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V-shaped stepped spillway is a new shaped stepped spillway, and the pressure distribution is quite different from that of the
traditional stepped spillway. In this paper, five turbulence models were used to simulate the pressure distribution in the skimming
flow regimes. Through comparing with the physical value, the realizable 𝑘-𝜀model had better precision in simulating the pressure
distribution. Then, the flow pattern of V-shaped and traditional stepped spillways was given to illustrate the unique pressure
distribution using realizable 𝑘-𝜀 turbulence model.

1. Introduction

The unique structure of the stepped spillways causes abun-
dant vortices near the steps [1–3], which results in high energy
dissipation and aeration than that of smooth spillways [4, 5].
For these reasons, the stepped spillways have been widely
used [6, 7].

Considering that the flow pattern of the stepped spillway
reflects the hydraulic characteristics of the flow, many schol-
ars have also studied the flow regimes. The flow regimes of a
stepped spillway can be divided into nappe flow, transition
flow, and skimming flow [8–10]. Pressure distribution in
stepped spillways also became a research focus for negative
pressure on the step surface which may lead to cavitation
damage. Many scholars have studied the pressure distribu-
tions of stepped spillways through physical models, such as
Zhang et al. [11], Fratino et al. [12], Sánchez-Juny et al. [13, 14],
Amador et al. [15], Zhang et al. [16], andDhatrak and Tatewar
[17] and so on. With the development of computer science
and computational technology, the numerical method has
become an efficientmethod to study the pressure distribution
of stepped spillways. Chen et al. [2] studied the pressure
distribution of traditional stepped spillway using 𝑘-𝜀 turbu-
lencemodel and satisfactory results were obtained. Qian et al.

[18] compared four turbulence models (realizable 𝑘-𝜀model,
SST 𝑘-𝜀 model, V2-𝑓 model and LES model) and found that
the realizable 𝑘-𝜀 model was the most efficient in simulating
flow overstepped spillways which involves rotation. And the
pressure field was studied using the realizable 𝑘-𝜀 model.
Chakib [19] also got the contours of pressure distribution
in simulating air-water interaction using 𝑘-𝜀 turbulence
model and VOF model. Daneshfaraz et al. [20] adopted
standard 𝑘-𝜀, renormalization group 𝑘-𝜀, and standard 𝑘-𝜔 turbulence model to simulate the four step arrangements
stepped spillways. And pressure distribution was studied
by RNG 𝑘-𝜀 turbulence model, which was regarded as the
optimal turbulence model through comparing the physical
value and numerical value of water level.

In this paper, the stepped spillways of 𝜃 = 120∘ and 𝜃 =
180∘ are named as V-shaped and traditional stepped spillway,
respectively (shown in Figure 1). V-shaped stepped spillway
is a new type of stepped spillways, which has distinguished
three-dimensional flow program and greater aerated charac-
teristic. In this paper, the pressure distribution along the V-
shaped stepped spillway in the skimming flow regime was
studied through numerical simulations with five kinds of
turbulence models and the unique pressure distribution was
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analyzed through the comparison of the flow pattern between
traditional and V-shaped stepped spillways.These results can
be used to choose a better turbulence model to study the
pressure distribution of V-shaped stepped spillway.

2. Numerical Simulation

Fluent software was used to perform these simulations using
the finite volumemethod (FVM).Thenumericalmodel of the
stepped spillway (shown in Figure 1) consists of a press slope
section, a smooth section, a stepped section, and tail water
section.The chute width is 𝐵 = 0.4m, the height of the model
inlet is ℎ = 0.12m, and the outlet of the press slope section
is 0.08m. The step section consists of 56 steps, which were
numbered #1 to #56.Thefirst 28 steps are transitional steps for
improving the flow patterns; then there are 28 uniform steps
(6 cm high, 12 cm long). The slope of the stepped spillway is
1V:2H.

