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An 𝑅2 indicator based selection method is a major ingredient in the formulation of indicator based evolutionary multiobjective
optimization algorithms. The existing classical indicator based selection methodologies have demonstrated an excellent
performance to solve low-dimensional optimization problems. However, the 𝑅2 indicator based evolutionary multiobjective
optimization algorithms encounter enormous challenges in high-dimensional objective space. Our main purpose is to explore
how to extend the 𝑅2 indicator to handle many-objective optimization problems. After analyzing the 𝑅2 indicator, the objective
space partition strategy, and the decomposition method, we propose a steady-state evolutionary algorithm based on the 𝑅2
indicator and the decomposition method, named, 𝑅2-MOEA/D, to obtain well-converged and well-distributed Pareto front. The
main contribution of this paper contains two aspects. (1) The convergence and diversity for the 𝑅2 indicator based selection are
analyzed. Two improper selection situations will be properly solved via applying the decomposition method. (2) According to the
position of a new individual in the steady-state evolutionary algorithm, two different objective space partition strategies and the
corresponding selection methods are proposed. Extensive experiments are conducted on a variety of benchmark test problems,
and the experimental results demonstrate that the proposed algorithm has competitive performance in comparison with several
tailored algorithms for many-objective optimization.

1. Introduction

A large number of evolutionary multiobjective optimization
algorithms (EMOAs) have been introduced to solve multiob-
jective optimization problems (MOPs) [1–5]. Most of these
algorithms have demonstrated their excellent performance to
deal with MOPs involving two or three objectives. However,
most of optimization problems, such as water resource man-
agement problem [6], general aviation aircraft design prob-
lem [7], and hybrid electric vehicle controller design problem
[8], often relate to many-objective optimization problems [9]
(MaOPs). The traditional EMOAs face substantial difficulties
when addressing MaOPs. There is enormous amount of
researches discussing most existing methodologies to solve
them. It has been one of the major research aspects as the
detailed survey of MaOPs [10].

Convergence is to find a set of solutions as close as
possible to the Pareto front while diversity is to obtain well-
distributed solutions. Balancing convergence and diversity is
a key issue for solving MaOPs. In order to obtain the better
performance, several EMOAs have been presented in the
literature which can be divided into four categories.

The idea of the first category is based on the Pareto dom-
inance relation. In the dominance based methods, the Pareto
dominance can be defined as the preference of decision
maker. The popular EMOAs, such as nondominated sorting
genetic algorithm II (NSGA-II) [11] and multiple particle
swarm optimizer (MOPSO) [12], are based on the Pareto
dominance.These algorithms can deal with MOPs. However,
the selection pressure of Pareto dominance is severe loss with
the dimension of the objective space increasing. Therefore,
there is a large amount of studies to modify the dominance
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relations or adopt the secondary metric. Fuzzy dominance
[13, 14] and preference inspired method [15] have been
deployed for handling MaOPs. However, the final obtained
Pareto solutions may present an excellent convergence in
objective space but with the poor diversity.

The second category is the decomposition based selection
method. The method is to decompose an MOP into many
single-objective optimization subproblems through a scalar-
izing function. It aims to optimize these subproblems in a
collaborative manner by evolving the population. C-MOGA
[16] andMOEA/D [17] are themost representative of this sort.
During the past few years, as a major framework to design
EMOAs, the decomposition based selection method has
spawned a large number of research works, for example, in-
corporating self-adaptationmechanisms in reproduction [18]
and hybridizing with the swarm intelligence [19, 20].

The third avenue is known as the indicator based ap-
proaches, which merge the convergence and diversity into
an indicator. The indicator based evolutionary algorithms
employ a single performance indicator to provide a desired
ordering among individuals that represent Pareto front
approximations. The hypervolume [21] is probably the most
popular indicator ever adopted due to its satisfactory theoret-
ical properties. Some hypervolume based EMOAs have been
established, such as indicator-based evolutionary algorithm
(IBEA) [22] andmultiobjective covariance matrix adaptation
evolution strategy (MO-CMA-ES) [23]. However, the com-
putational cost of hypervolume hinders these algorithms for
MaOPs [24].

