𝑔𝑛𝑘(𝑥𝑘) and 𝜆𝑘 = 0.
Without loss of generality, we suppose that, for all 𝑘 ∈ 𝐾,

(i) 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) ̸= 0,
(ii) 𝐼𝐾 fl 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) keep changeless.

By Lemma 12 and linear systems (16), (18), and (19), we have

𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 ≤ 𝜃𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘1
≤ −𝑑𝑘0𝑇𝐻𝑘𝑑𝑘0 − ∑

𝑖∈Γ−
𝑘0

(𝜆𝑘0𝑖 )2

− ∑
𝑖∈𝐼𝐾\Γ

−
𝑘0

𝜆𝑘0𝑖 min {−𝑐𝑖 (𝑥𝑘) , 𝜆𝑘0𝑖 }
→ 0.

(58)

So

{𝑑𝑘0}
𝐾
→ 0,

{𝜆𝑘0𝜐𝑘}
𝐾
→ 0. (59)

Let 𝜆∗ be an arbitrary accumulation point of {𝜆𝑘0}𝐾. Since∇𝑓(𝑥) and ∇𝑐(𝑥) are continuously differentiable, we get from
(6), (16), and (59) that

∇𝑓 (𝑥∗) + ∇𝑐 (𝑥∗) 𝜆∗ = 0,
𝜆∗𝑖 ≥ 0,

𝜆∗𝑖 𝑐𝑖 (𝜆∗𝑖 ) = 0,
𝑐𝑖 (𝑥∗) ≤ 0,

𝑖 ∈ 𝐼.
(60)

This completes the proof.

Lemma 17. Assume that the following conditions hold:

(i) {(𝑥𝑘, 𝜆𝑘)}𝐾 → (𝑥∗, 𝜆∗).
(ii) there exists subset𝐾0 ⊂ 𝐾 such that {(𝑥𝑘−1, 𝜆𝑘−1)}𝐾0 →(𝑥∗, 𝜆∗) and 𝜌(𝑥∗, 𝜆∗) ̸= 0.

Then (𝑥∗, 𝜆∗) is a KKT pair of problem (1a), (1b), (1c), and (1d).

Proof. Assume to the contrary that (𝑥∗, 𝜆∗) is not a KKT pair
of problem (1a), (1b), (1c), and (1d).Without loss of generality,
we suppose that conditions (i) and (ii), which are given in
proof for Lemma 16, hold for all 𝑘 ∈ 𝐾. It is not difficult to
see from Lemma 16 that there exists 𝛾1 > 0 such that, for
sufficiently large 𝑘 ∈ 𝐾,

𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘1 < −𝛾1,
𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 < −𝛾1. (61)

So that, for sufficiently large 𝑘 ∈ 𝐾,

𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘 + 𝑡𝑑𝑘2) − 𝑓𝑛𝑘+𝑙𝑘 (𝑥𝑘)
≤ 𝑢𝑡∇𝑔𝑛𝑘+𝑙𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 − (1 − 𝑢) 𝑡𝛾1 + 𝑜 (𝑡) + 𝛼𝑘. (62)

From (61), {𝑑𝑘1}𝐾 does not converge to 0. Therefore, without
loss of generality, we also can suppose that {𝑑𝑘1}𝐾 → 𝑑1 ̸= 0
and 𝐻𝑘 → 𝐻∗. Since 𝜌(𝑥∗, 𝜆∗) ̸= 0, for sufficiently large 𝑘 ∈𝐾0, there exists 𝜌0 > 0 such that

𝜓𝑛𝑘−1 (𝑥𝑘−1, 𝜆𝑘−1) > 𝜌0. (63)

It follows that 𝐼𝐾 ⊃ 𝐼0(𝑥∗). So, for every 𝑖 ∈ 𝐼𝐾,
𝑐𝑖 (𝑥𝑘 + 𝑡𝑑𝑘2 + 𝑡2 (𝑑𝑘3 − 𝑑𝑘2))
= 𝑐𝑖 (𝑥𝑘) + 𝑡∇𝑐𝑖 (𝑥𝑘)𝑇 𝑑𝑘2 + 𝑜 (𝑡)
= {{{

𝑐𝑖 (𝑥𝑘) + 𝑡𝜆𝑘0𝑖 − 𝑡𝜌𝑘 + 𝑜 (𝑡) , 𝜆𝑘0𝑖 < 0,
𝑐𝑖 (𝑥𝑘) + 𝑡 ⋅min {−𝑐𝑖 (𝑥𝑘) , 𝜆𝑘0𝑖 } − 𝑡𝜌𝑘 + 𝑜 (𝑡) , 𝜆𝑘0𝑖 ≥ 0,

(64)
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and, for 𝑖 ∉ 𝐼𝐾,𝑐𝑖 (𝑥𝑘 + 𝑡𝑑𝑘2 + 𝑡2 (𝑑𝑘3 − 𝑑𝑘2))
= 𝑐𝑖 (𝑥𝑘) + 𝑡∇𝑐𝑖 (𝑥𝑘)𝑇 𝑑𝑘2 + 𝑜 (𝑡)
≤ −12𝜀𝜌0 + 𝑂 (𝑡) .

(65)

In a way similar to the proof of Lemma 13, we get that{𝑓(𝑥𝑘)}𝐾0 → −∞, which contradicts with the boundedness
of 𝑓(𝑥), 𝑥 ∈ F. This completes the proof.

Lemma 18. Assume that the following conditions hold.

