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This paper presents a two-time scale control structure for the course keeping of an advancedmarine surface vehicle, namely, the fully
submerged hydrofoil vessel. The mathematical model of course keeping control for the fully submerged hydrofoil vessel is firstly
analyzed. The dynamics of the hydrofoil servo system is considered during control design. A two-time scale model is established
so that the controllers of the fast and slow subsystems can be designed separately. A robust integral of the sign of the error (RISE)
feedback control is proposed for the slow varying system and a disturbance observer based state feedback control is established
for the fast varying system, which guarantees the disturbance rejection performance for the two-time scale systems. Asymptotic
stability is achieved for the overall closed-loop system based on Lyapunov stability theory. Simulation results show the effectiveness
and robustness of the proposed methodology.

1. Introduction

With the development of science and technology, maritime
transport has entered a high-speed era. As an advanced
marine surface vehicle, the fully submerged hydrofoil vessel
(FSHV) can cruise at a high speed under rough sea wave.The
lift force of the hydrofoils generated by the high-speed fluid
can elevate the ship hull from the water, which highly reduces
the wave resistance and friction to the ship [1–3]. However, it
also leads to instability of the open loop system of the FSHV.
Therefore, an autopilot is necessary for this type of hydrofoil
vessels. Currently, the commercial control system equipped
on board is based on optimal control theory which has a weak
disturbance rejection property [3–5]. For the sake of the high
cruising speed, the nonlinear hydrodynamic damping of the
FSHV cannot be neglected [6], so that the widely used model
of marine surface vessels can be no longer applicable for the
existence of strong coupling between yaw and roll dynamics.
Moreover, themodel uncertainties and stochastic disturbance
caused by wind, waves and currents also make it difficult for
precise steering of this species of marine vehicle.

In fact, the path ofmarine vessels is usually straight line or
straight lines formed by waypoints, on which condition there

is little coupling between the heave/pitch dynamics and the
yaw/roll dynamics. Some literatures have been investigated
about the riding control [3, 4]. This paper mainly focuses on
the steering control of the FSHV.

As for the nonlinear steering control for marine vessels,
a series of control methodologies have been explored, such
as advanced sliding mode control [7–9], robust control [10,
11], and adaptive control [12–14]. But these passive distur-
bance attenuation control methods may suffer from actuator
chattering, system conservation, derivative explosion, and
rigorous proof for stability. In some literatures, intelligent
approximations, such as fuzzy logic [15] and neural network
[16], are introduced as feedforward components for estima-
tion and disturbance compensation. But the convergence rate
of weight function and the problem of extremum solving still
remain to be settled. Disturbance rejection control is widely
applied in rigid-body dynamics and servo systems [17–19].
Disturbance observer based control (DOBC) approaches
can estimate the generalized disturbances and improve the
robustness of the systems in an active way. Control applica-
tions in many different fields have validated the effectiveness
of the DOBC, such as manipulator tracking control [20],
power system control [17, 18], and missile guidance and
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control [19, 21]. Due to the simple structure of the DOB,
it is often used in real-time control applications for high
precision. To enhance the disturbance rejection performance,
a composite hierarchical antidisturbance control (CHADC)
is proposed in [22–25]. In this method, the disturbance
observer is built in the inner-loop to estimate the generalized
disturbance, and an outer-loop robust controller is also
developed to compensate for the residual error of the DOB
[22]. However, time scale separation and cascade analysis for
multi-time scale subsystem are not included.

In the existing literatures about motion control of marine
vehicles with actuator dynamics, the actuator system is always
regarded as a first-order inertial element [26]. However,
most actuator systems are servo systems driven by electric
motors or electronic-hydraulic mediums. The first-order
inertial model cannot present the main features of these
servo systems since there are high-order dynamic elements
and model uncertainties in the servo systems, and most
servo systems do not have static stability. Therefore, the
controller for the inner-loop needs to be designed addition-
ally. Current approaches for control design together with
actuator dynamics are based on backstepping and cascade
system theory, which consider the rigid-body dynamics and
the actuator dynamics as an integrated system [26], so that
the control input can be calculated directly. However, these
methodologies take little emphasis on the interconnection
between actuator dynamics and attitude stabilization, as well
as the closed-loop stability analysis for the overall systemwith
different time scales. The main reasons for this problem are
listed as follows.

(1) In most cases, adding the servo system for the
actuator mechanism into the control objective will
lead to the increase of the relative degree of the overall
system, which will cause the so-called “explosion of
complexity,” such that backstepping based control
strategies are no longer conventional.

(2) The frequency response of the actuator servo system
is different from that of the attitude tracking system.
Therefore, it is not advisable to make the system
control design using classical state feedback control
methodologies just in a simply single scheme.

(3) External disturbance and model uncertainties exist
in both of the systems mentioned above, where their
physical characteristics are different according to the
time scales of the attitude tracking subsystem and
the actuator subsystem. In order to guarantee the
control precision and disturbance rejection perfor-
mance, time scale separation is required to justify
the implementation of the controller design for each
subsystem.

When the actuator dynamics is considered in the control
design for the course keeping control of the FSHV,multi-time
scale phenomenon tends to be particularly sensitive for the
interconnection analysis of the overall system. Singular per-
turbation approach is such a method to analyze and separate
different time scale motions in control problems [27–30]. In
this approach, by introducing a small time scale parameter 𝜀,

the overall system is decomposed into two different time scale
subsystems, namely, the quasi-steady-state (slow) subsystem
and the boundary-layer (fast) subsystem. For the course keep-
ing control of the FSHV, the attitude stabilization for rigid-
body dynamics is obviously the slow dynamic subsystem
while the actuator servo system is the fast dynamic subsystem
since natural frequency of the servo system is definitely much
higher than the rigid-body dynamics and the response time
of the servo system to a steady state is much less than the
rigid-body dynamics of the FSHV for the different inertias of
these subsystems. Accordingly, to analyze the characteristic
of the multi-time scales and design a control strategy without
the drawbacks of the aforementioned high-order controllers,
a singular perturbation based hierarchical control structure
is required for the compound system.

