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The problem of designing a continuous control to guarantee finite-time tracking based on output feedback for a system subject to
a Hölder disturbance has remained elusive. The main difficulty stems from the fact that such disturbance stands for a function
that is continuous but not necessarily differentiable in any integer-order sense, yet it is fractional-order differentiable. This
problem imposes a formidable challenge of practical interest in engineering because (i) it is common that only partial access
to the state is available and, then, output feedback is needed; (ii) such disturbances are present in more realistic applications,
suggesting a fractional-order controller; and (iii) continuous robust control is a must in several control applications. Consequently,
these stringent requirements demand a sound mathematical framework for designing a solution to this control problem. To
estimate the full state in finite-time, a high-order sliding mode-based differentiator is considered. Then, a continuous fractional
differintegral slidingmode is proposed to reject Hölder disturbances, as well as for uncertainties and unmodeled dynamics. Finally,
a homogeneous closed-loop system is enforced by means of a continuous nominal control, assuring finite-time convergence.
Numerical simulations are presented to show the reliability of the proposed method.

1. Introduction

It is a standard practice to design systems with only one
measurement, such that its derivatives are obtained with
approximation schemes. In addition, robustness and con-
tinuous control have become common requirements. These
stringent characteristics represent qualitative and quantita-
tive advantages to be considered in high-end controllers, a
fact that makes it necessary to design controllers with only
partial access to the state. The requirements of continuity
and robustness stand for a whole different problem when
disturbance is Hölder continuous. The lack of integer-order
differentiability of Hölder functions suggests the design of
fractional-order control since such functions exhibit well-
posed derivatives just for some fractional orders. In essence,

the problem statement is defined as follows: design an output
feedback stabilization scheme that converges in finite-time (the
separation principle does not apply to nonlinear systems) with
robust continuous (integral-type) sliding modes, designed with
differintegral tools of fractional calculus. More precisely, we
study this problem by assuming an integer-order plant given
in regular form and subject to Hölder disturbances.

Let us analyze each dimension of the problem, in the
realm of finite-time, output feedback, and fractional-order
control. Finite-time stability is an appealing property due
to fast convergence that comparatively shows improved
performance against a wide class of dynamical uncertain-
ties [1], inspired in terminal sliding modes [2], based on
terminal attractors [3], and, using a continuous feedback
that is non-Lipschitz around the equilibrium, pioneering
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applications in robotics were studied in [4–6]. In particular,
the method of [2] is extended in [1, 7, 8] for finite-time
stabilization of second-order systems with a continuous
feedback control, exploiting the key property of homogeneity
[9] that preserves structural properties of the plant, such as
scaling, dilation, or contraction mappings. The homogeneity
concept is studied for continuous finite-time stabilization of
a chain of integrators of 𝑛-order in [10], which has been
explored for a smooth version of the supertwisting control
in [11]. This provides a method to deal with output feedback
with uncertainties [12]; however, it is discontinuous and
asymptotic and then extended in [13] without disturbances,
considering a model-based extended state observer. Nev-
ertheless, all these schemes assume that, at most Lipschitz
continuous disturbances, then, none of these apply to the case
of Hölder disturbances.Themainmotivation for considering
the case of Hölder disturbances is that on one hand the
Hölder condition generalizes the Lipschitz condition to a
larger class of functions without a first-order derivative but
having fractional-order derivatives for all orders less than a
critical order in turns less than one [14]; on the other hand,
fractional-order derivatives allow us to consider more wider
and realistic physical phenomena associated with fractional-
order models [15, 16] since fractional calculus provides a
deeper understanding of the real nature [17, 18].

From the standpoint of engineering, fractional-order
control has drawn the attention since it not only provides
an alternate control method but also shows a rich frequency
response; see the simple mechanical plants [19] up to quite
advanced applications in aeronautics [20]. A restrictive class
of nonlinear systems with a model-free output feedback and
a model-based observer is studied in [21], while [22] studies
the case of fractional parametric uncertainties and [23]
studies singular linear fractional-order systems. In contrast,
[24] shows finite-time stabilization with continuous integral
sliding modes of a chain of integrators subject to Lipschitz
disturbances; however, it applies only to disturbances that
possess a bounded, at least weak, integer-order derivative,
which fails for Hölder disturbances; in addition, access to the
full state is assumed.