(i) {(𝑥𝑘, 𝜆𝑘)}𝐾 → (𝑥∗, 𝜆∗).
(ii) There exists subset 𝐾0 ∈ 𝐾 such that {(𝑥𝑘−1, 𝜆𝑘−1)}𝐾0→ (𝑥∗, 𝜆∗) and 𝜌(𝑥∗, 𝜆∗) = 0.
(iii) 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) ̸= 0 for every 𝑘 ∈ 𝐾.

If 𝐼(𝑛𝑘−2, 𝑘 − 1, 𝜀𝑘−1) = 0 for every 𝑘 ∈ 𝐾0, then (𝑥∗, 𝜆∗) is a
KKT pair of problem (1a), (1b), (1c), and (1d).

Proof. Without loss of generality, we suppose that 𝐼𝐾 fl𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) keep changeless. Let

𝑀(𝑥∗) fl ( 𝐻∗ ∇𝑐𝐼𝐾 (𝑥∗)∇𝑐𝐼𝐾 (𝑥∗)𝑇 0 ) . (66)

By Lemma 10,𝑀(𝑥∗) is nonsingular.Therefore, there exists 𝑑
such that {𝑑𝑘0}𝐾 → 𝑑 and (𝑑, 𝜆∗) is the unique solution of the
following linear system:

𝑀(𝑥∗) (𝑑𝜆) = (∇𝑓 (𝑥∗)0 ) . (67)

From Lemma 13, 𝜆𝑘−1 = 0 for every 𝑘 ∈ 𝐾0, and{𝑑𝑘𝑗−1}
𝐾0

→ 0, 𝑗 = 0, 1, 2, 3, (68)

where 𝑑𝑘𝑗−1 = −𝐻𝑘−1𝑔𝑛𝑘−1+𝑙𝑘−1(𝑥𝑘−1).
So we get, as 𝑘 → ∞ and 𝑘 ∈ 𝐾0,𝑥𝑘 = 𝑥𝑘−1 + 𝑡𝑘𝑑𝑘2−1 + 𝑡2𝑘 (𝑑𝑘3−1 − 𝑑𝑘2−1) →

𝑥∗ = 𝑥∗. (69)

It follows from Lemma 13 that ∇𝑓(𝑥∗) = ∇𝑓(𝑥∗) = 0. There-
fore, we have that 𝑑 = 0, 𝜆∗ = 0, and the proof is complete.

Lemma 19. Assume that conditions (i)–(iii) in Lemma 18 hold.
If 𝐼(𝑛𝑘−2, 𝑘 − 1, 𝜀𝑘−1) ̸= 0 for every 𝑘 ∈ 𝐾0, then (𝑥∗, 𝜆∗) is a
KKT pair of problem (1a), (1b), (1c), and (1d).

Proof. Without loss of generality, we suppose that 𝐼𝐾 fl𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) and 𝐼𝐾0 fl 𝐼(𝑛𝑘−2, 𝑘 − 1, 𝜀𝑘−1) keep changeless.
In a way similar to Lemma 15, we have

𝑥∗ = 𝑥∗,
𝐼+0 (𝑥∗) ⊂ 𝐼𝐾 ⊂ 𝐼0 (𝑥∗) . (70)

Let 𝜋∗ = (𝜆∗𝑖 | 𝑖 ∈ 𝐼𝐾) and 𝜋∗ denote a vector with the follow-
ing components:

𝜋∗𝑖 = {{{
𝜆∗𝑖 , 𝑖 ∈ 𝐼+0 (𝑥∗) ,0, 𝑖 ∈ 𝐼𝐾 \ 𝐼+0 (𝑥∗) . (71)

Since (𝑥∗, 𝜆∗) is a KKT pair of (1a), (1b), (1c), and (1d), we
have from (70) that ( 0𝜋∗ ) is the solution of the following linear
system:

𝑀(𝑥∗) (𝑑𝜆) = (∇𝑓 (𝑥∗)0 ) . (72)

On the other hand, since {(𝑥𝑘, 𝜆𝑘)}𝐾 → (𝑥∗, 𝜆∗), there exists𝑑∗ such that {𝑑𝑘0}𝐾 → 𝑑∗. From Assumption 2, 𝑀(𝑥∗)
is nonsingular. Therefore, (𝑑∗, 𝜆∗) is unique solution of the
linear system (72). So we have that 𝜋∗ = 𝜋∗. So 𝜆∗ = 𝜆∗, and
the proof is complete.

From Lemmas 13–19, we have the following.

Theorem 20. If {(𝑥𝑘, 𝜆𝑘)}𝐾 → (𝑥∗, 𝜆∗), then (𝑥∗, 𝜆∗) is a
KKT pair of problem (1a), (1b), (1c), and (1d).

4. Rate of Convergence

In this section, we will establish the superlinear convergence
of Algorithm 3. We suppose that the algorithm generates
an infinite iterative sequence {𝑥𝑘} and there exists 𝑘0 such
that 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) ̸= 0 with 𝑘 > 𝑘0. That is, (S2.1)–(S2.4)
will never be run when 𝑘 > 𝑘0 and the inner iterations
(S2.5)–(S2.8) terminate finitely. Let 𝜏∗ = (𝑥∗, 𝜆∗) be an
accumulation point of the sequence {(𝑥𝑘, 𝜆𝑘)} generated by
Algorithm 3. We assume that ∇2𝑓, ∇2𝑐𝑖, 𝑖 ∈ 𝐼 are locally
Lipschitz continuous on a neighborhood of 𝑥∗. To ensure the
whole sequence {(𝑥𝑘, 𝜆𝑘)} converges to (𝑥∗, 𝜆∗), we need the
following assumption.

