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In a manufacturing and inventory system, information on production and order lead time helps consumers’ decision whether they
receive finished products or not by considering their own impatience on waiting time. In Savaşaneril et al. (2010), the optimal
dynamic lead time quotation policy in a one-stage production and inventory system with a base stock policy for maximizing the
system’s profit and its properties are discussed. In this system, each arriving customer decides whether he/she enters the system
based on the quoted lead time informed by the system. On the other hand, the customer’s utility may be small under the optimal
quoted lead time policy because the actual lead time may be longer than the quoted lead time. We use a utility function with
respect to benefit of receiving products and waiting time and propose several kinds of heuristic lead time quotation policies. These
are compared with optimal policies with respect to both profits and customer’s utilities.Through numerical examples some kinds of
heuristic policies have better expected utilities of customers than the optimal quoted lead time policy maximizing system’s profits.

1. Introduction

Inmanufacturing systems the production and inventory con-
trol must be appropriate to reduce the production cost. Infor-
mation on production such as advance demand, amounts
of work-in-process and finished products, and machine’s
failure is important to the control. For customers buying
products, the information of order lead time is important to
decide whether he/she buys a product or not. In addition,
the consumer will be unsatisfied when the actual lead time
is greater than the informed lead time. The quotation of lead
time causes the actual number of customers to vary because
the long quoted lead time leads to decrease of actual demand,
and thus appropriate information makes the profit of the
system increase.

Recently, the information on inventory or lead time to
customers is discussed. For example, Duenyas and Hopp
[1] develop a dynamic lead time quotation problem in a
make-to-order system as an 𝑀/𝑀/1 queue using an MDP
formulation. Ata and Olsen [2] consider a make-to-order
system where customers are dynamically quoted lead times.

They recommend quotation policies for convex, concave, and
convex-concave delay cost functions. Kapuscinski and Tayur
[3] consider two classes of customers, where the high priority
customers bring more profit to the system but delay for them
leads to the higher penalty on the system. Wu et al. [4]
consider a newsvendor problem with information of price
and quoted lead time and determine optimal amounts of
orders, prices, and quoted lead time. In Selçuk [5] a cost effec-
tive dynamic lead time quotation procedure in a single-stage
controlled manufacturing system is considered and guide-
lines are discussed for setting the number of kanbans and
the frequency of updating lead time. Slotnick [6] discusses
an optimal lead time quotation policy when reputation of
firm affects whether each consumer orders products or balks
and discusses the relationships among order size, reputation,
lead time decision, and so on. In addition, Hafızoğlu et al.
[7] consider price and lead time decisions in a make-to-
stock systemwith contract and spot customers under Poisson
arrivals and exponential service times. The optima policy on
price and lead time is characterized. Zhao et al. [8] consider
the make-to-order manufacturing system which gives two
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lead time and price quotation strategies, one of which offers
a single lead time and price, and the other gives the menu of
pairs of lead time and prices.They discuss the better strategies
under the price-sensitive and lead time sensitive consumers.
The other lead time quotation and decision models are found
in Keskinocak et al. [9], Ata [10], Charnsirisakskul et al. [11],
Chaharsooghi et al. [12], and Xiao et al. [13].

In Savaşaneril et al. [14], the optimal lead time quotation
in an𝑀/𝑀/1 base stock inventory queue for maximizing the
system’s profit is discussed. In this system, if the lead time
quoted to the arriving customer is long, the probability that
the customer enters the system and receives service becomes
small. In their paper, the model is formulated as a Markov
decision process and the property of the optimal lead time
quotation policy is discussed.

Literature on optimal quotation polices focuses on the
optimal lead quotation policies for the system. Under such
optimal lead time quotation policies, however, the exact lead
time information is not quoted to customers. One reason is
that the production process is under uncertainness because of
failure or repair of the machine, and thus actual production
time is stochastic. The other and important reason is that,
under the optimal lead time policy, the system manager may
not give the mean of actual lead time, even if the delay
cost for quoted lead time is considered. Thus, when this
optimal policy is applied, the customer’s satisfaction may be
small, because he/she leaves the system by quotation of long
lead time when the actual lead time is small and his/her
actual waiting time for items may be longer than quoted
lead time because of the setting of shorter quoted lead time
than the actual lead time. Thus, for the system manager, it is
important to maximize not only the profit of the system but
also customer’s satisfaction. Most of researches in literature,
however, do not discuss this kind of satisfaction of actual
customers deeply.