The basis of singular perturbation theory can be referred
to [27]. And this methodology has been applied in nonlinear
systems such as control practices in aerospace and UAV
systems [27–30] for many years. However, to the best of
our knowledge, although singular perturbation method has
been reported for motion control of conventional marine
vessels [31, 32], applications on multi-degree-of-freedom
stabilization of marine vessels with actuator dynamics can
rarely be seen in the open literatures. Moreover, in the liter-
atures above, the proposed controllers for the fast and slow
subsystems are basic state feedback methods and feedback
linearization based approaches, which are designed based
on the nominal models of the objective systems without
the consideration of the lumped disturbances. Therefore, the
disturbance rejection performance cannot be guaranteed. For
the complex motion control of marine vehicles, the distur-
bances caused by winds, waves, and currents severely affect
the control performance and precision, so the robustness
of the closed-loop system must be particularly evaluated in
control design.

In this paper, a hierarchical robust control structure is
proposed for the course keeping of the FSHV with actuator
dynamics against composite disturbances. The main contri-
butions are listed as follows.

(1) Different from the CHADC methodology, singular
perturbation theory is used for the time scale sepa-
ration of the lateral dynamics of the FSHV and the
actuator servo system to explore the interconnection
of the slow dynamics and the fast dynamics.

(2) A robust integral of the sign of the error (RISE)
feedback control is presented for the stabilization
of the slow-time scale subsystem and a DOB based
feedback control is utilized for the fast-time scale
subsystem. All control signals are continuous which
are practical for engineering implementation.

(3) Disturbance attenuation performance is guaranteed
in both quasi-steady-state subsystem and boundary-
layer subsystem. Interconnection of the subsystems
is analyzed and uniformly asymptotic stability is
achieved at the equilibrium point.

The rest of the paper is organized as follows. In Section 2,
the mathematical models of the lateral dynamics of a FSHV
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Figure 1: Fully submerged hydrofoil vessel.

and its hydrofoil servo system are developed. In Section 3,
a hierarchical robust disturbance rejection control strategy
is proposed based on singular perturbation theory. Stability
of the hierarchical system is analyzed via Lyapunov stability
theory. Simulation is carried out in Section 4 to validate the
effectiveness of the proposed control method, followed by
conclusions in Section 5.

2. Problem Formulation

A typical configuration of a fully submerged hydrofoil vessel
is shown in Figure 1. The T-shaped bow foil is equipped with
two controlled flaps, acting together. The aft foil has a pair of
central flaps and two pairs of ailerons. Struts of the aft foil
are equipped with rudders, which is used for roll and yaw
dynamics together with the ailerons. And the bow foil and
the central part of the aft foil are for longitudinal motion
control.

Assuming that the surge speed is controlled by an indi-
vidual propulsion system, themaneuveringmodel of a typical
marine vehicle is shown as follows:

̇𝜂 = 𝐽 (𝜂) ],
𝑀]̇ + 𝐶 (𝑢0, ]) ] + 𝐷 (𝑢0, ]) ] + 𝐺 (𝜂) = 𝐵𝑢 + 𝜏𝑑, (1)

where 𝜂 ∈ [𝜙, 𝜓]𝑇 is a vector of position and orientation with
coordinates in the earth-fixed frame and ] ∈ [𝑝, 𝑟]𝑇 is a vector
of linear and angular velocities with coordinates in the body-
fixed frame.

𝐽 = [1 0
0 cos𝜙] (2)

is the Jacobian transformation matrix related to the above
frames.𝑀 ∈ 𝑅2×2 denotes the inertia including added mass.

𝑀 = [ 𝐼𝑥 − 𝐾�̇� 𝑚𝑥𝑔 − 𝐾 ̇𝑟𝑚𝑥𝑔 − 𝑁�̇� 𝐼𝑧 − 𝑁 ̇𝑟 ] . (3)

𝐶(𝑢0, ]) is the Coriolis and centripetal matrix with the
following form:

𝐶 (𝑢0, ]) = [0 0
0 𝑚𝑥𝑔𝑢0] . (4)

𝐷(𝑢0, ]) is the coupling interactions caused by the non-
linear hydrodynamic damping, which is expressed as

𝐷(𝑢0, ]) = [−𝐾𝑝 −𝐾𝑟 − 𝐾𝑟𝜙𝜙𝜙2−𝑁𝑝 −𝑁𝑟 − 𝑁𝑟𝑟𝜙𝑟𝜙] , (5)

where𝐾𝑝,𝐾𝑟𝜙𝜙, and𝐾𝑟, and𝑁𝑝,𝑁𝑟, and𝑁𝑟𝑟𝜙 are the hydro-
dynamic coefficients. On the low-speed mode, however, the
high-order terms and coupling interactions among the forces
from each DOF are not considered; that is, 𝐷(𝑢0, ]) is often
regarded as a linear term, even canceled in many literatures.𝐺(𝜂) represents the gravity term which is described as𝐺(𝜂) = [𝑊𝐺𝑀𝑇, 0]𝑇, where𝑊 = 𝑚𝑔 is the weight and 𝐺𝑀𝑇
is the transverse metacenter height.

𝐵 = [𝐾𝛿𝑅 𝐾𝛿𝐴𝑁𝛿𝑅 𝑁𝛿𝐴] (6)

is the control moment coefficient matrix subjected to the
control surface, and 𝛿 = [𝛿𝑅 𝛿𝐴]𝑇 is the control input, where𝛿𝑅 and 𝛿𝐴 represent the rudder angle and aileron angle of the
hydrofoil system.
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Figure 2: Control structure for the course keeping of FSHV.

