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With the conformal mapping function provided by Verruijt, the outland of a noncircular tunnel can be mapped to a circular unit in
the complex plane and then spread the analytic function into a Laurent series.The stress unified solution of oval and horseshoe cross
section can be determined using Muskhelishvili’s complex variables function method. Subsequently, the solution can be taken into
theGriffith strength failure criterion and determine the scale and shape of plastic zone in the tunnel surrounding rock. Aiming at the
critical safety thickness between a concealed cave and tunnel in the karst area and determining whether the plastic zone of tunnel
surrounding rock is connected with the plastic zone of cave as a judgment standard, the model of critical safety thickness among
the concealed caves and tunnels is established. The numerical model is established in comparison with the computing method of
rock plate critical safety thickness in actual engineering based on the Doumo tunnel engineering of Shanghai-Kunming (Guizhou
segment) high-speed railway. The following conclusions can be drawn: the analytical approximation method has less indexes, and
the output of this method is approximately close to actual engineering and numerical analysis, in which it is reliable and rational.

1. Introduction

Theplastic zone range of the tunnel and the surrounding rock
of underground caverns is the important base of determining
its support and design. Both local and international studies
on underground tunnels have led to abundant findings. The
elastic-plastic problem of the plastic zone of the surrounding
rock was proposed by Kastner [1]. Donald and Samir [2]
modified the radius of plastic zone of the circular hole, which
concluded the implicit expression. Yu and Zheng [3] revised
the work of Kastner; Wang et al. [4] determined the shape
and range of plastic zone of the surrounding rock based on
the solution of the plastic zone with traditional elastic-plastic
finite element method combined with adaptive mesh refine-
ment method. According to energy theory of plasticity, the
constitutive equations of nonlinear softening under uniaxial
compression of the broad rock are promoted, and the research
on the relationship between the equivalent stress and the
strain relationship of the plastic zone of the underground
caverns surrounding rock under various stress conditions is

conducted based on unified strength theory [5, 6]. Chen et al.
[7] obtained the boundary plastic formula of the nonuniform
field of roadway surrounding rock and predicted the size and
range of the plastic zone of deep-buried underground tunnel
under varying lateral pressure coefficients when considering
the characteristics of the rock dilatancy and expansion effects
and promoting the plastic zone of the surrounding rock of a
circular tunnel under nonaxisymmetrical load; Sun and Lu
[8] and Exadaktylos et al. [9] established the stress-strain
softeningmodel with the application ofMohr-Coulomb yield
criterion and the elastic-plastic and softening-plastic residual
based on bonded anchor reinforcementmechanism; Liu et al.
[10] and Verruijt [11] obtained the formula in the plastic zone
scope of deep-buried circular tunnel with the protection of
the bolt after derivation. On the basis of the rock mechanical
parameter measuring in situ stress field, modified equivalent
radius elastic-plastic theory was adopted; Zha et al. [12] and
Massinas and Sakellariou [13] calculated the size of the plastic
zone of deep-buried roadway and analyzed the individual
influence law of pressure coefficient and the coupling of the
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Figure 1: The geometry and related parameters of horseshoe-shaped tunnel.

plastic zone of roadway surrounding rock. Based on the
abovementioned research on boundary conditions, the stress
and displacement components of the circular underground
chambers are easy to calculate. However, solving the stress
function of the surrounding rock in a noncircular cavity per-
spective is extremely difficult [14–16].Moreover, the literature
in view of the range and the form of the noncircular tunnel
plastic is relatively small, which provides an opportunity for
this study.