As one of the customer’s utility on waiting time, the
effect of delay information on the customer’s satisfaction
is formulated in Guo and Zipkin [15, 16]. In these papers,
the utility function of each customer is defined, which
shows the degree of his/her satisfaction on waiting time in
a queue. It includes the stochastic parameter representing
his/her impatience for waiting time, and if the value of this
parameter is high, then he/she is impatient of waiting. They
defined several types of delay information and their effects
are discussed theoretically and numerically. In Nakade and
Niwa [17], an 𝑀/𝑀/1 base stock manufacturing-inventory
system is developed, but the evaluation of the utility function
is inappropriate and thus the relationship between the utility
and average cost is unclear. In fact, the utility function itself
only includes the waiting time cost, but the evaluation of the
utility as performance measure includes the delay cost for
quoted lead time, which is confusing.

In this paper, the effect by the lead time quotation in
an 𝑀/𝑀/1 base stock manufacturing-inventory queue into
the customer’s utility function is discussed. Poisson arrivals
are popular because it is well known that the arrival process
from large populationwith small probability that each person
will arrive at a system approximately forms a Poisson process
(e.g., see section 5.2 of Pinsky and Karlin [18]). The utility

function is based on the definition in Guo and Zipkin
[15], and if his/her utility is negative under the lead time
information then he/she leaves the system without receiving
an item and otherwise enters the system and receives it after
possible waiting time.Themodel is formulated into aMarkov
decision process. Its optimal lead time quotation policy is
derived, and several heuristic policies such as linear, convex,
and concave lead time quotation policies are analyzed by
birth and death processes numerically. Numerical results
are modified and extended from Nakade and Niwa [17]. In
comparison between profits and utilities, the performance
measure of utility does not include the delay for quoted lead
time. In addition, the relationship among expected reward,
the inventory cost, and the delay cost for quoted lead time
under optimal policy is discussed for each base stock and
fixed delay cost. The numerical examples show that the
optimal lead time quotation policy for maximizing system’s
average profit has low customer’s utility, and the other simple
heuristic quotation policy leads to the greater expected values
of customers’ utility, although it has a bit smaller system’s
profit than the optimal policy. In particular, some lead time
quotation policy has both more system profit and much
customer’s satisfaction in comparison with the optimal lead
time quotation policy with the greater number of base stocks.

The organization of this paper is as follows. In Sec-
tion 2, a lead time quotation model and a utility function
in a manufacturing-inventory system with base stocks are
defined. In Section 3, an average cost under a given quotation
policy is determined and the optimization problem in this
system is formulated as a Markov decision process. The
expected utility is also derived. Numerical experiments for
developing properties of optimal policies and other heuristic
policies are given in Section 4, and the concluding remarks
are given in Section 5.

2. Lead Time Quotation Model

2.1. Model Description. A manufacturing-inventory system
with a single process is considered. Customers arrive in a
Poisson process with rate 𝜆, and the production time has an
exponential distribution with rate 𝜇.The processing time is
mutually independent among products and also independent
of the arrival process. A base stock policywith base stock level𝑠 is applied in this system. Figure 1 illustrates the model.

The state of the system is inventory position 𝑖, and if 𝑖 < 0
then the system has (−𝑖) products as inventory, and if 𝑖 > 0
then 𝑖 denotes the number of waiting customers for products.
When 𝑖 = 0, the system has no finished products in inventory
and no waiting customers.

When a customer arrives at the system whose state
is 𝑖, the system quotes him/her lead time 𝑑𝑖 which is an
estimated lead time and is based on the inventory level 𝑖.
After the arriving customer receives this information, he/she
determines whether he/she enters the system or not. The
decision of each customer follows his/her own parameter 𝜃,
which represents impatience on the waiting. This parameter𝜃 has a distribution function 𝐻(𝜃) on [0, 1], whose density
is ℎ(𝜃). Details on how customers decide whether they buy
products or not are discussed in Section 2.2.
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Figure 1: Base stock system with lead time quotation.

When he/she enters the system, one item is ordered
under a base stock policy. If there is a finished product, then
he/she receives it immediately and leaves the system. It is
assumed that the quoted lead time is discrete and in a set
of {0, 0.05, 0.10, . . .}. The service is based on first come, first
served basis.

When a customer enters the system, the system receives
reward 𝑅. An inventory cost rate ℎ for each finished product
in inventory is incurred. In addition, when the delay happens
against quoted lead time 𝑑𝑖, the fixed delay cost 𝑐 and the
delay cost rate 𝑙, which are proportional to delay time, are also
incurred for the system.

We use the following notations.

