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For simulating and analyzing the input and output problem of national economy more accurately, this paper considers the fast and
slow production processes during the course of social production development, takes stochastic economic risks into consideration,
and constructs a 𝐻∞ robust control model to follow the production in the singularly perturbed dynamic input-output systems.
Further introducing ideas of noncooperative differential game theory, the 𝐻∞ robust control model is transformed into a saddle-
point equilibrium game model, and a new method for solving dynamic input-output problem by using saddle-point equilibrium
strategies is obtained. A numerical result is presented in the end to illustrate the effectiveness of the method.

1. Introduction

Since 1953, the static input-output model was developed
into the dynamic model by the economist Wassily Leontief;
the dynamic input-output model, which can better describe
the actual economy, has been widely used in the field of
information economy, population, education, income distri-
bution, national economic accounting, and so on for decades.
However, the dynamic input-output model presented by
Leontief is based on the assumption that the input factors
should be fixed and could not be changed, and as it is pointed
out by Chander and Tokao, the model of real economy
should take into account proportions’ changing of various
input factors, as well as other nonlinear production functions,
which means the nonlinear dynamic input-output analysis
should be studied. So during the recent years, the nonlinear
dynamic input-output analysis has become a hot issue by
many researchers.

In [1, 2], Zhang systematically studied the structural
stability of closed-loop dynamic input-output system, the
robust stratagem of production to follow the consumption,
and the robust stratagem of consumption to follow the pro-
duction in the dynamic input-output system. Jiang andZhang

constructed a tax included computable nonlinear dynamic I-
O model and estimated its parameters using practical data
of China [3]. Zhang and Hao extended the linear Leontief
dynamic I-O model to a computable nonlinear dynamic I-O
model andused thismodel to create a benefit possibility curve
[4]. Zhang further gave the multiple embedded computable
nonlinear dynamic I-O model and its balanced growth
solutions about prices, output level, growth rate, and profit
rate [5], as well as the optimal growth path of China’s six
sectors’ economy based on the nonlinear dynamic I-Omodel
[6]. Both Zhang and Hao in [4, 7] and Chander and Tokao in
[8, 9] used nonlinear dynamic I-Omodel. Yong and Jin-Qing
constructed a computable nonlinear dynamic I-O model
according to the data of statistical yearbooks and I-O table
from 20 sectors in 19 provinces during 1995–2005 and used
the model to make a quantitative simulation study to test
how China’s environmental regulations influence industry
output and its economic growth [10]. In [11], Jiamo put
forward a simple nonlinear dynamic equation on the basis
of macroscopic concept, gave the proof of the existence,
uniqueness, and stability of the equation’s solution in theory,
and further obtained the feature vector model of unbalanced
development. Liu and Chen obtained the nonlinear function
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forms of important coefficient with nonlinear regression
analysis and set the nonlinear important coefficient input-
occupancy-output model [12].

For better simulating and analyzing the input and output
problem of national economy, the paper presents study
of dynamic input-output problems of singularly perturbed
systems based on noncooperative differential game theory.
This paper builds continuous multisectoral dynamic input-
output analysis model and discusses optimal strategy design
problems on the basis of Leontief dynamic input-output
model. Considering that there exist fast production process
and slow production process during the course of social
production development, it constructs singularly perturbed
bilinear dynamic input-output analysis model. Taking uncer-
tainties of environment, namely, economic risks, into consid-
eration, this paper studies how to design control strategies on
worst case, that is, a 𝐻∞ robust control problem. With ideas
of game theory, it transforms dynamic input-output system
into a saddle-point equilibrium game model and obtains a
new method for solving dynamic input-output problem by
using saddle-point equilibrium strategies.

2. Model Construction

Leontief ’s input-output model is a powerful tool for ana-
lyzing and forecasting short-time economy, and to ensure
the monotony of input structure and the stability of input
coefficients of each sector, the model oversimplified and
abstracted the complexity of the economic phenomenon,
which made the input-output model become a linear model,
very simple, and easy to be used. However, it is quite difficult
to use this model in long-term forecasting and planning, for
the linear model can only roughly approximate the economic
operation process, which is quite different from the actual
situation. So in order to better describe the economic reality,
it is necessary to study the nonlinear input-output model.

