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In this paper, a general stabilization problem of stochastic delay systems is realized by a disordered controller and studied by
exploiting the disorder-dependent approach. Different from the traditional results, the stabilizing controller here experiences a
disorder between control gains and system states. Firstly, the above disorder is described by the robust method, whose probability
distribution is embodied by a Markov process with two modes. Based on this description, a kind of disordered controller having
special uncertainties and depending on a Markov process is proposed. Then, by exploiting a disorder-dependent Lyapunov
functional, two respective conditions for the existence of such a disordered controller are provided with LMIs. Moreover, the
presented results are further extended to a general case that the corresponding transition ratematrix of the disordered controller has
uncertainties. Finally, a numerical example is exploited to demonstrate the effectiveness and superiority of the proposed methods.

1. Introduction

It is very known that time delay is commonly encountered
in variously practical dynamical systems, such as chemi-
cal systems, heating systems, biological systems, networked
control systems (NCSs), and telecommunication and eco-
nomic systems. Due to the presence of time delay in such
practical systems, many negative effects, for example, oscil-
lation, instability, and poor performance, could be caused.
Motivated by these facts, various research topics of time-
delayed systems have been considered. By investigating the
existing results, it is found that they are mainly classified
into two classes: delay-dependent and delay-independent
ones. Because of delay-dependent results making use of the
information on the length of delays, they are less conservative
than delay-independent ones, especially when time delay is
small. During the past decades, many important results on
all kinds of delay systems have emerged, such as stability
analysis [1–9], stabilization [10–18], dissipativity analysis [19]
and dissipative and passive control [20–22], output control
[23, 24], 𝐻∞ control and filtering [25–34], state estimation
[35–37], synchronization [38–40], slide control [41, 42], and
positivity analysis [43]. It is said that the more information

about time delay is used, the less conservative results will
be obtained. In order to achieve this aim, some methods
or techniques applied to improved Lyapunov functionals are
proposed and used, such as slack variable method [1, 5, 11],
Jensen inequality algorithm [2, 4, 12], delay decomposition
technique [3, 15, 26], and stochastic approach [13, 14, 17, 27],
where the other results or methods can be found in the
existing large references.

By investigating the most results on the system synthesis
in the literature, it is seen that there were few references
to consider the disordering problem. The motivation of
disordering problemusually comes from the data transmitted
through the shared communication networks. It is a phe-
nomenon that the transmitted data arriving at the destination
is usually out of order [44] and usually complicates its
analysis and synthesis. During the past years, very few results
were considered on this issue. Some new interesting and
challenging problems could also been introduced. In [45],
some LMI conditions were presented by exploiting a packet
disordering compensation method. Based on transforming
the underlying system into a discrete-time system with mul-
tistep delays, the stability and𝐻∞ control problems of NCSs
with packet disordering were considered in [46, 47], while
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some less conservative results were given in [48]. Recently, a
kind of packet reorderingmethod based on the average dwell-
time method was proposed in [49]. By investigating such
references, it will be seen that the considered problems and
studied methods between these references and this paper are
quite different. Firstly, the considered systems between these
references and this paper are different. The originally consid-
ered systems of such references are ones without any time
delay, while there is time delay in our considered systems.
Secondly, the places of disordering happening are different.
In the above references, the disordering only exists in system
states transmitted through networks, while the disordering to
be considered in this paper takes place between system states
and control gains. A suitablemodel to describe such problems
correctly should be established firstly. Thirdly, but not the
last, even if a suitable model is presented, how to make the
existence conditions of the desired controller with solvable
forms is also necessary studied. To our best knowledge, very
few results are available to design a disordered controller for
delay systems. All the facts motivate the current research.

In this paper, the general stabilization for a class of
stochastic delay systems closed a disordered controller is
studied by a disorder-dependent approach. The main con-
tributions of this paper are summarized as follows: (1) a
kind of stabilizing controller experiencing a disorder between
control gains and system states is proposed. Not only is
the disorder described by the robust method but also its
probability distribution is expressed by a Markov process
with two modes; (2) based on the established model of
disordered controller, two different sufficient conditions for
such a controller are presented with LMI forms, where a
disorder-dependent approach in terms of depending on the
Markov process is exploited; it was also shown by a numerical
example that the conservatism of above conditions is not
constant and should be considered on the concrete situations;
(3) because of all the results being LMIs, they are further
extended to another general case that the TRMdescribing the
disorder has uncertainties.

Notation. R𝑛 denotes the 𝑛-dimensional Euclidean space.
R𝑚×𝑛 is the set of all 𝑚 × 𝑛 real matrices. E[⋅] means the
mathematical expectation of [⋅]. ‖ ⋅ ‖ refers to the Euclidean
vector norm or spectral matrix norm. In symmetric block
matrices, we use “∗” as an ellipsis for the terms induced by
symmetry, diag{⋅ ⋅ ⋅ } for a block-diagonal matrix, and (𝑀)⋆ ≜𝑀 +𝑀𝑇.
2. Problem Formulation

Consider a kind of stochastic delay systems described as

𝑑𝑥 (𝑡) = [𝐴𝑥 (𝑡) + 𝐴𝜏𝑥 (𝑡 − 𝜏) + 𝐵𝑢 (𝑡)] 𝑑𝑡
+ [𝐶𝑥 (𝑡) + 𝐶𝜏𝑥 (𝑡 − 𝜏) + 𝐷𝑢 (𝑡)] 𝑑𝜔 (𝑡)

𝑥 (𝑡) = 𝜙 (𝑡) , 𝑡 ∈ [−𝜏, 0] ,
(1)

where 𝑥(𝑡) ∈ R𝑛 is the system state, 𝑢(𝑡) ∈ R𝑚 is the control
input, and 𝜔(𝑡) is a one-dimensional Brownian motion or
Wiener process. Matrices 𝐴, 𝐴𝜏, 𝐵, 𝐶, 𝐶𝜏, and 𝐷 are known

matrices of compatible dimension. Time delay 𝜏 satisfies 𝜏 ≥0. 𝜙(𝑡) is a continuous function and defined from [−𝜏, 0] to
R𝑛.

As we know, the traditional state feedback controllers for
delay systems are commonly described as follows:

𝑢1 (𝑡) = 𝐾𝑥 (𝑡) , (2)

𝑢2 (𝑡) = 𝐾𝜏𝑥 (𝑡 − 𝜏) , (3)

𝑢3 (𝑡) = 𝐾𝑥 (𝑡) + 𝐾𝜏𝑥 (𝑡 − 𝜏) , (4)

where 𝐾, 𝐾𝜏, 𝐾, and 𝐾𝜏 are control gains to be determined.
It is said that controller (4) compared to (2) and (3) is more
general and has some advantages in terms of being less
conservatism. The main reason is both delay and nondelay
states are taken into account. However, it is said that the
action of controller (4) needs an assumption that the control
gains and theirs related states should be available in a right
sequence. Unfortunately, due to some practice constraints,
this assumption may be very hard satisfied. In this paper, a
kind of controller experiencing disordering phenomenon is
proposed and described by

𝑢 (𝑡)
= {{{

𝐾𝑥 (𝑡) + 𝐾𝜏𝑥 (𝑡 − 𝜏) , no disordering

𝐾𝜏𝑥 (𝑡) + 𝐾𝑥 (𝑡 − 𝜏) , disordering occurring.