During the process of highway railway tunnel construc-
tion in Southwestern China, the existence of geological
disasters, such as karst, is an important factor affecting tunnel
construction safety. The long-term hazards that concealed
the karst cave have not been thoroughly solved because
the influence factors of karst development are complicated,
although a large number of karst problems have been dealt
with. The construction of the karst tunnel has become a
prominent problem whether the distance between concealed
the karst cave and the tunnel is determined practical or
not. In addition, a complete knowledge base and a systemic
research have not been formed regarding the relationship
between the karst cavity and the deformation and destruction
characteristics. Considering the abovementioned problems,
several qualitative and semiquantitative researches are car-
ried out currently. The main methods are empirical analogy
method, strength reduction theory [17, 18], supporting vector
machine, and beam plate model analysis of catastrophe
theory [19].

Therefore, according to the characteristics of deep-buried
noncircular tunnel based on the abovementioned studies
along with the help of conformal mapping regarding elastic-
plastic analysis of tunnel based on the mapping functions

presented by Laurent series of infinite and simply connected
domain, this article obtains a unified solution to the elastic-
plastic stress of the elliptical and horseshoe cross sections
with the application of complex variable function submitted
by Muskhelishvili and Radok [20]; furthermore, the study
conveys the Griffith strength failure criterion to determine
the size and shape of the plastic zone of the surrounding rock
of underground tunnels. Moreover, it is used for the research
on the tunnels of karst areas and the stability of concealed
middle and small caves. To analyze and verify the feasibility
and rationality of the methods, they are compared with the
minimum thickness of the concealed middle and small caves
determined in the actual engineering and the tunnel rock.

2. Method for the Complex Variable Function
of Deep-Buried Tunnel

The effect of gravity gradient can not be considered at the
time of the study because of the characteristics of deep-
buried depth and large diameter of the tunnel. According
to the design standard of high-speed railway in China,
the geometry and related parameters of horseshoe-shaped
tunnel are shown in Figure 1. The infinite effect of external
loads 𝑃 stands for the gravity to solve around the tunnel
[21]. According toMuskhelishvili’s complex variable function
method and elastic-plastic mechanics theory, the lateral
pressure coefficient is 𝜆, the effect of external load from the
infinite distance is 𝑃, and the depth of noncircular section
tunnel is 𝐻. The surrounding rock stress after excavation
is considered as holes, and plane strain problems of the
stress points are around a semi-infinite plane.The calculation
model is shown in Figure 2.



Mathematical Problems in Engineering 3

𝜆
P

x

y
H

P

R

Figure 2: Computational analysis model of deep tunnel complex
variable method.

2.1. Basic Equations. The complex variable functions 𝜑1(𝑥)
and 𝜓1(𝑥) of stress in region 𝑅 are [22]

𝜎𝑥 + 𝜎𝑦 = 4Re [𝜑1 (𝑧)]
𝜎𝑦 − 𝜎𝑥 + 2𝑖𝜏𝑥𝑦 = 2 [𝑧𝜑1 (𝑧) + 𝜓1 (𝑧)] .

(1)

Then,

𝜎𝑥 = 2Re [𝜑1 (𝑧)] − Re [𝑧𝜑1 (𝑧) + 𝜓1 (𝑧)]
𝜎𝑦 = 2Re [𝜑1 (𝑧)] + Re [𝑧𝜑1 (𝑧) + 𝜓1 (𝑧)]
𝜏𝑥𝑦 = Im [𝑧𝜑1 (𝑧) + 𝜓1 (𝑧)] ,

(2)

where 𝑧 is any point on the surrounding rock of the tunnel.𝜎𝑥, 𝜎𝑦, 𝜏𝑥𝑦 are the stress and strain components of any point.
Functions 𝜑1(𝑥) and 𝜓1(𝑥) under the bounded condition in
the infinite point stress are analyzed. The expression is

𝜑1 (𝑧) = − 12𝜋 (1 + 𝜅) (𝑋 + 𝑖𝑌) ln 𝑧 + (𝐵 + 𝑖𝐶) 𝑧
+ 𝜑01 (𝑧)