By substituting (16) into (17), we rewrite the dynamics of
the FSHV as follows:

𝑀∗ ̈𝜂 + 𝐶∗ (𝑢0, ], 𝜂) ̇𝜂 + 𝐷∗ (𝑢0, ], 𝜂) ̇𝜂 + 𝐺∗ (𝜂)
= 𝐽−𝑇 (𝜂) (𝐵𝛿 + 𝜏𝑑) , (7)

where 𝑀∗ = 𝐽−𝑇𝑀𝐽−1, 𝐶∗ = 𝐽−𝑇[𝐶 − 𝑀𝐽−1 ̇𝐽]𝐽−1, 𝐷∗ =𝐽−𝑇𝐷𝐽−1, and 𝐺∗ = 𝐽−𝑇𝐺.
Define [𝑥1, 𝑥2]𝑇 ≜ [𝜂, ̇𝜂]𝑇; then (18) can be rewritten into

the following form:

�̇�1 = 𝑥2,
�̇�2 = 𝐹 (𝑥1, 𝑥2) + 𝐵 (𝑥1, 𝑥2) 𝛿 + 𝜏𝑑, (8)

where𝐹(𝑥1, 𝑥2) = −𝑀∗−1[𝐶∗𝑥2+𝐷∗𝑥2+𝐺∗(𝑥1)],𝐵(𝑥1, 𝑥2) =𝑀∗−1𝐽−𝑇𝐵, and 𝜏𝑑 = 𝑀∗−1𝐽−𝑇𝜏𝑑.
If the parameter uncertainties are considered in the

modeling and control of the FSHV, the following notation is
introduced:

𝐹 (𝑥1, 𝑥2) = 𝐹0 (𝑥1, 𝑥2) + 𝐹Δ (𝑥1, 𝑥2) , (9)

where subscript 0 denotes the nominal part of the corre-
spondingmatrix and the subscriptΔ represents the perturbed
part of the system dynamics. The yaw/roll dynamics of the
FSHV with model uncertainties can be rewritten as follows:

�̇�1 = 𝑥2,
�̇�2 = 𝐹0 (𝑥1, 𝑥2) + 𝐵 (𝑥1, 𝑥2) 𝛿 + 𝑓1 (𝑡) , (10)

where 𝑓1(𝑡) = 𝐹Δ(𝑥1, 𝑥2) + 𝜏𝑑.
As to the actuator system, AC motor based electric servo

solution and hydraulic servo scheme are often used for the
implementation of the hydrofoil servo system [5, 6]. Without
loss of generality, a typical second-order system is established
for the mathematical model of the hydrofoil transmission
system as follows:

̈𝛿 = −𝑎2 ̇𝛿 + 𝑏2𝑢𝑐 + 𝑑2 (𝑡) . (11)

Define 𝑧1 ≜ 𝛿 ∈ 𝑅2 and 𝑧2 ≜ ̇𝛿 ∈ 𝑅2. Considering
the model uncertainties of the actuator dynamics, (11) can be
rewritten as the following form:

�̇�1 = 𝑧2,
�̇�2 = −𝑎2𝑧2 + 𝑏2𝑢𝑐 + 𝑓2 (𝑡) , (12)

where 𝑎2 = diag[𝑎21, 𝑎22] represents the speed factor of the
servo system; 𝑏2 = diag[𝑏21, 𝑏22] is the gain of the power
amplifier for the servo system. 𝑢𝑐 = [𝑢𝑐1, 𝑢𝑐2]𝑇 is the flap
command of the hydrofoil transmission system, and 𝑓2(𝑡) =𝑑2(𝑡) − Δ𝑎2𝑧2 is the composite disturbance caused by model
uncertainties and external wave disturbance, and Δ𝑎2 is the
perturbation item of 𝑎2.

The control objective is to stabilize the maneuvering
dynamics of the FSHV for the task of course keeping
based on time scale separation and singular perturbation
control theory. The control scheme of the overall system is
summarized in Figure 2. For the subsequent control design,
the following assumptions are brought in for convenience.

Assumption 1. The nonlinear functions 𝑀(⋅), 𝐶(⋅), 𝐷(⋅), and𝐺(⋅) are continuously differentiable and locally Lipschitz.

Assumption 2. The generalized disturbances 𝑓1(𝑡), 𝑓2(𝑡) are
bounded, and 𝑓2(𝑡) varies slowly.
3. Time Scale Separation and Control Design

3.1. Multi-Time Scale Analysis of the FSHV. In this section,
the multi-time scale decomposition of the full model (10)
is analyzed. Generally, in marine vehicle control problems,
no singular perturbation parameter appears explicitly in the
dynamical model of the marine vessels. As for the fully
submerged hydrofoil vessels, themathematicalmodel ismore
complex than that of the ordinary marine vessels, making it
more difficult for the modeling of the singular perturbation
system. In such cases, a singular perturbation parameter may
be artificially inserted to define a rapid response of a certain
dynamics. In other cases, this parameter may be inserted to
suppress the variables in the equations that are expected to
have relatively slight effects on the original system model.
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The slow-fast time scale character is often associated with
a small parameter multiplying some of the state variables of
the state equations describing a physical system. However,
usually that parameter may not be identifiable at all and only
by physical insight and experiences does one know the details
of fast and slow dynamics for the system.

Experience implies that the yaw and roll dynamics are
slow relative to the dynamics of the servo system for flap
mechanism among the state variables of the proposed math-
ematical model of the FSHV, which is the motivation to
establish a singular perturbation control scheme as follows:

�̇�1 = 𝑥2,
�̇�2 = 𝐹0 (𝑥1, 𝑥2) + 𝐵 (𝑥1, 𝑥2) 𝑧1 + 𝑓1 (𝑡) ,
𝜀�̇�1 = 𝜃𝑧2,
𝜀�̇�2 = −𝑎2𝑧2 + 𝑏2𝑢𝑐 + 𝑓2 (𝑡) ,

(13)

where 𝜃 = 𝜀, 𝑎2 = 𝜀𝑎2, 𝑏2 = 𝜀𝑏2, 𝑓2(𝑡) = 𝜀𝑓2(𝑡), and0 < 𝜀 ≪ 1 is the artificial parameter for singularly perturbed
system analysis. Hence, the overall system can be divided into
a slow varying subsystem ∑𝑆(�̇� = 𝑓(𝑡, 𝑥, 𝑧, 𝜀)) and a fast
varying subsystem ∑𝐹(𝜀�̇� = 𝑔(𝑡, 𝑥, 𝑧, 𝜀)) as follows:

∑
𝑆

{{{
�̇�1 = 𝑥2
�̇�2 = 𝐹0 (𝑥1, 𝑥2) + 𝐵 (𝑥1, 𝑥2) 𝑧1 + 𝑓1 (𝑡) , (14)

∑
𝐹

{{{
𝜀�̇�1 = 𝜃𝑧2
𝜀�̇�2 = −𝑎2𝑧2 + 𝑏2𝑢𝑐 + 𝑓2 (𝑡) . (15)

According to the two-time scale structure of the FSHV
system with actuator dynamics, a hierarchical control strat-
egy can be deployed for themaneuvering control of the FSHV.
Before the following control design, a brief introduction
of the singular perturbation control theory is given for
convenience.