(5)

It is rewritten to be

𝑢 (𝑡) = (𝐾 + Δ𝐾 (𝜂𝑡)) 𝑥 (𝑡)
+ (𝐾𝜏 + Δ𝐾𝜏 (𝜂𝑡)) 𝑥 (𝑡 − 𝜏) , (6)

where 𝐾 = (1/2)(𝐾 + 𝐾𝜏) and 𝐾𝜏 = (1/2)(𝐾𝜏 − 𝐾).
Particularly, the process {𝜂𝑡, 𝑡 ≥ 0} introduced here is a
Markov process having two modes and assumed to take
values in a finite set S ≜ {1, 2}. Its transition rate matrix
(TRM) Π ≜ (𝜋𝑖𝑗) ∈ R2×2 is given by

Pr (𝜂𝑡+Δ𝑡 = 𝑗 | 𝜂𝑡 = 𝑖) = {{{
𝜋𝑖𝑗Δ𝑡 + 𝑜 (Δ𝑡) , 𝑖 ̸= 𝑗
1 + 𝜋𝑖𝑖Δ𝑡 + 𝑜 (Δ𝑡) , 𝑖 = 𝑗, (7)

where Δ𝑡 > 0, 𝜋𝑖𝑗 ≥ 0, if 𝑖 ̸= 𝑗, and 𝜋𝑖𝑖 = −∑𝑗 ̸=𝑖 𝜋𝑖𝑗. Here, the
gain fluctuations are selected to be

Δ𝐾 (𝜂𝑡)
= {{{{{{{

12 (𝐾 − 𝐾𝜏) , if 𝜂𝑡 = 1 or no disordering

12 (𝐾𝜏 − 𝐾) , if 𝜂𝑡 = 2 or disordering occurring

Δ𝐾𝜏 (𝜂𝑡)
= {{{{{{{

12 (𝐾 + 𝐾𝜏) , if 𝜂𝑡 = 1 or no disordering

12 (3𝐾 − 𝐾𝜏) , if 𝜂𝑡 = 2 or disordering occurring.

(8)
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Applying controller (6) to system (1), we get

𝑑𝑥 (𝑡) = [(𝐴 + 𝐵Δ𝐾 (𝜂𝑡)) 𝑥 (𝑡)
+ (𝐴𝜏 + 𝐵Δ𝐾𝜏 (𝜂𝑡)) 𝑥 (𝑡 − 𝜏)] 𝑑𝑡
+ [(𝐶 + 𝐷Δ𝐾 (𝜂𝑡)) 𝑥 (𝑡)
+ (𝐶𝜏 + 𝐷Δ𝐾𝜏 (𝜂𝑡)) 𝑥 (𝑡 − 𝜏)] 𝑑𝜔 (𝑡)

𝑥 (𝑡) = 𝜙 (𝑡) , 𝜂𝑡 = 𝜂0, ∀𝑡 ∈ [−𝜏, 0] ,

(9)

where

𝐴 = 𝐴 + 𝐵𝐾,
𝐴𝜏 = 𝐴𝜏 + 𝐵𝐾𝜏
𝐶 = 𝐶 + 𝐷𝐾,
𝐶𝜏 = 𝐶𝜏 + 𝐷𝐾𝜏.

(10)

In this paper, the gain fluctuations Δ𝐾(𝜂𝑡) and Δ𝐾𝜏(𝜂𝑡) with
forms (8) satisfy

Δ𝐾𝑇 (𝜂𝑡) Δ𝐾 (𝜂𝑡) ≤ 𝑊,
Δ𝐾𝑇𝜏 (𝜂𝑡) Δ𝐾𝜏 (𝜂𝑡) ≤ 𝑊𝜏 (𝜂𝑡) ,

(11)

where 𝑊 and 𝑊𝜏(𝜂𝑡) are positive-definite matrix to be
determined.

Remark 1. Different from the traditional stabilization meth-
ods of delay systems that no disorder occurs in controllers,
controller (5) has a disordering phenomenonbetween control
gains and system states. Based on the robust method, the
controller with disorder is transformed into a controller with
special uncertainties. Moreover, the probabilities of nondis-
order and disorder happening are described by aMarkov pro-
cess with two operation modes. It is seen that the proposed
model (6) with conditions (8) and (11) is fundamental in the
disorder-dependent approach.

Remark 2. It is said that disordered controller (5) not only
is important in theory but also has the practical significance.
From [44], it is known that disordering is usually encountered
in practice especially in NCSs. This phenomenon makes the
system analysis and synthesis very complicated. In order
to deal with this practical problem, some methods have
been proposed in [45–48]. Though such results are useful
in studying this problem, more generally practical problem
about disordering could be proposed. By investigating these
references, it is seen that there is no delay in the originally
considered systems. More importantly, the place of disorder
occurring only exists in system states transmitted through
networks. From [14, 50], it is seen that not only system state
but also operation mode of controller could be transmitted
through networks and suffer the effect of network. Based on
these facts, it is said that the proposed model for controller
having a disorder between control gain and system state is

seen to be a meaningful extension of the existing results and
will play important roles in the developments of theory and
applications.

Definition 3. System (9) is said to be stochastically stable, if
there exists a constant𝑀(𝑥0, 𝜂0) such that

E{∫∞
0

‖𝑥 (𝑡)‖2 𝑑𝑡 | 𝑥0, 𝜂0} ≤ 𝑀(𝑥0, 𝜂0) . (12)

Lemma 4. Let 𝐴, 𝐷, 𝐿, 𝑊, and 𝐹 be real matrices of
appropriate dimensions such that 𝑊 > 0 and 𝐹𝑇𝐹 ≤ 𝐼. Then,
for any 𝜀 > 0 such that𝑊− 𝜀𝐷𝐷𝑇 > 0,

(𝐴 + 𝐷𝐹𝐿)𝑇𝑊−1 (𝐴 + 𝐷𝐹𝐿)
≤ 𝐴𝑇 (𝑊 − 𝜀𝐷𝐷𝑇)−1 𝐴 + 𝜀−1𝐿𝑇𝐿. (13)

3. Main Results

Theorem 5. Given stochastic delay system (1), there is disor-
dered controller (5) such that the resulting closed-loop system
(9) is stochastically stable, if given positive scalars 𝜀𝑖 > 0, there
exist matrices 𝑋𝑖 > 0, 𝑄𝑖 > 0, 𝑄 > 0, 𝑊 > 0, 𝑊𝜏𝑖 > 0, 𝐺, 𝑌,
and 𝑌𝜏, such that the following LMIs hold for all 𝑖 ∈ S:

[[[[[[[[[[[[[[[[[
[

Θ𝑖1 Θ𝑖2 Λ 𝑖2 Λ 𝑖3 𝑋𝑖 𝜏1/2𝑋𝑖 𝜀𝑖𝑋𝑖 Φ𝑖∗ Θ𝑖3 0 Λ 𝑖3 0 0 0 0
∗ ∗ Θ𝑖4 Λ 𝑖4 0 0 0 0
∗ ∗ ∗ Θ𝑖5 0 0 0 0
∗ ∗ ∗ ∗ Θ𝑖6 0 0 0
∗ ∗ ∗ ∗ ∗ Θ𝑖7 0 0
∗ ∗ ∗ ∗ ∗ ∗ Θ𝑖8 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ Γ𝑖

]]]]]]]]]]]]]]]]]
]

< 0 (14)

2∑
𝑗=1

𝜋𝑖𝑗𝑄𝑗 ≤ 𝑄 (15)

[−𝑊𝜏𝑖 𝑌𝑖𝑇∗ −𝐼] ≤ 0 (16)