Due to the complexity of realistic economic activities,
the linear dynamic input-output model has some limitations,
which is constructed on the assumption that the input factors’
proportions should be fixed and could not be changed, but in
the actual production process, the input factors’ proportions
are always changing. For example, in the backward, the
developing countries usually invest more labor hours and use
less fixed capital, but with the development of economy, they
will use more and more fixed capital and at the same time,
the investment of labor hours will change little. So with the
passage of time, the input proportion of fixed capital and
labor hours will change constantly. Therefore, it is necessary
to study the nonlinear input-output problems. Chander and
Tokao studied the nonlinear input-output model as the form
of [13]

𝑥 (𝑘) = 𝐴 (𝑥) 𝑥 (𝑘) + 𝐵 [𝑥 (𝑘 + 1) − 𝑥 (𝑘)] + 𝑦 (𝑘) , (1)

where 𝐴(𝑥) is the nonlinear functions of the output𝑥1(𝑘), . . . , 𝑥𝑛(𝑘). In the nonlinear system structures, the
bilinear system is the simplest, and it is most close to the
linear system, so the bilinear system is usually considered as a
transition from the linear system to the nonlinear system. In

addition to its wide existence and applications, the bilinear
system also has good approximation properties. Tie et al.
pointed out that the bilinear system could approximate any
nonlinear system theoretically, and the accuracy was much
higher than traditional linear approximation [14]. A bilinear
system is acquired by truncating higher order terms of the
Taylor series expansion for nonlinear system state at the
steady point. It means that by Taylor expanding 𝐴(𝑥) to the
second term, a bilinear system model can be obtained as
formula (2):

𝑥 (𝑘) = [𝐴 + {𝑥 (𝑘)𝑀 (𝑘)}] 𝑥 (𝑘)
+ 𝐵 [𝑥 (𝑘 + 1) − 𝑥 (𝑘)] + 𝑦 (𝑘) . (2)

Formula (2) is a discrete multisector dynamic input-
output model described by difference equation. Further
extending it to the continuous form described by differential
equation, we can have formula (3):

𝑥 (𝑡) = [𝐴 + {𝑥 (𝑡)𝑀}] 𝑥 (𝑡) + 𝐵�̇� (𝑡) + 𝑦 (𝑡) . (3)

Model (3) is a definite dynamic input-output model;
however, there exist lots of uncertainties in the real eco-
nomic activities, which prevents model (3) from accurately
describing economic laws in reality. It is stated by Jiamo in
[11] that there are many uncertain factors affecting economic
development, which can be divided into two categories as
follows. (1) Gross errors: influence factors such as the world
economic crisis, natural disasters, wars, and political move-
ments are called gross errors influence. The output curve
of sectors affected by gross errors will show a large decline
in volatility, but a few years later, the national economy
will resume its regular growth, which indicates that gross
errors can change the inherent operation state of economic
systems. (2) Errors: influence factors such as construction,
retirement and abandonment of fixed assets, the influence
of the improvement of technology and management on
economic development, domestic and foreign markets, and
statistical errors caused by statistical techniques are called
errors. This type of errors is caused by the reason that the
state of economic operation has not really been reflected, and
it does not change the inherent operation state of economic
systems [11].

For the complexity of realistic economic activities, it is
inappropriate to adopt traditional methods (that is omit-
ting the influence of uncertain factors) to deal with these
uncertainties, and we should study the actual operation
state of economic systems in recognition of the influence
of uncertainties. So considering various stochastic factors in
real economic activities, a parameter 𝑤(𝑡) is introduced to
describe various stochastic factors in social economic system;
then the model (3) is revised and a new model (4) can be
obtained as follows:

𝑥 (𝑡) = [𝐴 + {𝑥 (𝑡)𝑀}] 𝑥 (𝑡) + 𝐵�̇� (𝑡) + 𝑦 (𝑡) + 𝑤 (𝑡) . (4)

Presently, the research on the dynamic input-output
problems mainly focuses on the situation that the investment
coefficient matrix 𝐵 is deterministic, which means that all
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sectors have investment on all products, and the direct
occupancy coefficient of production funds is a nonzero
constant. However, in actual economic systems, not all
industrial sectors will invest on products, and so some
researchers established dynamic input-output models with
singular investment coefficient matrices. But as Renquan
and Hongye stated in [15], “singular system is a theoretical
simplification of singularly perturbed system, and some of its
properties are very similar to those of singularly perturbed
system. But in the reality, singular system generally does
not exist, and it is often assumed by researchers, for the
convenience of research, that singular system exists in theory
and by analyzing some characteristics of singular system,
properties of singularly perturbed systems can be obtained.”
Therefore, it cannot accurately describe the real economic
system by simply regarding investment coefficient matrices
as singular matrices.

Moreover, Zhang pointed out in [1] that social production
processes can be divided into the fast production process and
the slow production process. Instead of being immediately
consumed during the production process, output vectors of
the slow production process, such as factory buildings and
manufacturing equipment, depreciate gradually and usually
have longer production processing delay time. For example, it
often takes 2-3 or evenmore years to build a factory. However,
output vectors of the fast production process, such as raw
materials, usually have much shorter production processing
delay time, and products can be produced at the same period
of the production factors being input [1]. Furthermore, with
the development of economic globalization, and with the
rapid growth of international trade and the expansion of
capital markets, the influence of international interest rates
and exchange rates on the world economy is becoming more
and more evident, which leads to the volatility of investment
coefficients of the input-outputmodel [16]. And for economic
production process, the fast production process, especially,
such as consumables, changes in the international economic
environment, the influence of international interest rates and
exchange rates, and the volatility of investment coefficients
usually leads to a sharp increase or decrease of the output in
a short time.