2.1. Fluid VolumeModel. Thevolume of fluid (VOF)was used
to track the air-water interface, which was presented by Hirt
and Nichols [21]. In each computational cell, the sum of the
volume fractions of air, 𝛼𝑎, and water, 𝛼𝑤, is unity and can be
given as

𝛼𝑤 + 𝛼𝑎 = 1; 0 ≤ 𝛼𝑤, 𝛼𝑎 ≤ 1. (1)

In this approach, the tracking interface between air and
water was accomplished by the solution of the continuity
equation for the volume fraction of water:

𝜕𝛼𝑤𝜕𝑡 + 𝜕𝛼𝑤𝑢𝑖𝜕𝑥𝑖 = 0. (2)

2.2. Turbulence Models

2.2.1. ST 𝑘-𝜀 Model for the VOF Flow. The standard (ST)𝑘-𝜀 turbulence model presented by Launder and Spalding
[22] was useful in practical engineering flow calculations
for the advantages of economy and reasonable accuracy. The
equations of turbulent kinetic energy, 𝑘, and its dissipation
rate, 𝜀, are as follows:

𝜕 (𝜌𝑘)𝜕𝑡 + 𝜕𝜕𝑥𝑖 (𝜌𝑘𝑢𝑖) = 𝜕𝜕𝑥𝑗 [(𝜇 + 𝜇𝑡𝜎𝑘) 𝜕𝑘𝜕𝑥𝑗] + 𝐺𝑘
+ 𝐺𝑏 − 𝜌𝜀 − 𝑌𝑀 + 𝑆𝑘

𝜕 (𝜌𝜀)𝜕𝑡 + 𝜕𝜕𝑥𝑖 (𝜌𝜀𝑢𝑖) = 𝜕𝜕𝑥𝑗 [(𝜇 + 𝜇𝑡𝜎𝜀) 𝜕𝜀𝜕𝑥𝑗]
+ 𝐶1𝜀 𝜀𝑘 (𝐺𝑘 + 𝐶3𝜀𝐺𝑏)
− 𝐶2𝜀𝜌𝜀2𝑘 + 𝑆𝜀,

(3)

where 𝐺𝑘, 𝐺𝑏 are the generation of turbulence kinetic energy
due to the mean velocity gradients and buoyancy, respec-
tively; 𝑌𝑀 is the contribution of the fluctuating dilatation in
compressible turbulence to the overall dissipation rate; 𝑢𝑖 is

the mean velocity component in the 𝑖th direction; 𝜇𝑡 is the
turbulent viscosity and calculated by 𝜇𝑡 = 𝜌𝐶𝜇(𝑘2/𝜀);𝐶𝜇,𝐶1𝜀,𝐶2𝜀, 𝜎𝑘, and 𝜎𝜀 are model constants which are specified as
follows: 𝐶𝜇 = 0.09, 𝐶1𝜀 = 1.44, 𝐶2𝜀 = 1.92, 𝜎𝑘 = 1.0, and 𝜎𝜀 =
1.3. 𝑆𝑘 and 𝑆𝜀 are user-defined source terms.

This model is a semiempirical model based on trans-
port equations for turbulence kinetic energy and turbulence
kinetic energy dissipation rate. For its assumption of fully
turbulent, it is valid only for fully turbulent flows.

2.2.2. RNG 𝑘-𝜀Model for the VOF Flow. The renormalization
group (RNG) 𝑘-𝜀 turbulence model was presented by Yakhot
and Orszag [23].The equations of turbulent kinetic energy, 𝑘,
and its dissipation rate, 𝜀, are as follows:

𝜕 (𝜌𝑘)𝜕𝑡 + 𝜕𝜕𝑥𝑖 (𝜌𝑢𝑖𝑘) = 𝜕𝜕𝑥𝑗 [𝛼𝑘𝜇eff 𝜕𝑘𝜕𝑥𝑗] + 𝐺𝑘 + 𝐺𝑏
− 𝜌𝜀 − 𝑌𝑀 + 𝑆𝑘

𝜕 (𝜌𝜀)𝜕𝑡 + 𝜕𝜕𝑥𝑖 (𝜌𝑢𝑖𝜀) = 𝜕𝜕𝑥𝑗 [𝛼𝜀𝜇eff 𝜕𝜀𝜕𝑥𝑗]
+ 𝐶1𝜀 𝜀𝑘 (𝐺𝑘 + 𝐶3𝜀𝐺𝑏)
− 𝐶2𝜀𝜌𝜀2𝑘 − 𝑅𝜀 + 𝑆𝜀,