[−𝑊 𝑌𝑇 − 𝑌𝑇𝜏∗ −𝐼 ] ≤ 0, (17)

where

Θ𝑖1 = (Λ 𝑖1)⋆ + 𝜋𝑖𝑖𝑋𝑖 + 2𝐵𝐵𝑇,
Θ𝑖2 = Λ 𝑖1 + 𝑋𝑖 − 𝐺𝑇,
Θ𝑖3 = (−𝐺)⋆ ,
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Θ𝑖4 = −𝑄𝑖 + 𝜀2𝑖𝑊𝜏𝑖,
Θ𝑖5 = − (𝑋𝑖 − 𝜀𝑖𝐷𝐷𝑇) ,
Θ𝑖6 = Θ𝑖3 + 𝑄𝑖,
Θ𝑖7 = Θ𝑖3 + 𝑄,
Θ𝑖8 = Θ𝑖3 +𝑊,
Λ 𝑖1 = 𝐴𝐺 + 𝐵 (𝑌 + 𝑌𝜏) ,
Λ 𝑖2 = 𝐴𝜏𝐺 + 𝐵 (𝑌𝜏 − 𝑌) ,
Λ 𝑖3 = 𝐺𝑇𝐶𝑇 + (𝑌 + 𝑌𝜏)𝑇𝐷𝑇,
Λ 𝑖4 = 𝐺𝑇𝐶𝑇𝜏 + (𝑌𝜏 − 𝑌)𝑇𝐷𝑇,
Φ1 = √𝜋12𝑋1,
Φ2 = √𝜋21𝑋2,
Γ1 = −𝑋2,
Γ2 = −𝑋1,
𝜀𝑖 = (1 + 𝜀−1𝑖 )1/2 ,
𝑌1 = 𝑌 + 𝑌𝜏,
𝑌2 = 3𝑌 − 𝑌𝜏.

(18)

Then, the gains of disordered controller with form (5) or (6) are
obtained by

𝐾 = 2𝑌𝐺−1,
𝐾𝜏 = 2𝑌𝜏𝐺−1. (19)

Proof. Choose a stochastic Lyapunov functional for the
closed-loop system (9) as

𝑉 (𝑥𝑡, 𝜂𝑡) = 𝑥𝑇 (𝑡) 𝑃 (𝜂𝑡) 𝑥 (𝑡)
+ ∫𝑡
𝑡−𝜏

𝑥𝑇 (𝑠) 𝑄 (𝜂𝑡) 𝑥 (𝑠) 𝑑𝑠
+ ∫0
−𝜏

∫𝑡
𝑡+𝜃

𝑥𝑇 (𝑠) 𝑄𝑥 (𝑠) 𝑑𝑠.
(20)

LetL be the weak infinitesimal generator of random process{𝑥𝑡, 𝜂𝑡} for each 𝜂𝑡 = 𝑖 ∈ S; it is defined as

L𝑉 (𝑥𝑡, 𝑡, 𝑖)
= lim
Δ𝑡→0+

1Δ𝑡 {E [𝑉 (𝑥𝑡+Δ𝑡, 𝜂𝑡+Δ𝑡, 𝑡 + Δ𝑡) | 𝑥𝑡, 𝜂𝑡 = 𝑖]
− 𝑉 (𝑥𝑡, 𝑖, 𝑡)} .

(21)

Then, based on condition (11) and Lemma 4, it is obtained
that

L𝑉 (𝑥𝑡, 𝑡, 𝑖) = 𝑥𝑇 (𝑡) (𝑃𝑖𝐴)⋆ 𝑥 (𝑡) + 𝑥𝑇 (𝑡)
⋅ 2∑
𝑗=1

𝜋𝑖𝑗𝑃𝑗𝑥 (𝑡) + 2𝑥𝑇 (𝑡) 𝑃𝑖𝐴𝜏𝑥 (𝑡 − 𝜏) + 2𝑥𝑇 (𝑡)
⋅ 𝑃𝑖𝐵Δ𝐾𝑖𝑥 (𝑡) + 2𝑥𝑇 (𝑡) 𝑃𝑖𝐵Δ𝐾𝜏𝑖𝑥 (𝑡 − 𝜏)
+ [(𝐶 + 𝐷Δ𝐾𝑖) 𝑥 (𝑡) + (𝐶𝜏 + 𝐷Δ𝐾𝜏𝑖) 𝑥 (𝑡 − 𝜏)]𝑇
× 𝑃𝑖 [(𝐶 + 𝐷Δ𝐾𝑖) 𝑥 (𝑡) + (𝐶𝜏 + 𝐷Δ𝐾𝜏𝑖) 𝑥 (𝑡 − 𝜏)]
+ 𝑥𝑇 (𝑡) 𝑄𝑖𝑥 (𝑡) − 𝑥𝑇 (𝑡 − 𝜏)𝑄𝑖𝑥 (𝑡 − 𝜏)
+ ∫𝑡
𝑡−𝜏

𝑥𝑇 (𝑠) 𝑁∑
𝑗=1

𝜋𝑖𝑗𝑄𝑗𝑥 (𝑠) 𝑑𝑠 + 𝜏𝑥𝑇 (𝑡) 𝑄𝑥 (𝑡)
− ∫𝑡
𝑡−𝜏

𝑥𝑇 (𝑠) 𝑄𝑥 (𝑠) 𝑑𝑠 = 𝑥𝑇 (𝑡)

⋅ [[(𝑃𝑖𝐴)
⋆ + 2∑
𝑗=1

𝜋𝑖𝑗𝑃𝑗 + 𝑄𝑖 + 𝜏𝑄]]𝑥 (𝑡) + 2𝑥𝑇 (𝑡)
⋅ 𝑃𝑖𝐴𝜏𝑥 (𝑡 − 𝜏) + 2𝑥𝑇 (𝑡) 𝑃𝑖𝐵Δ𝐾𝑖𝑥 (𝑡) + 2𝑥𝑇 (𝑡)
⋅ 𝑃𝑖𝐵Δ𝐾𝜏𝑖𝑥 (𝑡 − 𝜏)
+ [(𝐶 + 𝐷Δ𝐾𝑖) 𝑥 (𝑡) + (𝐶𝜏 + 𝐷Δ𝐾𝜏𝑖) 𝑥 (𝑡 − 𝜏)]𝑇
× 𝑃𝑖 [(𝐶 + 𝐷Δ𝐾𝑖) 𝑥 (𝑡) + (𝐶𝜏 + 𝐷Δ𝐾𝜏𝑖) 𝑥 (𝑡 − 𝜏)]
− 𝑥𝑇 (𝑡 − 𝜏)𝑄𝑖𝑥 (𝑡 − 𝜏)
+ ∫𝑡
𝑡−𝜏

𝑥𝑇 (𝑠)( 𝑁∑
𝑗=1

𝜋𝑖𝑗𝑄𝑗 − 𝑄)𝑥 (𝑠) 𝑑𝑠 = 𝜉𝑇 (𝑡)
⋅ [(𝐶 + 𝐷Δ�̃�𝑖)𝑇 𝑃𝑖 (𝐶 + 𝐷Δ�̃�𝑖) + Ω𝑖] 𝜉 (𝑡)
+ 2𝑥𝑇 (𝑡) 𝑃𝑖𝐵Δ𝐾𝑖𝑥 (𝑡) + 2𝑥𝑇 (𝑡) 𝑃𝑖𝐵Δ𝐾𝜏𝑖𝑥 (𝑡 − 𝜏)
+ ∫𝑡
𝑡−𝜏