Recently, several new performance indicators called GD
[25, 26], IGD+ [27], and Δ 𝑝 [28–31] have been proposed.
More specifically, Δ 𝑝 is composed of slight modifications of
GD and IGD performance indicators via introducing the
averaged Hausdorff distance. Its computation cost is lower
than that of the hypervolume, and it can handle outliers as
well, which makes it attractive for assessing performance of
EMOAs [32]. Meanwhile, it has been shown in [29, 33] thatΔ𝑝 prefers evenly spread solutions along the Pareto front
for biobjective and three-objective optimization problems,
respectively. However, themain limitation of theΔ𝑝 indicator
is how to produce the well-converged and well-distributed
candidate solutions in high-dimensional objective spaces.
Nowadays, a new performance indicator called the𝑅2 indica-
tor is proposed in [34] to compare approximation sets based
on a set of utility functions [35]. The 𝑅2 indicator is weakly
monotonic and performs a lower computational overhead
than the hypervolume. Due to these characteristics, the 𝑅2
indicator is recommended for dealing with MaOPs [32].
MOMBI [32] andMOMBI-II [36] have been proposed in the
context of MaOPs.

It is worth noting that, unlike the three above-mentioned
categories, the objective space partition strategy can be
regarded as the fourth category to handle MaOPs. The repre-
sentative EMOAs are MOEA/D-M2M [37] and MOEA/DD
[38]. The motivation of this category is to balance con-
vergence and diversity in each subspace. In comparison to
the traditional decomposition based methods [17], these
EMOAs can achieve a better performance via introducing the
sophisticated selection methods.

In other words, the generational and steady-state schemes
are two commonly used reproduction operators to produce
the offspring population. Most of generational EMOAs have
been deeply studied other than the steady-state EMOAs,
especially in 𝑅2-EMOAs. There is still huge room for im-
provement especially for the steady-state evolutionary algo-
rithm to resolve MaOPs. Meanwhile, MOMBI-II [36] and
MOEA/DD [38] are suitable for different problems.This phe-
nomenon motivates us on the merits of both selection strate-
gies for further research to balance convergence and diversity.
This paper mainly focuses on the 𝑅2 indicator based steady-
state evolutionary algorithm which adopts the modified
Tchebycheff and penalty-based boundary intersection (PBI)
decompositionmethods to balance convergence anddiversity
for MaOPs. The main contributions of this paper are as
follows.

(1) It is the first time to combine the 𝑅2 indicator and
the decomposition method into a steady-state evolutionary
algorithm to address MaOPs. To be specific, we find that the𝑅2 indicator based selection method is not always proper for
the steady-state evolutionary algorithm. It is harmful for the
population diversity when purely applying the 𝑅2 indicator
to handle MaOPs. Therefore, we employ the objective space
partition strategy and the PBI decomposition method to
achieve a balance between convergence and diversity.

(2) The selection procedure of the steady-state evolu-
tionary algorithm is to delete a candidate solution from
the combined candidate solutions which contain the parent
population and an offspring individual. Two types of the
selection approaches will be introduced to delete a candidate
solution in terms of the ideal point. On the one hand, we
first repartition the objective space into a number of sub-
spaces if the position of the ideal point changes. Then, we
adopt the 𝑅2 indicator and the decomposition method to
prune the combined candidate solutions. On the other hand,
we cluster the offspring candidate solution to the nearest
reference vector if the ideal point remains unchanged. Then,
the decomposition method is adopted to discard a solution
which has the worst performance in the most crowded
subspaces.

The rest of this paper is organized as follows. Section 2
provides the background and motivation of this paper.
Section 3 is devoted to the description of our proposed 𝑅2-
MOEA/D forMaOPs. Comprehensively experimental design
and experimental results are provided in Sections 4 and 5.
Finally, Section 6 concludes this paper.

2. Background and Motivation

In this section, somebasic definitions and relatedworks about𝑅2-MOEA/D are firstly introduced. Then, the motivation of𝑅2-MOEA/D will be illustrated in detail.

