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Star repairable systems with spatial dependence consist of a center component and several peripheral components. The peripheral
components are arranged around the center component, and the performance of each component depends on its spatial
“neighbors.” Vector-Markov process is adapted to describe the performance of the system.The state space and transition ratematrix
corresponding to the 6-component star Markov repairable system with spatial dependence are presented via probability analysis
method. Several reliability indices, such as the availability, the probabilities of visiting the safety, the degradation, the alert, and the
failed state sets, are obtained by Laplace transform method and a numerical example is provided to illustrate the results.

1. Introduction

In a multicomponent system, the failure of one component
can reduce the redistribution of the system loading (Yu et al.
[1]). Furthermore, many empirical researches have indicated
that the workload strongly affects a component’s failure rate
and an increased load induces a higher failure rate [2–5].
Thus how to describe the dependency among components
in a system has been an interesting topic. Various types of
dependence, such as Markov dependence [6–8], redundant
dependence, [9, 10], common cause failure [11–13], sequence-
dependent failures (Xing et al. [14]), propagated failures
with global or selective effect [15, 16], correlated failures
[17], economic dependence (Zhou et al. [18]), and history-
dependence (Wang and Cui [19]), have been considered.

Recently,Wang and Si [20] proposed a spatial dependence
circular system based on the operating process of large
intelligent air conditioning system. The large intelligent air
conditioning system usually consists of several subsystems
(components) and these components are arranged in a circle.
If a component fails, its two “neighbors” (left and right)
will detect the change and take the load. Therefore, the
loads in this kind of system are distributed among the failed

component’s “neighbors” instead of all of the system’s sur-
viving components and the performance of each component
depends on its spatial “neighbors.” And this kind of depen-
dence is different from those in literatures and the authors
name it as spatial dependence. Wang et al. [21] extended
the system into the case that the performance of each
component depends on its four spatial “neighbors.” In the
reliability engineer, the spatial pattern among components
might be a line, a lattice, a central component surrounded
by a peripheral of other components, and so on. We consider
a star system in this paper. In the system, one component is
at the center and the others are peripheral. The star system
can also be seen in warehouse storage systems. In these
systems, a bigger warehouse is usually surrounded by several
smaller warehouses. When the bigger warehouse fails, all
the smaller warehouses will take the load. While a smaller
warehouse fails, the load will be redistributed among the
bigger warehouse and the smaller warehouses near to it. The
phenomenon may be found in local area network systems.

The paper is organized as follows. A 6-component star
Markov repairable system with spatial dependence is for-
mulated in Section 2 and the states of systems are given in
this section. Section 3 concentrates on the state transition
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analysis of the system. Availability of the system is obtained
in Section 4. A numerical example is provided in Section 5.
Availability, probabilities of visit to the safety, the degrada-
tion, the alert, and the failed state sets are obtained. Finally, a
conclusion is given.

2. System Formulation

2.1. 6-Component StarMarkov Repairable System with Spatial
Dependence. Assumptions for a star Markov repairable sys-
tem with spatial dependence are stated below.

(1) A star Markov repairable system with spatial depen-
dence consists of 𝑛 components that are divided into
two types (peripheral and center) and arranged in
a star. 𝑛 − 1 peripheral components are identical
and are arranged in a polygon. One component is
in the center of the polygon. Each component has
two states, functional and failed. The 𝑛 − 1 peripheral
components are numbered as 1, 2, . . . , 𝑛 − 1 and the
center component is named as 𝑛. For 𝑘 = 2, . . . , 𝑛 −2, the “neighbors” of component 𝑘 are components𝑘 + 1, 𝑘 − 1, and 𝑛. The “neighbors” of component
1 are components 2, 𝑛 − 1, and 𝑛. Similarly the
“neighbors” of component 𝑛 − 1 are components 1,𝑛 − 2, and 𝑛, while the “neighbors” of component 𝑛
are components 1, 2, . . . , 𝑛 − 1.