Assumption 21. The second-order sufficient condition holds
at 𝜏∗; that is, the Hessian ∇𝑥𝑥𝐿(𝑥∗, 𝜆∗) is positive definite on
the space {𝛼 | ⟨∇𝑐𝑖(𝑥∗), 𝛼⟩ = 0, ∀𝑖 ∈ 𝐼0(𝑥∗)}.

We first introduce a useful proposition as follows.

Proposition 22 (see [25, Proposition 4.1]). Assume that𝜔∗ ∈𝑅𝑡 is an isolated accumulation point of a sequence {𝜔𝑘} ⊂ 𝑅𝑡
such that for every subsequence {𝜔𝑘}𝐾 converges to 𝜔∗; there is
an infinite subset 𝐾 ⊂ 𝐾 such that {‖𝜔𝑘+1 − 𝜔𝑘‖}𝐾 → 0; then
the whole sequence {𝜔𝑘} converges to 𝜔∗.
Lemma 23. If {𝑥𝑘}𝐾 → 𝑥∗, then {𝑑𝑘0}𝐾 → 0.
Proof. Assume to the contrary that there exists subset 𝐾 ⊂𝐾 such that {𝑑𝑘0}𝐾 → 𝑑 ̸= 0. By the finiteness of set 𝐼 and
boundedness of sequence {𝜆𝑘}, there exists subset 𝐾0 ⊂ 𝐾
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such that {𝜆𝑘}𝐾0 → 𝜆∗ and 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘), 𝑘 ∈ 𝐾0 keep change-
less. It is not difficult to see from linear system (18) that

𝜌 (𝑥∗, 𝜆∗) = 𝐻∗𝑑 ̸= 0. (73)

On the other hand, fromTheorem 20, (𝑥∗, 𝜆∗) is a KKT pair
of problem (1a), (1b), (1c), and (1d); it follows that 𝜌(𝑥∗, 𝜆∗) =0, which contradicts with (73). So we have that {𝑑𝑘0}𝐾 → 0.
Lemma 24. If {𝑥𝑘}𝐾 → 𝑥∗, then {𝜆𝑘}𝐾 → 𝜆∗.
Proof. Since multiplier 𝜆∗ is unique with respect to 𝑥∗ and{𝜆𝑘} is bounded, it follows from Theorem 20 that {𝜆𝑘}𝐾 →𝜆∗.
Lemma25. If {(𝑥𝑘, 𝜆𝑘)}𝐾 → (𝑥∗, 𝜆∗), then {(𝑥𝑘−1, 𝜆𝑘−1)}𝐾 →(𝑥∗, 𝜆∗).
Proof. Suppose that (𝑥∗, 𝜆∗) is a arbitrary accumulation point
of {(𝑥𝑘−1, 𝜆𝑘−1)}𝐾. Then, fromTheorem 20

{𝜓𝑛𝑘−1 (𝑥𝑘−1, 𝜆𝑘−1)}𝐾0 → 𝜌(𝑥∗, 𝜆∗) = 0, 𝐾0 ⊂ 𝐾. (74)

In a way similar to the proof of Lemmas 18 and 19, we get that𝑥∗ = 𝑥∗, 𝜆∗ = 𝜆∗. From the boundedness of {(𝑥𝑘−1, 𝜆𝑘−1)}𝐾,
the result follows.

Lemma 26. If {𝑥𝑘}𝐾 → 𝑥∗, then {𝑑𝑘𝑗}𝐾 → 0, 𝑗 = 0, 1, 2, 3.
Proof. By Lemma 25, 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) ⊂ 𝐼0(𝑥∗). FromLemma 23,
the result follows.

Lemma 27. Under Assumptions 1, 2, 4, and 21, the whole
sequence {(𝑥𝑘, 𝜆𝑘)} converges to (𝑥∗, 𝜆∗).
Proof. Suppose that {𝑥𝑘}𝐾 → 𝑥∗. Assumptions 2 and 21 imply
that 𝑥∗ is an isolated accumulation point of {𝑥𝑘} [30]. By (S.3)
in Algorithm 3, ‖𝑑𝑘3 −𝑑𝑘2‖ ≤ ‖𝑑𝑘2‖. It follows from Lemma 23
that𝑥𝑘+1 − 𝑥𝑘 ≤ 𝑑𝑘2 + 𝑑𝑘3 − 𝑑𝑘2 ≤ 2 𝑑𝑘2 → 0. (75)

Therefore, we have from Proposition 22 that the whole
sequence {𝑥𝑘} converges to 𝑥∗. By Lemma 24, we have that𝜆𝑘 converges to 𝜆∗. This completes the proof.

Assumption 28. The strict complementarity condition holds
at 𝜏∗; that is, 𝜆∗ − 𝑐(𝑥∗) ̸= 0.
Lemma 29. Let 𝐼+0 (𝑥∗) = {𝑖 ∈ 𝐼 | 𝜆∗𝑖 > 0}; then for all suffi-
ciently big 𝑘

𝐼+0 (𝑥∗) = 𝐼 (𝑛𝑘−1 + 𝑙𝑘, 𝑘, 𝜀𝑘) = 𝐼0 (𝑥∗) . (76)

Proof. ByTheorem 20 and Lemma 27, it is easy to see that

{𝜓𝑛𝑘−1 (𝑥𝑘−1, 𝜆𝑘1−1)} → 𝜌(𝑥∗, 𝜆∗) = 0. (77)

In a way similar to the proof of (70) in Theorem 20, we have
the following result:

𝐼+0 (𝑥∗) ⊂ 𝐼 (𝑛𝑘−1 + 𝑙𝑘, 𝑘, 𝜀𝑘) ⊂ 𝐼0 (𝑥∗) . (78)

By Assumption 28, the result follows.