1.1. Proposed Solution and Contribution. The lack of integer-
order differentiability of the disturbance and the continuous
control requirement stand for a new class of control design
that has remained elusive in the literature. We study finite-
time state estimation and fractional-order finite-time sta-
bilization of a class of dynamic systems subject to Hölder
disturbances to produce an output feedback continuous
fractional-order controller.

Firstly, a high-order sliding mode-based differentiator [9,
25] is considered for robust and finite-time exact estimation
of the output and its derivatives. Secondly, recent results
in [26–28] are adopted to design a fractional-order sliding
mode control that rejects exactly (not just equivalently) the
matched Hölder disturbances in finite-time, by invoking
the topological properties of differintegral operators [17].
Finally, a nominal controller is designed to enforce finite-time
convergence of the whole (pseudo)state [10]. To summarize,
our proposal satisfies the problem statement by the following:

(i) Finite-time stabilization with exact rejection of
Hölder disturbances

(ii) The proposed controller is continuous, whose regu-
larity establishes a compromise with respect to the
critical exponent of the Hölder function

(iii) Finite-time output feedback control

1.2. Organization. Next section presents the fundamentals on
fractional calculus and on Hölder functions. Section 3 shows
the control design. Section 4 provides simulation results that
highlight the reliability of the proposedmethod. Finally,main
conclusions are given in Section 5.

2. Preliminaries on Fractional Calculus

2.1. Fractional Differintegral Operators. Fractional calculus is
based on fractional-order integrodifferential operators, called
differintegral operators. Consider the real-valued function𝑓 : Ω → R, withΩ ⊂ R a closed and bounded time-interval.
The interested reader is referred to [14, 17, 18, 26–28], and
for completeness, in this section, the differintegral operators
and some properties of Hölder functions are introduced.
Consider𝛽 ∈ (0, 1] and the following differintegral operators:
(i) Riemann-Liouville Fractional Integral

𝑎𝐼𝛽𝑡 𝑓 (𝑡) = 1Γ (𝛽) ∫
𝑡

𝑎

𝑓 (𝜏)
(𝑡 − 𝜏)1−𝛽 𝑑𝜏. (1)

(ii) Extended Caputo Fractional Derivative

𝐸
𝑎𝐷𝛽

𝑡 𝑓 (𝑡) = 𝑓 (𝑡) − 𝑓 (𝑎)
Γ (1 − 𝛽) (𝑡 − 𝑎)𝛽
+ 𝛽
Γ (1 − 𝛽) ∫

𝑡

𝑎

𝑓 (𝑡) − 𝑓 (𝜏)
(𝑡 − 𝜏)𝛽+1 𝑑𝜏.

(2)

(iii) Grünwald-Letnikov Integral

𝑎𝐼𝛽𝑡 𝑓 (𝑡) = lim
𝑇→0

𝑇𝛽
⌊(𝑡−𝑎)/ℎ⌋∑

𝑘=0
𝑤𝛽

𝑘𝑓 (𝑡 − 𝑘ℎ) , (3)

where Γ(𝑥) = ∫∞
0 𝑧𝑥−1𝑒−𝑧𝑑𝑧 is the Gamma function and

⌊𝛽⌋ = max{𝑥 ∈ Z : 𝑥 ≤ 𝛽}. The coefficients 𝑤𝛽
𝑘 are computed

as 𝑤𝛽
𝑘 = (1 + (𝛽 − 1)/𝑘)𝑤𝛽

𝑘−1, with 𝑤𝛽
0 = 1.

Note that, for𝑓(𝑡) a differentiable function, integration by
parts in (2) exactly renders the following classical fractional
derivative.