(4)

where 𝛼𝑘, 𝛼𝜀 are the inverse effective Prandtl numbers; 𝐶1𝜀
= 1.42, 𝐶2𝜀 = 1.68 are model constants; 𝑅𝜀 = 𝐶𝜇𝜌𝜂3(1 −𝜂/𝜂0)𝜀2/(𝑘(1+𝛽𝜂3)), where 𝜂 ≡ 𝑆𝑘/𝜀, 𝜂0 = 4.38, and 𝛽 = 0.012.

This model was derived using a rigorous statistical tech-
nique. Although it is similar in form to the ST 𝑘-𝜀 turbulence
model, there are some refinements: (1) adding an additional
term in turbulence kinetic energy dissipation rate equation
which improves the accuracy for rapidly strained flows; (2)
the effect of swirl is included to enhance accuracy for swirling
flows; (3) the turbulent Prandtl numbers are got by analytical
formula.

2.2.3. Rl 𝑘-𝜀 Model for the VOF Flow. The realizable (Rl) 𝑘-𝜀 turbulence model was presented by Shih et al. [24]. The
equations of turbulent kinetic energy, 𝑘, and its dissipation
rate, 𝜀, are as follows:

𝜕 (𝜌𝑘)𝜕𝑡 + 𝜕𝜕𝑥𝑗 (𝜌𝑢𝑗𝑘) = 𝜕𝜕𝑥𝑗 [(𝜇 + 𝜇𝑡𝜎𝑘) 𝜕𝑘𝜕𝑥𝑗] + 𝐺𝑘
+ 𝐺𝑏 − 𝜌𝜀 − 𝑌𝑀 + 𝑆𝑘

𝜕 (𝜌𝜀)𝜕𝑡 + 𝜕𝜕𝑥𝑗 (𝜌𝑢𝑗𝜀) = 𝜕𝜕𝑥𝑗 [(𝜇 + 𝜇𝑡𝜎𝜀) 𝜕𝜀𝜕𝑥𝑗]
+ 𝜌𝐶1𝑆𝜀 − 𝜌𝐶2 𝜀2𝑘 + √]𝜀
+ 𝐶1𝜀 𝜀𝑘𝐶3𝜀𝐺𝑏 + 𝑆𝜀,

(5)
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Figure 1: The numerical model layout.

where 𝐶1 = max[0.43, 𝜂/(𝜂 + 5)] and 𝜂 = 𝑆𝑘/𝜀, 𝑆 =√2𝑆𝑖𝑗𝑆𝑖𝑗, where 𝑆𝑖𝑗 = 0.5(𝜕𝑢𝑗/𝜕𝑥𝑖+𝜕𝑢𝑖/𝜕𝑥𝑗); ] is the turbulent
kinematic viscosity; 𝐶1𝜀 = 1.44, 𝐶2 = 1.9, 𝜎𝑘 = 1.0, and 𝜎𝜀 = 1.2
are the empirical constants.

This model can accurately simulate the spreading rate of
both planar and round jets and the flows involving rotation,
boundary layers under strong adverse pressure gradients,
separation, and recirculation.