2.1. Basic Definitions. Without loss of generality, a minimiza-
tion multiobjective optimization problem can be formulated
as follows:

min F (x) = (𝑓1 (x) , 𝑓2 (x) , . . . , 𝑓𝑚 (x)) , (1)
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where x = (𝑥1, 𝑥2, . . . , 𝑥𝑛) is the vector of decision variables,𝑛 is the dimension of solution space, 𝑓𝑖(𝑥) (𝑖 = 1, 2, . . . , 𝑚)
is the 𝑖th objective, 𝑚 is the number of objectives, and F(x)
is the vector of 𝑚 dimensional objectives. Given two vectors
u = (𝑢1, 𝑢2, . . . , 𝑢𝑚) and k = (V1, V2, . . . , V𝑚) in the objective
space, we say that u dominates k if 𝑢𝑖 ≤ V𝑖, for all 𝑖 =1, 2, . . . , 𝑚, and 𝑢𝑖 ̸= V𝑖. Pareto set (PS) corresponding to all
of nondominated solutions in decision space and Pareto front
(PF) is in objective space.

In [35], the 𝑅2 indicator was first proposed to assess the
convergence and diversity of a set of candidate solutions 𝐴.
According to [34], the definition of the 𝑅2 indicator can be
given as follows.

Definition 1. For a set of reference vectorsΛ and themodified
Tchebycheff utility function, the 𝑅2 indicator of a solution set𝐴 can be defined as follows:

𝑢MTCH
𝜆

(a) = max
𝑗∈{1,...,𝑚}

{ 1𝜆𝑗
𝑧∗𝑗 − 𝑎𝑗} (2)

𝑅2 (𝐴, Λ) = 1|Λ| ∑
𝜆∈Λ

min
a∈𝐴

{ max
𝑗∈{1,...,𝑚}

{ 1𝜆𝑗
𝑧∗𝑗 − 𝑎𝑗}} . (3)

Definition 2. The contribution of a solution a to the 𝑅2
indicator can be of interest to assess the performance of each
individual, which is defined as follows:

𝐶𝑅2 (a, 𝐴, Λ, z∗) = 𝑅2 (𝐴, Λ) − 𝑅2 (𝐴 \ {a} , Λ) , (4)

whereΛ is called a set of reference vectors, z∗ is an ideal point,
and a is the individual of population 𝐴.

In this paper, we adopt the penalty-based boundary inter-
section (PBI) method, due to its promising performance for
many-objective optimization reported in MOEA/DD [38].
Without loss of generality, the PBI decomposition method
can be given as follows:

PBI (a,𝜆, 𝑧∗) = 𝑑1 + 𝜃𝑑2, (5)

where 𝑑1 = ‖(a − z∗)𝑇𝜆‖/‖𝜆‖ is the convergence distance
metric, 𝑑2 = ‖(a − z∗) − 𝑑1(𝜆/‖𝜆‖)‖ denotes the diversity
distance metric, and 𝜃 is an important parameter to balance
convergence and diversity.

2.2. RelatedWorks. In this subsection, we would illustrate the
representative 𝑅2 indicator and decomposition based selec-
tion methods which are based on a set of reference vectors.

(i) MOMBI [32] and MOMBI-II [36] are two representa-
tive 𝑅2-EMOAs which abandon the Pareto dominance con-
cept for MaOPs. The quality of a solution is fully determined
by a set of reference vectors. The achievement scalarizing
function is first introduced into the 𝑅2-EMOAs. MOMBI-II
has adopted statistical information of previous generations to
normalize the candidate solutions. However, the fast 𝑅2
ranking strategy scarcely considers the relationship between
the adjacent ranks.The convergence is well while the diversity
will be destroyed.

(ii) DBEA [7] is an excellent and practical steady-state
EMOA for MaOPs which not only considers the benchmark
test problems but also takes into account three constrained
engineering design optimization problems.The innovation of
DBEA contains two parts: one is a simple selection procedure
without introducing any penalty parameter, where the diver-
sity distance metric has a precedence over the convergence
distance metric, and the other is the normalization method,
which is based on the corner sort method.

(iii) MOEA/D-M2M [37] is the first paper which intro-
duces a set of weight vectors to divide the objective space into
a large number of subspaces.Differentweight vectors are used
to specify different subpopulations for approximating a small
segment of the whole Pareto front. The algorithm shows a
better performance to deal with biobjective or three-objective
optimization problems.

(iv) RVEA [39] can be seen as a generational EA to pro-
duce offspring and the steady-state selection strategy based
on a set of reference vectors. The adaptive angle-penalized
distance (APD) metric and a reference vector updated
strategy are firstly introduced to balance convergence and
diversity and to deal with scaledMaOPs. Due to the excellent
adaptive reference vector updated strategy, we have embed-
ded this strategy into the proposed 𝑅2-MOEA/D algorithm.