Based on the above analysis, following the methods in
[17] of Ning et al. and considering the slow and fast processes
during economic production activities, we can introduce
the output vector 𝑥(𝑡) = [ 𝑥1(𝑡)𝑥2(𝑡) ] in the dynamic input-
output equation (4), where 𝑥1(𝑡) is the output vector for
the slow production process, such as factory buildings and
manufacturing equipment, and 𝑥2(𝑡) is the output vector for
the fast production process, such as raw materials. Further-
more, taking into account that the output vector during the
fast production process is usually vulnerable to international
interest rates and exchange rates, which will bring about
perturbation to the investment coefficient, then we can let the
investment coefficient 𝐵 = [ 𝐵1 𝐵2 ], in which 𝐵1, 𝐵2 denote,
respectively, the investment coefficient matrices of the slow
and fast processes; then 𝐵𝜀 = [ 𝐼 𝜀 ] 𝐵 = [ 𝐵1 𝜀𝐵2 ] represents
the singularly perturbed investment coefficientmatrix, where
the small singular perturbation parameter 𝜀 > 0 represents

small fluctuation of international economic environment in
fast dynamic changing processes. Then the dynamic input-
output model (4) can be written as

𝑥 (𝑡) = [𝐴 + {𝑥 (𝑡)𝑀}] 𝑥 (𝑡) + 𝐵𝜀�̇� (𝑡) + 𝐶𝑦 (𝑡)
+ 𝐸𝑤 (𝑡) . (5)

Involving the slow and fast processes, two matrices𝐶 and𝐸 are introduced in model (5), where 𝐶 = [ 𝐶1𝐶2 ] and 𝐶1,𝐶2 denote, respectively, the contribution ratios of slow and
fast production processes to the final consumption product
vector; 𝐸 = [ 𝐸1𝐸2 ], and 𝐸1, 𝐸2 denote, respectively, the
weighted values of stochastic factors’ influence during the two
types of production processes. And 𝐶1, 𝐶2, 𝐸1, and 𝐸2 are
constant matrices of appropriate dimensions.

Supposing𝐵 is reversible, model (5) can be converted into
the following form:

[𝐼 𝜀] �̇� (𝑡) = 𝐵−1 [𝐼 − 𝐴 − {𝑥 (𝑡)𝑀}] 𝑥 (𝑡)
− 𝐵−1𝐶𝑦 (𝑡) − 𝐵−1𝐸𝑤 (𝑡) .

(6)

Apparently, model (6) is a dynamic input-output model
described by a singularly perturbed bilinear system. Further-
more, controlling the final consumer product vector𝑦(𝑡), that
is, choosing the control variable 𝑢(𝑡) = 𝑦(𝑡), we can construct
a dynamic input-output model system model as follows:

[𝐼 𝜀] �̇� (𝑡) = 𝐵−1 [𝐼 − 𝐴 − {𝑥 (𝑡)𝑀}] 𝑥 (𝑡)
− 𝐵−1𝐶𝑢 (𝑡) − 𝐵−1𝐸𝑤 (𝑡) .

(7)

It is supposed that the 𝑛 dimensional column vector ℎ(𝑡)
represents the ideal output, which is a known continuous
function vector. And if the national economy is dynamically
stable, during the planning period, the actual output 𝑥(𝑡)
should be closer to the ideal output ℎ(𝑡) [18]. However, the
supply and demand imbalance is very difficult to completely
avoid. So we hope that the performance index 𝐽(𝑢, 𝑤) can
attain minimum by adjusting the control variable 𝑢(𝑡), and
at the same time, 𝐽(𝑢, 𝑤) can attain maximum in spite of the
worst disturbance of the stochastic factor 𝑤(𝑡), in which

𝐽 (𝑢, 𝑤) = 12 ∫𝑡𝑓
𝑡0

{[𝑥 (𝑡) − ℎ (𝑡)]𝑇𝑄 [𝑥 (𝑡) − ℎ (𝑡)]
+ 𝑢𝑇 (𝑡) 𝑅𝑢 (𝑡) − 𝛾2𝑤𝑇 (𝑡) 𝑤 (𝑡)} 𝑑𝑡,

(8)

where ℎ(𝑡) = [ ℎ1(𝑡)ℎ2(𝑡) ], ℎ1(𝑡) represents the target vector of
products for slow production system in planning period, andℎ2(𝑡) represents the target vector of products for fast produc-
tion system in planning period. 𝛾 > 0 is the disturbance
attenuation level and 𝑄 and 𝑅 are positive definite matrices
of order 𝑛, whose actual significance is weights for separating
the difference between the final consumer products provided
by each sector and the social demand and the difference of
output capacity of each sector.
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Then models (7) and (8) construct 𝐻∞ robust control
problem to follow the production in the dynamic system of
input and output. The economic explanation of the problem
is as follows: when establishing policies for future economic
development, we design the control strategy 𝑢(𝑡) to ensure
the minimum gap (that is, to realize balance of the supply
and demand) between the optimal amount of output (or
the consumer goods) and the target amount of output (or
the social demand) with policies’ fluctuation and stochastic
factors’ disturbance.