By Lemmas 23, 27, and 29, we can directly obtain the
following corollary.

Corollary 30. If Assumptions 1, 2, 4, and 21 hold, then for
every 𝑖 = 0, 1, 2, 3

𝑑𝑘𝑖 → 0,
𝜆𝑘𝑖 → 𝜆∗

as 𝑘 → ∞.
(79)

By linear systems (18), (19), and (21), we have

𝑀(𝑛𝑘−1, 𝑘) (𝑑𝑘2 − 𝑑𝑘1
𝜆𝑘2 − 𝜆𝑘1) = ( 0

𝜌𝑘𝑒) ,
𝑀 (𝑛𝑘−1, 𝑘) (𝑑𝑘3 − 𝑑𝑘2

𝜆𝑘3 − 𝜆𝑘2) = ( 0
𝜔𝑘 − 𝜇𝑘) .

(80)

Combining with the fact that 𝜌𝑘 = 𝑜(‖𝑑𝑘1‖2) and 𝜔𝑘 − 𝜇𝑘 =𝑂(‖𝑑𝑘2‖2), we have the following.
Lemma 31. For sufficiently large 𝑘, the following results hold.𝑑𝑘2 − 𝑑𝑘1 = 𝑜 (𝑑𝑘12) ,𝜆𝑘2 − 𝜆𝑘1 = 𝑜 (𝑑𝑘12) ,𝑑𝑘3 − 𝑑𝑘2 = 𝑂 (𝑑𝑘22) ,𝜆𝑘3 − 𝜆𝑘2 = 𝑂 (𝑑𝑘22) .

(81)

Assumption 32. The sequence of matrices {𝐻𝑘} satisfies𝑃𝑘 (𝐻𝑘 − ∇2𝑥𝑥𝐿 (𝑥∗, 𝜆∗)) 𝑑𝑘2𝑑𝑘2 → 0, (82)

where 𝑃𝑘 = 𝐸 − 𝑁𝑘(𝑁𝑇𝑘𝑁𝑘) −1𝑁𝑇𝑘 ,𝑁𝑘 = ∇𝑐𝐼0(𝑥∗)(𝑥𝑘).
Note. Assumption 32 is an extended Dennis-Moré condition.
It is used in Qp-free algorithm for nonlinear optimization
problems by Yang et al. [27].Wewill show that it is a sufficient
condition for our algorithm to be superlinearly convergent. In
order to show the superlinear convergence, we first introduce
the following proposition.

Proposition 33 (see [27, Lemma 4.3]). For sufficiently large𝑘, the direction 𝑑𝑘2 can be decomposed into

𝑑𝑘2 = 𝑃𝑘𝑑𝑘2 + �̃�𝑘2 , (83)

with ‖�̃�𝑘2‖ = 𝑂(‖𝑐𝐼0(𝑥∗)(𝑥𝑘)‖) + 𝑜(‖𝑑𝑘1‖2).
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Lemma 34. For sufficiently large 𝑘, if 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) ̸= 0, then
the step 𝑡𝑘 = 1 is accepted.
Proof. For 𝑖 ∉ 𝐼0(𝑥∗), due to 𝑐𝑖(𝑥∗) < 0, it is not difficult to
see from Corollary 30 that when 𝑘 is sufficiently large, 𝑐𝑖(𝑥𝑘 +𝑑𝑘3) < 0. For 𝑖 ∈ 𝐼0(𝑥∗), we have from linear system (21) and
Lemma 31 that

𝑐𝑖 (𝑥𝑘 + 𝑑𝑘3) = 𝑐𝑖 (𝑥𝑘 + 𝑑𝑘2)
+ ∇𝑐𝑖 (𝑥𝑘 + 𝑑𝑘2)𝑇 (𝑑𝑘3 − 𝑑𝑘2)
+ 𝑂(𝑑𝑘3 − 𝑑𝑘22)

= 𝑐𝑖 (𝑥𝑘 + 𝑑𝑘2)
+ ∇𝑐𝑖 (𝑥𝑘 + 𝑑𝑘2)𝑇 (𝑑𝑘3 − 𝑑𝑘2)
+ 𝑂(𝑑𝑘23)

= − 𝑑𝑘2𝜂 + 𝑂(𝑑𝑘23) = 𝑜 (𝑑𝑘22) .

(84)

It follows from 𝜂 ∈ (2, 3) that, for sufficiently large 𝑘,𝑐𝑖(𝑥𝑘 + 𝑑𝑘3) < 0. So when 𝑘 is sufficiently large, 𝑥𝑘 + 𝑑𝑘3 is
a strictly feasible point of problem (1a), (1b), (1c), and (1d). By
(21) and (81), we have

𝑐𝑖 (𝑥𝑘 + 𝑑𝑘3) = 𝑐𝑖 (𝑥𝑘) + ∇𝑐𝑖 (𝑥𝑘)𝑇 𝑑𝑘3
+ 12𝑑𝑘3𝑇∇2𝑐𝑖 (𝑥𝑘) 𝑑𝑘3 + 𝑜 (𝑑𝑘22)

= ∇𝑐𝑖 (𝑥𝑘)𝑇 (𝑑𝑘3 − 𝑑𝑘2)
+ ∇𝑐𝑖 (𝑥𝑘)𝑇 (𝑑𝑘2 − 𝑑𝑘1)
+ 12𝑑𝑘3𝑇∇2𝑐𝑖 (𝑥𝑘) 𝑑𝑘3 + 𝑜 (𝑑𝑘22)

= ∇𝑐𝑖 (𝑥𝑘)𝑇 (𝑑𝑘3 − 𝑑𝑘2)
+ 12𝑑𝑘2𝑇∇2𝑐𝑖 (𝑥𝑘) 𝑑𝑘2 + 𝑜 (𝑑𝑘22) .