𝑑𝑖: quoted lead time when the level is 𝑖
𝑑𝑖 ∈ {0, 0.05, 0.10, . . .} (1)

𝑓(𝑑): the probability that the customer to whom the
planned lead time 𝑑 is quoted enters the system,
where it is assumed that 𝑓(0) = 1 and 0 ≤ 𝑓(𝑑) ≤ 1.𝑑max: the minimal value 𝑑 ∈ {0, 0.05, 0.10, . . .} which
satisfies 𝑓(𝑑) = 0,𝑑min: the maximal value 𝑑 ∈ {0, 0.05, 0.10, . . .} which
satisfies 𝑓(𝑑) = 1.

When 𝑐 = 0, the model coincides with one in Savaşaneril
et al. [14] except that they do not consider the distribution of
utility function of customers. In the next section, the utility
function is defined.

2.2. Utility. In this paper, we assume that the utility function
of each customer, when the impatience degree is 𝜃 and quoted
lead time is 𝑑𝑖, is given by

𝑈 (𝜃, 𝑑𝑖) = 𝑟 − 𝜃𝑑𝑖, (2)

where 𝑟 is the value of product which each customer will
receive and 𝑟 is assumed positive. The utility function is
based on Guo and Zipkin [15]. The linear sensitivity of the
utility function may be extended to nonlinear cases, but it
is assumed to explain the model more easily by treating a
lead time quotation policy as a simple threshold policy. The
arriving customer decides whether he enters the system or
not by the sign of this value. That is, if 𝑈(𝜃, 𝑑𝑖) ≥ 0 then
the customer enters the system, and otherwise he leaves
system without entrance into the system. For state 𝑖 which
an entering customer finds, if 𝑖 < 0, when the customer
enters the system there is no waiting time, and thus his actual
utility is 𝑟. If 𝑖 ≥ 0 the customer waits for receiving product
with information 𝑑𝑖. Thus, a sequence {𝑑𝑖; 𝑖 = 0, 1, 2, . . .}
is system’s lead time quotation policy which controls the
entrance of customers.

We define 𝜃𝑖 = 𝑟/𝑑𝑖 for a given policy {𝑑𝑖; 𝑖 = 0, 1, 2, . . .}.
From (2), a customer enters the system when the state is 𝑖 if
and only if the randomparameter 𝜃 of the customer is smaller
than or equal to 𝜃𝑖 under this policy. That is, when the lead
time 𝑑𝑖 is quoted, the customer will enter the system with
probability 𝑓(𝑑𝑖) = 𝐻(𝑟/𝑑𝑖).
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Figure 2: Transition diagram.

We denote the maximal 𝜃 satisfying 𝐻(𝜃) = 0 by 𝜃𝐿,
which is assumed to be positive. Since 𝑑max (<+∞) denotes
the minimal 𝑑 satisfying 𝑓(𝑑𝑖) = 0, we have

𝑑max = min(𝑑 : 𝑟𝜃𝐿 ≤ 𝑑) =
𝑟𝜃𝐿 . (3)

Let 𝐼 = {−𝑠, −𝑠 + 1, −𝑠 + 2, . . . , 0, 1, . . . , 𝐼max} denote the set of
possible inventory positions. When 𝑑𝑖 = 𝑑max, the customer
will not enter the system, and thus the inventory position will
not become 𝑖 + 1 or more. Thus, 𝐼max, which is the maximal
value of possible states, is an inventory position in which the
decision 𝑑𝑖 = 𝑑max is taken.

In this paper, the system is assumed to be in steady state,
that is, reputation of customers against the manufacturer is
stable under the fixed lead time quotation policy. Note that
when state 𝑖 is negative, the arriving customer can receive a
finished product immediately, and thus 𝑑𝑖 is set as 0.
2.3. Stationary Probabilities. When the quotation policy ⃗𝑑 =(𝑑−𝑠, 𝑑−𝑠+1, . . . , 𝑑𝐼max

) is decided, the process of the state of
system becomes a birth and death process with parameters𝜆𝑓(𝑑𝑖) and 𝜇, as shown in Figure 2. Thus, the stationary
probability that the inventory position is 𝑖 is given by

𝑝𝑖 ( ⃗𝑑) = (𝜆𝜇)
𝑖+𝑠 𝑓 (𝑑𝑖−1) 𝑓 (𝑑𝑖−2) ⋅ ⋅ ⋅ 𝑓 (𝑑−𝑠) 𝑝−𝑠 ( ⃗𝑑) ,

𝑖 ∈ 𝐼,
(4)

where

𝑝−𝑠 ( ⃗𝑑)
= 1
1 + ∑𝐼max

𝑖=−𝑠+1 (𝜆/𝜇)𝑖+𝑠 𝑓 (𝑑𝑖−1) 𝑓 (𝑑𝑖−2) ⋅ ⋅ ⋅ 𝑓 (𝑑−𝑠) .
(5)