3. Model Resolution

Apparently, in model (7), the performance index 𝐽(𝑢, 𝑤) is
required to attain minimum by adjusting the control variable𝑢(𝑡), and at the same time, 𝐽(𝑢, 𝑤) is required to attain
maximum in spite of the worst disturbance of the stochastic
factor 𝑤(𝑡). According to the basic method of robust control
designing based on the noncooperative differential game
theory, we can regard the control strategy designer as one
player, that is, Player 1, and the stochastic disturbance as
another player. Consequently, the robust control problem is
converted into a problem of two players’ game, that is, when
anticipating the possible disturbance, how Player 1 should
design his strategy to achieve the equilibrium with Player 2
and optimize his goal at the same time [13]. Somodels (7) and
(8) build a𝐻∞ robust control strategy designing problem for
a singularly perturbed Markov system based on differential
game theory. The system state equation is

[𝐼 𝜀] �̇� (𝑡) = 𝐵−1 [𝐼 − 𝐴 − {𝑥 (𝑡)𝑀}] 𝑥 (𝑡)
− 𝐵−1𝐶𝑢 (𝑡) − 𝐵−1𝐸𝑤 (𝑡)

(9)

with initial condition 𝑥0 = [𝑥10, 𝑥20]𝑇.
And 𝑥(𝑡) = [𝑥1(𝑡), 𝑥2(𝑡)]𝑇 ∈ 𝑅𝑛 are state vector, 𝐴 =[ 𝐴11 𝐴12𝐴21 𝐴22

], 𝐵 = [ 𝐵1𝐵2 ], 𝐸 = [ 𝐸1𝐸2 ], 𝑥1(𝑡) ∈ 𝑅𝑛1 , 𝑥2(𝑡) ∈ 𝑅𝑛2
are, respectively, slow and fast state variable and 𝑛1 + 𝑛2 =𝑛, 𝑢(𝑡) ∈ 𝑅𝑚 is a control vector, 𝑤(𝑡) ∈ 𝑅𝑙 denotes the
disturbance input, the small singular perturbation parameter𝜀 > 0 represents small time constants, inertias, masses, and
so on, and 𝐴 𝑖𝑗, 𝐵𝑖, 𝐸𝑖, 𝑀𝑖, and 𝐶 (𝑖, 𝑗 = 1, 2) are constant
matrices of appropriate dimensions, with

{𝑥 (𝑡)𝑀} = {[𝑥1 (𝑡)𝑥2 (𝑡)] [𝑀𝑠𝑀𝑓]}

= 𝑛1∑
𝑗=1

𝑥1𝑗 [𝑀𝑠𝑗𝑀𝑓𝑗] + 𝑛1+𝑛2∑
𝑗=𝑛1+1

𝑥2𝑗 [𝑀𝑠𝑗𝑀𝑓𝑗] .
(10)

Furthermore, the system state equation (7) can be written
as

[ �̇�1 (𝑡)𝜀�̇�2 (𝑡)] = 𝑁[𝑥1 (𝑡)𝑥2 (𝑡)] − �̃�𝑢 (𝑡) − �̃�𝑤 (𝑡) (11)

in which

𝑁 = [𝑁11 𝑁12𝑁21 𝑁22] = 𝐵−1 [𝐼 − 𝐴 − {𝑥 (𝑡)𝑀}] ,

�̃� = 𝐵−1𝐶 = 𝐵−1 [𝐶1𝐶2] = [�̃�1�̃�2] ,

�̃� = 𝐵−1𝐸 = 𝐵−1 [𝐸1𝐸2] = [�̃�1�̃�2] .

(12)

Then (11) can be written as

�̇�1 (𝑡) = 𝑁11𝑥1 (𝑡) + 𝑁12𝑥2 (𝑡) − �̃�1𝑢 (𝑡) − �̃�1𝑤 (𝑡) (13a)

𝜀�̇�2 (𝑡) = 𝑁21𝑥1 (𝑡) + 𝑁22𝑥2 (𝑡) − �̃�2𝑢 (𝑡) − �̃�2𝑤 (𝑡) . (13b)

3.1. Decomposition of Slow and Fast Systems. Using the sin-
gularly perturbed technology in system analysis and design
can reduce the system order and the ill-condition caused by
the cross-coupled interaction of the slow and fast dynamic
modes. To avoid considering the problem of the whole singu-
larly perturbed system, a fact is often used that when the little
parameter 𝜀 converges to zero, the fast and slow phenomenon
of the system will be separated. Based on this fact, Chow and
Kokotovic presented a decomposition method for systems
with slow and fast modes, which can separate the original
system into two subsystems, the boundary layer system (the
fast subsystem) and the reduced system (the slow subsystem),
then design, respectively, quadratic optimal control to the
fast and slow subsystems (thus having to solve two Riccati
equations), and further obtain the composite control of the
original system [19].