(85)

Combining with (84), we have

∇𝑐𝑖 (𝑥𝑘)𝑇 (𝑑𝑘3 − 𝑑𝑘2) + 12𝑑𝑘2𝑇∇2𝑐𝑖 (𝑥𝑘) 𝑑𝑘2
= 𝑜 (𝑑𝑘22) .

(86)

It follows that for sufficiently large 𝑘
∇𝑓 (𝑥𝑘)𝑇 (𝑑𝑘3 − 𝑑𝑘2)

= [∇𝑓 (𝑥𝑘) − 𝑔𝑛𝑘 (𝑥𝑘)]𝑇 (𝑑𝑘3 − 𝑑𝑘2)
+ 𝑔𝑛𝑘 (𝑥𝑘)𝑇 (𝑑𝑘3 − 𝑑𝑘2)

= −𝑑𝑘2𝑇𝐻𝑘 (𝑑𝑘3 − 𝑑𝑘2)
− ∑
𝑖∈𝐼0(𝑥

∗)

𝜆𝑘2𝑖 ∇𝑐𝑖 (𝑥𝑘)𝑇 (𝑑𝑘3 − 𝑑𝑘2) + 𝑜 (𝑑𝑘22)
= 12 ∑
𝑖∈𝐼0(𝑥

∗)

𝜆𝑘2𝑖 𝑑𝑘2𝑇∇2𝑐𝑖 (𝑥𝑘) 𝑑𝑘2 + 𝑜 (𝑑𝑘22) .
(87)

From Proposition 33 and Assumption 32, we have that

12𝑑𝑘2𝑇[[𝐻𝑘
− (∇2𝑓 (𝑥𝑘) + ∑

𝑖∈𝐼0(𝑥
∗)

𝜆𝑘2𝑖 ∇2𝑐𝑖 (𝑥𝑘))]]𝑑𝑘2 = 12
⋅ 𝑑𝑘2𝑇 (𝐻𝑘 − ∇2𝑥𝑥𝐿 (𝑥𝑘, 𝜆𝑘2)) 𝑑𝑘2 = 12
⋅ 𝑑𝑘2𝑇𝑃𝑘 (𝐻𝑘 − ∇2𝑥𝑥𝐿 (𝑥𝑘, 𝜆𝑘2)) 𝑑𝑘2 + 12
⋅ 𝑑𝑘2𝑇 (𝐻𝑘 − ∇2𝑥𝑥𝐿 (𝑥𝑘, 𝜆𝑘2)) �̃�𝑘2 = 12
⋅ 𝑑𝑘2𝑇𝑃𝑘 (𝐻𝑘 − ∇2𝑥𝑥𝐿 (𝑥∗, 𝜆∗)) 𝑑𝑘2
+ 𝑜 (𝑐𝐼0(𝑥∗) (𝑥𝑘)) + 𝑜 (𝑑𝑘22)
= 𝑜 (𝑐𝐼0(𝑥∗) (𝑥𝑘)) + 𝑜 (𝑑𝑘22) .

(88)

From linear system (19), for sufficiently large 𝑘,
∇𝑓 (𝑥𝑘)𝑇 𝑑𝑘2

= (𝑓 (𝑥𝑘)𝑇 𝑑𝑘2 − 𝑔𝑛𝑘 (𝑥𝑘)𝑇 𝑑𝑘2) + 𝑔𝑛𝑘 (𝑥𝑘)𝑇 𝑑𝑘2
≤ 𝑔𝑛𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 + 2𝐶 (log 𝑛𝑘)𝑚−1𝑛𝑘
≤ 12𝑔𝑛𝑘 (𝑥𝑘)𝑇 𝑑𝑘2

+ 12 [[−𝑑𝑘2𝑇𝐻𝑘𝑑𝑘2 + ∑
𝑖∈𝐼0(𝑥

∗)

𝜆𝑘2𝑖 𝑐𝑖 (𝑥𝑘)]] + 12𝛼𝑘
+ 𝑜 (𝑑𝑘22) .

(89)

Since 𝜆𝑘2𝑖 → 𝜆∗𝑖 > 0 for all 𝑖 ∈ 𝐼0(𝑥∗), we have, for sufficiently
large 𝑘,

12 ∑
𝑖∈𝐼0(𝑥

∗)

𝜆𝑘2𝑖 𝑐𝑖 (𝑥𝑘) + 𝑜 (𝑐𝐼0(𝑥∗) (𝑥𝑘)) < 0. (90)



12 Mathematical Problems in Engineering

By (87), (88), and (89), we get

𝑓𝑛𝑘 (𝑥𝑘 + 𝑑𝑘3) − 𝑓𝑛𝑘 (𝑥𝑘)
= (𝑓𝑛𝑘 (𝑥𝑘 + 𝑑𝑘3) − 𝑓 (𝑥𝑘 + 𝑑𝑘3))