Singular perturbations cause a multi-time scale behavior
of dynamical systems characterized by the presence of slow
and fast transients in the system’s response to external stimuli.
Loosely speaking, the slow response is appropriated by the
reduced model, while the discrepancy between the response
of the reduced model and the full model is the fast transient.
To see this point, let us consider the following generalized
state equations:

�̇� = 𝑓 (𝑡, 𝑥, 𝑧, 𝜀) ,
𝑥 (𝑡0) = 𝑥0 (𝜀) , (16)

𝜀�̇� = 𝑔 (𝑡, 𝑥, 𝑧, 𝜀) ,
𝑧 (𝑡0) = 𝑧0 (𝜀) . (17)

Let 𝜀 = 0; we can get

0 = 𝑔 (𝑡, 𝑥, 𝑧, 0) , (18)

where the bar is used to indicate that the variables belong
to a system with 𝜀 = 0. Then it yields the quasi-steady-state
equilibrium of the fast dynamics in (17); namely,

𝑧 = ℎ (𝑡, 𝑥) . (19)

Substituting (19) into (16), we can get

�̇� = 𝑓 (𝑡, 𝑥, ℎ (𝑥) , 0) , (20)

which is called quasi-steady-state subsystem.
Stretching the time to 𝜏 = 𝑡/𝜀, the fast subsystem becomes

𝑑𝑧𝑑𝜏 = 𝑔 (𝑥, 𝑧 (𝜏)) , 𝜏 = 𝑡𝜀 , (21)

which is called boundary-layer subsystem. It describes the
fast dynamics in a stretched time scale, where 𝑥 can be
regarded as a constant parameter.

Since the system is separated into the quasi-steady-state
subsystem and the boundary-layer subsystem, the control
strategy can be designed individually for each subsystem;
namely, the hierarchical control law is integrated by two parts
as follows:

𝑢𝑐 = 𝑢𝑠 + 𝑢𝑓, (22)

where 𝑢𝑠 is designed for the slow varying subsystem and 𝑢𝑓
is for the fast varying subsystem.

3.2. Control Design for the FSHV. In this section, the com-
posite control law is designed individually for the slow
subsystem and fast subsystem. Inspired by [28], the fast
control law is designed first to stabilize the fast varying
system. The feasibility of this proposed procedure will be
analyzed afterwards.

Because of the disturbance property of the actuator
servo system, a disturbance observer based state feedback
controller is designed for the fast subsystem as

𝑢𝑓 = 𝑏−12 (𝑐1𝑧1 + 𝑐2𝑧2 − �̂�2) , (23)

where 𝑐1, 𝑐2 are two control gain matrices with appropriate
dimensions to be determined; �̂�2 is the estimate of 𝑓2. And
the disturbance observer is presented as follows:

�̂�2 = 𝜉 + 𝑙𝑧2,
̇𝜉 = −𝑙𝜉 − 𝑙 (𝑙𝑧2 + 𝑎2𝑧2 + 𝑏2𝑢𝑓) ,

(24)

where 𝜉 ∈ 𝑅2 is the internal state of the observer, and 𝑙 is the
gain matrix of the observer with appropriate dimension to be
determined.

Define 𝑓2 as the disturbance estimate error. Differentiate𝑓2 with respect to time. Based on the assumptions above, it
yields that

̇̃𝑓2 = ̇̂𝑓2 − �̇�2 = ̇𝜉 + 𝑙�̇�2
= −𝑙 (𝑧2 + 𝑎2𝑧2 + 𝑏2𝑢𝑓) + 𝑙𝑎2𝑧2 + 𝑙𝑏2𝑢𝑓 + 𝑙𝑓2
= −𝑙�̂�2 + 𝑙𝑓2 = −𝑙 ̇̃𝑓2,

(25)
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which implies that the disturbance estimate error can con-
verge to zero asymptotically if the gain matrix is Hurwitz.

Remark 3. Sometimes the external disturbance is fast vary-
ing; namely, the derivative of the disturbance is not zero. In
this condition, the error dynamics of disturbance estimation
still can be ultimately uniformly bounded [20, 21, 25]. The
bound of the estimate error can be arbitrarily small by
approximately selecting the gain function.

Despite the fast control law (23) being established first, the
fast varying subsystem together with the above control law
remains to be a standard singular perturbation system, and
in fact the fast controller 𝑢𝑓 is inactive for the quasi-steady-
state subsystem 𝑧 = ℎ(𝑡, 𝑥, 𝑢𝑠) [27]. Analysis for this point is
derived as follows.

Rewriting subsystem ∑𝐹 in a block form by substituting
(23) into (15) results in

𝜀 [�̇�1�̇�2] = [0 𝜃
𝑐1 𝑐2 − 𝑎2][

𝑧1𝑧2] + [ 0
𝑏2]𝑢𝑠. (26)

Let 𝜀 = 0; then we can get 𝑧 = ℎ(𝑡, 𝑥) = [𝑐−11 𝑢𝑠, 0]𝑇 as
ℎ (𝑡, 𝑥) = −𝐴−1𝐵𝑢𝑠, (27)

where

𝐴 = [0 𝜃
𝑐1 𝑐2 − 𝑎2] ,

𝐵 = [ 0
𝑏2] .

(28)

Hence, the equation𝑔(𝑡, 𝑥, 𝑧, 𝑐1𝑧1+𝑐2𝑧2−𝑏−12 �̂�2+𝑢𝑠) = 0 has a
unique root, which satisfies the requirements for a singularly
perturbed system. It is more convenient to work in the (𝑥, 𝑦)
coordinate where

𝑦 = 𝑧 − ℎ (𝑡, 𝑥) , (29)

because this change of variables shifts the equilibrium of the
boundary-layer model to the origin. In the new coordinate,
the singularly perturbed system is given by

�̇� = 𝑓 (𝑥, 𝑦 + ℎ (𝑡, 𝑥)) ,
𝜀 ̇𝑦 = 𝑔 (𝑥, 𝑦 + ℎ (𝑡, 𝑥)) − 𝜀𝜕ℎ𝜕𝑥𝑓 (𝑥, 𝑦 + ℎ (𝑡, 𝑥)) . (30)