Using the decomposition method of slow and fast sys-
tems, the state equation of the slow subsystem can be written
as

�̇�1𝑠 = 𝑁11𝑥1𝑠 + 𝑁12𝑥2𝑠 − �̃�1𝑢𝑠 − �̃�1𝑤𝑠
0 = 𝑁21𝑥1𝑠 + 𝑁22𝑥2𝑠 − �̃�2𝑢𝑠 − �̃�2𝑤𝑠 (14)

with 𝑥1𝑠 = 𝑥10
Assuming that𝑁22 is nonsingular, we have

�̇�1𝑠 = 𝑁0𝑥1𝑠 + �̃�0𝑢𝑠 + �̃�0𝑤𝑠,
𝑥2𝑠 = −𝑁22−1 (𝑁21𝑥1𝑠 − �̃�2𝑢𝑠 − �̃�2𝑤𝑠) , (15)

where𝑁0 = 𝑁11 −𝑁12𝑁22−1𝑁21, �̃�0 = 𝑁12𝑁22−1�̃�2 − �̃�1, and�̃�0 = 𝑁12𝑁22−1�̃�2 − �̃�1.
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Then the performance index of the slow subsystem is

𝐽𝑠 (𝑢, 𝑤) = 12 ∫𝑡𝑓
𝑡0

{[𝑥 (𝑡) − ℎ (𝑡)]𝑇𝑄 [𝑥 (𝑡) − ℎ (𝑡)]
+ 𝑢𝑇 (𝑡) 𝑅𝑢 (𝑡) − 𝛾2𝑤𝑇 (𝑡) 𝑤 (𝑡)} 𝑑𝑡 = 12
⋅ ∫𝑡𝑓
𝑡0

[(𝑥1𝑠 − ℎ1)𝑇𝑄11 (𝑥1𝑠 − ℎ1)
+ (𝑥2𝑠 − ℎ2)𝑇𝑄22 (𝑥2𝑠 − ℎ2) + 𝑢𝑠𝑇𝑅𝑢𝑠
− 𝛾2𝑤𝑇𝑤]𝑑𝑡 = 12 ∫𝑡𝑓

𝑡0

(𝑥1𝑠𝑇𝑄1𝑥1𝑠
+ 2𝑥1𝑠𝑇𝐷1𝑢𝑠 + 2𝑥1𝑠𝑇𝐷2𝑤𝑠 + 2𝑢𝑠𝑇𝐷3𝑤𝑠 + 2𝑥1𝑠𝑇𝐷4
+ 2𝑢𝑠𝑇𝐷5 + 2𝑤𝑠𝑇𝐷6 + 𝑢𝑠𝑇𝑅1𝑠𝑢𝑠 + 𝑤𝑠𝑇𝑅2𝑠𝑤𝑠
+ 𝑄2) 𝑑𝑡

(16)

in which

𝑄1 = 𝑄11 + 𝑁𝑇21𝑁−𝑇22 𝑄22𝑁−122𝑁21,
𝐷1 = −𝑁𝑇21𝑁−𝑇22 𝑄22𝑁−122 �̃�2,
𝐷2 = −𝑁𝑇21𝑁−𝑇22 𝑄22𝑁−122 �̃�2,
𝐷3 = �̃�2𝑇𝑁−𝑇22 𝑄22𝑁−122 �̃�2,
𝐷4 = 𝑁𝑇21𝑁−𝑇22 𝑄22ℎ2 − 𝑄11ℎ1,
𝐷5 = −�̃�2𝑁−𝑇22 𝑄22ℎ2,
𝐷6 = −�̃�2𝑁−𝑇22 𝑄22ℎ2,
𝑅1𝑠 = 𝑅 + �̃�2𝑇𝑁−𝑇22 𝑄22𝑁−122 �̃�2,
𝑅2𝑠 = �̃�2𝑇𝑁−𝑇22 𝑄22𝑁−122 �̃�2 − 𝛾2,
𝑄2 = ℎ1𝑇𝑄11ℎ1 + ℎ2𝑇𝑄22ℎ2.