𝑥𝑇 (𝑠)( 2∑
𝑗=1

𝜋𝑖𝑗𝑄𝑗 − 𝑄)𝑥 (𝑠) 𝑑𝑠 ≤ 𝜉𝑇 (𝑡)
⋅ [𝐶𝑇 (𝑃−1𝑖 − 𝜀𝑖𝐷𝐷𝑇)−1 𝐶 + 𝜀−1𝑖 �̃� + Ω𝑖] 𝜉 (𝑡)
+ 𝜉𝑇 (𝑡) [2𝑃𝑖𝐵𝐵𝑇𝑃𝑖 +𝑊 0

∗ 𝑊𝜏𝑖] 𝜉 (𝑡)

+ ∫𝑡
𝑡−𝜏

𝑥𝑇 (𝑠)( 2∑
𝑗=1

𝜋𝑖𝑗𝑄𝑗 − 𝑄)𝑥 (𝑠) 𝑑𝑠 < 0,

(22)
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where

𝜉 (𝑡) = [ 𝑥 (𝑡)
𝑥 (𝑡 − 𝜏)] ,

Ω𝑖 = [Ω𝑖1 𝑃𝑖𝐴𝜏
∗ −𝑄𝑖 ] ,

𝐶 = [𝐶 𝐶𝜏] ,
𝐷 = [𝐷 𝐷] ,

Δ�̃�𝑖 = [
[
Δ𝐾𝑖 0
∗ Δ𝐾𝜏𝑖]] ,

�̃� = [𝑊 0
∗ 𝑊𝜏𝑖] ,

Ω𝑖1 = (𝑃𝑖𝐴)⋆ + 𝑁∑
𝑗=1

𝜋𝑖𝑗𝑃𝑗 + 𝑄𝑖 + 𝜏𝑄.

(23)

From condition (11), it is implied by

𝐶𝑇 (𝑃−1𝑖 − 𝜀𝑖𝐷𝐷𝑇)−1 𝐶 + Ω̃𝑖 < 0, (24)

which is equivalent to

[
[
Ω̃𝑖 𝐶𝑇
∗ − (𝑃−1𝑖 − 𝜀𝑖𝐷𝐷𝑇)]] < 0, (25)

2∑
𝑗=1

𝜋𝑖𝑗𝑄𝑗 ≤ 𝑄, (26)

where

Ω̃𝑖 = [
[
Ω̃𝑖1 𝑃𝑖𝐴𝜏
∗ −𝑄𝑖 + 𝜀2𝑖𝑊𝜏𝑖]] ,

Ω̃𝑖1 = (𝑃𝑖𝐴)⋆ + 2∑
𝑗=1

𝜋𝑖𝑗𝑃𝑗 + 𝑄𝑖 + 𝜏𝑄 + 2𝑃𝑖𝐵𝐵𝑇𝑃𝑖
+ 𝜀2𝑖𝑊.

(27)

From (14), one concludes that 𝐺 is nonsingular. Then, it is
known that condition (25) is equivalent to

[[[[[
[

Ω̂𝑖1 𝐴𝜏𝐺 𝑋𝑖𝐶𝑇
∗ −𝑄𝑖 + 𝜀2𝑖𝑊𝜏𝑖 𝐺𝑇𝐶𝑇𝜏
∗ ∗ − (𝑋𝑖 − 𝜀𝑖𝐷𝐷𝑇)

]]]]]
]
< 0, (28)

where

Ω̂𝑖1 = (𝐴𝑋𝑖)⋆ + 2∑
𝑗=1

𝜋𝑖𝑗𝑋𝑖𝑃𝑗𝑋𝑖 + 𝑋𝑖𝑄𝑖𝑋𝑖 + 𝜏𝑋𝑖𝑄𝑋𝑖
+ 2𝐵𝐵𝑇 + 𝜀2𝑖𝑋𝑖𝑊𝑋𝑖,

𝑋𝑖 = 𝑃−1𝑖 ,
𝑄𝑖 = 𝐺𝑇𝑄𝑖𝐺,
𝑊 = 𝐺𝑇𝑊𝐺,

𝑊𝜏𝑖 = 𝐺𝑇𝑊𝜏𝑖𝐺,

(29)

which is obtained by pre- and postmultiplying both sides
of (25) with diag {𝑋𝑖, 𝐺𝑇, 𝐼} and its transpose, respectively.
Moreover, it is further implied by

[[[[[[[[
[

Ω̌𝑖1 Ω̌𝑖2 𝐴𝜏𝐺 𝐺𝑇𝐶𝑇
∗ Θ𝑖3 0 𝐺𝑇𝐶𝑇
∗ ∗ −𝑄𝑖 + 𝜀2𝑖𝑊𝜏𝑖 𝐺𝑇𝐶𝑇𝜏
∗ ∗ ∗ − (𝑋𝑖 − 𝜀𝑖𝐷𝐷𝑇)

]]]]]]]]
]
< 0, (30)

where

Ω̌𝑖1 = (𝐴𝐺)⋆ + 2∑
𝑗=1

𝜋𝑖𝑗𝑋𝑖𝑃𝑗𝑋𝑖 + 𝑋𝑖𝑄𝑖𝑋𝑖 + 𝜏𝑋𝑖𝑄𝑋𝑖
+ 2𝐵𝐵𝑇 + 𝜀2𝑖𝑋𝑖𝑊𝑋𝑖,

Ω̌𝑖2 = 𝐴𝐺 + 𝑋𝑖 − 𝐺𝑇,
Θ𝑖3 = (−𝐺)⋆ ,

(31)

via pre- and postmultiplying it with the following matrix

[[[
[

𝐼 𝐴 0 0
0 0 𝐼 0
0 𝐶 0 𝐼

]]]
]

(32)

and its transpose. Taking into the representation (19), condi-
tion (30) is equivalent to

[[[[[[[[[[[[[[[[[[[[
[

Θ𝑖1 Θ𝑖2 Λ 𝑖2 Λ 𝑖3 𝑋𝑖 𝜏1/2𝑋𝑖 𝜀𝑖𝑋𝑖 Φ𝑖
∗ Θ𝑖3 0 Λ 𝑖3 0 0 0 0
∗ ∗ Θ𝑖4 Λ 𝑖4 0 0 0 0
∗ ∗ ∗ Θ𝑖5 0 0 0 0
∗ ∗ ∗ ∗ −𝑄−1𝑖 0 0 0
∗ ∗ ∗ ∗ ∗ −𝑄−1 0 0
∗ ∗ ∗ ∗ ∗ ∗ −𝑊−1 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ Γ𝑖

]]]]]]]]]]]]]]]]]]]]
]

< 0. (33)
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As for −𝑄−1𝑖 , based on representation 𝑄𝑖 = 𝐺𝑇𝑄𝑖𝐺, it is
known that

−𝑄−1𝑖 = −𝐺 (𝐺𝑇𝑄𝑖𝐺)−1 𝐺𝑇 ≤ Θ𝑖3 + 𝑄𝑖, (34)

while −𝑄−1 and −𝑊−1 can be done similarly with represen-
tation 𝑄 = 𝐺𝑇𝑄𝐺 and 𝑊 = 𝐺𝑇𝑊𝐺. Based on (34), we
have (14) implying (33). As for condition (26), based on the
above representations, it is claimed that it is equivalent to
(15). Moreover, from the proof of this theorem, it is seen that
condition (11) is important, which is equivalent to

[−𝑊 (Δ𝐾 (𝜂𝑡))𝑇∗ −𝐼 ] ≤ 0, (35)

or

[−𝑊𝜏𝑖 (Δ𝐾𝜏 (𝜂𝑡))𝑇∗ −𝐼 ] ≤ 0. (36)

Because of𝑊 = 𝐺𝑇𝑊𝐺 and considering representation (19),
it is obvious that either of them is equivalent to (16) and (17).
This completes the proof.