𝜓1 (𝑧) = 12𝜋 (1 + 𝜅) (𝑋 − 𝑖𝑌) ln 𝑧 + (𝐵 + 𝑖𝐶) 𝑧
+ 𝜓01 (𝑧) ,

(3)

where 𝐵, 𝐵, 𝐶 represent the depth of the tunnel, the
bulk density of the surrounding rock, and the relationship
of lateral pressure coefficient and surrounding rock stress,
respectively. 𝜅 is the positive integer. 𝜑01(𝑧) and 𝜓01(𝑧) are the
analytic functions of points in the neighborhood located at
infinity, where𝐵 = (𝜎∞𝑥 +𝜎∞𝑦 )/4,𝐵 = (𝜎∞𝑦 −𝜎∞𝑥 )/2,𝐶 = 𝜏∞𝑥𝑦 ,𝜎∞𝑥 , 𝜎∞𝑦 , and 𝜏∞𝑥𝑦 are the stress located at infinity.

2.2. Conformal Mapping. For noncircular section tunnel,𝜑1(𝑥) and 𝜓1(𝑥) are difficult to evaluate directly. In normal
circumstances, the noncircular cross section tunnel in 𝑧plane
fault and the surfaces may be mapped to 𝜉 plane of the unit
circle [23], and it is reflected in the form of Laurent series in
the circle; that is,

𝑧 = 𝜔 (𝜉) = 𝑅(𝜉 + ∞∑
𝑘=0

𝐶𝑘𝜉−𝑘) . (4)

Any point on the plane 𝜉 can be expressed as 𝜉 in polar
form; that is, 𝜉 = 𝜌𝑒𝑖𝜃 = 𝜌(cos 𝜃 + 𝑖 sin 𝜃), where 𝑅 is the
set of real numbers and can be expressed as the shape of the
underground tunnel. 𝐶𝑘 is realistic when there is only one
symmetry axis in the tunnel. According to the transformation
formula, the stress amount transformation is

𝜎𝜌 + 𝜎𝜃 = 𝜎𝑥 + 𝜎𝑦 = 4Re [Φ (𝜉)]
𝜎𝜌 − 𝜎𝜃 + 2𝑖𝜏𝜌𝜃 = 𝜎𝑥 − 𝜎𝑦 + 2𝑖𝜏𝑥𝑦
= 2𝜉2𝜌2𝜔 (𝜉) [𝜔 (𝜉)Φ (𝜉) + 𝜔 (𝜉) Ψ (𝑧)] ,

(5)

where Re is expressed separately in real and imaginary parts
in the formula.

2.3. Stress Boundary Condition. Under the conformal map-
ping function, stress boundary conditions are available on 𝑧
plane and orthogonal curvilinear coordinates are expressed
as a quantity of time and generally written as

𝜑 (𝜎) + 𝜔 (𝜎)𝜔 (𝜎)𝜑 (𝜎) + 𝜓 (𝜎) = 𝑓 (𝜎) . (6)

3. Analysis of the Plastic Zone of
Deep Oval-Shaped Cavern

According to the design standard of high-speed railway in
China, the geometry and related parameters of oval-shaped
tunnel are shown in Figure 3. Suppose there is an oval-shaped
tunnel located in 𝑧 plane, where 𝑎 is the semimajor axis and𝑏 is the short half shaft. According to theory of conformal
mapping, 𝑧 plane elliptic hole sections are mapped to 𝜉, the
outlands on the unit circle of the plane.

The conformal mapping area is shown in Figure 4. Based
on the abovementioned research, the mapping function
expression [22] is

𝑧 = 𝜔 (𝜉) = 𝑐 (𝜉 + 𝑚𝜉 ) . (7)

3.1. Analytical Functions for the Solution of 𝜑1(𝑥) and 𝜓1(𝑥).
Using (5) and 𝜎𝜃 the analytic functions 𝜑1(𝜉) and 𝜓1(𝜉)must
be evaluated to obtain the stress components 𝜎𝜌 and 𝜎𝜃.Thus,
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Figure 3: The geometry and related parameters of horseshoe-
shaped tunnel.

according to (3) representation of analytic functions, we do
not consider the effect of edge load of the outer hole, 𝑋 =𝑌 = 0 [22], and it is based on the conformal mapping that

𝜑1 (𝜉) = 𝐵𝜔 + 𝜑0 (𝜉)
𝜓1 (𝜉) = (𝐵 + 𝑖𝐶) 𝜔 + 𝜓0 (𝜉) .