(v) MOEA/DD [38] is on the merit of Pareto domi-
nance and decomposition method to balance convergence
and diversity. The main contribution contains three parts.
Firstly, the mating restriction strategy considers neighboring
subspace and the whole population. Secondly, the efficient
nondominated level update approach is proposed for steady-
state EMOAs. Finally, the density of the population is calcu-
lated by the local niche count of a subspace. MOEA/DD [38]
is currently an excellent steady-sate EA for MaOPs.

2.3. Motivation. Achieving a balance between convergence
and diversity is the cornerstone of the 𝑅2 indicator and
decomposition based evolutionary algorithms. The motiva-
tion of this paper is on the merit of the 𝑅2 indicator and
decomposition method to balance convergence and diver-
sity for the steady-state evolutionary algorithm to address
MaOPs. Two main aspects should be taken into account.

(1) As suggested in [36], the 𝑅2 indicator naturally
balances convergence and diversity during the evolution-
ary procedure. However, the selection pressure for solv-
ing MaOPs hardly quantitatively balances convergence and
diversity simply depending on the 𝑅2 indicator. Meanwhile,
the 𝑅2 indicator gives an excessive priority to the con-
vergence requirement while the objective space partition
and decomposition methods pay more attention to diversity
other than convergence.Therefore, how to reasonably balance
convergence and diversity on the benefit of the 𝑅2 indicator
and the decomposition method is vital for solving MaOPs.

(2) As for the steady-state EAs, only an individual is
created and a candidate solution will be deleted from the
combined candidate solutions in each generation. The key
issue of the steady-state EA is to determine which candidate
solution will be substituted by an offspring. Considering the
position information between the offspring and the ideal
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Figure 1: Illustrative examples of our motivation. If we only use the 𝑅2 indicator to delete an individual, two situations should be taken into
consideration. (a) (𝑠1, 𝑠2, 𝑠3) have the better 𝑅2 contribution than 𝑠𝑐. It is reasonable that we eliminate the worst solution 𝑠𝑐 associated with
the most crowded subspace in𝑀2. (b) 𝑠𝑐 belongs to the lowest 𝑅2 contribution level while it is associated with an isolated subspace𝑀2. We
eliminate the solution 𝑠2 associated with the most crowded subspace in𝑀1. We preserve 𝑠𝑐 in𝑀2 to enhance the diversity at the expense of
the convergence.

point, the objective space partition strategy should be illus-
trated in detail.

First and foremost, the 𝑅2 indicator [34] which can be
seen as the mutual preference between a set of reference vec-
tors and candidate solutions is a vital ingredient in EMOAs
for MaOPs. Most of researchers [32, 36, 40–42] believe that
the𝑅2 indicator obtains a desirable performance which com-
bines convergence and diversity. Let us consider an example
as shown in Figure 1(a), where a candidate solution needs to
be deleted from the combined candidate solutions. The 𝑅2
indicator is adopted to prune the combined population and𝑠𝑐 will be deleted from the population. It is a proper situation
for the 𝑅2 indicator based selection method. However, we
find that purely adopting the 𝑅2 indicator is not always
reasonable as shown in Figure 1(b). In this case, although the𝑅2 indicator based selection mechanism intends to achieve a
balance between convergence and diversity, the selected
candidate solutions (𝑠1, 𝑠2, 𝑠3) fail to keep the population
diversity especially in high-dimensional objective space. The
main reason is that the 𝑅2 indicator based selection method
will discard 𝑠𝑐 which is located in the isolated subspace. To
relieve this effect, 𝑠2 whose position is located in the most
crowded subspace𝑀3 will be discarded while 𝑠𝑐 will survive.
Based on the above description and discussion, it is inter-
esting to note that combining the 𝑅2 indicator with decom-
position method is a potential improvement strategy to
balance convergence and diversity for MaOPs.