+ (𝑓 (𝑥𝑘) − 𝑓𝑛𝑘 (𝑥𝑘))
+ (𝑓 (𝑥𝑘 + 𝑑𝑘3) − 𝑓 (𝑥𝑘))

≤ ∇𝑓 (𝑥𝑘)𝑇 𝑑𝑘3 + 12𝑑𝑘2𝑇∇2𝑓 (𝑥𝑘) 𝑑𝑘2 + 𝑜 (𝑑𝑘22)
+ 2𝐶 (log 𝑛𝑘)𝑚−1𝑛𝑘

≤ ∇𝑓 (𝑥𝑘)𝑇 𝑑𝑘2 + ∇𝑓 (𝑥𝑘)𝑇 (𝑑𝑘3 − 𝑑𝑘2)
+ 12𝑑𝑘2𝑇∇2𝑓 (𝑥𝑘) 𝑑𝑘2 + 𝑜 (𝑑𝑘22) + 12𝛼𝑘

= ∇𝑓 (𝑥𝑘)𝑇 𝑑𝑘2 + 12 ∑
𝑖∈𝐼0(𝑥

∗)

𝜆𝑘2𝑖 𝑑𝑘2𝑇∇2𝑐𝑖 (𝑥𝑘) 𝑑𝑘2
+ 12𝑑𝑘2𝑇∇2𝑓 (𝑥𝑘) 𝑑𝑘2 + 𝑜 (𝑑𝑘22) + 12𝛼𝑘

≤ 12𝑔𝑛𝑘 (𝑥𝑘)𝑇 𝑑𝑘2
+ [[

12 ∑
𝑖∈𝐼0(𝑥

∗)

𝜆𝑘2𝑖 𝑐𝑖 (𝑥𝑘) + 𝑜 (𝑐𝐼0(𝑥∗) (𝑥𝑘))]]
+ 𝑜 (𝑑𝑘22) + 𝛼𝑘

≤ 𝑢𝑔𝑛𝑘 (𝑥𝑘)𝑇 𝑑𝑘2
+ (𝑢 − 12)[[𝑑𝑘2𝑇𝐻𝑘𝑑𝑘2 − ∑

𝑖∈𝐼0(𝑥
∗)

𝜆𝑘2𝑖 𝑐𝑖 (𝑥𝑘)]]
+ 𝑜 (𝑑𝑘22) + 𝛼𝑘

≤ 𝑢𝑔𝑛𝑘 (𝑥𝑘)𝑇 𝑑𝑘2
+ (𝑢 − 12) [𝑑𝑘2𝑇𝐻𝑘𝑑𝑘2 + 𝑜 (𝑑𝑘22)] + 𝛼𝑘

≤ 𝑢𝑔𝑛𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 + 𝛼𝑘,

(91)

which completes the proof.

Theorem 35. Under stated assumptions, we have

𝑥𝑘+1 − 𝑥∗ = 𝑜 (𝑥𝑘 − 𝑥∗) . (92)

Proof. By the definition of 𝑃𝑘, we have𝑃𝑘𝐻𝑘𝑑𝑘3 = −𝑃𝑘𝑔𝑛𝑘 (𝑥𝑘) = −𝑃𝑘 (∇𝑓 (𝑥𝑘) − ∇𝑓 (𝑥∗)
+ 𝜆∗ (∇𝑐𝐼0(𝑥∗) (𝑥𝑘) − ∇𝑐𝐼0(𝑥∗) (𝑥∗)))
− 𝑃𝑘 (𝑔𝑛𝑘 (𝑥𝑘) − ∇𝑓 (𝑥𝑘)) = −𝑃𝑘∇2𝑥𝑥𝐿 (𝑥∗, 𝜆∗) (𝑥𝑘
− 𝑥∗) + 𝑜 (𝑥𝑘 − 𝑥∗) + 𝑜 (𝑑𝑘3) .

(93)

It follows from (93) that

𝑃𝑘∇2𝑥𝑥𝐿 (𝑥∗, 𝜆∗) (𝑥𝑘 + 𝑑𝑘3 − 𝑥∗)
= −𝑃𝑘 (𝐻𝑘 − ∇2𝑥𝑥𝐿 (𝑥∗, 𝜆∗)) 𝑑𝑘3 + 𝑜 (𝑥𝑘 − 𝑥∗)

+ 𝑜 (𝑑𝑘3) .
(94)

Since 𝑐𝐼0(𝑥∗)(𝑥∗) = 0, it is clear from linear system (21) that

∇𝑐𝐼0(𝑥∗) (𝑥𝑘)𝑇 𝑑𝑘3 = −𝑐𝐼0(𝑥∗) (𝑥𝑘) + 𝑜 (𝑑𝑘3)
= −∇𝑐𝐼0(𝑥∗) (𝑥𝑘)𝑇 (𝑥𝑘 − 𝑥∗)

+ 𝑜 (𝑥𝑘 − 𝑥∗) + 𝑜 (𝑑𝑘3) .
(95)

Let 𝐺𝑘 fl ( 𝑃𝑘∇2𝑥𝑥𝐿(𝑥∗ ,𝜆∗)
∇c𝐼0(𝑥∗)(𝑥

𝑘)
) and 𝐵𝑘 fl ( −𝑃𝑘(𝐻𝑘−∇2𝑥𝑥𝐿(𝑥∗ ,𝜆∗))𝑑𝑘3

0
).