2.2.4. ST 𝑘-𝜔 Model for the VOF Flow. The standard (ST)𝑘-𝜔 turbulence model was presented by Wilcox [25], which
incorporatesmodifications for low-Reynolds-number effects,
compressibility, and shear flow spreading. The equations of
turbulent kinetic energy, 𝑘, and its dissipation rate, 𝜔, are as
follows:𝜕 (𝜌𝑘)𝜕𝑡 + 𝜕𝜕𝑥𝑖 (𝜌𝑢𝑖𝑘) = 𝜕𝜕𝑥𝑗 (Γ𝑘 𝜕𝑘𝜕𝑥𝑗) + 𝐺𝑘 − 𝑌𝑘 + 𝑆𝑘
𝜕 (𝜌𝜔)𝜕𝑡 + 𝜕𝜕𝑥𝑖 (𝜌𝑢𝑖𝜔) = 𝜕𝜕𝑥𝑗 (Γ𝜔 𝜕𝜔𝜕𝑥𝑗) + 𝐺𝜔 − 𝑌𝜔

+ 𝑆𝜔,
(6)

where 𝐺𝜔 is the generation of 𝜔; Γ𝑘 and Γ𝜔 are the effective
diffusivity of 𝑘 and 𝜔, respectively; 𝑌𝑘 and 𝑌𝜔 are the
dissipation of 𝑘 and 𝜔, respectively; 𝑆𝜔 is the user-defined
source term.

This model is an empirical model based on model
transport equations for the turbulence kinetic energy and
turbulence kinetic energy dissipation rate.

2.2.5. SST 𝑘-𝜔 Model for the VOF Flow. The shear-stress
transport (SST) 𝑘-𝜔 turbulence model was developed by
Menter [26].The equations of turbulent kinetic energy, 𝑘, and
its dissipation rate, 𝜔, are as follows:

𝜕 (𝜌𝑘)𝜕𝑡 + 𝜕𝜕𝑥𝑖 (𝜌𝑢𝑖𝑘) = 𝜕𝜕𝑥𝑗 (Γ𝑘 𝜕𝑘𝜕𝑥𝑗) + 𝐺𝑘 − 𝑌𝑘 + 𝑆𝑘
𝜕 (𝜌𝜔)𝜕𝑡 + 𝜕𝜕𝑥𝑖 (𝜌𝑢𝑖𝜔) = 𝜕𝜕𝑥𝑗 (Γ𝜔 𝜕𝜔𝜕𝑥𝑗) + 𝐺𝜔 − 𝑌𝜔

+ 𝐷𝜔 + 𝑆𝜔,
(7)

where𝐷𝜔 is the cross-diffusion term.

2.3. Boundary Conditions

(1) Inlet Boundary.At the inlet, velocity inlet was used and the
velocity was 2.61–4.08m/s according to the unit discharges;

(2) Outlet Boundary. At the outlet, the pressure outlet bound-
ary was chosen and the normal gradient of all variables were
0.
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Figure 2: The physical model layout.

(3) Free Surface. Pressure inlet was presented at the free
surface;

(4) Wall Boundary. The no-slip velocity boundary condition
was used on the wall surface and the standard wall function
was chosen to specify the near-wall regions of the flow.

2.4. ValidationModel. Aphysical model of V-shaped stepped
spillway is shown in Figure 2, which was performed in the
State Key Laboratory of Hydraulics and Mountain River
Engineering, Sichuan University, Chengdu. The total model
height was 5.4m and the size of the stepped spillway was
identical to that in the numerical model, as shown in Figure 1.
Piezometer tube was used to measure the time-averaged
pressure.

3. Results and Analysis

3.1. Pressure Distribution. Figure 3 shows the pressure dis-
tribution on steps, where 𝐿 represents the width of the step
and 𝐻 represents the height of the step. The figure shows
that (1) for traditional stepped spillway, the pressure does
not change along the cross section, but there are obvious
changing at different profiles of V-shaped stepped spillway;
(2) the extreme values of pressure locate at the sidewalls in
V-shaped stepped spillway, but they locate along the cross
section in traditional stepped spillway; (3) the maximum

pressure on horizontal step surface of V-shaped stepped
spillway is larger than that of on traditional stepped spillway
and the minimum pressure on vertical step surface of V-
shaped stepped spillway is smaller than that of on traditional
stepped spillway.