(8)

This oval-shaped tunnel shows when it is at infinity, 𝐵 =𝑃(1+𝜆)/4,𝐵 = 𝑃(1−𝜆)/2, 𝜏∞𝑥𝑦 = 0. For analytic functions, the
following should be calculated, 𝜑1(𝜉) and 𝜓1(𝜉). On the edge
of the hole in the tunnel, 𝜉 = 𝜎. Therefore, by using Formulas
(8) and (4) into the boundary conditions (6), it will obtain

𝜑 (𝜎) + 𝜔 (𝜎)𝜔 (𝜎)𝜑 (𝜎) + 𝜓 (𝜎) = −2𝐵𝜔 (𝜎) − 𝐵
𝜔 (𝜎). (9)

Perform Cauchy integral on both sides of Formula (9) by
sorting to obtain 𝜑0(𝜉). Apply the conjugate results of both
sides to obtain 𝜓0(𝜉); that is,

𝜑0 (𝜉) = 𝑃𝑐2𝜉 [(1 − 𝜆) − (1 + 𝜆)𝑚]

𝜓0 (𝜉) = 𝑃𝑐2𝜉 [(1 − 𝜆) − (1 + 𝜆)𝑚] 1 + 𝑚𝜉
2

𝜉2 − 𝑚
+ 𝑃𝑐2𝜉 [(1 + 𝜆) − (1 − 𝜆)𝑚] .

(10)

The abovementioned formula and equating Formula (7)
with Formula (8), the result will be

𝜑1 (𝜉) = 𝑃𝑐 (1 + 𝜆)4 (𝜉 + 𝑚𝜉 )
+ 𝑃𝑐2𝜉 [(1 − 𝜆) − (1 + 𝜆)𝑚]

𝜓1 (𝜉) = 𝑃𝑐2𝜉 [(1 − 𝜆) − (1 + 𝜆)𝑚] 1 + 𝑚𝜉
2

𝜉2 − 𝑚
+ 𝑃𝑐2𝜉 [(1 + 𝜆) − (1 − 𝜆)𝑚]
+ 𝑃𝑐 (1 − 𝜆)4 (𝜉 + 𝑚𝜉 ) .

(11)

3.2. Stress Components of Elliptic Points. After obtaining the
analytic functions 𝜑1(𝜉) and 𝜓1(𝜉), finding the relationship
between the various points of stress is required.Therefore, we
first computeΦ(𝜉) and Ψ(𝜉); that is,

Φ (𝜉) = 𝜑1 (𝜉)𝜔 (𝜉)
= 𝑃 [(1 + 𝜆) 𝜉2 + (1 + 𝜆)𝑚 − 2 (1 − 𝜆)]4 (𝜉2 − 𝑚) .

(12)

Furthermore, equated to Formula (5), it will obtain

𝜎𝜌 + 𝜎𝜃 = 4Re [Φ (𝜉)]
= 𝑃Re[[(1 + 𝜆) 𝜉2 + (1 + 𝜆)𝑚 − 2 (1 − 𝜆)] (𝑒−2𝑖𝜃 − 𝑚)(𝑒2𝑖𝜃 − 𝑚) (𝑒−2𝑖𝜃 − 𝑚) ]

= 𝑃(1 + 𝜆) − (1 + 𝜆)𝑚2 + 2 (1 − 𝜆)𝑚1 − 2𝑚 cos 2𝜃 + 𝑚2 .
(13)

The same can be concluded that

Ψ (𝜉) = 𝜓1 (𝜉)𝜔 (𝜉) = 𝑃
⋅ (1 − 𝜆) 𝜉2 + (1 − 𝜆)𝑚 − 2 (1 + 𝜆) + 𝑚2 (1 + 𝜆)4 (𝜉2 − 𝑚)
− 𝑃2 [(1 − 𝜆) − (1 + 𝜆)𝑚] (1 + 𝑚2)
⋅ [ 2𝜉2
(𝜉2 − 𝑚)3 +

1
(𝜉2 − 𝑚)2 +

𝑚(𝜉2 − 𝑚)] .