(iv) Caputo Fractional Derivative

𝐶
𝑎𝐷𝛽

𝑡 𝑓 (𝑡) = 𝑎𝐼1−𝛽𝑡
𝑑𝑑𝑡𝑓 (𝑡) . (4)

Moreover, notice that operator (4) is not suitable for studying
the problem of Hölder disturbances due to a local definition
is employed, and then (2) is considered instead.
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2.2. Hölder Functions and Fractional-Order Differentiability.
Fractional-order operators provide tools to study nonlocal
topological properties of continuous functions, such as their
regularity degree in connection with the Hölder condition
[17, 26]. In addition, it has been shown that the fractional-
order integral of the discontinuous signum function pre-
serves the main features required to design sliding mode
control [29], including finite-time convergence and exact
rejection of Hölder disturbances by means of a continuous
signal of control.

In the sequel, letΩ = [𝑎, 𝑏] ⊂ R be a closed and bounded
interval of nonzero Lebesgue measure, and then consider the
following definition [17].

Definition 1. The real-valued function 𝜑 : Ω → R belongs to
the Hölder spaceH](Ω), with ] ∈ (0, 1), if ∃𝐻 ∈ R constant,
such that

𝜑 (𝑡2) − 𝜑 (𝑡1) ≤ 𝐻 𝑡2 − 𝑡1] . (5)

∀[𝑡1, 𝑡2] ⊆ Ω, where ] is called theHölder exponent of 𝜑 inΩ.
Themaximum ] such that𝜑 complies to theHölder condition
(5) is denoted as the critical exponent/order of 𝜑.

The critical exponent ]𝑐 of a continuous function provides
a measure of its regularity. In case of ]𝑐 = 0, such
function is just bounded, but not necessarily continuous nor
differentiable and for ]𝑐 = 1 that function is Lipschitz
continuous.Thus, the following propositions and lemmas are
of interest.

Proposition 2. For [𝜂, ]] ⊆ [0, 1], one has that H](Ω) ⊆
H𝜂(Ω).

In addition, one has the following.

Lemma 3. H](Ω) is a Banach space whose norm is

𝜑H](Ω) = sup 𝜑 + [𝜑]H](Ω) , (6)

for 𝜑 ∈ H](Ω), where [𝜑(𝑡)]H](Ω) = sup𝑡1 ,𝑡2∈Ω(|𝜑(𝑡2) −𝜑(𝑡1)|/|𝑡2 − 𝑡1|]) provides to be a seminorm.

Proposition 4. Let 𝜑 ∈ H](Ω) and 𝜓 ∈ H𝜂(Ω), where ], 𝜂 ∈(0, 1). Then, 𝜑 + 𝜓, 𝜑𝜓 ∈ Hmin(𝜂,])(Ω). In addition, if 𝜑 ∈
H](𝜓[Ω]) and 𝜓 ∈ H𝜂(𝜑[Ω]), then 𝜑 ∘ 𝜓, 𝜓 ∘ 𝜑 ∈ H]𝜂(Ω),
for ∘ the composition operator.

Notice that the algebraic properties of Hölder spaces
defined in Proposition 2 andCorollary 2 of Lemma 3.1 of [17],
p. 56, unveil the advantageous property that the fractional-
order integration improves the topological properties of a
bounded function, as follows.

Lemma 5. The fractional integral 𝑎𝐼]𝑡 is a bounded operator
fromH0(Ω) intoH](Ω).
Lemma 6. Let 𝜑 ∈ H0(Ω); then 𝐸

𝑎𝐷]
𝑡 𝑎𝐼]𝑡 𝜑(𝑡) = 𝜑(𝑡).

Lemma 7. Let 𝜑 ∈ H𝜆(Ω), with 𝜆 ∈ (0, 1]. Then, ∀] ∈ (0, 𝜆),
𝐸
𝑎𝐷]

𝑡𝜑(𝑡) is continuous onΩ. In addition 𝑎𝐼]𝑡 𝐸
𝑎𝐷]

𝑡𝜑(𝑡) = 𝜑(𝑡) −𝜑(𝑎).
Corollary 8. Let 𝜑 ∈ H𝜆(Ω), with 𝜆 ∈ (0, 1]. Then, for ] ∈(0, 𝜆), sup𝑡1 ,𝑡2 |𝐸𝑡1𝐷]

𝑡𝜑(𝑡)|𝑡=𝑡2 ≤ [𝜑]H](Ω).