The reduced system �̇� = 𝑓(𝑥, 𝑦 + ℎ(𝑡, 𝑥)) has equilibrium
point at 𝑥 = 0 and the boundary-layer system

𝑑𝑦𝑑𝜏 = 𝑔 (𝑥, 𝑦 + ℎ (𝑡, 𝑥)) = 𝐴 (𝑦 + ℎ (𝑡, 𝑥)) + 𝐵𝑢𝑠. (31)

By substituting (27) into (31), it yields

𝑑𝑦𝑑𝜏 = 𝐴𝑦. (32)

Define the following Lyapunov function candidate:

𝑊 = 12𝑦𝑇𝑃𝑦, (33)

where 𝑃 is positively defined symmetric matrices with appro-
priate dimension to be determined. Then it yields

𝜕𝑊𝜕𝑦 𝑔 (𝑥, 𝑦 + ℎ (𝑡, 𝑥)) = 12𝑦𝑇 (𝐴𝑇𝑃 + 𝑃𝐴)𝑦. (34)

If there exists positively defined symmetric matrices 𝑄
satisfied with 𝐴𝑇𝑃 + 𝑃𝐴 = −𝑄, then we can get

𝜕𝑊𝜕𝑦 𝑔 (𝑥, 𝑦 + ℎ (𝑡, 𝑥)) = −12𝑦𝑇𝑄𝑦 ≤ −𝜆min (𝑄) 𝑦2 , (35)

where 𝜆min(𝑄) is the minimum eigenvalue of 𝑄.
Hence the closed-loop boundary-layer system has an

asymptotically stable equilibrium point.
Then consider control design of the slow varying sub-

system. Assume 𝜀 = 0. Then the reduced system �̇� =𝑓(𝑡, 𝑥, ℎ(𝑡, 𝑥), 0) is given by

�̇�1 = 𝑥2,
�̇�2 = 𝐹0 (𝑥1, 𝑥2) + 𝐵 (𝑥1, 𝑥2) 𝑐−11 𝑢𝑠 + 𝑓1 (𝑡) . (36)

To stabilize the slow varying system, an adaptive RISE
feedback control strategy is proposed.

Define a stabilizing error 𝑒1 ∈ 𝑅2 as
𝑒1 ≜ 𝑥𝑑 − 𝑥1, (37)

where 𝑥𝑑 = [𝜙𝑑, 𝜓𝑑]𝑇.
Two auxiliary tracking errors 𝑒2, 𝑟 ∈ 𝑅2 are defined as

𝑒2 ≜ ̇𝑒1 + 𝛼1𝑒1, (38)

𝑟 ≜ ̇𝑒2 + 𝛼2𝑒2. (39)

Substituting (37) and (38) into (39), then it yields

𝑟 = �̈�𝑑 − 𝐹0 (𝑥1, 𝑥2) − 𝐵 (𝑥1, 𝑥2) 𝑐−11 𝑢𝑠 − 𝑓 (𝑡) + 𝛼1 ̇𝑒1
+ 𝛼2𝑒2. (40)

Define an auxiliary function 𝑆 ∈ 𝑅2 as
𝑆 ≜ 𝐹0 (𝑥𝑑, 𝑡) − 𝐹0 (𝑥1, 𝑥2) + 𝛼1 ̇𝑒1 + 𝛼2𝑒2. (41)

Then (40) can be rewritten as

𝑟 = �̈�𝑑 + 𝑆 − 𝐹0 (𝑥𝑑, 𝑡) − 𝑓 (𝑡) − 𝐵 (𝑥1, 𝑥2) 𝑐−11 𝑢𝑠. (42)

A RISE based controller can be designed as

𝑢𝑠
= 𝑐1𝐵−1 (𝑥1, 𝑥2) [(𝑘1 + 1) 𝑒2 − (𝑘1 + 1) 𝑒2 (0) + 𝑢int]

�̇�int = (𝑘1 + 1) 𝛼2𝑒2 + 𝛽 sgn (𝑒2) ,
(43)
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where 𝛽 ∈ 𝑅+ is a constant control gain and 𝑘1 ∈ 𝑅+ is a time-
varying control gain. An adaptive law is applied as follows for
the time-varying gain design:

�̇�1 = 𝛼3𝑒𝑇2 𝑟. (44)

By substituting (46) into (42), the time derivative of 𝑟 can be
expressed as

̇𝑟 = ...𝑥𝑑 + ̇𝑆 − �̇�0 (𝑥𝑑, 𝑡) − ̇𝑓 (𝑡) − (𝑘1 + 1) 𝑟 − �̇�1𝑒2
− 𝛽 sgn (𝑒2) . (45)

Define auxiliary variables as follows:

�̃� = ̇𝑆 + 𝑒2. (46)

𝑁𝑑 = ...𝑥𝑑 − �̇�0 (𝑥𝑑, 𝑡) − ̇𝑓 (𝑡) , (47)

Then it yields

̇𝑟 = �̃� + 𝑁𝑑 − 𝑒2 − (𝑘1 + 1) 𝑟 − �̇�1𝑒2 − 𝛽 sgn (𝑒2) . (48)

Using (40) and (41) together with the mean value theorem,
we can obtain

�̃� ≤ 𝜌 (‖𝑧‖) ‖𝑧‖ , (49)

where 𝑧 ∈ 𝑅3×2 is defined as

𝑧 ≜ [𝑒𝑇1 , 𝑒𝑇2 , 𝑟𝑇]𝑇 , (50)

and 𝜌(⋅) is a positively defined, globally invertible, nonde-
creasing function.