Remark 6. Based on the disordered controller (6), a stochas-
tic Lyapunov functional depending on system mode 𝜂𝑡 is
exploited. It is different from the traditional methods in
which a single or common Lyapunov functional is used.
Because of the Markov process coming from the disorder,
the adopted Lyapunov functional is said to be disorder-
dependent, which could reduce the conservatism of common
or disorder-independent Lyapunov functional. It is worth
mentioning that the introduced stochastic Lyapunov func-
tional (20) is not unique, which could be replaced by others
similarly. In addition, the existing improved techniques such
as slack variable method, Jensen inequality approach, and
delay decomposition technique may be used in the process
of controller design.

Theorem 7. Given stochastic delay system (1), there is disor-
dered controller (5) such that the resulting closed-loop system
(9) is stochastically stable, if given positive scalars 𝛽𝑖 > 0, there
exist matrices 𝑋𝑖 > 0, 𝑄𝑖 > 0, 𝑄 > 0, 𝑊 > 0, 𝑊𝜏𝑖 > 0, 𝐺, 𝑌,
and 𝑌𝜏 satisfying conditions (15), (16), (17), and

[[[[[[[[[[[[[[[[[
[

Θ𝑖1 Θ𝑖2 Λ 𝑖2 Λ𝑖3 𝑋𝑖 𝜏1/2𝑋𝑖 𝛽𝑖𝑋𝑖 Φ𝑖∗ Θ𝑖3 0 Λ𝑖3 0 0 0 0
∗ ∗ Θ𝑖4 Λ𝑖4 0 0 0 0
∗ ∗ ∗ −𝑋𝑖 0 0 0 0
∗ ∗ ∗ ∗ Θ𝑖6 0 0 0
∗ ∗ ∗ ∗ ∗ Θ𝑖7 0 0
∗ ∗ ∗ ∗ ∗ ∗ Θ𝑖8 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ Γ𝑖

]]]]]]]]]]]]]]]]]
]

< 0, (37)

[−𝛽𝑖𝐼 𝐷𝑇
∗ −𝑋𝑖] ≤ 0, (38)

where

Θ𝑖4 = −𝑄𝑖 + 𝛽2𝑖𝑊𝜏𝑖,
Λ𝑖3 = √2Λ 𝑖3,
Λ𝑖4 = √2Λ 𝑖4,
𝛽𝑖 = (1 + 4𝛽𝑖)1/2 .

(39)

The other symbols are given in Theorem 5. Then, the gains of
controller (5) are computed by (19).

Proof. Choosing the same Lyapunov functional (20), similar
to the computation of (22), it is obtained that

L𝑉 (𝑥𝑡, 𝑡, 𝑖) = 𝑥𝑇 (𝑡) [[(𝑃𝑖𝐴)
⋆ + 2∑
𝑗=1

𝜋𝑖𝑗𝑃𝑗 + 𝑄𝑖 + 𝜏𝑄]]
⋅ 𝑥 (𝑡) + 2𝑥𝑇 (𝑡) 𝑃𝑖𝐴𝜏𝑥 (𝑡 − 𝜏) + 2𝑥𝑇 (𝑡)
⋅ 𝑃𝑖𝐵Δ𝐾𝑖𝑥 (𝑡) + 2𝑥𝑇 (𝑡) 𝑃𝑖𝐵Δ𝐾𝜏𝑖𝑥 (𝑡 − 𝜏) + 𝜉𝑇 (𝑡)
⋅ (𝐶 + 𝐷Δ�̃�𝑖)𝑇 𝑃𝑖 (𝐶 + 𝐷Δ�̃�𝑖) 𝜉𝑇 (𝑡) − 𝑥𝑇 (𝑡 − 𝜏)
⋅ 𝑄𝑖𝑥 (𝑡 − 𝜏) + ∫𝑡

𝑡−𝜏
𝑥𝑇 (𝑠)( 𝑁∑

𝑗=1

𝜋𝑖𝑗𝑄𝑗 − 𝑄)𝑥 (𝑠) 𝑑𝑠
= 𝜉𝑇 (𝑡) [Ω𝑖 + 𝐶𝑇𝑃𝑖𝐶 + 2𝐶𝑇𝑃𝑖𝐷Δ�̃�𝑖
+ Δ�̃�𝑇𝑖 𝐷𝑇𝑃𝑖𝐷Δ�̃�𝑖] 𝜉 (𝑡) + 2𝑥𝑇 (𝑡) 𝑃𝑖𝐵Δ𝐾𝑖𝑥 (𝑡)
+ 2𝑥𝑇 (𝑡) 𝑃𝑖𝐵Δ𝐾𝜏𝑖𝑥 (𝑡 − 𝜏)
+ ∫𝑡
𝑡−𝜏

𝑥𝑇 (𝑠)( 2∑
𝑗=1

𝜋𝑖𝑗𝑄𝑗 − 𝑄)𝑥 (𝑠) 𝑑𝑠 ≤ 𝜉𝑇 (𝑡)
⋅ [Ω𝑖 + diag {2𝑃𝑖𝐵𝐵𝑇𝑃𝑖 +𝑊,𝑊𝜏𝑖} + 𝐶𝑇𝑃𝑖𝐶
+ 2𝐶𝑇𝑃𝑖𝐷Δ�̃�𝑖 + Δ�̃�𝑇𝑖 𝐷𝑇𝑃𝑖𝐷Δ�̃�𝑖] 𝜉 (𝑡)
+ ∫𝑡
𝑡−𝜏

𝑥𝑇 (𝑠)( 2∑
𝑗=1

𝜋𝑖𝑗𝑄𝑗 − 𝑄)𝑥 (𝑠) 𝑑𝑠 < 0

(40)

which is guaranteed by

Ω𝑖 + diag {2𝑃𝑖𝐵𝐵𝑇𝑃𝑖 +𝑊,𝑊𝜏𝑖} + 𝐶𝑇𝑃𝑖𝐶
+ 2𝐶𝑇𝑃𝑖𝐷Δ�̃�𝑖 + Δ�̃�𝑇𝑖 𝐷𝑇𝑃𝑖𝐷Δ�̃�𝑖 < 0, (41)

and condition (26). From the representations of 𝐶, 𝐷, andΔ�̃�𝑖 and the following condition

−𝛽𝑖𝐼 + 𝐷𝑇𝑃𝑖𝐷 ≤ 0, (42)
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condition (41) is guaranteed by