In particular, the last two lemmas and the corollary are
useful for stability analysis.

3. Continuous Finite-Time Stabilization

3.1. System Description and Control Statement. Consider the
following class of dynamic systems:

�̇�1 = 𝑥2,
�̇�2 = 𝑥3,

...
�̇�𝑛 = 𝑢 + 𝜑,

(7)

𝑦 = 𝑥1, (8)

where 𝑥 = [𝑥1, 𝑥2, . . . , 𝑥𝑛]𝑇 ∈ R𝑛 defines the pseudostate,
for 𝑥𝑗 : Ω → R, 𝑗 ∈ {1, 2, . . . , 𝑛}, with Ω the time-
interval at which the system is studied, output 𝑦 = 𝑥1
stands for the measured variable, 𝑢 is the control input,
and 𝜑 : Ω → R represents matched disturbances and
uncertainties. Examples of Hölder effects in physical systems
modeled throughout 𝜑, are given in [27–31].

Despite the fact that the system of (7) models a large
class of plants of relative degree 𝑑 = 𝑛, at first glance, it
may seem a bit restrictive; however, it includes the large class
of controllable nonlinear systems of the form �̇� = 𝑓(𝑥) +𝑔(𝑥)(𝑢 + 𝜑) ∈ R𝑛, with 𝑓(𝑥), 𝑔(𝑥) ∈ R𝑛 smooth vector fields,
and the case of linear time invariant systems with 𝑓(𝑥) = 𝐴𝑥
and 𝑔(𝑥) = 𝐵, where 𝐴 ∈ R𝑛×𝑛 and 𝐵 ∈ R𝑛 are constant
matrices, such that the pair (𝐴, 𝐵) is controllable. Clearly,
for plants of relative degree 𝑛, and known flows, the system
can be transformed into a chain of integrators of order 𝑛 by
considering a function 𝑦 = ℎ(𝑥), with 𝐿𝑔𝐿𝑖−1

𝑓 ℎ(𝑥) = 0 ∀𝑖 =
1, . . . , 𝑛 − 1 and 𝐿𝑔𝐿𝑛−1

𝑓 ℎ(𝑥) ̸= 0, which results in 𝑦(𝑛) =
𝐿𝑛

𝑓ℎ(𝑥) +𝐿𝑔𝐿𝑛−1
𝑓 ℎ(𝑥)(𝑢+𝜑), with 𝐿𝑓ℎ(𝑥) = (𝜕ℎ/𝜕𝑥)𝑓(𝑥) the

derivative of ℎ(𝑥) along 𝑓(𝑥) [32]. Thus, system (7) models
a large class of dynamical systems, including a vast set of
physical systems. By example, let a system of 𝑚 degrees of
freedom be modeled by the Euler-Lagrange formalism:

𝐻(𝑞) ̈𝑞 = 𝜏 + 𝑓0 (𝑡, 𝑞, ̇𝑞) , (9)

for 𝑞 ∈ R𝑚 the vector of generalized coordinates, 𝐻(𝑞) ∈
R𝑚×𝑚 the positive definite inertia matrix, 𝜏 the control,
and 𝑓0(𝑡, 𝑞, ̇𝑞) the nonlinear terms as exogenous distur-
bances. Notice, however, that if such system is a mechanism,𝑓0(𝑡, 𝑞, ̇𝑞) includes friction, gravity, centripetal, centrifugal,
and Coriolis forces; moreover, similar equations can be used
to model some chemical process, electrical plants, and so
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forth. Now, considering x1 = 𝑞, x2 = ̇𝑞, u = 𝐻−1(𝑞)𝜏, and𝜑(𝑡, x1, x2) = 𝐻−1(𝑞)𝑓0(𝑡, (x1, x2)), then
ẋ1 = x2,
ẋ2 = u + 𝜑. (10)

This system stands for a perturbed second-order integrator,
whose 𝑖th component leads to the scalar perturbed second-
order integrator:

�̇�1𝑖 = 𝑥2𝑖

�̇�2𝑖 = 𝑢𝑖 + 𝜑𝑖. (11)

In this way, there are a lot of dynamical plants described by
perturbed chains of integrators.