(14)
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Equated to Formula (5), it can obtain

𝜎𝜌 − 𝜎𝜃 + 2𝑖𝜏𝜌𝜃 = 2𝜉2𝜌2 (1 − 𝑚𝜉2) {
(1 + 𝑚𝜉2)

2 [−(1 + 𝜆)𝑚 − (1 − 𝜆) + 𝜉2 (1 + 𝜆)(𝜉2 − 𝑚)2 + (1 + 𝜆)(𝜉2 − 𝑚)]

+ (1 − 𝜆) 𝜉2 + (1 − 𝜆)𝑚 − 2 (1 + 𝜆) + 𝑚2 (1 + 𝜆)4𝜉2
− 12 [(1 − 𝜆) − (1 + 𝜆)𝑚] (1 + 𝑚2) [ 2

(𝜉2 − 𝑚)2 +
1𝜉2 (𝜉2 − 𝑚) + 𝑚𝜉2]} .

(15)

3.3. Elliptical Tunnel Plastic and Plastic Zone Radius. When
calculating the plastic district of the surrounding rock, the
rock mass is assumed to be an ideal elastic-plastic model.
Based on the elastic-plastic boundary, surrounding rock
stress components relationship can be expressed by the
abovementioned analytical solution and satisfy the rock
breaking bad criteria using the modified Griffith failure
criteria [23].

That is,

(𝜎1 − 𝜎3)2 + 𝑘𝜎𝑐 (𝜎1 + 𝜎3) = 0, (16)

where 𝑘 is selected; namely, 0.5, 𝜎𝑐 is the maximum plastic
radius values and 𝜎1 and 𝜎3 are the plane tunnels along two
directions.

Equating Formulas (13) and (15) into Formula (16) will
obtain 𝜌𝜉, and, taking 𝑧 = 𝜔(𝜉) into the mapping function,
youwill obtain the plastic zone radius of the tunnel surround-
ing rock along the span and the hole depth direction in 𝑧
plane, 𝑟𝑥, and 𝑟𝑦. The application program was written using
Fortran language to obtain the size and shape of the plastic
zone.

4. Analysis on Plastic Zone Deep Curved
Wall of Horseshoe Tunnel

The noncircular section tunnel problem commonly used in
engineering problems included the horseshoe section tunnel,

where an explicit expression is not specified. According to
Formula (4), the mapping function and stress relationship
problems are solved; that is, the problem is transformed into
the solution of two parameters 𝑅 and 𝐶𝑘 in the mapping
function [22]. Specific steps are as follows:

(1) Select the rectangular coordinate system in 𝑧 plane as
shown in Figure 1. Take the tunnel axis of symmetry of the 𝑥-
axis, which makes the horseshoe section tunnel distributed
on both sides of the 𝑥-axis, and take point 𝑖 randomly
around the tunnel on the left of the 𝑥-axis. Rectangular
coordinates and corresponding polar coordinates in which
the point corresponds are as follows: (𝑥𝑖, 𝑦𝑖) and (𝜌𝑖, 𝜃𝑖).
When 𝑖 = 0, the corresponding coordinates are (𝜌0, 0), and
the corresponding right angle coordinates are (1, 0), and the
polar coordinates in the plane 𝜉 on the unit circle; thus it will
obtain

𝑅 = 𝑟01 + ∑∞𝑘=0 𝐶𝑘 . (17)