Assuming that the generalized disturbances and the guid-
ance command input are sufficiently smooth, the following
inequalities can be obtained:

𝑁𝑑 ≤ 𝜁1,�̇�𝑑 ≤ 𝜁2, (51)

where 𝜁1,𝜁2 ∈ 𝑅+ are known constants.
Define 𝑌(𝑧, 𝑃) ∈ 𝑅3×2+1 as

𝑌 ≜ [𝑧𝑇, √𝑃]𝑇 , (52)

where 𝑃(𝑒2, 𝑡) ∈ 𝑅 is defined as the Filippov solution to the
following differential equation:

�̇� = −𝑟𝑇 (𝑁𝑑 − 𝛽 sgn (𝑒2)) ,
𝑃 (𝑒2 (𝑡0) , 𝑡0) = 𝛽 𝑛∑

𝑖=1

𝑒2𝑖 (𝑡0) − 𝑒2 (𝑡0)𝑇𝑁𝑑 (𝑡0) , (53)

where the subscript 𝑖 = 1, . . . , 𝑛 denotes the 𝑖th element of the
vector. Accordingly, 𝑃 is expressed as

𝑃 (𝑡) = 𝛽 𝑛∑
𝑖=1

𝑒2𝑖 (0) − 𝑒2 (0)𝑇𝑁𝑑 (0) − ∫𝑡
0
𝐿 (𝜎) 𝑑𝜎, (54)

where the auxiliary function 𝐿(𝑡) ∈ 𝑅 is defined as

𝐿 (𝑡) ≜ 𝑟𝑇 (𝑁𝑑 − 𝛽 sgn (𝑒2)) . (55)

If the control gain 𝛽 satisfies

𝛽 > 𝜁1 + 1𝛼2 𝜁2, (56)

the following inequality can be obtained:

∫𝑡
0
𝐿 (𝜎) 𝑑𝜎𝐿 (𝑡) ≤ 𝛽 𝑛∑

𝑖=1

𝑒2𝑖 (0) − 𝑒2 (0)𝑇𝑁𝑑 (0) , (57)

which can conclude that 𝑃(𝑡) ≥ 0.
Theorem 4. Given the slow varying dynamics of a FSHV
presented in (36), if the following conditions are satisfied:

𝛼1 > 12 ,
𝛼2 > 12 ,
𝛽 > 𝜁1 + 1𝛼2 𝜁2,

(58)

the controller designed in (43) and (44) guarantees that all the
signals of the error dynamics of the slow varying subsystem are
bounded under closed-loop operation and the stabilizing error
converges in the sense that

𝑒1 (𝑡) → 0 as 𝑡 → ∞. (59)

Proof. Define the following Lyapunov function as

𝑉 = 12𝑒𝑇1 𝑒1 + 12𝑒𝑇2 𝑒2 + 12𝑟𝑇𝑟 + 𝑃, (60)

which satisfies the following inequalities:

𝑈1 (𝑌) ≤ 𝑉 (𝑌, 𝑡) ≤ 𝑈2 (𝑌) , (61)

where 𝑈1(𝑌), 𝑈2(𝑌) ∈ 𝑅 are positively defined functions
defined as

𝑈1 (𝑦) ≜ 𝑚1 ‖𝑌‖2 ,
𝑈2 (𝑦) ≜ 𝑚2 ‖𝑌‖2 . (62)

Differentiate 𝑉 with respect to time; then it yields

�̇� = 𝑒𝑇1 ̇𝑒1 + 𝑒𝑇2 ̇𝑒2 + 𝑟𝑇 ̇𝑟 + �̇�. (63)

According to (37)–(48), �̇� can be further expanded as

�̇� = 𝑟𝑇�̃� − (𝑘1 + 1) ‖𝑟‖2 − �̇�1𝑟𝑇𝑒2 − 𝛼1 𝑒12
− 𝛼2 𝑒22 + 𝑒𝑇1 𝑒2.

(64)
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Substituting the adaptive law in (47) into (64) together with
(49), we can obtain

�̇� ≤ 𝜌 (‖𝑧‖) ‖𝑟‖ ‖𝑧‖ − (𝑘1 + 1) ‖𝑟‖2 − 𝛼3 𝑟𝑇𝑒22
− 𝛼1 𝑒12 − 𝛼2 𝑒22 + 𝑒𝑇1 𝑒2.

(65)

Since 2𝑒𝑇1 𝑒2 ≤ ‖𝑒1‖2 + ‖𝑒2‖2, (65) becomes

�̇� ≤ 𝜌 (‖𝑧‖) ‖𝑟‖ ‖𝑧‖ − (𝑘1 + 1) ‖𝑟‖2 − 𝛼3 ‖𝑟‖2 𝑒22
− (𝛼1 − 12) 𝑒12 − (𝛼2 − 12) 𝑒22

= − ‖𝑟‖2 − (𝛼1 − 12) 𝑒12 − (𝛼2 − 12) 𝑒22
− 𝛼3 ‖𝑟‖2 𝑒22

+ 4𝑘1 (−𝑘1 ‖𝑟‖2 + 𝜌 (‖𝑧‖) ‖𝑟‖ ‖𝑧‖)
4𝑘1

= − ‖𝑟‖2 − (𝛼1 − 12) 𝑒12 − (𝛼2 − 12) 𝑒22
− 𝛼3 ‖𝑟‖2 𝑒22
+ −4𝑘21 ‖𝑟‖2 + 2 ⋅ 2𝑘1 ‖𝑟‖ 𝜌 (‖𝑧‖) ‖𝑧‖4𝑘1 ,

(66)

�̇� ≤ − ‖𝑟‖2 − (𝛼1 − 12) 𝑒12 − (𝛼2 − 12) 𝑒22
− 𝛼3 ‖𝑟‖2 𝑒22
+ −4𝑘21 ‖𝑟‖2 + 4𝑘21 ‖𝑟‖2 + 𝜌2 (‖𝑧‖) ‖𝑧‖24𝑘1

≤ − ‖𝑟‖2 − (𝛼1 − 12) 𝑒12 − (𝛼2 − 12) 𝑒22

+ 𝜌2 (‖𝑧‖) ‖𝑧‖24𝑘1 ≤ −𝜆 ‖𝑧‖2 + 𝜌2 (‖𝑧‖) ‖𝑧‖24𝑘1 ,

(67)

where 𝜆 = min{𝛼1 −1/2, 𝛼2 −1/2, 1}, and the bounding func-
tion 𝜌(‖𝑧‖) is a positive, globally invertible, nondecreasing
function. Therefore, 𝛼1 and 𝛼2 must be selected based on the
sufficient conditions inTheorem 4.