Now, consider system (7) subject to an unknown Hölder
disturbance 𝜑 of critical order ]𝑐 ∈ (0, 1), and assume the
partial state measurement only of 𝑦 = 𝑥1. Thus, we are ready
to yield the control problem statement as follows:

Design a continuous controller 𝑢 : Ω
→ R, such that 𝑥1 = 0

∀𝑡 ≥ 𝑡𝑓, for some 𝑡𝑓 < ∞.
(12)

3.2. Output Feedback Robust Estimation. Considering access
only to the output 𝑦 = 𝑥1, we aim at producing in finite-
time their derivatives up to 𝑛-order by means of the exact
robust differentiator of [9]. Thus, consider the following 𝑛-
order differentiator, which is homogeneous of degree 𝑟𝑞 = −1,
[33]:

̇̂𝑥1 = 𝑧1 + 𝑥2; 𝑧1 = 𝜆𝑛−1 ⌈𝑥1 − 𝑥1⌋(𝑛−1)/𝑛
̇̂𝑥2 = 𝑧2 + 𝑥3; 𝑧2 = 𝜆𝑛−2 ⌈𝑥1 − 𝑥1⌋(𝑛−2)/𝑛

...
̇̂𝑥𝑛 = 𝑧𝑛; 𝑧𝑛 = 𝜆0 ⌈𝑥1 − 𝑥1⌋0 ,

(13)

where ⌈𝜉⌋𝛼 = |𝜉|𝛼 sign(𝜉), and gains {𝜆𝑗}𝑛𝑗=1 with 𝜆𝑗 > 0. Note
that differentiator (13) preserves the structure of the plant
using dynamic extensions 𝑧𝑗 = 𝜆𝑛−𝑗⌈𝑥1−𝑥1⌋(𝑛−𝑗)/𝑛 that inject
the estimation error in the differentiator dynamics. To see
this, consider the estimation error𝑥𝑗 = 𝑥𝑗−𝑥𝑗 for 𝑗 = 1, . . . , 𝑛.
Then, one obtains the estimation error dynamics:

̇̃𝑥1 = −𝜆𝑛−1 ⌈𝑥1 − 𝑥1⌋(𝑛−1)/𝑛 + 𝑥2,
̇̃𝑥2 = −𝜆𝑛−2 ⌈𝑥1 − 𝑥1⌋(𝑛−2)/𝑛 + 𝑥3,

...
̇̃𝑥𝑛 = −𝜆0 ⌈𝑥1 − 𝑥1⌋0 + 𝑢 + 𝜑.

(14)

Therefore, an adequate tuning of {𝜆𝑗}𝑛𝑗=1 produces 𝑥𝑗 = 𝑥𝑗 −𝑥𝑗 = 0, for any 𝑗 = 1, . . . , 𝑛, after some finite-time 𝑡𝑓𝑑, [33], p.
230. Finally, at this point, since 𝑥1 ∈ C𝑛, then 𝑥𝑗 = 𝑥𝑗 is exact
for any 𝑡 ≥ 𝑡𝑓𝑑.

3.3. Disturbance Observer Based on Fractional Differintegral
SlidingModes. Theobjective at this point is reject, exactly and
in finite-time, theHölder disturbance bymeans of the control𝑢 for system (7). To this end, let control input be

𝑢 = 𝑢0 + 𝑢𝑠, (15)

where the continuous nominal control 𝑢0 stabilizes the
ideal system without disturbance [10], and the differintegral
sliding mode control 𝑢𝑠 compensates the matched Hölder
disturbance 𝜑 [26–28]. Let 𝜎 be a penalization variable
that measures the deviation from the ideal system (without
disturbances) to the real system defined by (7). Ideally, that
is, assuming full access to the state, the penalization variable
would be defined by