(17)

We introduce the following notations:

𝑇1 = (1 − 𝑅1𝑠−1𝐷3𝑅2𝑠−1𝐷3𝑇)−1
⋅ (−𝑅1𝑠−1𝐷1𝑇 + 𝑅1𝑠−1𝐷3𝑅2𝑠−1𝐷2𝑇) ,

𝑇2 = (1 − 𝑅1𝑠−1𝐷3𝑅2𝑠−1𝐷3𝑇)−1
⋅ (𝑅1𝑠−1𝐷3𝑅2𝑠−1�̃�0𝑇 − 𝑅1𝑠−1�̃�0𝑇) ,

𝑇3 = (1 − 𝑅1𝑠−1𝐷3𝑅2𝑠−1𝐷3𝑇)−1
⋅ (𝑅1𝑠−1𝐷3𝑅2𝑠−1𝐷6 − 𝑅1𝑠−1𝐷5) ,

𝑇4 = −𝑅2𝑠−1 (𝐷2𝑇 + 𝐷3𝑇𝑇1) ,

𝑇5 = −𝑅2𝑠−1 (𝐷3𝑇𝑇2 + �̃�0𝑇) ,
𝑇6 = −𝑅2𝑠−1 (𝐷3𝑇𝑇3 + 𝐷6)
𝐴𝑆 = 𝑁0 + �̃�0𝑇1 + �̃�0𝑇4,
𝐵𝑠 = �̃�0𝑇2 + �̃�0𝑇5,
𝑄𝑠 = 𝑄1 + 𝐷1𝑇1 + 𝐷2𝑇4.

(18)

Assumption 1. The triplet (𝐴 𝑠, 𝐵𝑠, √𝑄𝑠) is stabilizable and
detectable.

Theorem 2. Under Assumption 1, the saddle-point equilib-
rium strategy of the slow subsystem exists and has the following
form:

𝑢𝑠∗ = (𝑇1 + 𝑇2𝑝𝑠) 𝑥1𝑠 + 𝑇2𝑟𝑠 + 𝑇3
𝑤𝑠∗ = (𝑇4 + 𝑇5𝑝𝑠) 𝑥1𝑠 + 𝑇5𝑟𝑠 + 𝑇6. (19)

in which 𝑝𝑠 satisfies the following Riccati equation (20):

−�̇�𝑠 = 𝐴 𝑠𝑇𝑝𝑠 + 𝑝𝑠𝐴 𝑠 + 𝑝𝑠𝐵𝑠𝑝𝑠 + 𝑄𝑠. (20)

Proof. To obtain the equilibrium strategy of the slow subsys-
tem, the Hamiltonian function𝐻(𝑡) is constructed as

𝐻 = 12 (𝑥1𝑠𝑇𝑄1𝑥1𝑠 + 2𝑥1𝑠𝑇𝐷1𝑢𝑠 + 2𝑥1𝑠𝑇𝐷2𝑤𝑠
+ 2𝑢𝑠𝑇𝐷3𝑤𝑠 + 2𝑥1𝑠𝑇𝐷4 + 2𝑢𝑠𝑇𝐷5 + 2𝑤𝑠𝑇𝐷6
+ 𝑢𝑠𝑇𝑅1𝑠𝑢𝑠 + 𝑤𝑠𝑇𝑅2𝑠𝑤𝑠 + 𝑄2) + 𝜆𝑇 (𝑁0𝑥1𝑠 + �̃�0𝑢𝑠
+ �̃�0𝑤𝑠) .

(21)

For the control equation 𝜕𝐻/𝜕𝑢𝑠 = 0, we can get the
optimal control strategy of the slow subsystem

𝑢𝑠 = −𝑅1𝑠−1 (𝐷1𝑇𝑥1𝑠 + 𝐷3𝑤𝑠 + �̃�0𝑇𝜆 + 𝐷5) . (22)

For the control equation 𝜕𝐻/𝜕𝑤𝑠 = 0, we can get the
worst disturbance input of the slow subsystem

𝑤𝑠 = −𝑅2𝑠−1 (𝐷2𝑇𝑥1𝑠 + 𝐷3𝑇𝑢𝑠 + �̃�0𝑇𝜆 + 𝐷6) . (23)

From (22) and (23), we then obtain

𝑢𝑠 = 𝑇1𝑥1𝑠 + 𝑇2𝜆 + 𝑇3
𝑤𝑠 = 𝑇4𝑥1𝑠 + 𝑇5𝜆 + 𝑇6 (24)
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in which