(2) To establish precision, the values of parameter 𝐶𝑘 are
fixed using optimization techniques; the value of objective
function is as follows:

𝑓 = 𝑚∑
𝑗=0

{𝑟𝑗

− 𝑅[cos (𝛼𝑗 − 𝛽𝑗) + ∞∑
𝑘=0

𝐶𝑘 cos (𝛼𝑗 + 𝑘𝛽𝑗)]}
2

.
(18)
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In the above formula, 𝜌𝑖 and 𝜃𝑖 can be determined by
points 𝐶𝑘 and 𝛽𝑖 as unknown quantity; then the minimum
value of the objective function can be obtained when 𝑓 = 0.
At this point, 𝐶𝑘 values are determined using the mapping
function system.

After determining the value of 𝑅 and 𝐶𝑘, the relationship
between the stress components according to Formulas (3),
(4), and (5) can be obtained. The shape and size of plastic
zone can be obtained by combining it with the Griffith force
criterion.

5. Determine the Thickness of Rock

During the construction process, a certain thickness of the
rock wall is typically retained to avoid the sudden collapse
of the rock walls and to ensure the safety from accidents.
During the design and construction of the tunnel in karst
regions, scientific and effective identification of the location
and size of karst tunnel and the critical thickness between
the concealed karst caves and tunnels are issues that must
be solved.When studying the critical safety distance between
the tunnel and the rocks of karst cavern and determining the
stability of rocks, the plastic district around the tunnels and
caves serves as a standard for assessing the stability of the
construction of the critical thickness analysis of medium and
small dry caves and tunnels.Themechanics calculationmode
of critical safe thickness between the caves and the rocks in
the tunnels is shown in Figure 5.

According to the design standard of high-speed railway in
China, the net effective area of double-lined railway tunnel is
about 90–100 square meters, whereas the single-line railway
tunnel is about 58–70 square meters. The mountain tunnels
are all closely related to oval and curved wall horseshoes. In
this study, cave section is approximately round-shaped; the
tunnel is approximately horseshoe-shaped tunnel.

Based on the analyses in Sections 3 and 4 and on the
rock thickness mechanics model of the critical thickness of
safety from Figure 3, the size of critical plastic zone in the side
tunnels is described in Formula (19).

Guo and Qiao [19] indicate that when cave dimensions
are small to facilitate the research, cave section shapes are

typically considered as round, oval round, or nearly circular.
Based on the analysis, the size of the tunnel cave is described
in Formula (20).

Themiddle and small concealed karst caves located in the
lateral part of the tunnel should meet the incoherence of the
plastic zones of plastic zone of the tunnel cave and the cave
tunnel to guarantee the cave stability between the tunnel and
the rockwall.Therefore, the critical thickness of rock between
the hidden caves and tunnels is described in Formula (21).

𝐻1 = 𝑟1 − 𝑑2 (19)

𝐻2 = 𝑟2 − 𝑒 (20)

𝐻 ≥ 𝑟1 − 𝑑2 + 𝑟2 − 𝑒. (21)

In the above formula, 𝐻1 stands for the size of cave side
tunnels. 𝑟1 represents the plastic zone size of corresponding
different corners of the tunnel, that is, the radius in the plastic
zone above the corresponding different angles; 𝑑 stands for
the span of the cave of the side tunnels. Among all of them,𝑒 stands for the studied plastic zone size of the cave, 𝑟2
represents the plastic zone size of corresponding different
corners of the tunnel, and 𝑒 stands for the shaft length of the
round surface.