𝜎 (𝑡) = 𝑥𝑛 (𝑡) − 𝑥𝑛 (0) − ∫𝑡

0
𝑢0 (𝜏) 𝑑𝜏 (16)

such that the enforcement and invariance of �̇�(𝑡) = 0 imply�̇�𝑛 = 𝑢0, at which system (7) renders an ideal plant without
disturbances. Nevertheless, since 𝑥𝑛(𝑡) is not measured, but
estimated, the penalization variable 𝜎 is instead defined as

𝜎 (𝑡) = 𝑥𝑛 (𝑡) − 𝑥𝑛 (0) − ∫𝑡

0
𝑢0 (𝜏) 𝑑𝜏, (17)

which in virtue of the exact estimation of 𝑥𝑛(𝑡) by 𝑥𝑛(𝑡)
becomes 𝜎 = 𝑥𝑛(𝑡) − 𝑥𝑛(0) − ∫𝑡

0 𝑢0(𝜏)𝑑𝜏 for 𝑡 ≥ 𝑡𝑓𝑑, and
consequently, �̇�𝑛 = 𝑢0; then, from �̇� = 𝑢𝑠 + 𝜑, it is clear that𝑢𝑠 = −𝜑 for �̇� = 0; then, (𝑧𝑛)𝑒𝑞 = 𝑢0. Note that before 𝑡𝑓𝑑
just the output 𝑦 = 𝑥1 is assumed to be known; nevertheless,
the controller (depending on 𝑥𝑗 → 𝑥𝑗 as 𝑡 → 𝑡𝑓𝑑) is being
applied from initial conditions to assure its continuity for any𝑡 ≥ 0; then, the stability is compromised by the convergence
of the differentiator.

A naive choice to design 𝑢𝑠 to enforce 𝜎 = 0 in finite-
time would be either the first-order discontinuous control𝑢𝑠 = −𝑘𝑠 sign(𝜎), 𝑘𝑠 > sup |𝜑|, or the higher-order continuous
controller 𝑢𝑠 = −𝑘𝑠1|𝜎|1/2 sign(𝜎) − 𝑘𝑠0 ∫ sign(𝜎), with 𝑘𝑠1 >√2𝑘𝑠0 and 𝑘𝑠0 > sup |�̇�|, [24]; however, the former is
discontinuous and the latter requires differentiability of the
disturbance; then, both cases do not satisfy the problem
statement. Thus, this motivates to look at the topolog-
ical properties of fractional-order integral operators and
in particular consider the following uniformly continuous
fractional-order differintegral sliding mode control:

𝑢𝑠 (𝑡) = 𝑢𝑠 (𝑡𝑟) − 𝑘𝑠 𝑡𝑟𝐼]𝑡 sign (𝜎 (𝑡)) (18)

with feedback gain 𝑘𝑠 > [𝜑]H](Ω), and the differintegral order
] ∈ (0, ]𝑐), {𝑡𝑟}𝑟∈N0 is the strictly increasing sequence of
instants such that 𝜎(𝑡𝑟) = 0, and consider 𝑡0 ≥ 𝑡𝑓𝑑 the first
time at which 𝜎 crosses zero at or after 𝑡𝑓𝑑. We now have the
following first main result.

Theorem9. Consider system (20). For feedback gain 𝑘𝑠 > ((3+
])/(1 − ]))[𝜑]H](Ω), there is a finite-time

𝑡𝑓𝜑 ≤ 𝑡0 + 1(1 − 𝜇1/]) [
�̇� (𝑡0) Γ (] + 2)𝑘 − [𝜑]

H](Ω)
]

1/]

, (19)



Mathematical Problems in Engineering 5

such that (𝜎(𝑡), �̇�(𝑡)) = (0, 0) ∀𝑡 ≥ 𝑡𝑓𝜑, where 𝜇 = ((𝑘 +[𝜑]H](Ω))/(𝑘 − [𝜑]H](Ω)))(1 + ]) − 1 < 1.
Proof. The proof is built upon [34] and our previous propos-
als [28–30] in conjunctionwith the finite-time state estimator.
Consider the fractional-order differintegral dynamics result-
ing from applying control (18) into (17):