(2) Each component has two states, functional and failed.
Theymay adjust their operating rates according to the
states of their “neighbors” when they are functional.
Let 𝑙 (0 ≤ 𝑙 ≤ 3) denote the number of a periph-
eral component’s “neighbors” that are in failed state.
Assume that the lifetime duration of a peripheral
component is also an exponential random variable
with parameter 𝜆𝑙 (0 < 𝜆0 < 𝜆1 < 𝜆2 < 𝜆3).
Let 𝑚 (0 ≤ 𝑚 ≤ 𝑛 − 1) denote that the number
of peripheral components is in failed state. Assume
that the lifetime duration of component 𝑛 is also an
exponential random variable whose failure rate varies
with 𝑚. When 𝑚 ≤ [(𝑛 − 1)/2] (the biggest number
that is not more than (𝑛 − 1)/2), the failure rate is 𝜆4.
If𝑚 > [(𝑛−1)/2], the failure rate is 𝜆5 (0 < 𝜆4 < 𝜆5 <𝜆1).

(3) The system and its components are repairable and
the repair is assumed to be perfect. Each component
is assumed to have its own dedicated repair crew.
Upon failure, repair can be carried out immediately.
The repair time of each component is exponentially
distributed with repair rate 𝜇 and is independent of
the lifetime durations. In the initial instant, every
component is new.

The system proposed in this paper is different from those
in Wang and Si [20] and Wang et al. [21]. The star system
consists of two types (peripheral and center) of components
arranged in a star, instead of identical components arranged

in a circle. Furthermore, the performance of the component
in the center depends on all the components around it.

The performance of a star repairable system with spatial
dependence is determined not only by the states of its compo-
nents but also by the spatial pattern among components. For a
large system, the number of states may be overwhelming. We
will discuss the reliability of the 6-component star Markov
repairable system with spatial dependence in this paper.

Without special statement, we will use “the system” to
denote the 6-component star Markov repairable system with
spatial dependence defined above.

2.2. States of the System. We use X(6)(𝑡) = [𝑋6(𝑡): 𝑋1(𝑡),𝑋2(𝑡), . . . , 𝑋5(𝑡)] (𝑡 ≥ 0) to denote the state of the system,
where 𝑋𝑖(𝑡) = 1 or 0 (𝑖 ∈ {1, 2, . . . , 6}) accordingly as
component 𝑖 is functioning or failed. Since all the random
variables involved in the system are exponentially distributed,
X(6)(𝑡) is a continuous-timeMarkov process, with state space𝑆 = {0, 1}6. Obviously, 26 elements are included in 𝑆 and
we call them the elementary states. Taking into account the
symmetries of the star configuration, 𝑆 can be reduced to𝑆 with the sixteen states. The sixteen states are shown in
Figure 1.

State 0, [1 : 1, 1, 1, 1, 1], represents that all components
are working. State 1, [1 : 0, 1, 1, 1, 1], denotes that component𝑛 is working and one of the peripheral components fails. It
can occur in five ways. State 2, [0 : 1, 1, 1, 1, 1], represents
that component 𝑛 fails and the 𝑛 − 1 peripheral components
are working. State 3, [0 : 0, 1, 1, 1, 1], denotes that component𝑛 fails and one of peripheral components fails. It can occur in
five ways. State 4, [1 : 0, 0, 1, 1, 1], represents that component𝑛 is working and two adjacent peripheral components fail. It
can occur in 4 ways and the others are [1 : 1, 1, 0, 0, 1], [1 :1, 1, 1, 0, 0], and [1 : 0, 1, 1, 1, 0]. State 5, [1 : 0, 1, 0, 1, 1],
represents that component 𝑛 is working and two peripheral
components which are separated by a functional component
fail. It can occur in five ways and the others are [1 : 1, 0, 1, 0,1], [1 : 1, 1, 0, 1, 0], [1 : 0, 1, 1, 0, 1], and [1 : 1, 0, 1, 1, 0].

States 6 and 7 can be defined by changing component𝑛’s state to be 0 and leaving the other components’ states
unchanged in States 5 and 6, respectively. Similarly, we can
define States 8–15 based on the above states. Let X̃(6)(𝑡) be
the vector-valued continuous-timeMarkov process with state
space 𝑆. We call it the aggregated process associated withX(𝑡)
(Ball et al. [22]).

3. State Transition Analysis of the System

The evolution of the Markov system X̃(6)(𝑡) is determined by
transitions among the sixteen states. Taking into account the
states of center and several peripheral components, the state
transitions of the system within the time Δ𝑡 can be discussed.
They are shown in Figure 2.

Sorting the states in 𝑆 as state 0, state 1, state 2, state 3, state
4, state 5, state 6, state 7, state 8, state 9, state 10, state 11, state
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Figure 1: 16 states of the system.