Similarly, when a cave is at the top or bottom of the
tunnel, the ratio of the depth to the diameter is relatively
large in deep-buried tunnels. Therefore, considering the
effect of gravity gradient for analysis is unnecessary. The
calculation is consistent with the public type side of the cave.
The only difference depends on the level of angles and the
corresponding polar radius (the corresponding value 𝜃 is
different when calculating 𝑟1 and 𝑟2).
6. Engineering Example Analysis
and Model Validation

The Doumo tunnel of the newly built Shanghai-Kunming
rail (Guizhou segment) is located between the Anshun
western station and Guanling station of Guizhou segment of
the railway from Changchun to Kunming. The tunnel is a
passenger-dedicated double track tunnel with the designed
speed of 350 km per hour. The tunnel import mileage is D1K841+144, export mileage is D1K 843+220, the length is 2076,
and the design adopted aY-shaped slope.The rock formations
that the hole gets through are mainly two lower Permian
Maokou formation (P1m) limestones and middle Permian
Longtan formation (P2L) clip mudstone, shale sandstone,
limestone, and coal seams, and Upper Permian Changxing
formation of Permian Dalong-Group (P2c+d) mudstone,
sandstone, marl clip coal, lower Triassic Yelang group (T1y)
clay stone, siltstone, limestone, and shale limestone, group
of lower Triassic yongning (T1yn1) limestone, dolomitic
limestone clip mudstones, marls and lower Triassic Yongning
second segment (T1yn2) dolostone, argillaceous dolostone,
argillaceous white, and dolomite mud limestone. The site
tectonic denudates landforms in the lower mountains with a
maximum depth of about 250m above the vaults.The station
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Figure 6: Topographic map of the Doumo tunnel.

Figure 7: The tunnel surrounding rock of cave site.

and the topographic map of the Doumo tunnel is shown in
Figure 6.

The tunnel excavation to mileage segment-D1K843 +
100∼120m found a cave located on the right side of the tunnel
route through advanced detection. The cave is positioned to
the right-side wall karst tunnel development pipeline, and the
diameter is 9.45m. The tunnel surrounding rock of cave site
in Figure 7 and the positional relationship of the tunnel and
the cave is shown in Figure 8.

6.1. Numerical Calculation of Critical Safety Thickness. Based
on the project, this paper uses an ABAQUS software to
analyze the cave location. Shear and tensile failures are con-
sidered in the elastic-plastic numerical analysis. To observe
the range and size of the failure zone in the numerical
analysis, we determine the failure zone using the following
steps:

(a) Observe whether the tapped line or intersection exits
in the active damage area of the two consecutive
surfaces. If the answer is yes, the failure mechanism
works and failure occurs.

(b) Observe the displacement velocity vector diagram.
If the displacement velocity vector diagram presents
movement consistent with the failuremechanism, the
judgment of the first step is confirmed and the failure
is happening.

(c) If the tapped line or intersection does not exist in
the active damage zone, compare the first and the
latter graphics after performing several steps. If the
damage area is small, it indicates that the system is
developing to the direction of possible equilibrium; if
there is an increase and only the velocity vector can
provide evidence, the system loses stability and suffers
damage.

Establish the numerical analysis model in accordance
with the above decision instability steps. The model size is
selected as square three-dimensional rock mass modulus by
120m × 60m × 40m and the vertical height from the top of
themodel to the cavity center is 60m.Based on the conditions
of cavity depth, the upper rock mass weight model will be
converted into uniform load to be applied on the model
boundary. The bottom of the model applies the displacement
boundary condition, and the left and right sides of the model
apply the boundary stress on the rock side and the upper part
is a free boundary. Six processes are used for excavation. In
the calculation model, the height of the tunnel is 10m. The
physical and mechanical parameters of the surrounding rock
are listed in Table 1.
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Figure 8: Positional relationship of tunnel and cave.

Table 1: Physical and mechanical parameters of the surrounding rock.

Density
(kg/m3 )

Elastic modulus
(GPa)

Poisson’s
ratio𝜇

Material cohesive force
(MPa)

Material frictional angle
(∘) Permeability coefficient

2550 2.1 0.25 0.2 53 2 × 10−7

Figure 9: The three-dimensional calculation model.