3. Profit and Utility

3.1. Average Profit. Under policy ⃗𝑑 = (𝑑−𝑠, 𝑑−𝑠+1, . . . , 𝑑𝐼max
),

the expected profit obtained from customers per unit time is
given by

𝑅 ( ⃗𝑑) = 𝑅 × 𝜆𝐼max∑
𝑖=−𝑠

𝑝𝑖 ( ⃗𝑑) 𝑓 (𝑑𝑖) . (6)

The expected inventory cost per unit time, 𝑆( ⃗𝑑), is given by

𝑆 ( ⃗𝑑) = ℎ −1∑
𝑖=−𝑠

(−𝑖) 𝑝𝑖 ( ⃗𝑑) . (7)

The probability that the delay happens when the lead time𝑑𝑖 is quoted to the customer in state 𝑖 is denoted by 𝐶𝑖(𝑑𝑖).
When 𝑖 < 0, the customer receives a product immediately
and thus 𝐶𝑖(𝑑𝑖) = 0. Since the production time follows the
exponential distribution with rate 𝜇, we have

𝐶𝑖 (𝑑𝑖) =
{{{{{{{

𝑖∑
𝑗=0

(𝜇𝑑𝑖)𝑗𝑗! 𝑒−𝜇𝑑𝑖 : 𝑖 = 0, 1, 2, . . . ,
0 : 𝑖 < 0.

(8)

Thus, the average expected fixed delay cost for quoted lead
time is given by

𝐷( ⃗𝑑) = 𝑐{{{𝜆
𝐼max∑
𝑖=0

𝑝𝑖 ( ⃗𝑑) 𝑓 (𝑑𝑖) × 𝑖∑
𝑗=0

(𝜇𝑑𝑖)𝑗𝑗! 𝑒−𝜇𝑑𝑖}}} . (9)

In the same way, the expected delay for the customer entering
in state 𝑖 is given by

𝐿 𝑖 (𝑑𝑖)
= {{{{{
∫∞
𝑑𝑖

(𝑥 − 𝑑𝑖) 𝜇 (𝜇𝑑𝑖)𝑖𝑖! 𝑒−𝜇𝑥𝑑𝑥 𝑖 = 0, 1, 2, . . .
0 𝑖 < 0.

(10)

Since

𝐿 𝑖 (𝑑𝑖) = ∫∞
𝑑𝑖

𝜇𝑖+1𝑥𝑖+1𝑖! 𝑒−𝜇𝑥𝑑𝑥 − 𝑑𝑖 ∫∞
𝑑𝑖

𝜇𝑖+1𝑥𝑖𝑖! 𝑒−𝜇𝑥𝑑𝑥
= 𝑖 + 1𝜇 𝑒−𝜇𝑑𝑖 + 𝑑𝑖

𝑖∑
𝑗=0

(𝑖 − 𝑗) (𝜇𝑑𝑖)𝑗(𝑗 + 1)! 𝑒−𝜇𝑑𝑖 ,
(11)
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the expected delay cost on quoted lead time is given by

𝑇 ( ⃗𝑑) = 𝑙{{{𝜆
𝐼max∑
𝑖=0

𝑝𝑖 ( ⃗𝑑) 𝑓 (𝑑𝑖)

× (𝑖 + 1𝜇 𝑒−𝜇𝑑𝑖 + 𝑑𝑖
𝑖∑
𝑗=0

(𝑖 − 𝑗) (𝜇𝑑𝑖)𝑗(𝑗 + 1)! 𝑒−𝜇𝑑𝑖)}}} .
(12)

Thus, the average expected profit of the systemover an infinite
horizon under policy ⃗𝑑 is given by

𝐺( ⃗𝑑) = 𝑅 ( ⃗𝑑) − 𝑆 ( ⃗𝑑) − 𝐷 ( ⃗𝑑) − 𝑇 ( ⃗𝑑) = 𝑅
× 𝜆𝐼max∑
𝑖=−𝑠

𝑝𝑖 ( ⃗𝑑) 𝑓 (𝑑𝑖) − ℎ −1∑
𝑖=−𝑠

(−𝑖) 𝑝𝑖 ( ⃗𝑑)

− 𝑐{{{𝜆
𝐼max∑
𝑖=0

𝑝𝑖 ( ⃗𝑑) 𝑓 (𝑑𝑖) × 𝑖∑
𝑗=0

(𝜇𝑑𝑖)𝑗𝑗! 𝑒−𝜇𝑑𝑖}}}
− 𝑙{{{𝜆

𝐼max∑
𝑖=0

𝑝𝑖 ( ⃗𝑑) 𝑓 (𝑑𝑖)