12, state 13, state 14, and state 15, we can get the transition rate
matrix of X̃(6)(𝑡), 𝑄, from Figure 2. Partition 𝑄 is as

𝑄 = [𝐴 𝐵
𝐶 𝐷] , (1)

where

𝐴

=

[[[[[[[[[[[[[[[[[
[

−5𝜆0 − 𝜆4 5𝜆0 𝜆4 0 0 0 0 0
𝜇 −𝜇 − 𝜆4 − 2𝜆0 0 𝜆4 2𝜆1 2𝜆0 0 0
𝜇 0 −𝜇 − 5𝜆1 5𝜆1 0 0 0 0
0 𝜇 𝜇 −2𝜇 − 2𝜆2 − 2𝜆1 0 0 2𝜆2 2𝜆1
0 2𝜇 0 0 −2𝜇 − 𝜆4 − 2𝜆1 − 𝜆0 0 𝜆4 0
0 2𝜇 0 0 0 −2𝜇 − 𝜆4 − 2𝜆1 − 𝜆2 0 𝜆4
0 0 0 2𝜇 𝜇 0 −3𝜇 − 2𝜆2 − 𝜆1 0
0 0 0 2𝜇 0 𝜇 0 −3𝜇 − 𝜆3 − 2𝜆2

]]]]]]]]]]]]]]]]]
]

,
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𝐵 =

[[[[[[[[[[[[[[[[[
[

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
2𝜆1 𝜆0 0 0 0 0 0 0
𝜆2 2𝜆1 0 0 0 0 0 0
0 0 2𝜆2 𝜆1 0 0 0 0
0 0 𝜆3 2𝜆2 0 0 0 0

]]]]]]]]]]]]]]]]]
]

,

𝐶 =

[[[[[[[[[[[[[[[[[
[

0 0 0 0 2𝜇 𝜇 0 0
0 0 0 0 𝜇 2𝜇 0 0
0 0 0 0 0 0 2𝜇 𝜇
0 0 0 0 0 0 𝜇 2𝜇
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

]]]]]]]]]]]]]]]]]
]

,

𝐷 =

[[[[[[[[[[[[[[[[[
[

−3𝜇 − 𝜆5 − 2𝜆1 0 𝜆5 0 2𝜆1 0 0 0
0 −3𝜇 − 𝜆5 − 2𝜆2 0 𝜆5 2𝜆2 0 0 0
𝜇 0 −4𝜇 0 0 0 0 0
0 𝜇 0 −4𝜇 0 0 0 0
2𝜇 2𝜇 0 0 −4𝜇 − 𝜆5 − 𝜆2 𝜆5 𝜆2 0
0 0 2𝜇 2𝜇 𝜇 −5𝜇 0 0
0 0 0 0 5𝜇 0 −5𝜇 − 𝜆5 𝜆5
0 0 0 0 0 5𝜇 𝜇 −6𝜇

]]]]]]]]]]]]]]]]]
]

.

(2)

4. Availability of the System

Assume that P(𝑡) = (𝑃0(𝑡), 𝑃1(𝑡), . . . , 𝑃15(𝑡)) denotes the state
probabilities of the X̃(6)(𝑡). P(𝑡) can be found from the
Kolmogorov equations

𝑑P (𝑡)𝑑𝑡 = P (𝑡) 𝑄, (3)

given the initial conditions P(0) = (1, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0).
System (3) can be solved analytically by using Laplace

transforms. Using the transform and taking into account the
initial conditions, the equations can be represented in the
form of linear algebraic equations (Widder [23])

P∗ (𝑠) = P (0) (𝑠I − 𝑄)−1 , (4)

where P∗(𝑠) is the Laplace transform of P(𝑡).
Assume that the system output in the cases that the

center component fails and the number of failed peripheral
components is not less than three cannot satisfy the demand
of customers. So the unacceptable state set of the system is𝐹 ={state 10, state 11, state 13, state 15}. The system entrance into
the state in unacceptable set𝐹 constitutes a failure (Lisnianski
and Levitin [24]). Let 𝐴(𝑡) is the probability that the system

is functioning at time 𝑡, that is, the instantaneous availability
of the system;, then its Laplace transform can be obtained by

𝐴∗ (𝑠) = P (0) (𝑠I − 𝑄)−1 𝜇, (5)

where 𝜇 = (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 0, 0, 1, 0, 1, 0)𝑇. Using the
inverse Laplace transforms, one can get 𝐴(𝑡).