From (94) and (95), we have

𝐺𝑘 (𝑥𝑘 + 𝑑𝑘3 − 𝑥∗) = 𝐵𝑘 + 𝑜 (𝑥𝑘 − 𝑥∗)
+ 𝑜 (𝑑𝑘3) . (96)

From Assumption 21, it is not difficult to see that when 𝑘 is
sufficiently large, 𝐺𝑘 have full column rank. It follows from
(96) and Assumption 32 that𝑥𝑘 + 𝑑𝑘3 − 𝑥∗ = 𝑜 (𝑥𝑘 − 𝑥∗) + 𝑜 (𝑑𝑘3) , (97)

which implies that𝑥𝑘 + 𝑑𝑘3 − 𝑥∗ = 𝑜 (𝑥𝑘 − 𝑥∗) . (98)

This completes the proof.

In sequel, we consider the following case: the KKT point𝑥∗ of problem (1a), (1b), (1c), and (1d) is an unconstrained
stationary with multiplier vector 𝜆∗ = 0. It is clear that∇𝑓(𝑥∗) = 0 and also 𝐼0(𝑥∗) = 0 in this case. Therefore,
we have form the construction of Algorithm 3 that, for suf-
ficiently large 𝑘, 𝐼(𝑛𝑘−1, 𝑘, 𝜀𝑘) = 0. In order to show the super-
linear convergence under this case. we firstly give two well-
known propositions.

Proposition 36. Assume that 𝑓(𝑥) is twice continuously dif-
ferentiable and ∇2𝑓(𝑥) is Lipschitz continuous on open convex
subset𝐷 ofF. Then, for arbitrary 𝑥, 𝑢, V ∈ 𝐷, we have∇𝑓 (𝑢) − ∇𝑓 (V) − ∇2𝑓 (𝑥) (𝑢 − V)

≤ 𝛾2 (‖𝑢 − 𝑥‖ + ‖V − 𝑥‖) ‖𝑢 − V‖ , (99)

where 𝛾 is a Lipschitz constant.
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Proposition 37. Assume that 𝑓(𝑥) and ∇2𝑓(𝑥) satisfy the
conditions in Proposition 36. If ∇2𝑓(𝑥) is symmetric positive
definite, then there exist 𝜀 > 0, 𝛽 > 𝛼 > 0 such that when
max{‖𝑢 − 𝑥‖, ‖V − 𝑥‖} ≤ 𝜀 with 𝑢, V ∈ 𝐷

𝛼 ‖𝑢 − 𝑥‖ ≤ ∇𝑓 (𝑢) − ∇𝑓 (V) ≤ ‖𝑢 − V‖ . (100)

In order to obtain the superlinear convergence of problem
(1a), (1b), (1c), and (1d) under the condition 𝐼0(𝑥∗) = 0, we
give the following assumption.

Assumption 38. The sequence of matrices {𝐻𝑘} satisfies(𝐻𝑘 − ∇2𝑥𝑥𝐿 (𝑥∗, 𝜆∗)) 𝑑𝑘2𝑑𝑘2 → 0. (101)

Lemma 39. If 𝐼0(𝑥∗) = 0, then the step 𝑡𝑘 = 1 is accepted for
sufficiently large 𝑘.
Proof. Since 𝐼0(𝑥∗) = 0, 𝑐𝑖(𝑥∗) ̸= 0, ∀𝑖 ∈ 𝐼. It follows from𝑑𝑘2 → 0 that, for sufficiently large 𝑘, 𝑐𝑖(𝑥𝑘 + 𝑑𝑘2) ̸= 0, ∀𝑖 ∈𝐼. That is, 𝑥𝑘 + 𝑑𝑘2 is strictly feasible. To the end, we show
that inequality (23) also holds when 𝑡𝑘 = 1. By (5), (6), and𝑔𝑛𝑘(𝑥𝐾) = −𝐻𝑘𝑑𝑘2 , we have, for sufficiently large 𝑘,

𝑓𝑛𝑘 (𝑥𝑘 + 𝑑𝑘2) − 𝑓𝑛𝑘 (𝑥𝑘)
= (𝑓 (𝑥𝑘 + 𝑑𝑘2) − 𝑓 (𝑥𝑘))

+ (𝑓𝑛𝑘 (𝑥𝑘 + 𝑑𝑘2) − 𝑓 (𝑥𝑘 + 𝑑𝑘2))
+ (𝑓 (𝑥𝑘) − 𝑓𝑛𝑘 (𝑥𝑘))

≤ ∇𝑓 (𝑥𝑘)𝑇 𝑑𝑘2 + 12𝑑𝑘2𝑇∇2𝑓 (𝑥𝑘) 𝑑𝑘2 + 12𝛼𝑘
+ 𝑜 (𝑑𝑘2)

= 𝑔𝑛𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 + (∇𝑓 (𝑥𝑘) − 𝑔𝑛𝑘 (𝑥𝑘))𝑇 𝑑𝑘2
+ 12𝑑𝑘2𝑇∇2𝑓 (𝑥𝑘) 𝑑𝑘2 + 12𝛼𝑘 + 𝑜 (𝑑𝑘2)

≤ −12𝑑𝑘2𝑇𝐻𝑘𝑑𝑘2 + 12𝑑𝑘2𝑇 (∇2𝑓 (𝑥𝑘) − 𝐻𝑘) 𝑑𝑘2
+ 𝛼𝑘 + 𝑜 (𝑑𝑘2)

≤ −12𝑑𝑘2𝑇𝐻𝑘𝑑𝑘2 + 𝛼𝑘 + 𝑜 (𝑑𝑘2)
≤ −𝑢𝑑𝑘2𝑇𝐻𝑘𝑑𝑘2 + 𝛼𝑘 = 𝑢𝑔𝑛𝑘 (𝑥𝑘)𝑇 𝑑𝑘2 + 𝛼𝑘,

(102)

which completes the proof.