𝑇1= (1 − 𝑅1𝑠−1𝐷3𝑅2𝑠−1𝐷3𝑇)−1 (−𝑅1𝑠−1𝐷1𝑇
+ 𝑅1𝑠−1𝐷3𝑅2𝑠−1𝐷2𝑇) ,

𝑇2 = (1 − 𝑅1𝑠−1𝐷3𝑅2𝑠−1𝐷3𝑇)−1 (𝑅1𝑠−1𝐷3𝑅2𝑠−1�̃�0𝑇
− 𝑅1𝑠−1�̃�0𝑇) ,

𝑇3 = (1 − 𝑅1𝑠−1𝐷3𝑅2𝑠−1𝐷3𝑇)−1 (𝑅1𝑠−1𝐷3𝑅2𝑠−1𝐷6
− 𝑅1𝑠−1𝐷5) ,

𝑇4 = −𝑅2𝑠−1 (𝐷2𝑇 + 𝐷3𝑇𝑇1) ,
𝑇5 = −𝑅2𝑠−1 (𝐷3𝑇𝑇2 + �̃�0𝑇) ,
𝑇6 = −𝑅2𝑠−1 (𝐷3𝑇𝑇3 + 𝐷6) .

(25)

For the accompany equation

−�̇� = 𝑄1𝑥1𝑠 + 𝐷1𝑢𝑠 + 𝐷2𝑤𝑠 + 𝐷4 + 𝑁0𝑇𝜆 (26)

letting 𝜆 = 𝑝𝑠𝑥1𝑠 + 𝑟𝑠, we have
−�̇�𝑠 = 𝑝𝑠 (𝑁0 + �̃�0𝑇1 + �̃�0𝑇4)

+ (𝑁0𝑇 + 𝐷1𝑇2 + 𝐷2𝑇5) 𝑝𝑠
+ 𝑝𝑠 (�̃�0𝑇2 + �̃�0𝑇5) 𝑝𝑠 (𝑄1 + 𝐷1𝑇1 + 𝐷2𝑇4)

(27)

− ̇𝑟𝑠 = (𝑝𝑠�̃�0𝑇2 + 𝑝𝑠�̃�0𝑇5 + 𝐷1𝑇2 + 𝐷2𝑇5 + 𝑁𝑇0 ) 𝑟𝑠
+ (𝑝𝑠�̃�0𝑇3 + 𝑝𝑠�̃�0𝑇6 + 𝐷1𝑇3 + 𝐷2𝑇6 + 𝐷4) (28)

because

(𝑁0 + �̃�0𝑇1 + �̃�0𝑇3)𝑇 = 𝑁0𝑇 + 𝐷1𝑇2 + 𝐷2𝑇. (29)

Then (27) can be written as the following algebraic Riccati
equation:

−�̇�𝑠 = 𝐴 𝑠𝑇𝑝𝑠 + 𝑝𝑠𝐴 𝑠 + 𝑝𝑠𝐵𝑠𝑝𝑠 + 𝑄𝑠. (30)

Under Assumption 1, the saddle-point equilibrium strat-
egy of the slow subsystem is

𝑢𝑠∗ = (𝑇1 + 𝑇2𝑝𝑠) 𝑥1𝑠 + 𝑇2𝑟𝑠 + 𝑇3
𝑤𝑠∗ = (𝑇4 + 𝑇5𝑝𝑠) 𝑥1𝑠 + 𝑇5𝑟𝑠 + 𝑇6 (31)

in which 𝑝𝑠 satisfies the above Riccati equation (20).
Theorem 2 is proved.

In the fast subsystem, we assume that the slow variables
are constant in the boundary layer. Redefining the fast
variables 𝑥2𝑓(𝑡) = 𝑥2(𝑡)−𝑥2𝑠(𝑡) and the fast control strategies

𝑢𝑓(𝑡) = 𝑢(𝑡) − 𝑢𝑠(𝑡), 𝑤𝑓(𝑡) = 𝑤(𝑡) − 𝑤𝑠(𝑡), the fast subsystem
is formulated as

�̇�2𝑓 = 1𝜀𝑁22𝑥2𝑓 − 1𝜀 �̃�2𝑢𝑓 − 1𝜀 �̃�2𝑤𝑓
𝑥2𝑓 (0) = 𝑥20 − 𝑥2𝑠 (0) .

(32)

Then we can obtain the quadratic cost function for the fast
subsystem

𝐽𝑓 = 12 ∫𝑡𝑓
𝑡0

(𝑥2𝑓𝑇𝑄22𝑥2𝑓 + ℎ2𝑇𝑄22ℎ2 + 𝑢𝑓𝑇𝑅𝑢𝑓
− 𝛾2𝑤𝑓𝑇𝑤𝑓) 𝑑𝑡.

(33)

Assumption 3. The triplets (𝑁22, �̃�2, √𝑄22) and (𝐴22, �̃�2,√𝑄22) are stabilizable and detectable.

UnderAssumption 3, the equilibrium strategies of the fast
subsystem are given by

𝑢𝑓∗ = 𝑅−1�̃�2𝑇𝑝𝑓𝑥2𝑓
𝑤𝑓∗ = �̃�2𝑇𝛾2 𝑝𝑓𝑥2𝑓.