3.2. Pressure Distribution of the Profiles. Since the pressure
distribution changed along the cross section in V-shaped
stepped spillway, three rows of pressure measurement points
were adopted, and the position of rows was in 𝑍/𝐵 = 0, 𝑍/𝐵
= 0.25, and near the 𝑍/𝐵 = 0.5, respectively. The interval of
pressure measurement points was 1 cm in each row, which
means that each step horizontal surface had 11 points and 5
points on vertical surface in each row, as shown in Figure 4.

In this section, we take the pressure distribution on one
step (#43) when Fr = 5.99 as an example to illustrate. Figure 5
shows the pressure distributions of physical model and five
turbulence models on #43 step. Note from Figure 5 that (1)
the numerical values at all pressuremeasurement points show
a good agreement with the physical values at each profile;
(2) it also can be regarded as an S-shaped variation on
horizontal step surface, but the fluctuation decreases from
both sidewalls to the axial plane; (3) on vertical step surface,
from the step’s lower edge to its upper edge (𝑌/𝐻 = 1.0),
the pressure gradually decreases at all the profiles and at
the same step height, from the axial plane to sidewalls,
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Figure 3: The pressure distribution on steps ((a) on V-shaped step, (b) on traditional step).
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pressure also gradually decreases; (4) at 𝑍/𝐵 = 0.25, the
pressure distributions of V-shaped and traditional stepped
spillways are nearly the same; from the profile of 𝑍/𝐵 =
0.25 to sidewalls, the fluctuation of pressure distribution is
larger on the horizontal step surface and the pressure is lower
at the same position on vertical step surface than those of
in traditional stepped spillway; otherwise, from the profile
of 𝑍/𝐵 = 0.25 to axial plane, the fluctuation of pressure
distribution is smaller on the horizontal step surface and the
pressure is larger at the same position on the vertical step
surface than those of in traditional stepped spillway; finally,
at 𝑍/𝐵 = 0, the pressure is nearly the same on the horizontal
step surface and the pressure is positive on the vertical step
surface.

For comparing the turbulence models performance sta-
tistically, the root mean square error (RMSE) criterion was
estimated using

RMSE = √ 1𝑛
𝑛∑
1

(Pressurephysical − Pressurenumerical)2, (8)

where 𝑛 is the number of pressure measurement points
in each profile, pressurephysical and pressurenumerical are the
physical and numerical values of the pressure, respectively.
According to the definition of RMSE, the lower the RMSE
value is, the more accurate the model is.
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Table 1: The RMSE values of different turbulence models.

Step surface Profile St 𝑘-𝜀 RNG 𝑘-𝜀 Rl 𝑘-𝜀 St 𝐾-𝜔 SST 𝐾-𝜔
Horizontal surface

𝑍/𝐵 = 0 0.98 1.93 1.30 2.25 2.81𝑍/𝐵 = 0.25 2.00 1.39 1.20 1.71 1.93𝑍/𝐵 = 0.5 2.56 1.63 1.11 1.98 1.80

Vertical surface
𝑍/𝐵 = 0 0.82 0.75 0.53 0.67 0.59𝑍/𝐵 = 0.25 1.15 1.06 0.99 1.15 1.12𝑍/𝐵 = 0.5 1.70 2.49 1.51 1.96 1.85

(a)

Flow

(b)

Figure 6: The free water surface of physical model and numerical model ((a) physical model, (b) Rl 𝑘-𝜀model).

Table 1 presents the RMSE values of five turbulence
models. It can be seen that (1) all the numerical turbulence
models show satisfactory results at each profile; (2) the Rl 𝑘-𝜀 model can be regarded as a better model to simulate the
pressure distribution of V-shaped stepped spillway according
all the RMSE values.

3.3.The Flow Pattern. Figure 6 is the free water surface of the
physical model and numerical model. It can be seen that (1)
the results of the free water surfaces of numerical model and
physical model are similar; (2) the free water surfaces of the
axial plane and near sidewall were higher, and it is lower in
other places, like a “W” shape, which is different from that of
the traditional stepped spillway.