Theorem 40. Assume that 𝐼0(𝑥∗) = 0. If 𝑓(𝑥) and ∇2𝑓(𝑥)
satisfy the conditions in Propositions 36 and 37, then

𝑥𝑘+1 − 𝑥∗ = 𝑜 (𝑥𝑘 − 𝑥∗) . (103)

Proof. Since 𝑔𝑛𝑘(𝑥𝑘) = −𝐻𝑘𝑑𝑘2 , we have
[𝐻𝑘 − ∇2𝑓 (𝑥∗)] (𝑥𝑘+1 − 𝑥𝑘)
= −𝑔𝑛𝑘 (𝑥𝑘) − ∇2𝑓 (𝑥∗) (𝑥𝑘+1 − 𝑥𝑘)
= [∇𝑓 (𝑥𝑘) − 𝑔𝑛𝑘 (𝑥𝑘)]

+ [∇𝑓 (𝑥𝑘+1) − ∇𝑓 (𝑥𝑘) − ∇2𝑓 (𝑥∗) (𝑥𝑘+1 − 𝑥𝑘)]
− ∇𝑓 (𝑥𝑘+1) .

(104)

It follows from Proposition 36 that∇𝑓 (𝑥𝑘+1)𝑥𝑘+1 − 𝑥𝑘 ≤ [𝐻𝑘 − ∇2𝑓 (𝑥∗)] (𝑥𝑘+1 − 𝑥𝑘)𝑥𝑘+1 − 𝑥k
+ ∇𝑓 (𝑥𝑘+1) − ∇𝑓 (𝑥𝑘) − ∇2𝑓 (𝑥∗) (𝑥𝑘+1 − 𝑥∗)𝑥𝑘+1 − 𝑥𝑘
+ ∇𝑓 (𝑥𝑘) − 𝑔𝑛𝑘 (𝑥𝑘)𝑥𝑘+1 − 𝑥𝑘
≤ [𝐻𝑘 − ∇2𝑓 (𝑥∗)] (𝑥𝑘+1 − 𝑥𝑘)𝑥𝑘+1 − 𝑥𝑘
+ ∇𝑓 (𝑥𝑘) − 𝑔𝑛𝑘 (𝑥𝑘)𝑥𝑘+1 − 𝑥𝑘
+ 12 (𝑥𝑘 − 𝑥∗ + 𝑥𝑘+1 − 𝑥∗) .

(105)

By inequality (6), we have∇𝑓 (𝑥𝑘) − 𝑔𝑛𝑘 (𝑥𝑘)𝑥𝑘+1 − 𝑥𝑘 ≤ 1𝑑𝑘2 ⋅ 𝐶 (log 𝑛𝑘)𝑚−1𝑛𝛿1
𝑘

⋅ 1𝑛𝛿2
𝑘

≤ 𝑀 ⋅ 𝐶 (log 𝑛𝑘)𝑚−1𝑛𝛿1
𝑘

→ 0.
(106)

Hence, from (105) and (106), we have∇𝑓 (𝑥𝑘+1)𝑑𝑘2 → 0 as 𝑘 → ∞. (107)

By ∇𝑓(𝑥∗) = 0 and Proposition 37,∇𝑓 (𝑥𝑘+1) = ∇𝑓 (𝑥𝑘+1) − ∇𝑓 (𝑥∗)
≥ 𝛽 𝑥𝑘+1 − 𝑥∗ → 0. (108)

So, we have∇𝑓 (𝑥𝑘+1)𝑑𝑘2 ≥ 𝛽 𝑥𝑘+1 − 𝑥∗𝑥𝑘+1 − 𝑥∗ + 𝑥𝑘 − 𝑥∗ → 0, (109)

which implies that 𝑥𝑘+1 − 𝑥∗𝑥𝑘 − 𝑥∗ → 0. (110)

This completes the proof.
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5. Conclusion

In this paper, by quasi-Monte-Carlo-based approximations of
the objective function and its first derivative, we have pro-
posed a feasible sequential system of linear equationsmethod
for two-stage stochastic quadratic programming problem
with inequality constraint. A new technique to update the
“working set” is suggested. The feature of the new technique
is that, in order to update the “working set,” at each iteration
we directly make use of the solution 𝜆𝑘0 of linear system (16),
while we do not calculate the inverse of matrix 𝑀−1(𝑥) [27].
Moreover, it also does not need to approximate the Hessian
by Monte Carlo (or quasi-Monte-Carlo) rule. Therefore, our
algorithm saves the computational cost.Theother remarkable
feature of this technique is that it can accurately identify
active constraints of problem (1a), (1b), (1c), and (1d). It
should be pointed out that the technique also is useful for
deterministic nonlinear programming problemwith inequal-
ity constraints. We have shown that the sequence generated
by the proposed algorithm converges to a KKT point of
the problem globally. In particular the convergence rate is
locally superlinear under some additional conditions. To get
the superlinear convergence of the algorithm, we still need
the strict complementarity assumption. However, we believe
that, by using quasi-Monte-Carlo-based approximations and
the new identification technique, it is possible to find a
new algorithm without strict complementarity assumption.
Moreover, how to use parallel optimization techniques [31–
33] for the large scale stochastic programs with recourse is an
important topic for further research.
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