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An elasticwave is composed of compressional (longitudinal)waves and shear (transverse)waveswhich have differentwave velocities
in solids. The acoustic field presents complex interference patterns which means its phenomena and properties are difficult to
reveal. Fortunately, the energy method is more accurate than the potential function approach in describing the physical properties
of the acoustic field. However, the polarization state of particle vibration excited by an elastic wave is spatially periodic in the wave
propagation direction. Therefore, the energy propagation direction is not consistent with the wave propagation direction using
commonly used energy method. According to the polarization state of particle vibration, a time-space averaging method based
on the spatial periodicity of energy flux in the solid is proposed. The method could eliminate the influence of the interference due
to local energy exchange and retain the trend of energy propagation. Several conclusions are illustrated through the analysis of
the scattering energy properties of a steel shell in sandy sediment. Sandy sediment can not be regarded as a fluid nor a general
solid. Scattering energy excited by an incident shear wave mainly concentrates in the vicinity of the directions of backscattering
and forward scattering. Especially, at low frequency, it plays an important role in the total scattering energy excited by an incident
compressional and shear wave.

1. Introduction

The acoustic field in solids presents a complex interference
pattern because the compressional wave and the shear wave
have different propagation velocities which both have effects
on particle velocity, although the usual energy method
is more accurate than the potential function approach in
describing the physical properties of acoustic fields. As yet no
such energymethod is applicable to describe the energy prop-
agation in solids because the energy propagation direction
is not consistent with the wave propagation direction using
usual energy methods.

The problem of the scattering field in solids has been
studied in detail by scholars [1–3]. But there is rare research
on the acoustic energy propagation. The energy density and
energy flux vectors derived with the aid of Hamilton’s princi-
ple and Umov-Poynting’s theorem is obtained by Pierce [4].

The time-average energy density is obtained from the projec-
tion of the average power flow vector onto the propagation
direction by Carcione and Cavallini [5]. The further study
found that the relevant physical phenomena are related
to the energy flow direction rather than to the propaga-
tion direction [6]. Time averaged Umov-Poynting vector
is defined as acoustic intensity by Ainslie and Burns [7]
when discussing the energy of reflected wave and transmitted
wave at the interface of solid. An algorithm is used for
calculating Umov-Poynting vector and the pressure force
exerted by the nonparaxial cylindrical Gaussian wave on a
circular microcylinder by Kotlyar et al. [8]. The acoustic
power radiated by plates in bending vibration is estimated
using Statistical Energy Analysis by Rumerman [9]. The
instantaneous Umov-Poynting vector field is shown in both
freeze-frame and animated versions in Dean and Braselton’s
research [10–12]. The Umov-Poynting vector is applied to
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Figure 1: Acoustic Umov-Poynting vector. (a) Incident wave; (b) scattered wave.

solve problems of thermal conductivity in any media speci-
fying the medium and values of heat fluxes at the interface by
Kuts [13]. The statements of the elasticity problem about the
wave propagation in an elastic cylindrical waveguide under
different radiation conditions at infinity are considered by
Nazarov [14]. The sound radiation from elastically restrained
plates covered by a decoupling layer is studied using the
Spectrogeometric Method by Wang et al. [15].

Present researches are focusing on the time average of
the instantaneous energy flux. But, the physical image of
energy propagation is too complex to understand this way.
This paper presents a time-space average method by which
the physical image and the properties of acoustic energy
propagation in the solid are accurately described. The elastic
scattering energy of a spherical shell in sandy sediment
especially is analyzed using this method.

2. Instantaneous Scattering Energy Flux of
Elastic Spherical Shell

Each of the physical quantities involved in the acoustic
energy flux are derived from potential functions. The vector
Helmholtz equation ∇2s + 𝑘2s = 0 is introduced in order to
obtain the analytical solution of the scattered acoustic field,
where s is the displacement vector in solids and it can be
decomposed into the following form by field theory:

s = L + M + N, (1)

where L,M, andN satisfy the vector Helmholtz equation.The
vector solutions are related to the scalar functions as follows:

L = ∇𝜙𝑘 ,
M = ∇ × (e𝑟𝑟𝜓) ,
N = ∇ × ∇ × (e𝑟𝑟𝜒)

𝑘 ,
(2)

where 𝜙, 𝜓, 𝜒 satisfy the scalar Helmholtz equation.

The scattering displacement vector is given by

u𝑠 (r) = ∑
𝑚

∑
𝑛

𝑖𝑛 2𝑛 + 1𝑛 (𝑛 + 1) [𝑎𝑚𝑛M3𝑜𝑚𝑛 (r) − 𝑖𝑏𝑚𝑛N3𝑒𝑚𝑛 (r)
+ 𝑑𝑚𝑛L3𝑒𝑚𝑛 (r)] .