The expression in (67) can be further upper bounded by
a continuous, positive semidefinite function

�̇� ≤ −𝑐 ‖𝑧‖2 = 𝑈 (𝑌) , (68)

where 𝑐 ∈ 𝑅 is a positive constant.
According to the inequalities in (61) and (67), we can

prove that 𝑉(𝑌, 𝑡) ∈ 𝐿∞. Thus 𝑒1, 𝑒2, 𝑟 ∈ 𝐿∞. The closed-
loop error system can be utilized to guarantee that the
remaining signals are bounded and the definition of 𝑈(𝑦)
and 𝑧(𝑡) can conclude that 𝑈(𝑌) is uniformly continuous.
According to Theorem 8.4 of [24], 𝑐‖𝑧‖2 → 0 as 𝑡 → ∞.
Then based on the definition of 𝑧(𝑡), it can be concluded that

‖𝑒1(𝑡)‖ → 0 as 𝑡 → ∞. Hence the asymptotical stability
is achieved for the equilibrium point of the slow varying
subsystem.

Theorem 5. Consider the multi-time scale mathematical
model for course keeping of a FSHV with actuator dynamics
in (14), (15). With a hierarchical control strategy designed in
(22), (23), (24), and (43), there exists 𝜀∗ > 0 so that, for all𝜀 < 𝜀∗, the overall system can achieve asymptotic stability at
the equilibrium point.

Proof. In order to analyze the closed-loop stability of the
overall system, we need to explore the interconnection
between the slow varying subsystem and the fast varying
subsystem.

Define a composite Lyapunov function candidate as
follows:

] (𝑥, 𝑦) = (1 − 𝑑)𝑉 (𝑥) + 𝑑𝑊(𝑥, 𝑦) , 0 < 𝑑 < 1, (69)

where the constant 𝑑 is to be chosen. Calculating the
derivative of ] along the trajectories of the full system (14),
(15), we can obtain

]̇ = (1 − 𝑑) 𝜕𝑉𝜕𝑥 𝑓 (𝑥, 𝑦 + ℎ (𝑥))
+ 𝑑𝜀 𝜕𝑊𝜕𝑦 𝑔 (𝑥, 𝑦 + ℎ (𝑥))
− 𝑑𝜕𝑊𝜕𝑦 𝜕ℎ𝜕𝑥𝑓 (𝑥, 𝑦 + ℎ (𝑥))
+ 𝑑𝜕𝑊𝜕𝑥 𝑓 (𝑥, 𝑦 + ℎ (𝑥))

= (1 − 𝑑) 𝜕𝑉𝜕𝑥 𝑓 (𝑥, 𝑦 + ℎ (𝑥))
+ 𝑑𝜀 𝜕𝑊𝜕𝑦 𝑔 (𝑥, 𝑦 + ℎ (𝑥))
+ (1 − 𝑑) 𝜕𝑉𝜕𝑥 [𝑓 (𝑥, 𝑦 + ℎ (𝑥)) − 𝑓 (𝑥, ℎ (𝑥))]
+ 𝑑 [𝜕𝑊𝜕𝑥 − 𝜕𝑊𝜕𝑦 𝜕ℎ𝜕𝑥]𝑓 (𝑥, 𝑦 + ℎ (𝑥)) .

(70)

According to the former analysis,

𝜕𝑉𝜕𝑥 𝑓 (𝑥, 𝑦 + ℎ (𝑥)) ≤ −𝑐 ‖𝑧‖2 ,
namely 𝜔1 = 𝑐, 𝜓1 (𝑥) = ‖𝑧‖ .

𝜕𝑊𝜕𝑦 𝑔 (𝑥, 𝑦 + ℎ (𝑥)) ≤ −𝜆min (𝑄) 𝑦2 ,
namely 𝜔2 = −𝜆min (𝑄) , 𝜓2 (𝑦) = 𝑦 .

(71)
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Then the restrictions of the last two terms are derived as
follows:

𝜕𝑉𝜕𝑥 [𝑓 (𝑥, 𝑦 + ℎ (𝑥)) − 𝑓 (𝑥, ℎ (𝑥))]
= 𝑥1�̇�1 + 𝑥2�̇�2 − 𝑥1�̇�1

+ 𝑥2 (𝐹0 (𝑥1, 𝑥2) + 𝐵 (𝑥1, 𝑥2) 𝑐−11 𝑢𝑠)
= 𝑥2𝐵 (𝑧1 − 𝑐−11 𝑢𝑠) ≤ 𝛽1 ‖𝑧‖ 𝑦

(72)

[𝜕𝑊𝜕𝑥 − 𝜕𝑊𝜕𝑦 𝜕ℎ𝜕𝑥]𝑓 (𝑥, 𝑦 + ℎ (𝑥))
= −𝑐−11 𝜕𝑢𝑠𝜕𝑥1𝑦1𝑥2

− 𝑐−11 𝜕𝑢𝑠𝜕𝑥2𝑦1 (𝐹0 (𝑥1, 𝑥2) + 𝐵 (𝑥1, 𝑥2) 𝑐−11 𝑢𝑠)

≤ −2𝑐−11 √ 𝜕𝑢𝑠𝜕𝑥1𝑦1𝑥2
𝜕𝑢𝑠𝜕𝑥2𝑦1�̇�2

≤ 𝛽2 𝑦 ‖𝑧‖ + 𝛾 𝑦2 .

(73)

Therefore, according toTheorem 11.3 in [24], it yields

]̇ ≤ 𝜓𝑇 (𝑥, 𝑦) Λ𝜓 (𝑥, 𝑦) , (74)

where 𝜓(𝑥, 𝑦) = [𝜓1(𝑥), 𝜓2(𝑦)]𝑇, and
Λ
= [[
[

(1 − 𝑑) 𝜔1 −12 (1 − 𝑑) 𝛽1 − 12𝑑𝛽2−12 (1 − 𝑑) 𝛽1 − 12𝑑𝛽2 𝑑((𝜔2𝜀 ) − 𝛾)
]]
]
. (75)

The right-hand side of the last inequality is a quadratic form
in 𝜓(𝑥, 𝑦). The quadratic form is negative definite when

𝑑 (1 − 𝑑) 𝜔1 (𝜔2𝜀 − 𝛾) > 14 [(1 − 𝑑) 𝛽1 + 𝑑𝛽2]2 (76)

which is equivalent to

𝜀 < 𝜔1𝜔2𝜔1𝛾 + (1/4𝑑 (1 − 𝑑)) [(1 − 𝑑) 𝛽1 + 𝑑𝛽2]2 ≜ 𝜀𝑑. (77)

It can be seen that the maximum value of 𝜀𝑑 occurs at 𝑑∗ =𝛽1/(𝛽1 + 𝛽2), which is given by

𝜀∗ = 𝜔1𝜔2(𝜔1𝛾 + 𝛽1𝛽2) . (78)

Then the origin of (14) and (15) is asymptotically stable for all𝜀 < 𝜀∗.
4. Simulation

In this section, a mathematical model of a fully submerged
hydrofoil vessel is applied to validate the performance of

Table 1: Model parameters of the FSHV.