Ω𝑖 + diag {2𝑃𝑖𝐵𝐵𝑇𝑃𝑖 +𝑊,𝑊𝜏𝑖} + 2𝐶𝑇𝑃𝑖𝐶
+ 2Δ�̃�𝑇𝑖 𝐷𝑇𝑃𝑖𝐷Δ�̃�𝑖 ≤ Ω𝑖
+ diag {2𝑃𝑖𝐵𝐵𝑇𝑃𝑖 +𝑊,𝑊𝜏𝑖} + 2𝐶𝑇𝑃𝑖𝐶
+ 2Δ�̃�𝑇𝑖 𝐼𝑇𝐷𝑇𝑃𝑖𝐷𝐼Δ�̃�𝑖 ≤ Ω𝑖
+ diag {2𝑃𝑖𝐵𝐵𝑇𝑃𝑖 +𝑊,𝑊𝜏𝑖} + 2𝐶𝑇𝑃𝑖𝐶
+ 2𝛽𝑖Δ�̃�𝑇𝑖 𝐼𝑇𝐼Δ�̃�𝑖 ≤ Ω𝑖
+ diag {2𝑃𝑖𝐵𝐵𝑇𝑃𝑖 + 𝛽2𝑖𝑊,𝛽2𝑖𝑊𝜏𝑖} + 2𝐶𝑇𝑃𝑖𝐶 < 0,

(43)

where 𝐼 = [𝐼 𝐼] and 𝛽𝑖 = (1 + 4𝛽𝑖)1/2. Similar to the proof
of (28) implying (25), it is obtained that condition (43) is
guaranteed by

[[[[
[

Ω̆𝑖1 𝐴𝜏𝐺 √2𝑋𝑖𝐶𝑇
∗ −𝑄𝑖 + 𝛽2𝑖𝑊𝜏𝑖 √2𝐺𝑇𝐶𝑇𝜏∗ ∗ −𝑋𝑖

]]]]
]
< 0, (44)

where

Ω̆𝑖1 = (𝐴𝑋𝑖)⋆ + 2∑
𝑗=1

𝜋𝑖𝑗𝑋𝑖𝑃𝑗𝑋𝑖 + 𝑋𝑖𝑄𝑖𝑋𝑖 + 𝜏𝑋𝑖𝑄𝑋𝑖
+ 2𝐵𝐵𝑇 + 𝛽2𝑖𝑋𝑖𝑊𝑋𝑖.

(45)

The next process is similar to the process of (28) guaranteed
by condition (14), which is omitted here. As for condition
(42), it is known that it is equivalent to (38). Similar to the
proof of Theorem 5, conditions (11) and (34) are also needed.
This completes the proof.

Remark 8. From the forms of Theorems 5 and 7, one cannot
conclude which one is less conservative. However, in the
following numerical example, it is seen that sometimes the
former theorem is less conservative, while sometimes the
latter one has less conservatism. Thus, it is concluded that it
is impossible to claim that either of them is less conservative
and should be considered in the concrete situations.

From the established result, it is seen that TRMΠ related
to disorder is assumed to be exact. However, due to many
practical situations in practice, it is impossible or high cost
to get it exactly. Instead, it has admissible uncertainty ΔΠ̃ ≜(Δ�̃�𝑖𝑗) and is described as

Π = Π̃ + ΔΠ̃
with Δ�̃�𝑖𝑗 ≤ 𝜖𝑖𝑗, 𝜖𝑖𝑗 ≥ 0, 𝑗 ̸= 𝑖. (46)

In (46), TRM Π̃ ≜ (�̃�𝑖𝑗) is the known constant estimation ofΠ with �̃�𝑖𝑗 satisfying (7). It is assumed that Δ�̃�𝑖𝑗, 𝑗 ̸= 𝑖, takes
any value in [−𝜖𝑖𝑗, 𝜖𝑖𝑗]. Then, it is concluded that |Δ�̃�𝑖𝑖| ≤ −𝜖𝑖𝑖,
where 𝜖𝑖𝑖 ≜ −𝜖𝑖𝑗, 𝛼𝑖𝑗 ≜ �̃�𝑖𝑗 − 𝜖𝑖𝑗, and 𝛼𝑖𝑖 ≜ −𝛼𝑖𝑗, ∀𝑗 ̸= 𝑖.

Theorem 9. Given stochastic delay system (1), there is disor-
dered controller (5) such that the resulting closed-loop system
(9) is stochastically stable over uncertainty (46), if given positive
scalars 𝜀𝑖 > 0, if there exist matrices 𝑋𝑖 > 0, 𝑄𝑖 > 0, 𝑄 > 0,𝑊𝑖 > 0, 𝑊𝜏𝑖 > 0, 𝑇𝑖 > 0, 𝑆𝑖 > 0, 𝑀𝑖 = 𝑀𝑇𝑖 , 𝑉𝑖 = 𝑉𝑇𝑖 , 𝑌, and𝑌𝜏 satisfying conditions (16), (17), and

[[[[[[[[[[[[[[[[[[[[
[

Θ𝑖1 Θ𝑖2 Λ 𝑖2 Λ 𝑖3 𝑋𝑖 𝜏1/2𝑋𝑖 𝜀𝑖𝑋𝑖 Φ𝑖 𝑀𝑖∗ Θ𝑖3 0 Λ 𝑖3 0 0 0 0 0
∗ ∗ Θ𝑖4 Λ 𝑖4 0 0 0 0 0
∗ ∗ ∗ Θ𝑖5 0 0 0 0 0
∗ ∗ ∗ ∗ Θ𝑖6 0 0 0 0
∗ ∗ ∗ ∗ ∗ Θ𝑖7 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ Θ𝑖8 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ Γ𝑖 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −𝑇𝑖

]]]]]]]]]]]]]]]]]]]]
]

< 0,

(47)

[Θ𝑖9 𝑉𝑖∗ −𝑆𝑖] < 0, (48)

[−𝑋𝑖 −𝑀𝑖 𝑋𝑖∗ −𝑋𝑗] ≤ 0, 𝑗 ̸= 𝑖 (49)

𝑄𝑗 − 𝑄𝑖 − 𝑉𝑖 < 0, 𝑗 ̸= 𝑖, (50)

where

Θ𝑖1 = (Λ 𝑖1)⋆ + 𝛼𝑖𝑖𝑋𝑖 + 2𝐵𝐵𝑇 − 𝜖𝑖𝑖𝑀𝑖 + 0.25𝜖2𝑖𝑖𝑇𝑖,
Φ1 = √𝛼12𝑋1,
Φ2 = √𝛼21𝑋2,
Θ𝑖9 = −𝑄 − 𝜖𝑖𝑖𝑉𝑖 + 0.25𝜖2𝑖𝑖𝑆𝑖 + 2∑

𝑗=1

𝛼𝑖𝑗𝑄𝑗.
(51)

The other symbols are given in Theorem 5. Then, the gains of
controller (5) can be get by (19).

Proof. From the proof ofTheorem 5, it is seen that only some
terms are related to uncertainty (46), which are referred to be
(26) and (30), respectively. As for Ω̌𝑖1 in (30), it is equivalent
to