The following paragraph will illustrate the objective space
partition strategy to avoid the redundant cluster operation
as given in Figure 2. When an offspring 𝑠𝑐 is produced by
commonly used genetic operators, the objective space parti-
tion strategy includes two situations: one is clustering the off-
spring to a set of reference vectors, the other is clustering the
combined population to a set of reference vectors. To provide

a clear explanation of two situations, we give two examples
for biobjective optimization problems as illustrated in Figures
2(a) and 2(b). If the ideal point remains unchanged as
shown in Figure 2(a), 𝑠𝑐 is located in the 𝑀2 subspace
without clustering all of the candidate solutions. However, if
the ideal point is updated when 𝑠𝑐 is located in the second,
third, or fourth quadrant as shown in Figure 2(b), the pop-
ulation distribution is different from the original. The whole
combined population should cluster each candidate solution
according to a set of reference vectors.

3. 𝑅2-MOEA/D

3.1. Framework of 𝑅2-MOEA/D. The framework of the pro-
posed 𝑅2-MOEA/D is listed in Algorithm 1. First, a set of
reference vectors 𝑉 and initial population 𝑃0 are generated.
Only an offspring is generated by introducing a traditional
reproduction operator until the termination condition is not
met. Then, the offspring is combined with the current parent
population as a combined population. The 𝑅2 indicator
and decomposition based selection strategy are employed to
prune the combined population. In the following subsec-
tions, the implementation details of each component in 𝑅2-
MOEA/D will be illustrated step by step.

3.2. Initialization Strategy. To ensure the diversity in the
obtained PF, a set of reference vectors 𝑉 is generated by
using two-layer reference vector generation method [38] in
high-dimensional objective space to enhance the diversity of
population. Most of EMOAs adopt the same method to solve
MaOPs, such as DBEA [7] and MOEA/DD [38]. The initial
population consists of 𝑁 individuals which are randomly
generated within the variable bounds.
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Figure 2: Illustration of the objective space partition strategy. It contains two situations. (a) a new individual 𝑠𝑐 is generated without updating
the ideal point.The distribution of (𝑠1, 𝑠2, 𝑠3) in the corresponding subspaces remains unchanged. We only locate the subspace where the new
individual belongs to. Clustering the combined population is unnecessary. (b) A new individual 𝑠𝑐 changes the position of the ideal point.
The distribution of the combined population (𝑠1, 𝑠2, 𝑠3, 𝑠𝑐)must adopt the objective space partition strategy to repartition the objective space
into subspaces.

(1) /∗ 𝑃0: Parent population; 𝑉: Reference vector;𝑀:
subspaces ∗/(2) (𝑃0, 𝑉,𝑀) ← Initialization( )(3) 𝑡 ← 0(4) repeat(5) /∗ Generate an offspring 𝑠𝑐(𝑡+1)∗/(6) 𝑠𝑐(𝑡+1) ← Generate(𝑃𝑡)(7) /∗ Delete an individual from 𝑃𝑡 ∪ 𝑠𝑐(𝑡+1) ∗/(8) 𝑃𝑡+1 ← 𝑅2-MOEA/D-Selection (𝑃𝑡 ∪ 𝑠𝑐(𝑡+1))(9) 𝑡 ← 𝑡 + 1(10) until Termination condition fulfilled(11) Return 𝑃

Algorithm 1: 𝑅2-MOEA/D.

Each reference vector partitions the objective space into
a set of subspaces 𝑀. The initialized population will be
allocated to these subspaces𝑀 by associating each individual
with its closest reference vector. Each individual is allocated
to subspace𝑀 if and only if the angle between the individual
and the reference vector is minimal.

3.3. 𝑅2-MOEA/D Selection Strategy. As for the steady-state
evolutionary algorithm, a newoffspring is generated via using
simulated binary crossover operator (SBX) [43] and polyno-
mial mutation operator (PM) [44]. After the generation of a
new individual in a steady-state form,we use the individual to
update the parent 𝑃. The pseudocode of 𝑅2-MOEA/D selec-
tion procedure is presented in Algorithm 2. Visualization in
evolutionarymultiobjective optimization is essential inmany
aspects [45]. To better understand the𝑅2-MOEA/D selection
strategy, the biobjective illustrations are given in Figures 3 and
4. When the number of objectives is greater than three, such

a simple and intuitive visualization of approximation sets is
much harder to achieve.Themain concern is developing such
a steady-state selectionmechanism based on the𝑅2 indicator
and the decomposition method to balance convergence and
diversity.The𝑅2-MOEA/D selection strategywill be repeated
multiple rounds during the iteration.