Parameter Value SI-unit𝑢0 23.15 m/s𝑚 2.62 ∗ 105 kg𝐼𝑥 2.59 ∗ 105 kgm2𝐼𝑧 1.47 ∗ 107 kgm2𝐺𝑀𝑇 0.025 m𝐾𝑝 −13.0354 ∗ 105 kgm2/s𝐾𝑟 −2.4864 ∗ 105 kgm2/s𝐾𝑟𝜙𝜙 12.5615 ∗ 105 kgm2/s𝑁𝑝 −0.2182 ∗ 107 kgm2/s𝑁𝑟 −1.3818 ∗ 107 kgm2/s𝑁𝑟𝑟𝜙 0.9261 ∗ 107 kgm2/s𝑎21 −15.27 kgm2/s𝑎22 −38.27 kgm2/s𝑏21 22.18 kgm2/s𝑏22 32.45 kgm2/s

the proposed control laws (22), (23), (24), and (43) through
simulations [1, 2, 5].The parameters of the model are given in
Table 1.

In the simulation, the irregular wave disturbance is
simulated based on trip theory and equivalent energy division
method, with the significant wave height 𝐻1/3 = 1.5m. To
validate the disturbance attenuation performance, a standard
state feedback singular perturbation approach [28, 30] is
established for comparison.

The command course angle is set to be −30∘ and 60∘,
respectively, to verify the proposed control design. The
control parameters are selected as follows:

𝑐1 = diag [6.75, 5.41] ,
𝑐2 = diag [7.56, 4.89] ,
𝑑 = 0.9147,
𝑙 = diag [1352, 835] ,

𝛼3 = 15.45,
𝛼1 = 40,
𝛼2 = 28,
𝛽 = 12.81,
𝛽1 = 1,
𝛽2 = 1,
𝜀 = 0.0214.

(79)

Figures 3–6 show the roll/yaw angles and angle velocities
of the FSHV with command course of −30 degrees and 60
degrees. It can be seen that during the changes of course angle,
the coupling roll movement will appear, and the composite
control law could stabilize this dynamics quickly and there
is no reciprocating roll movement as ordinary vessel does.
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Figure 3: Roll dynamics of the FSHV with command course angle of −30∘.
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Figure 4: Yaw dynamics of the FSHV with command course angle
of −30∘.
According to Figures 4 and 6, with the stochastic wave
disturbances, the proposed methodology acquires a faster
convergence than the standard singular perturbation control.
During the transient process, the roll motion using standard
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Figure 5: Roll dynamics of the FSHV with command course angle
of 60∘.

singular perturbation control is much larger than that of the
proposed control, and the severely reciprocating motion is
more obvious, which has a negative effect on the sea-keeping
capacity of the FSHV.
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Figure 6: Yaw dynamics of the FSHV with command course angle of 60∘.

At the steady state of the lateral dynamics, the proposed
control acquires higher precision and better disturbance
attenuation performance since the model uncertainties and
external disturbances are considered in both slow dynamics
and fast dynamics of the FSHV. The composite control law
guarantees the robustness against the lumped disturbances
while the control design of the standard singular perturbation
approach does not take the disturbance effects into account.

From Figures 7–10, the slow-time scale and fast-time
scale response of each subsystem can be seen to verify the
different system characteristic of the servo system and the
lateral dynamics of the FSHV. The position of the heading
of arrows point out the time of convergence. When course
command is generated, the servo system has a fast response
to step into the steady state first. Due to the large inertia,
the trajectory of the lateral dynamics of the FSHV moves
relatively slower than the hydrofoil servo system.

Figures 11 and 12 show the composite control input𝑢𝑐 for the system. We can see that the proposed control
input is continuous, and the amplitude is lower than the
standard singular perturbation approach. According to the
fast dynamics in Figures 7–10 and the composite control input
in Figures 11 and 12, it implies that, based on the proposed
method, the robust stabilization can be guaranteed with
less energy consumption. And the conservation is less than
standard singular perturbation approachwith no disturbance
rejection performance.

5. Conclusion

In this paper, a two-time scale robust control structure is
proposed for the course keeping control of the FSHV with
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Figure 7: Roll response of different time scalewith command course
angle of −30∘.

actuator dynamics. We first analyze the lateral model of the
FSHV as well as the hydrofoil servo system. Then a two-time
scale separated model is established for the hierarchical con-
trol design. A RISE feedback control is designed for the slow
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Figure 8: Yaw response of different time scale with command course angle of −30∘.
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Figure 9: Roll response of different time scalewith command course
angle of 60∘.

varying subsystem and a DOB based state feedback control
is used for the fast varying subsystem to achieve disturbance
attenuation performance. Uniformly asymptotic convergence
is achieved for the overall system. Simulation results indicate
the effectiveness of the time separationmethod, which shows
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Figure 10: Yaw response of different time scale with command
course angle of 60∘.

the advantages for control design of complicated intercon-
nection systems with different time scale. In future work,
a hardware-in-loop simulation testbed will be implemented
so that further experiments can be assigned to verify the
effectiveness of the proposedmethodology. New structures of
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Figure 11: Composite control input of the FSHV with command course angle of −30∘.

−150

−100

−50

0

50

100

C
om

po
sit

e c
on

tro
l 

of
 ru

dd
er

 se
rv

o

−100

−50

0

50

100

C
om

po
sit

e c
on

tro
l 

of
 ai

le
ro

n 
se

rv
o

40 60 80
−20

0
20

40 60 80
−10

0
10

0 20 40 60 80 100
Time (s)

Proposed control
Standard feedback control

0 20 40 60 80 100
Time (s)

Proposed control
Standard feedback control

Figure 12: Composite control input of the FSHV with command
course angle of 60∘.

DOB will be discussed to relax the restrictions of the lumped
disturbances. And adaptive estimator is to be considered to
handle unknown hydrodynamics combined with the RISE
feedback.
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