Using 𝜋 to represent the stationary distribution of the
system, it can be found by solving equations

𝜋𝑄 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
0, 0) ,
𝜋e = 1,

(6)

where e is a 16-dimensional row vector and the elements are
1. The asymptotic availability 𝐴 = 𝜋𝜇.
5. A Numerical Example

5.1. Instantaneous Availability. Consider the 6-component
star Markov repairable systems with spatial dependence
introduced in Section 2.1.The systemhas the following failure
rates 𝜆0 = 1/4, 𝜆1 = 2/3, 𝜆2 = 3/4, 𝜆3 = 1, 𝜆4 =1/8, 𝜆5 = 1/5, and repair rate 𝜇 = 1/2. Substituting them
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Figure 2: State space diagram of the system.

into expressions in Sections 3 and 4 and taking Laplace and
inverse Laplace transforms using Matlab, 𝐴(𝑡) can be given.
Solving (6), we can get the asymptotic availability𝐴 = 0.8591.

In order to make contrast, we consider the classical 6-
component parallel (spatial independent) Markov repairable
systems. Assume that components of the system are identical
and independent.Their life and repair times are, respectively,
exponentially distributed with 𝜆0 = 1/4 and 𝜇 = 1/2.
Define the state of the system as the number of failed
components. It is easy to get the instantaneous availability𝐴(𝑡). The asymptotic availability 𝐴 = 0.9986. 𝐴(𝑡) and 𝐴(𝑡)
are presented in Figure 3.

Figure 3 shows that, under the conditions that compo-
nents have the same lifetime and repair time, the steady-state
availability of the system with spatial dependence is less than
that of independent system. Furthermore, the dependent
system tends to use longer time to get stability.

5.2. Probability of Visit to Four State Sets. According to the
number of peripheral failed components and the state of the
center component, we also divide the 16 states of the system
with spatial dependence into the four categories, security
state set 𝑆, deteriorated state set 𝐷, and warning (alert) state
set𝑊, where 𝑆 = {state 0, state 1, state 2, state 3, state 4, state5}, 𝐷 = {state 8, state 9, state 12}, and 𝑊 = {state 6, state 7,
state 14}.

From (4), one can obtain the Laplace transforms of the
instantaneous probabilities of the system in the security,
degraded, warning, and failure state sets

𝑆∗ (𝑠) = P (0) (𝑠I − 𝑄)−1 𝜇1,
𝐷∗ (𝑠) = P (0) (𝑠I − 𝑄)−1 𝜇2,
𝑊∗ (𝑠) = P (0) (𝑠I − 𝑄)−1 𝜇3,
𝐹∗ (𝑠) = P (0) (𝑠I − 𝑄)−1 𝜇4,

(7)

where 𝜇1 = (1, 1, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)𝑇, 𝜇2 = (0, 0,0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 1, 0, 0, 0)𝑇, 𝜇3 = (0, 0, 0, 0, 0, 0, 1, 1, 0,0, 0, 0, 0, 0, 1, 0)𝑇, and 𝜇4 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 1,0, 1)𝑇. On inversion, one can get the instantaneous probabil-
ities of visiting the four state sets. The curves are shown in
Figure 4.The asymptotic probabilities 𝑆 = 𝜋𝜇1 = 0.3759,𝐷 =𝜋𝜇2 = 0.3673,𝑊 = 𝜋𝜇3 = 0.1159, and 𝐹 = 𝜋𝜇4 = 0.1409.
6. Conclusion

Motivated by the operating processes of large intelligent
air conditioning systems, warehouse storage systems, and
network transmission systems, a stochastic system with
interacting components is proposed in this paper.The results
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obtained in this paper may be useful in the reliability eval-
uation of them. The performance of the system is described
by Markov stochastic process. It extends the classical Markov
repairable system to one whose 𝑛 components are arranged
in a star. 𝑛−1 components are identical and are arranged in a
polygon. One component is in the center of the polygon.The
failure rates of all components vary with the number of failed
components in their “neighbors.” Availability, probabilities of
visiting security, degraded, warning (alert), and failure state
sets of the system have also been considered.

We started with a relatively simple model and more com-
plex and realistic models will be built in the future. Lattice
systems with spatial dependence, semi-Markov systems with
spatial dependence, and systems with other spatial patterns,

such as a rosette and three-dimensional pattern, are worth
being considered.
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