(34)

And 𝑝𝑓 satisfies the following algebraic Riccati equation
(35):

𝑝𝑓𝑁22 + 𝑁22𝑇𝑝𝑓 − 𝑝𝑓(�̃�2𝑅−1�̃�2𝑇 + �̃�2 �̃�2
𝑇

𝛾2 )𝑝𝑓
+ 𝑄22 = 0.

(35)

3.2.The Robust Control Strategy. The composite strategy pair
of the full-order singularly perturbed dynamic input-output
system (7) is constructed as follows [20]:

𝑢𝑐 = 𝑢𝑠∗ + 𝑢𝑓∗
= [(𝑇1 + 𝑇2𝑝𝑠) 𝑥1𝑠 + 𝑇2𝑟𝑠 + 𝑇3] + 𝑅−1�̃�2𝑇𝑝𝑓𝑥2𝑓

𝑤𝑐 = 𝑤𝑠∗ + 𝑤𝑓∗

= [(𝑇4 + 𝑇5𝑝𝑠) 𝑥1𝑠 + 𝑇5𝑟𝑠 + 𝑇6] + �̃�2𝑇𝛾2 𝑝𝑓𝑥2𝑓

(36)

with 𝑥1 replacing 𝑥1𝑠 and 𝑥2 replacing 𝑥2𝑠 + 𝑥2𝑓; for 𝑥2𝑠 =−𝑁22−1(𝑁21𝑥1𝑠 − �̃�2𝑢𝑠 − �̃�2𝑤𝑠), we obtain
𝑢𝑐 = 𝐺1𝑥1 + 𝐺2𝑥2 + 𝐺3
𝑤𝑐 = 𝐺4𝑥1 + 𝐺5𝑥2 + 𝐺6, (37)
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Figure 1: The simulation curve of the control law and the trajectories of 𝑥1 and 𝑥2 for the dynamic input-output problem.

where

𝐺1 = (𝑇1 + 𝑇2𝑝𝑠) + 𝑅−1�̃�2𝑇𝑝𝑓𝑁22−1 [𝑁21
− �̃�2 (𝑇1 + 𝑇2𝑝𝑠) − �̃�2 (𝑇4 + 𝑇5𝑝𝑠)]

𝐺2 = 𝑅−1�̃�2𝑇𝑝𝑓
𝐺3 = 𝑇2𝑟𝑠 + 𝑇3 − 𝑅−1�̃�2𝑇𝑝𝑓𝑁22−1 [�̃�2 (𝑇2𝑟𝑠 + 𝑇3)

+ �̃�2 (𝑇5𝑟𝑠 + 𝑇6)]
𝐺4 = (𝑇4 + 𝑇5𝑝𝑠) + �̃�2𝑇𝛾2 𝑝𝑓𝑁22−1 [𝑁21

− �̃�2 (𝑇1 + 𝑇2𝑝𝑠) − �̃�2 (𝑇4 + 𝑇5𝑝𝑠)]
𝐺5 = �̃�2𝑇𝛾2 𝑝𝑓
𝐺6 = 𝑇5𝑟𝑠 + 𝑇6 − �̃�2𝑇𝛾2 𝑝𝑓𝑁22−1 [�̃�2 (𝑇2𝑟𝑠 + 𝑇3)

+ �̃�2 (𝑇5𝑟𝑠 + 𝑇6)] .

(38)

The composite strategy pair constitutes an 𝑜(𝜀) (near)
saddle-point equilibrium of the full-order game. The proof
can be found in [21].

4. Numerical Example

Similar to [22], parameters in the model are set as follows:

𝑥0 = (2690.7, 2172.3) 𝑇,
𝑡0 = 0,
𝑡𝑓 = 10,
𝐴 = [0.1500 0.2700

0.0500 0.2700] ,
𝐵 = [0.2700 0.2700

0.0200 0.0200] ,
𝑀1 = [−10 ] ,
𝑀2 = [00] ,
𝐶 = 𝐸 = [0.50.5] ,
𝑄 = 10 − 4𝐼,
𝑅 = 10 − 3𝐼,
ℎ = (1510, 1805) 𝑇.

(39)

We choose 𝛾 = 0.5 and 𝜀 = 0.001 and obtain the
simulation curves for the optimal control strategy and the
state as Figure 1.
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5. Conclusion

The above simulation curve indicates that compared with
the slow production process of the dynamic input-output
system, the fast production shows a greater fluctuation, which
means that, in the real economic system, outputs of the fast
production process are more vulnerable to the perturbation
influence of external factors such as international interest
rates and exchange. The control variable reflects the control
strategy of the system with stochastic disturbance. If eco-
nomic strategies are designed as the above control curve to
control the final consumption vector level, the minimum gap
between the optimal amount of output and the target amount
of output with policies’ fluctuation and stochastic factors’
disturbance can be obtained, that is, to realize balance of the
supply and demand.
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