× (𝑖 + 1𝜇 𝑒−𝜇𝑑𝑖 + 𝑑𝑖
𝑖∑
𝑗=0

(𝑖 − 𝑗) (𝜇𝑑𝑖)𝑗(𝑗 + 1)! 𝑒−𝜇𝑑𝑖)}}} .
(13)

Here, the model is formulated as a Markov decision process
to derive optimal planned lead time ⃗𝑑∗ = {𝑑𝑖∗} which maxi-
mizes the average reward 𝐺( ⃗𝑑). By uniformization technique,
the model can be formulated into a discrete-time model with
the optimal average reward 𝑔 and relative reward V∗(𝑖) under
optimal policy, which satisfies

𝑔 + V∗ (𝑖)

= max
𝑑𝑖

{{{{{{{
− ℎ𝑖−𝜆 + 𝜇 + 𝜆𝜆 + 𝜇𝑓 (𝑑𝑖) (𝑅 − 𝑐𝐶𝑖 (𝑑𝑖) − 𝑙𝐿 𝑖 (𝑑𝑖) + V∗ (𝑖 + 1)) + 𝜆𝜆 + 𝜇 (1 − 𝑓 (𝑑𝑖)) V∗ (𝑖) + 𝜇𝜆 + 𝜇V∗ (𝑖) , (𝑖 = −𝑠) ,
− ℎ𝑖−𝜆 + 𝜇 + 𝜆𝜆 + 𝜇𝑓 (𝑑𝑖) (𝑅 − 𝑐𝐶𝑖 (𝑑𝑖) − 𝑙𝐿 𝑖 (𝑑𝑖) + V∗ (𝑖 + 1)) + 𝜆𝜆 + 𝜇 (1 − 𝑓 (𝑑𝑖)) V∗ (𝑖) + 𝜇𝜆 + 𝜇V∗ (𝑖 − 1) , (𝑖 > −𝑠) .

(14)

Here 𝑖− = max{−𝑖, 0}. Then 𝑑∗𝑖 maximizes the right hand side
of this equation, and the optimal average reward is 𝐺( ⃗𝑑∗) =(𝜆+𝜇)𝑔. The optimal policy can be solved by the well-known
policy iteration method, because for any quotation policy the
inventory position can return to −𝑠 with probability one (see
Puterman [19]).

3.2. Expected Utility. When a customer enters based on the
utility function𝑈(𝜃, 𝑑𝑖)which is given in (2), its actual utility
which the customer receives is different from the value of
this utility function, because the delay of the actual lead time
compared with quoted lead time may happen. The actual
expected utility of entering customer with parameter 𝜃 in
state 𝑖, denoted by 𝑢(𝜃, 𝑑𝑖), is given by

𝑢 (𝜃, 𝑑𝑖) = 𝑟 − 𝜃 𝑖 + 1𝜇 (15)

for 𝑖 ≥ 0. Note that 𝑢(𝜃, 𝑑𝑖) = 𝑟 when 𝑖 < 0.The expected
utility of each customer under quotation lead time policy ⃗𝑑 is
given by

𝑢 ( ⃗𝑑) = −1∑
𝑖=−𝑠

𝑝𝑖 ( ⃗𝑑) 𝑟
+ 𝐼max∑
𝑖=0

𝑝𝑖 ( ⃗𝑑) ∫𝜃𝑖
𝜃𝐿

(𝑟 − 𝜙𝑖 + 1𝜇 ) ℎ (𝜙) 𝑑𝜙,
(16)

where 𝜃𝑖 = 𝑟/𝑑𝑖.

4. Numerical Experiments

Given parameters 𝜆, 𝜇, 𝑅,𝐻(𝜃), ℎ, 𝑙, 𝑐, 𝑓(𝑑), 𝑟, and 𝜃𝐿, we
derive the optimal policy 𝑑∗𝑖 maximizing the average profit
of the system for each fixed 𝑠, and then the optimal amount
of base stock level 𝑠∗ is derived. Then several linear lead
time policies are proposed, where linear lead time policy
means that the quoted lead time is proportional to the
inventory size. We discuss these linear policies with optimal
policies regarding both profit of the system and the utility
of customers. Convex and concave type lead time quotation
policies are also introduced.