(3)

The undetermined coefficients are obtained using the
boundary conditions for displacement and stress.The simpli-
fied scattering displacement in the far field is derived using an
approximation for the Hankel function:

𝑢𝑠𝑟 (𝑟, 𝜃, 𝜙) = ∑
𝑚

∑
𝑛

2𝑛 + 1𝑛 (𝑛 + 1) 𝑒𝑖𝑘𝑟𝑘𝑟 𝑑𝑚𝑛𝑃𝑚𝑛 (cos 𝜃)
⋅ cos𝑚𝜙,

(4)

𝑢𝑠𝜃 (𝑟, 𝜃, 𝜙) = ∑
𝑚

∑
𝑛

2𝑛 + 1𝑛 (𝑛 + 1) 𝑒𝑖𝐾𝑟𝑖𝐾𝑟 [𝑎𝑚𝑛𝑃𝑚𝑛 (cos 𝜃)
sin 𝜃

+ 𝑏𝑚𝑛 d𝑃𝑚𝑛 (cos 𝜃)
d𝜃 ] cos𝑚𝜙,

(5)

𝑢𝑠𝜙 (𝑟, 𝜃, 𝜙) = ∑
𝑚

∑
𝑛

2𝑛 + 1𝑛 (𝑛 + 1) 𝑖𝑒𝑖𝐾𝑟𝐾𝑟 [𝑎𝑚𝑛 d𝑃𝑚𝑛 (cos 𝜃)
d𝜃

+ 𝑏𝑚𝑛𝑃𝑚𝑛 (cos 𝜃)
sin 𝜃 ] sin𝑚𝜙,

(6)

where 𝑘 is the compressional wavenumber while 𝐾 is the
shear wavenumber. From expressions (4)–(6), the radial dis-
placement is the compressional component of the scattered
wave, while the tangential and circumferential displacement
is the shear component of the scattered wave. The scattered
field has three displacement components and six stress
components. It is difficult to reveal more scattering rules even
if the expressions are very succinct. In this paperwe introduce
the acoustic Umov-Poynting vector:

P = −k ⋅ T, (7)
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Figure 2: Time average of the acoustic Umov-Poynting vector. (a) Incident wave; (b) scattered wave.
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Figure 3: Paths of particle vibration in a spatial period.

where v is particle velocity andT is stress tensor.The acoustic
Umov-Poynting vector characterizes the combined action of
the particle velocity and the stress tensor. It represents the
spatial instantaneous acoustic energy flux in solids.

3. Particle Polarization and the Time-Space
Average Method

The acoustic energy flux vector is the instantaneous energy
flux as a time-space function. The observation at different
time or spatial locations differs. For example, acoustic energy
flux vectors of the incident plane wave and the spherical
scattered wave at time zero are shown in Figure 1.

In a fluid, the propagation of acoustic energy is generally
described by a time average of the acoustic flux vector:

I = 1𝑇 ∫𝑇
0
P (r, 𝑡) d𝑡. (8)

Time average of acoustic Umov-Poynting vector is
defined as the traditional acoustic intensity. It can accurately
describe the propagation of acoustic energy in fluids. How-
ever, this method is no longer accurate in solids because
of the spatial periodicity of the particle polarization. The
time average of the acoustic Umov-Poynting vector for the
incident plane wave and the spherical scatteredwave over one
spatial period are shown in Figure 2.

An obvious mistake could be found in Figure 2. When
using traditional definition of acoustic intensity to describe
the propagation of acoustic energy in solids, the energy prop-
agation direction is not consistent with the wave propagation
direction. Existing classical methods have the fault that they
can not accurately show the wave propagation properties

because the wave propagation direction is essentially the
energy propagation direction.

The path of particle vibration in the acoustic field is
elliptical because the compressional wave and the shear wave
have different propagation velocities and the both have effect
on particle velocity. A more accurate description method is
needed according to the spatial periodicity of the polarization
state of particle vibration. The paths of particle vibration in a
spatial period are shown in Figure 3.

The spatial periodicity of the polarization state of particle
vibration will inevitably result in the interference of acoustic
energy in a direction perpendicular to the wave propagation
direction. The acoustic energy flux wriggles surrounding the
wave propagation direction.

Based on the foregoing analysis, a time-space average
method of acoustic Umov-Poynting vector is proposed:

Î = 1𝐿𝑇 ∫𝐿
0

∫𝑇
0
P (r, 𝑡) d𝑡 d𝑙, (9)

where 𝐿 = 2𝜋/(𝐾 − 𝑘) is the distance of a spatial period in
the wave propagation direction and 𝑇 is the time period of
harmonic acousticwave.Thismethod is intended to eliminate
the influence of the spatial period of the acoustic Umov-
Poynting vector. The time-space averages of the acoustic
Umov-Poynting vector for the incident plane wave and the
spherical scattered wave over one spatial period are shown in
Figure 4.

Comparing Figure 2with Figure 4, the time-space average
method of acoustic Umov-Poynting vector could eliminate
the influence of the interference of the local energy exchange
and retain the trend of energy propagation. So this method is
more accurate in describing the acoustic energy propagation
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Figure 4: Time-space average of the acoustic Umov-Poynting vector. (a) Incident wave; (b) scattered wave.
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Figure 5: Calculation results of different models. (a) Model 1; (b) model 2; (c) model 3; (d) model 4.
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than the time average method. It clearly shows the properties
of acoustic energy propagation in solids.