�̇� (𝑡) = �̇� (𝑡𝑟) − 𝑘𝑠 𝑡𝑟𝐼]𝑡 sign (𝜎) + 𝑡𝑟𝐼]𝑡 𝐸
𝑡𝑟
𝐷]

𝑡𝜑. (20)

whose existence of solutions has been studied in [28, 29, 34].
In accordance with the dynamic resetting memory principle
[28–30], {𝑡𝑟}∞𝑟=0 can be considered as an increasing sequence
of time instants when𝜎(𝑡) crosses the zero value, that is, when𝜎(𝑡𝑟) = 0. In addition, by virtue of the continuity of 𝑢𝑠(𝑡),
the value 𝑢𝑠(𝑡𝑟) can be approximated by its preceding value𝑢𝑠(𝑡𝑟 − 𝑇), where 𝑇 is the sampling time, during real-time
digital implementation [28].

Thus, solving for an arbitrary time-interval [𝑡𝑟, 𝑡𝑟+1], with𝑟 ∈ N0, by applying the mathematical induction, one gets|�̇�(𝑡𝑟)| ≤ 𝜇𝑟|�̇�(𝑡0)| for all 𝑟 ∈ N0. In addition, the time of
convergence is estimated as

(𝑡𝑟+1 − 𝑡𝑟)] ≤ 𝜇𝑟 �̇� (𝑡0) Γ (] + 2)𝑘𝑠 − [𝜑]H](Ω)
, (21)

leading to

𝑡𝑓𝜑 − 𝑡0 = ∞∑
𝑟=0

(𝑡𝑟+1 − 𝑡𝑟)

≤ 1(1 − 𝜇1/]) [
�̇� (𝑡0) Γ (] + 2)𝑘 − [𝜑]

H](Ω)
]

1/]

,
(22)

since the series is geometric. Thus, in virtue of continuity,�̇�(𝑡) = 0 for all 𝑡 ≥ 𝑡𝑓𝜑. In addition, the Fundamental
Theorem of Calculus implies 𝜎(𝑡) = ∫𝑡

𝑡𝑓𝜑
�̇�(𝜏)𝑑𝜏 = 0 for all

𝑡 ≥ 𝑡𝑓𝜑.
Note that since control 𝑢𝑠 is continuous, the invariant�̇�(𝑡) = 0 is exact, not just equivalent, enforced for any 𝑡 ≥ 𝑡𝑓𝜑.

This produces, as a byproduct of such control strategy, an
exact finite-time disturbance observer 𝑢𝑠 = −𝜑, establishing
the nominal system �̇�𝑛 = 𝑢0 in finite-time.

3.4. Finite-Time Stabilization. Considering that, for 𝑡 ≥ 𝑡𝑓𝜑,
one obtains 𝑥𝑗 = 𝑥𝑗 and ̇̂𝑥𝑛 = 𝑢0, the objective is the design
of a nominal controller 𝑢0 such that 𝑥1 = 0 for any 𝑡 ≥ 𝑡𝑓𝑥 for
some finite-time 𝑡𝑓𝑥. For that purpose, consider the following
nominal control [10]:

𝑢0 = − 𝑛∑
𝑗=1
𝑘𝑗 ⌈𝑥𝑗 ⌋𝛼𝑗 (23)

such that the polynomial 𝑠𝑛 + 𝑘𝑛𝑠𝑛−1 + ⋅ ⋅ ⋅ + 𝑘2𝑠 + 𝑘1 = 0
is Hurwitz, and 𝛼𝑗−1 = 𝛼𝑗𝛼𝑗+1/(2𝛼𝑗+1 − 𝛼𝑗) (𝑗 = 2, . . . , 𝑛),
with 𝛼𝑛+1 = 1 and 𝛼𝑛 = 𝛼. The stability of the ideal system
in closed-loop with the nominal control (23) is given in the
following result of [10]:

Theorem 10 (see [10]). There exists 𝜖 ∈ (0, 1) such that, for
every 𝛼 ∈ (1 − 𝜖, 1), the origin 𝑥 = 0 is globally finite-time
stable.