In the numerical simulation analysis, the bearing capacity
of argillaceous limestone used in the test is 200 kPa.The rock
thickness analysis, that is, the analysis of the surrounding
rock stress, exceeds 800 kPa in the dissolved region between
the cavity and the tunnel.The two-stepmethod for excavation
is employed, and the axial distance between the upper and
lower steps along the tunnel is 3m. In accordance with the
excavation simulation scene construction orders, as well as
theMises Guidelines, the surrounding rock stress is specified.
In the following surrounding rock stress nephogram, the
areas with a stress over 800 kPa area are shown in gray. The
three-dimensional calculation model is shown in Figures 9
and 10.

From Figures 7 and 8, in each tunnel excavation process,
the maximum surrounding rock pressure of up and down

Table 2: Maximum stress after the excavation stability at every step.

Step Stress
(Mpa) Step Stress

(Mpa)
The first up-step 1.21 The first down-step 1.53
The second up-step 1.69 The second down-step 1.99
The third up-step 1.94 The third down-step 2.32
The forth up-step 2.48 The forth down-step 2.87
The fifth up-step 2.79 The fifth down-step 2.94
The sixth up-step 2.64 — —

steps as shown in Figure 11, the maximum value of stress after
the stability of the surrounding rock in each process is shown
in Table 2.

Based on Formulas (12)–(14), the karst cave and the
tunnel went through in a high stress area at this time
and easily directed to the instability of the surrounding.
According to the numerical model analysis, the safety rock
thickness of this cave is 3.5m.

6.2. Analysis of the Critical Safety Thickness according to
the Plastic Zone Model. Critical safety thickness is searched
according to the profile of the cave on the basic forms and
the position relationship between tunnels and caves by using
Formulas (19), (20), and (21).

The critical safety thickness of rock is calculated accord-
ing to Formulas (19), (20), and (21) as follows:

𝐻 ≥ 𝑟1 − 𝑑2 + 𝑟2 − 𝑒 ≥ 4.63m. (22)

6.3. Contrast with Actual Excavation. In the actual engineer-
ing construction, a minimum rock thickness of about 4.46m
is used, which is larger than the calculated thickness by the
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Figure 10: Mesh generation of tunnel.
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Figure 11: Maximum surrounding rock pressure of up and down
steps.

plastic zone model and numerical analysis of the structure.
In the cave section, steel frame of model 122a and concrete
arch protection with C30 with a thickness of 0.5m are used
and a thick dry rubble buffer layer with a depth of 1.5m is
established. Two 200mmdiameter vertical drainage hoses are
initially embedded inside the cave and connected with the
arch foot and blind ditch.

7. Conclusion

The article combines the conformal mapping function by
Verruijt and the complex variable function method by
Muskhelishvili, using the Fortran language programming
process application to deduce the formula for calculating
the size and scope of the oval tunnel and the horseshoe-
shaped tunnel of the curved wall of the tunnel.The the plastic
zone calculation is applied to the calculation of critical safety
thickness of rocks between the medium and small dry cave

and the tunnel project. The calculating model analysis of
caves in different shapes and different ranges is established,
as well as the plastic zone shape and the run through of
plastic zone. To verify its feasibility and rationality based on
a certain cave of Doumo tunnel of new Shanghai-Kunming
high-speed railway, the numerical model to analyze and
compare is built and connected with the excavation of the
engineering process. By comparing the twomodels, we obtain
the following conclusions:

(1) Establish mechanical calculation mode of the rock
thickness of medium small dry caves and tunnels
under different space conditions based on the con-
formal mapping function and the complex variable
function method of plastic areas.

(2) Compare the result of rock critical safety thickness
with the complex variable function method with the
actual engineering process. The process is approxi-
mately an analytical method. With few parameters
being used, it is easy to get numerical results, and
the results are very close to the actual engineering
process, which are reliable and rational.Therefore, the
results can serve as a reference guide for this kind of
engineering process.
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