The parameters used in numerical experiments are set as
follows:

𝜆 = 0.6,
𝜇 = 1.0,
ℎ = 0.5,
𝑐 = 1.0,
𝑙 = 1.0,
𝑟 = 1.0,
𝑅 = 10,
𝜃𝐿 = 0.25,
𝑑 ∈ {0.00, 0.05, 0.10, . . .} .
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𝐻(𝜃) =
{{{{{{{{{

1 : 𝜃 ≥ 𝜃𝐿 + 1,
𝜃 − 𝜃𝐿 : 𝜃𝐿 ≤ 𝜃 ≤ 𝜃𝐿 + 1,
0 : 𝜃 < 𝜃𝐿,

𝑓 (𝑑) =
{{{{{{{{{{{{{

1 : 𝑑 ≤ 𝑟𝜃𝐿 + 1 ,𝑟𝑑 − 𝜃𝐿 : 𝑟𝜃𝐿 + 1 ≤ 𝑑 ≤
𝑟𝜃𝐿 ,0 : 𝑑 ≥ 𝑟𝜃𝐿 .

(17)

Without loss of generality, 𝜇 is set as the reciprocal of the unit
time and thus 𝜇 = 1. Thus, in a unit time one product is
produced in average. From 𝜆 = 0.6, the maximal availability
of the process, which is a production rate when all orders
from customers are accepted, is set as 𝜆/𝜇 = 0.6. From the
setting of parameters, we have 𝑑max = 𝑟/𝜃𝐿 = 4, and by (16)
the expected utility of customers becomes

𝑢 ( ⃗𝑑) = −1∑
𝑖=−𝑠

𝑝𝑖 ( ⃗𝑑) 𝑟 + 𝐼max∑
𝑖=0

𝑝𝑖 ( ⃗𝑑)
⋅ {𝑟 (𝜃𝑖 − 𝜃𝐿) − (𝑖 + 1𝜇 )(𝜃𝑖

2

2 − 𝜃𝐿
2

2 )} .
(18)

4.1. Optimal Quoted Lead Time. Optimal quoted lead time
and the expected average profit for each 𝑠 are shown in Table 1
in the case that 𝑐 = 0 and 𝑐 = 1. The expected utilities of
customers under the optimal policies are also given.

From Table 1, optimal quoted lead time is first increasing
and then decreasing in 𝑠, which agrees with the result of
Savaşaneril et al. [14], in which no delay opportunity cost
is incurred; that is, 𝑐 = 0. Under the optimal policies,
the values of 𝑅( ⃗𝑑), 𝑆( ⃗𝑑), 𝐷( ⃗𝑑), and 𝑇( ⃗𝑑) are also given in
Table 1. When 𝑠 is small, more customers must be accepted
to increase system’s profit and thus quoted lead time is small,
and as a result the expected delay to quoted lead time 𝑇( ⃗𝑑)
(and delay cost 𝐷( ⃗𝑑) for 𝑐 = 1) is large. When 𝑠 increases,
both 𝑅( ⃗𝑑) and 𝑆( ⃗𝑑) increase. For large 𝑠, many customers
can receive finished products immediately at their arrivals,
and thus more customers enter the system, whereas there
are more finished products in inventory and more inventory
costs are needed. Since 𝜆 = 0.6 and 𝑅 = 10 mean that the
upper boundof𝑅( ⃗𝑑) is 6, for large 𝑠 almost arriving customers
enter the system whereas more inventory costs are needed
under optimal policies, and thus the optimal total profit of
the system becomes small for large 𝑠. Compared with the case
that 𝑐 = 0, the optimal policy is sensitive to delay when 𝑐 = 1,
which leads to long quoted lead time. As a result, 𝑇( ⃗𝑑) and𝑅( ⃗𝑑) are smaller compared when 𝑐 = 0.

The utilities are increasing in 𝑠, because the delay is
smaller for more amounts of base stocks. The optimal base
stock level maximizing the system’s profit for 𝑐 = 0 is 1
whereas it is 2 for 𝑐 = 1.When 𝑐 increases, the probability that
the delay to the quoted lead time happens is more important,

and thus more amounts of base stocks are needed. Under
optimal policies for each 𝑠, the profit decreases in 𝑐, but the
expected utility increases. For large 𝑐 the delay probability
needs to be decreased, and as a result the higher quoted lead
time is set under the optimal policy, and thus customer’s
utility increases although the fraction that customers enter
the system decreases.

Since 𝑑min = 𝑟/(𝜃𝐿 + 1) = 0.8, where 𝑑min is the maximal
value satisfying 𝑓(𝑑) = 1, for small state 𝑖 𝑑𝑖 = 𝑑min because
for all 𝑑 ≤ 𝑑min customers enter the system with probability
1.