For stepped spillway, when the flow transitions from
one step to the next step, a part of the flow travels in the
downstream direction, and the other part changes direction
because of the collision between the water and the steps. The
flow that changes direction forms a reflux and collides with
the vertical step surface.Then, the flow is forced to climb and
blocked by the mainstream, forming stable vortices.

To clearly show the spiral flow and downstream flow,
the streamlines are shown in different steps in Figure 7(d).
From Figure 7(a), we can see that the velocity vectors are
parallel to the axial plane, so the vortices are parallel to the
axial plane (as shown in Figure 7(c)) and the flow pattern
can be regarded as a two-dimensional flow, so the pressure
distribution of traditional stepped spillway does not change
along the cross section. However, from Figure 7(b), we can
see that the velocity vectors are not parallel to the axial plane
in V-shaped stepped spillway, and there is transverse velocity
which is from the sidewall to the axial plane. So the water is

nearly void at the sidewalls and causes theminimumpressure
at the upper ledge of vertical step surface at sidewall profiles.
And the collision is formed through the vortex flow from
the sidewall to the axial plane at near the axial plane, so
the water surface is high at near the axial plane and the
flow pattern can be regarded as a three-dimensional flow (as
shown in Figure 7(d)). For this kind of unique flow field,
the pressure distribution of V-shaped stepped spillway is
obviously different at different profiles.

This flow field in V-shaped stepped spillway increases the
turbulence intensity; therefore, there will be better energy
dissipation rate and aeration properties and this will be
studied in the future.

4. Conclusions

In this paper, the pressure distribution of V-shaped stepped
spillway was studied using five turbulence models. The
following conclusions can be drawn:

(1) Although all the numerical results show a good
agreement with physical values, the realizable 𝑘-𝜀 model is
slightly better than other turbulencemodels in simulating the
pressure distribution of V-shaped stepped spillway.

(2) Compared to traditional steps, the negative pressure is
greater than the traditional steps, but the order of magnitude
has not changed. So near the sidewalls, compared to the V-
shaped steps, although the traditional steps aremore resistant
to cavitation damage, there is no obvious difference between
them.Considering better energy dissipation rate and aeration
properties, there are broad application prospects, especially
in ecological water conservancy and aeration tanks.
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V represents vertical step surface
H represents horizontal step surface

V

H

V

H

2m/s

# 43 step
# 44 step

(a) Velocity vector

V represents vertical step surface
H represents horizontal step surface

V

H
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# 43 step
# 44 step

(b) Velocity vector

# 43 step

# 44 step

(c) Streamline

# 43 step

# 44 step

(d) Streamline

Figure 7: The velocity vectors and streamlines on steps ((a, c) traditional steps, (b, d) V-shaped steps; Rl 𝑘-𝜀model).

Notation

𝐵: Chute widthℎ: Inlet height of the model𝑘: Turbulent kinetic energy𝜀: Turbulent kinetic energy dissipation rate𝛼𝑎: Volume fractions of air𝛼𝑤: Volume fractions of water𝐺𝑘: Generation of turbulence kinetic energy
due to the mean velocity gradients𝐺𝑏: Generation of turbulence kinetic energy
due to buoyancy𝑢𝑖: Mean velocity component in the 𝑖th
direction𝜇𝑡: Turbulent viscosity𝑆𝑘, 𝑆𝜀: User-defined source terms𝛼𝑘, 𝛼𝜀: Inverse effective Prandtl numbers

]: Turbulent kinematic viscosity𝐺𝜔: Generation of 𝜔Γ𝑘, Γ𝜔: Effective diffusivity of 𝑘 and 𝜔, respectively𝑌𝑘, 𝑌𝜔: Dissipation of 𝑘 and 𝜔, respectively𝑆𝜔: User-defined source term𝐷𝜔: Cross-diffusion term𝐿: Width of the step𝐻: Height of the step
Fr: Froude number.
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[13] M. Sánchez-Juny, E. Bladé, and J. Dolz, “Analysis of pressures on
a stepped spillway,” Journal of Hydraulic Research, vol. 46, no. 3,
pp. 410–414, 2008.
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