(𝐴𝐺)⋆ + 𝑋𝑖𝑄𝑖𝑋𝑖 + 𝜏𝑋𝑖𝑄𝑋𝑖 + 2𝐵𝐵𝑇 + 𝜀2𝑖𝑋𝑖𝑊𝑋𝑖
+ 2∑
𝑗=1

(�̃�𝑖𝑗 + Δ�̃�𝑖𝑗)𝑋𝑖𝑃𝑗𝑋𝑖 − 2∑
𝑗=1

𝜖𝑖𝑗𝑋𝑖𝑃𝑗𝑋𝑖
+ 2∑
𝑗=1

𝜖𝑖𝑗𝑋𝑖𝑃𝑗𝑋𝑖 − 2∑
𝑗=1

(Δ�̃�𝑖𝑗 + 𝜖𝑖𝑗)𝑀𝑖



8 Mathematical Problems in Engineering

= (𝐴𝐺)⋆ + 𝑋𝑖𝑄𝑖𝑋𝑖 + 𝜏𝑋𝑖𝑄𝑋𝑖 + 2𝐵𝐵𝑇 + 𝜀2𝑖𝑋𝑖𝑊𝑋𝑖
+ 2∑
𝑗=1

𝛼𝑖𝑗𝑋𝑖𝑃𝑗𝑋𝑖 − (Δ�̃�𝑖𝑖 + 𝜖𝑖𝑖)𝑀𝑖
+∑
𝑗 ̸=𝑖

(Δ�̃�𝑖𝑗 + 𝜖𝑖𝑗) (𝑋𝑖𝑃𝑗𝑋𝑖 − 𝑋𝑖 −𝑀𝑖) ,
(52)

where𝑀𝑖 = 𝑀𝑇𝑖 , which is guaranteed by

(𝐴𝐺)⋆ + 𝑋𝑖𝑄𝑖𝑋𝑖 + 𝜏𝑋𝑖𝑄𝑋𝑖 + 2𝐵𝐵𝑇 + 𝜀2𝑖𝑋𝑖𝑊𝑋𝑖
+ 2∑
𝑗=1

𝛼𝑖𝑗𝑋𝑖𝑃𝑗𝑋𝑖 − (Δ�̃�𝑖𝑖 + 𝜖𝑖𝑖)𝑀𝑖 < 0, (53)

∑
𝑗 ̸=𝑖

(Δ�̃�𝑖𝑗 + 𝜖𝑖𝑗) (𝑋𝑖𝑃𝑗𝑋𝑖 − 𝑋𝑖 −𝑀𝑖) ≤ 0. (54)

For any 𝑇𝑖 > 0, it is concluded that

−Δ�̃�𝑖𝑖𝑀𝑖 ≤ 0.25𝜖2𝑖𝑖𝑇𝑖 +𝑀𝑖𝑇−1𝑖 𝑀𝑖. (55)

Based on conditions (54) and (55), (52) is implied by

(𝐴𝐺)⋆ + 𝑋𝑖𝑄𝑖𝑋𝑖 + 𝜏𝑋𝑖𝑄𝑋𝑖 + 2𝐵𝐵𝑇 + 𝜀2𝑖𝑋𝑖𝑊𝑋𝑖
+ 2∑
𝑗=1

𝛼𝑖𝑗𝑋𝑖𝑃𝑗𝑋𝑖 − 𝜖𝑖𝑖𝑀𝑖 + 0.25𝜖2𝑖𝑖𝑇𝑖
+𝑀𝑖𝑇−1𝑖 𝑀𝑖 < 0,

𝑋𝑖𝑃𝑗𝑋𝑖 − 𝑋𝑖 −𝑀𝑖 ≤ 0,

(56)

where the latter one is equivalent to (49). Then, based on the
proof of Theorem 5, it is concluded that conditions (47) and
(49) imply (30) with Π replaced by (46), where 𝑄𝑖 = 𝐺𝑇𝑄𝑖𝐺,𝑄 = 𝐺𝑇𝑄𝐺, and 𝑊 = 𝐺𝑇𝑊G. As for condition (15), similar
to the method of (52), it is equivalent to

− 𝑄 − 𝜖𝑖𝑖𝑉𝑖 + 2∑
𝑗=1

𝛼𝑖𝑗𝑄𝑗 − Δ�̃�𝑖𝑖𝑉𝑖
+∑
𝑗 ̸=𝑖

(Δ�̃�𝑖𝑗 + 𝜖𝑖𝑗) (𝑄𝑗 − 𝑄𝑖 − 𝑉𝑖) ≤ 0 (57)

with 𝑉𝑖 = 𝑉𝑇𝑖 . It is further guaranteed by

−𝑄 − 𝜖𝑖𝑖𝑉𝑖 + 0.25𝜖2𝑖𝑖𝑆𝑖 + 2∑
𝑗=1

𝛼𝑖𝑗𝑄𝑗 + 𝑉𝑖𝑆−1𝑖 𝑉𝑖 < 0,
∑
𝑗 ̸=𝑖

(Δ�̃�𝑖𝑗 + 𝜖𝑖𝑗) (𝑄𝑗 − 𝑄𝑖 − 𝑉𝑖) ≤ 0, (58)

which are implied by (48) and (50).This completes the proof.

Theorem 10. Given stochastic delay system (1), there is disor-
dered controller (5) such that the resulting closed-loop system
(9) is stochastically stable over uncertainty (46), if given positive
scalars 𝛽𝑖 > 0, there exist matrices 𝑋𝑖 > 0, 𝑄𝑖 > 0, 𝑄 > 0,𝑊𝑖 > 0,𝑊𝜏𝑖 > 0, 𝑇𝑖 > 0, 𝑆𝑖 > 0,𝑀𝑖 = 𝑀𝑇𝑖 , 𝑉𝑖 = 𝑉𝑇𝑖 , 𝑌, and 𝑌𝜏
satisfying conditions (16), (17), (38), (48), (49), (50), and

[[[[[[[[[[[[[[[[[[[[
[

Θ𝑖1 Θ𝑖2 Λ 𝑖2 Λ𝑖3 𝑋𝑖 𝜏1/2𝑋𝑖 𝛽𝑖𝑋𝑖 Φ𝑖 𝑀𝑖∗ Θ𝑖3 0 Λ𝑖3 0 0 0 0 0
∗ ∗ Θ𝑖4 Λ𝑖4 0 0 0 0 0
∗ ∗ ∗ −𝑋𝑖 0 0 0 0 0
∗ ∗ ∗ ∗ Θ𝑖6 0 0 0 0
∗ ∗ ∗ ∗ ∗ Θ𝑖7 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ Θ𝑖8 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ Γ𝑖 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −𝑇𝑖

]]]]]]]]]]]]]]]]]]]]
]

< 0,

(59)

where symbols are given in Theorems 5–9. Then the gain of
controller (5) can be get by (19).

Proof. Similar to the proof of Theorem 9, its proof could be
obtained and is omitted. This completes the proof.

4. Numerical Examples

Example 1. Consider a stochastic delay system (1) with para-
meters as follows:

𝐴 = [−2 −0.6
0.5 −1 ] ,

𝐴𝜏 = [−0.4 −0.1
0 −0.5] ,

𝐵 = [−11 ] ,
𝐶 = [−0.4 0

0.2 −0.1] ,
𝐶𝜏 = [−0.3 0

0.2 −0.1] ,
𝐷 = [ 0

0.2] .