4.2. Linear Lead Time Quotation Policy. As a heuristic policy,
we consider a linear lead time quotation policy which takes
quoted lead time proportional to 𝑖 + 1 for nonnegative state 𝑖.
That is, there is a constant 𝛼 which satisfies

𝑑𝑖 = 𝛼𝑖 + 1𝜇 (𝛼 > 0) . (19)

This quotation policy is denoted by 𝑑(𝑠, 𝛼). Note that when𝛼 < 𝑑min, for small 𝑖 such that 𝑑min > 𝛼((𝑖 + 1)/𝜇) it is set
as 𝑑𝑖 = 𝑑min. For large 𝑖 such that 𝑑max ≤ 𝛼((𝑖 + 1)/𝜇), the
customer does not enter under the policy, and𝑑𝑖 is set as𝑑max.
For example, under 𝑑(𝑠, 0.6) 𝑑0 = 𝑑min = 0.8, 𝑑1 = 1.2, 𝑑2 =1.8, 𝑑3 = 2.4, 𝑑4 = 3.0, 𝑑5 = 3.6, and 𝑑𝑖 = 𝑑max = 4.0 for all𝑖 ≥ 6.

Table 2 gives the profits and utilities for 𝑠 = 0, 1, 2, 3, 4
when 𝛼 = 0.6, 0.8, 1.0, 1.2when 𝑐 = 1. Note that 𝛼 < 1 implies
that the expected actual lead time is greater than the lead time
quoted to the customer. In fact, as shown in Table 2, when 𝛼
increases, the profit decreases whereas the utility increases,
because the higher quoted lead time implies less numbers of
entering customers and less delay to the quoted lead time.

4.3. Nonlinear Policy. Here we consider nonlinear lead time
quotation policies and compare them with linear quoted
lead time policies. Considered quoted lead time policies
are given in Table 3(a). The word “linear” is the linear lead
time quotation policy 𝑑(𝑠, 0.6). The convex policy means the
quoted lead time is convex in state 𝑖 from 1 to 5, whereas the
concave policy means that it is concave in state 𝑖 from 1 to 5.
The optimal policy in Table 3(a) represents the optimal lead
time policy for 𝑠 = 2 when 𝑐 = 1.

The profits and utilities for these policies are given in
Table 3(b) when 𝑐 = 1. Compared with linear lead time
quotation policy, the convex policy has more profits and less
utilities, and the concave policy has those vice versa. From
these results, when the profit is more important, the convex
type policy is better and when the utility has more weights
the concave type policy is desirable. Note that the optimal
lead time quotation policy has more profit and less utility in
comparison with three heuristic policies.

4.4. Comparison. For the optimal policy and the other
policies, the pairs (profit, utility) for 𝑠 = 1, 2, 3, 4 are plotted
in (𝑥, 𝑦)-plane, which is shown in Figure 3 in the case where𝑐 = 1. In this figure, 𝑑∗(𝑠) is an optimal policy for base stock
level 𝑠, and cc(𝑠) and cv(𝑠) are concave and convex policies for
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Table 1: Optimal policy.

(a) 𝑐 = 0

𝑐 = 0.0 𝑠
0 1 2 3 4

State 𝑖

−4 0−3 0 0−2 0 0 0−1 0 0 0 0
0 0.8 0.8 0.8 0.8 0.8
1 0.8 0.8 0.8 0.8 0.8
2 0.8 0.8 0.8 0.8 0.8
3 0.8 0.8 0.8 0.8 0.8
4 0.8 0.8 0.8 0.8 0.8
5 1.95 2.15 2.05 1.8 1.3
6 2.8 2.95 2.9 2.7 2.45
7 3.45 3.6 3.55 3.4 3.15
8 4 4 4 3.95 3.75
9 4 4

Profit 4.995 5.202 5.120 4.870 4.520
Utility −0.549 −0.014 0.296 0.478 0.584𝑅(𝑑) 5.827 5.896 5.939 5.965 5.981𝑆(𝑑) 0.000 0.205 0.528 0.920 1.354𝐷(𝑑) 0.000 0.000 0.000 0.000 0.000
T(d) 0.832 0.488 0.291 0.175 0.108

(b) 𝑐 = 1

𝑐 = 1.0 𝑠
0 1 2 3 4

State 𝑖

−4 0−3 0 0−2 0 0 0−1 0 0 0 0
0 0.8 0.8 0.8 0.8 0.8
1 0.8 0.8 0.8 0.8 0.8
2 0.8 0.8 0.8 0.8 0.8
3 0.8 0.8 0.8 0.8 0.8
4 1.45 1.9 1.95 1.7 1.25
5 2.5 2.8 2.8 2.65 2.4
6 3.2 3.45 3.45 3.35 3.15
7 3.8 4 4 3.9 3.7
8 4 4 4