4. Application on Scattering Properties of a
Spherical Shell in Sediment

4.1. Scattering Properties of a Spherical Shell in Sandy Sedi-
ment. The shear wave velocity in sandy sediment ismuch less
than its compressional wave velocity [16, 17]. In sandy sedi-
ment, the compressional wave velocity is 1700m/s, whereas
the shear wave velocity is 200m/s with a mass density
of 1800 kg/m3. The scatterer is a spherical steel shell. Its
compressional wave velocity is 5792m/s, the shear wave
velocity is 3200m/s, and the density is 7850 kg/m3. The
outer diameter of the spherical shell is 0.20m and the inner
diameter is 0.18m. The receiver distance from the spherical
shell center is 100m.

Four kinds of scattering models are calculated in order to
compare the differences among the different models. Model 1
is as follows: the incident wave is a compressional plane wave
and the sediment is a fluid where the compressional wave
velocity and the density are the same as in the sandy sediment.
Model 2 is as follows: the incident wave is a compressional
plane wave in a sandy sediment. Model 3 is as follows: the
incident wave is a shear plane wave in a sandy sediment.
Model 4 is as follows: the incident waves are a compressional
and a shear plane wave in a sandy sediment. Azimuth-
frequency color-maps of the scattering acoustic intensity level
excited by a unit energy incident wave with a frequency range
from 1 kHz to 100 kHz (the reference level is 10−12W/m2; the
equivalent receiving distance is 1m) are shown in Figure 5.

The results in Figures 5(a) and 5(b) show a sharp
difference in energy distribution between models 1 and 2.
The two models have the same compressional wave velocity,
density, and incident wave type. But model 2 needs to
consider the influence of the shear component of the scattered
wave. Therefore, a sandy sediment can not be regarded as
a fluid even if its shear wave velocity is much less than its
compressional wave velocity.

The results in Figure 5(c) show that the scattered energy
excited by the incident shear wave is different from that of the
incident compressional wave.The scattering energy is mainly
concentrated in the vicinity of the directions of backscattering
and forward scattering. It will be more concentrated when
the frequency of the incident wave gets higher. Furthermore,
the scattered energy excited by the incident shear wave is
obviously lower than that of incident compressional wave.
Its contribution to the total scattered energy excited by the
incident compressional and shear wave is significant only
when the frequency is low. This property could be seen in
both Figures 5(d) and 6.

4.2. Scattering Properties of a Spherical Shell in General Solid.
The ratio of shear wave velocity and compressional wave
velocity in solids is

𝑐𝑇𝑐𝐿 = √ 𝜇𝜆 + 2𝜇 = √ 1 − 2𝜎2 − 2𝜎 . (10)
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Figure 6: Energy contrast between models 2 and 4.

Usually Poisson’s ratio for a general solid is about 0.3.That
means that the ratio of shear wave velocity and compressional
wave velocity in solid is about 1/2.The case that the shearwave
velocity is much less than the compressional wave velocity is
infrequent. The shear wave velocity for sandy sediments can
be set as a value of 850m/s while other conditions remain
unchanged.The last threemodels are calculated again and the
results are shown in Figure 7.

The results in Figure 7 show that the scattering properties
of a general solid are different from that of a sandy sediment.
The results of the three models are influenced by the change
in shear wave velocity. The scattered energy excited by an
incident shear wave is mainly concentrated in the vicinity of
the forward scattering. The backscattering energy fluctuated
with the frequency of the incident wave.The influence on the
total scattered energy is also highly significant.

5. Conclusions

In solids, the polarization state of particle vibration is a
spatially periodic function in the wave propagation direction.
It is difficult to establish the connection between the energy
propagation direction and the physical quantities of the
acoustic field. According to the polarization state of the
particle vibration and the energy propagation direction, a
time-space averaging method based on the acoustic energy
flux is proposed. The method could eliminate the influence
of the interference of the local energy exchange and retain the
trend of the energy propagation.

Several conclusions are illustrated through the analysis
properties of the scattered energy distribution for a steel shell
in sandy sediment and for a general solid.

(1) Although the shearwave velocity for a sandy sediment
is much less than its compressional wave velocity,
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Figure 7: Calculation results of different models. (a) Model 1; (b) model 2; (c) model 3; (d) model 4.

sandy sediment can not be regarded as a fluid nor
a general solid. The results show that its scattering
properties are different from a fluid and a general
solid.

(2) In sandy sediments, the scattered energy excited by
a shear wave incident mainly concentrates in the
vicinity of the direction of backscattering and forward
scattering, whereas, in a general solid, the scattered
energy mainly concentrates in the vicinity of the
direction of forward scattering, no matter if it is
excited by an incident compressional wave or a shear
wave.

(3) The scattered energy excited by an incident shear
wave plays an important role in the total scattered
energy excited by an incident compressional wave and
a shear wave at low frequency.
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