Remark 11. Using only output information, for system (7)
subject to Hölder disturbances, the proposed combination of
robust continuous control techniques, established in Theo-
rems 9 and 10, enforces finite-time convergence, despite the
fact that such disturbance lacks integer-order differentiability,
usually required for robust continuous high-order sliding
mode-based control.

4. Simulations

Simulationswere programedwith a sampling time step of𝑇 =0.1ms based on the Euler integrator.TheGrünwald-Letnikov
method was considered to compute differintegrals based on
the resetting memory principle.

Consider a dynamic system described by (7), of second
order, that is, with 𝑛 = 2, subject to aWeierstrass-Mandelbrot
type disturbance [14], see Figure 1(a):

𝜑 (𝑡) = cos (𝑡) + 𝑁∑
𝜄=1
10−0.7𝜄 sin (10𝜄𝑡) . (24)

Note that, when 𝑁 → ∞, function 𝜑(𝑡) is nowhere
differentiable; nevertheless, such function possesses well-
defined fractional derivatives for all orders strictly less than
]𝑐 = 0.7. Thus, the order of fractional integration in the
differintegral sliding mode control 𝑢𝑠 needs to comply with
the condition ] < ]𝑐 = 0.7 established inTheorem 9.

Gains of differentiator (13) are 𝜆1 = 1.5𝐿1/2 and 𝜆0 =1.1𝐿, as suggested in [9], with 𝐿 = 5. The parameters of the
differintegral sliding mode control are 𝑘𝑠 = 5 and ] = 0.5.
The nominal control is simply 𝑢0 = −4⌈𝑥1⌋1/3 − 4⌈𝑥2⌋1/2.

Figure 1 highlights the simulation results of the applica-
tion of the proposed method. Figure 1(b) shows the finite-
time exact estimation𝑥1 = 0, while finite-time exact rejection
of the Hölder disturbance is illustrated in Figure 1(c). The
finite-time convergence of the state𝑥 is shown in Figures 1(d),
1(f), and 1(e) highlighting the nominal and sliding mode-
based control signals, respectively.

It is worth remarking the fact that the theoretically
continuous controller is able to enforce finite-time con-
vergence in a system that is subject to Hölder continuous
disturbances, using only the output information. Figure 1
shows an unavoidable high-frequency phenomena that is
characteristic of any continuous controller implemented in
discrete time, even more, considering nonsmooth dynamics
of both differentiator and disturbance compensator. In order
to clarify the preceding explanation, the same simulation is
carried out considering full access to the state, whose results
are shown in Figure 2, where a great improvement can be
appreciated; nonetheless, in most of engineering application
just part of the state is considered available for control
purposes.
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Figure 1: Simulation results. Finite-time output feedback control of a dynamic system subject to Hölder-type disturbances.

5. Conclusions

This paper proposes a synergistic combination of recent
sound schemes for robust differentiation based on high-
order sliding modes with fractional-order integral sliding
modes to enforce finite-time stabilization of a class of

dynamical systems subject to complex disturbance phenom-
ena of Hölder type. Homogeneity is a key mathematical tool
to design finite-time stabilizing controllers, providing robust
differentiation and active disturbance compensation in finite-
time. The resulting output feedback controller-estimator
demonstrates the advantages of considering fractional-order
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Figure 2: Simulation results. Finite-time state feedback control of a dynamic system subject to Hölder-type disturbances.

actions of control for a wider class of dynamic systems under
most variate conditions of operation with potential appli-
cations in control of aerodynamic or underwater robots, as
well as in contact robotic tasks with more diverse tribological
interactions.
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V. Parra-Vega, and P. Castillo, “Attitude control of quadrotors
based on fractional sliding modes: theory and experiments,”
IET Control Theory & Applications, vol. 10, no. 7, pp. 825–832,
2016.

[32] A. Isidori, “Nonlinear Control Systems,” in Communications
and Control Engineering, Springer-Verlag, London, UK, 3rd
edition, 1995.

[33] Y. Shtessel, C. Edwards, L. Fridman, andA. Levant, SlidingMode
Control and Observation, Birkhäuser, Springer, New York, NY,
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