Profit 4.588 4.968 4.981 4.786 4.469
Utility −0.433 0.071 0.350 0.510 0.603𝑅(𝑑) 5.732 5.828 5.899 5.942 5.969𝑆(𝑑) 0.000 0.209 0.533 0.925 1.358𝐷(𝑑) 0.398 0.229 0.135 0.081 0.049𝑇(𝑑) 0.746 0.422 0.248 0.150 0.094

base stock 𝑠, defined in Section 4.3, respectively. The average
profit and the expected utility for each policy are obtained
by using stationary probabilities (5) in Section 2.3 and (13)
and (16). For 𝑠 = 1, the profit of optimal policy is smaller
than the optimal policy for 𝑠 = 2, and for any policy with𝑠 = 1, the utility is also smaller than the optimal policy for

𝑠 = 3 or 4. Thus, 𝑠 = 1 should not be selected. For 𝑠 = 2, the
optimal policy maximizes the profit among all policies with
all amounts of base stocks.

Compared with the optimal policy when 𝑠 = 3, the linear
quoted lead time policies 𝑑(2, 0.6), 𝑑(2, 0.8), and concave
and convex policies cv(2) and cs(2) have more profits and
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Table 2: The linear lead time quotation policy.

𝑐 = 1.0 Base stock 𝑠𝛼 0 1 2 3 4

0.6 Profit 4.078 4.751 4.861 4.708 4.415
Utility 0.111 0.413 0.562 0.642 0.686

0.8 Profit 3.865 4.663 4.814 4.680 4.397
Utility 0.159 0.447 0.583 0.654 0.694

1 Profit 3.163 4.385 4.671 4.596 4.345
Utility 0.204 0.489 0.611 0.672 0.705

1.2 Profit 2.612 4.189 4.576 4.542 4.312
Utility 0.207 0.504 0.621 0.678 0.709

Table 3: Comparison of heuristic policies.

(a) Policies

𝑖 Linear Convex Concave Optimal
0 0.8 0.8 0.8 0.8
1 1.2 1 1.4 0.8
2 1.8 1.5 2.1 0.8
3 2.4 2 2.8 0.8
4 3 2.8 3.2 1.95
5 3.6 3.6 3.6 2.8
6 4 4 4 3.45
7 4 4 4 4
8 4 4 4 4

(b) Profits and utilities

𝑐 = 1 Base stock 𝑠
0 1 2 3 4

Linear Profit 4.078 4.751 4.861 4.708 4.415𝛼 = 0.6 Utility 0.111 0.413 0.562 0.642 0.686

Convex Profit 4.236 4.819 4.898 4.731 4.430
Utility 0.044 0.370 0.535 0.625 0.677

Concave Profit 3.958 4.701 4.834 4.692 4.405
Utility 0.143 0.436 0.576 0.650 0.691

Optimal Profit 4.588 4.968 4.981 4.786 4.469
Utility −0.433 0.071 0.350 0.510 0.603

more utilities. Therefore, the optimal policy for 𝑠 = 3 is
not needed to be used. Similar properties hold between the
optimal policy for 𝑠 = 4 and several policies with 𝑠 = 3, and
thus the optimal policy for 𝑠 = 2will not be selected.The best
policy depends on the thinking of decision maker.

5. Conclusions

In this paper, the base stock model with quoted lead time
is considered and as performance measure the system profit
and customer’s utility are considered. It is formulated as a
Markov chain when the lead time quotation policy is given,
and it is also formulated as a Markov decision process to
derive optimal policies for maximizing the system’s profit.

Utility function of a customer is introduced and the heuristic
policies for increasing utility of customers are proposed. The
numerical results show that quoted lead time should be set
by considering not only profit of the system but also the
utility of customers. The optimal policy gives the smaller
utilities, and in particular if the number of base stocks is
not appropriate, then the other better policy exists on both
profits and utilities than the optimal policy. It is noted that,
throughout the numerical experiments, the base stock level
is the most important factor for maximizing profits. That is,
optimal base stock level and optimal policies are needed to
be derived, but this optimal policy leads to poor expected
utilities, and thus heuristic policies such as linear lead time
policies should be considered to balance the system’s profit
and customer’s expected utility.
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Figure 3: Comparison on profits and utilities.

Theoretical consideration on utilities under optimal poli-
cies and the other heuristic policies will be needed. In addi-
tion, the cases with general distributions of processing times
and multistage manufacturing systems are also interesting.
They are left for future research.
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