(60)

Firstly, by the traditional methods such as [10–12, 15, 17]
where no disorder between control gains and system
states happens, one can design controller (4) by exploit-
ing a disorder-independent Lyapunov functional 𝑉(𝑥𝑡)= 𝑥𝑇(𝑡)𝑃𝑥(𝑡) + ∫𝑡

𝑡−𝜏
𝑥𝑇(𝑠)𝑄𝑥(𝑠)𝑑𝑠. Here, it should be pointed

out that the above selected Lyapunov functional is without
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Table 1:The correlation between 𝜏max and 𝜀2 with given different 𝜀1.
𝜀1 = 2 & 𝜀2 = 0.221 0.3 0.5 1 2 5𝜏max 0.002 0.760 1.559 2.092 2.312 2.425𝜀1 = 11 & 𝜀2 = 0.221 0.3 0.5 1 2 5𝜏max 0.005 0.950 1.759 2.306 2.547 2.677𝜀1 = 20 & 𝜀2 = 0.221 0.3 0.5 1 2 5𝜏max 0.002 0.760 1.559 2.092 2.312 2.425

×1013

x1 (t)
x2 (t)

−8

−6

−4

−2

0

2

4

6

8

10

x
(t

)

5 10 15 20 25 300
Time (s)

10 20 300
Time (s)

−0.5

0

0.5

1

1.5

�휂
t

Figure 1: The curves of the resulting system via controller experi-
encing disorder.

loss of generality. Its form given here is determined by the
one exploited in (20). In other words, in order to make some
comparisons in this example, they should be coincident. On
the other hand, based on the existing methods where some
improved Lyapunov functionals or some techniques are used
to deal with delay systems, less conservative results could be
obtained.Thus, if either of the Lyapunov functionals referred
to cases (4) and (5), respectively, is selected to be an improved
form or some techniques are exploited, the other one should
be done similarly. Based on these illustrations, it is said that
the comparisons between controllers (4) and (5) based on
similar Lyapunov functionals and similar techniques are
without loss of generality. Then, the corresponding gains of
controller (4) are computed as

𝐾 = [−0.2600 0.0923] ,
𝐾𝜏 = [−2.0000 1.0000] , (61)

where delay is 𝜏 = 0.3. When the above desired controller
experiences a disorder between control gains and system
states, without loss of generality, the TRM of such a disorder
is described as

Π = [−0.4 0.4
0.6 −0.6] . (62)

�휀1 = 2

�휀1 = 11

�휀1 = 20

0

0.5

1

1.5

2

2.5

3

�휏 m
a
x

1 2 3 4 50
�휀2

Figure 2: The simulation of correlation between 𝜏max and 𝜀2.
Its simulation is given in the smaller subgraph of Figure 1.
Under the initial condition 𝑥0 = [1 −1]𝑇, the state response
of the resulting closed-loop system is presented in the larger
subgraph of Figure 1, which is obviously stable. It is claimed
that such a disorder plays a negative effect and couldmake the
resulting closed-loop system unstable. Thus, it is necessary
and important to consider such a disorder problem. Under
the same TRM and letting 𝜀1 = 11 and 𝜀2 = 2, we could have
the gains of controller (5) with disorders (8) obtained by
Theorem 5 and given as

𝐾 = [−0.0396 −0.0289] ,
𝐾𝜏 = [−0.1443 −0.0454] . (63)

However, when the parameters of Theorem 7 are selected
to be 𝛽1 = 11 and 𝛽2 = 2, respectively, it is known that
there is no solution to controller (5). In this case, it is said
that Theorem 5 is less conservative. However, when the
above parameters are chosen to be 𝜀1 = 0.2 (𝛽2 = 0.2) and𝜀2 = 0.1 (𝛽1 = 0.1), it is concluded that there is no solution
to Theorem 5, while the gains of controller (5) can be gotten
byTheorem 7 and given as

𝐾 = [−0.0083 −0.0128] ,
𝐾𝜏 = [−0.0650 −0.0258] . (64)

As for this case, it is obtained thatTheorem 5 has less conser-
vatism. Thus, it is claimed that which one of such two theo-
rems is less conservative is not constant and should be con-
sidered in the concrete situations. In order to further demon-
strate this conclusion, more additional comparisons are done
in Tables 1 and 2, where 𝜏max denotes the allowable upper
bound of 𝜏. Moreover, the simulations of such comparisons
given in the above tables are further demonstrated in Figures
2 and 3, which are used to show the statements about the con-
servatism ofTheorems 5 and 7 vividly. For a given parameter
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Table 2: The correlation between 𝜏max and 𝛽2 with given different 𝛽1.
𝛽1 = 0.2 & 𝛽2 = 0.001 0.005 0.01 0.05 0.1 0.3 0.5 0.749𝜏max 1.498 1.493 1.488 1.444 1.385 1.061 0.614 0.001𝛽1 = 0.3 & 𝛽2 = 0.001 0.005 0.01 0.05 0.1 0.3 0.5 0.694𝜏max 1.196 1.192 1.188 1.149 1.099 0.844 0.452 0.001𝛽1 = 0.5 & 𝛽2 = 0.001 0.005 0.01 0.05 0.1 0.3 0.5 0.527𝜏max 0.578 0.575 0.571 0.539 0.497 0.305 0.044 0.0001
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Figure 3: The simulation of correlation between 𝜏max and 𝛽2.

𝜀1, it is known from Figure 2 that larger 𝜀2 will result in less
conservative results in terms of larger 𝜏max. In addition, it is
also seen that smaller 𝜀1 will lead to less conservative results
with larger 𝜏max. To the contrary, from Figure 3, it is found
that, for a given parameter 𝛽1, larger 𝛽2 will make the results
more conservative in terms of smaller 𝜏max. Moreover, there
is an inverse phenomenon about the correlation between 𝜏max
and𝛽1. From these simulations, it is claimed that the effects of
parameters 𝜀𝑖 and𝛽𝑖, 𝑖 = 1, 2, are different, which are contrary.
More importantly, based on the curves of such figures in addi-
tion to considering the correlation between the upper and
lower bounds, it is known that there is a cross section of Fig-
ures 2 and 3. In other words, it is concluded that sometimes
Theorem 5 is less conservative, while sometimes Theorem 7
is less conservative. Based on these facts, it is said that the
conservatism of such theorems is not deterministic, and their
applications should be considered in the concrete situations.
In addition, even there is uncertainty (46) in Π, such as

Π̃ = [−0.4 0.4
0.6 −0.6] (65)

with ΔΠ̃ = (Δ�̃�𝑖𝑗) satisfying Δ�̃�𝑖𝑗 ≤ 𝜖𝑖𝑗 = 0.3�̃�𝑖𝑗, ∀𝑖, 𝑗 ∈ S, and𝑖 ̸= 𝑗; we can also design effective stabilizing controllers with

form (5). Firstly, based onTheorem 9with 𝜀1 = 11 and 𝜀2 = 2,
we have the gains of disordered controller (5) computed as

𝐾 = [−0.0065 −0.0027] ,
𝐾𝜏 = [−0.0180 −0.0053] . (66)

On the other hand, based on Theorem 7 with 𝛽1 = 0.2 and𝛽2 = 0.1, the corresponding gains are given by

𝐾 = [−0.0030 −0.0045] ,
𝐾𝜏 = [−0.0268 −0.0101] . (67)

Under the same initial condition, after applying the above
desired controllers, respectively, we have the state response
of the resulting closed-loop systems illustrated in Figure 4.
There, the upper subgraph is simulation of the resulting sys-
tems obtained byTheorem 9, while the under one is gotten by
Theorem 10. It is found that all the states of the resulting sys-
tems are stable. Based on these simulations, it is seen that
both the desired controllers are useful; even TRM Π experi-
ences uncertainties.
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Figure 4: The state responses of the resulting system with uncertain TRM.

5. Conclusions

In this paper, the general stabilization for stochastic delay
systems closed by a disordered controller has been studied by
a disorder-dependent approach. Firstly, a kind of disordered
controller whose control gains and system states experience
a disorder has been proposed. Based on the robust method
and exploiting a Markov process, the above controller is
transformed to be a controller having special uncertainties
and depending on a Markov process with two modes.
Several sufficient LMI conditions for the desired controller
are obtained by using the disorder-dependent Lyapunov
functional. In addition, more applications about the TRM
of the described disorder having uncertainties have been
considered too. Finally, a numerical example has been used
to demonstrate the effectiveness of the proposed methods.
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