First of all, we should detect whether the ideal point is
changed or not after introducing a new offspring. If the ideal
point is updated via introducing the new individual as given
in Figure 2(b), we need to repartition the objective space and
cluster the combined candidate solutions to each correspond-
ing subspace. The instantiation of objective space partition
strategy for the combined population is given in Algorithm 3
(Step (4) of Algorithm 2). The angle between the objective
vector and the reference vector will be calculated in Steps (3)
and (4) of Algorithm 3. If the ideal point remains unchanged
as illustrated in Figure 2(a), the traditional objective space
partition strategy clusters the combined population and
obtains the subspace where each candidate solution belongs
to. It wastes a lot of precious time for the steady-state EAs.
We only need to cluster the offspring to the corresponding
reference vector after comprehensively analyzing the position
of the new individual. We cluster the new individual to the
nearest reference vector in Step (22) of Algorithm 2 to avoid
the wasted computation.

The 𝑅2 indicator can obtain weakly dominated solutions
compared with the Pareto dominance strategy. However,
there is no need to introduce any sophisticated and compli-
cated ranking strategy or the diversitymaintaining strategy to
distinguish the population in 𝑅2-EMOAs. The 𝑅2 contribu-
tion is calculated via adopting Algorithm 4. We obtain the
MTCH value of 𝑄 corresponding to each reference vector 𝑉
from Step (1) to Step (6) in Algorithm 4. We preserve the𝑅2 contribution individuals and their MTCH value in Step
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Input: 𝑃𝑡: Parent population; 𝑠𝑐(𝑡+1): Offspring; 𝑉: Reference vector; 𝑔𝑒𝑛: Iteration number.
Output: 𝑃𝑡+1: Selected population.
(1) Compare the ideal point z∗ of 𝑃𝑡 and the objective value of 𝑠𝑐(𝑡+1)
(2) if z∗ was updated by the offspring 𝑠𝑐(𝑡+1) then
(3) 𝑄 ← 𝑃𝑡 ∪ 𝑠𝑐(𝑡+1)
(4) Cluster 𝑄 using 𝑉 and obtain𝑀 subspaces in Algorithm 3
(5) Calculate 𝑅2 contribution of each individual in 𝑄 in Algorithm 4
(6) Find the 𝑅lowest solutions which have the worst 𝑅2 contribution
(7) if |𝑅lowest| = 1 then
(8) if 𝑀(𝑅lowest) > 1 then
(9) Delete the solution 𝑄𝑅lowest as shown in Figure 3(a)
(10) else
(11) Find the most crowded subspaces𝑀𝑐 and delete 𝑠PBI which has the maximum PBI value in𝑀𝑐 as shown in

Figure 3(b)
(12) end if
(13) else
(14) if max(𝑀(𝑅lowest)) > 1 then
(15) Find max(𝑀(𝑅lowest)) and delete the solution with maximum PBI value 𝑠PBI as shown in Figure 4(a)
(16) else
(17) Find the most crowded subspaces𝑀𝑐 and delete 𝑠PBI which has the maximum PBI value in𝑀𝑐 as shown in

Figure 4(b)
(18) end if
(19) end if
(20) else
(21) 𝑄 ← 𝑃𝑡 ∪ 𝑠𝑐(𝑡+1)
(22) Cluster 𝑠𝑐(𝑡+1) using reference vectors 𝑉
(23) Find the most crowded subspaces𝑀𝑐 and delete 𝑠PBI which has the maximum PBI value in𝑀𝑐
(24) end if
(25) 𝑃𝑡+1 = 𝑄
(26) /∗ Adaptive reference vector ∗/
(27) if mod(𝑔𝑒𝑛,𝑓𝑟 ∗ 𝐺𝑒𝑛) = 0 then
(28) 𝑉𝑉 = 𝑉0 ∗ (𝑧max − 𝑧∗)
(29) 𝑉 = 𝑉𝑉‖𝑉𝑉‖
(30) end if
(31) return 𝑃𝑡+1

Algorithm 2: 𝑅2-MOEA/D-selection.

(7). Then, we take into account each individual to a set of
reference vectors and add all the MTCH value together as
their 𝑅2 contribution 𝐶𝑜𝑛𝑡𝑟 in Step (9) in Algorithm 4.

In order to clearly explain the 𝑅2-MOEA/D selection
procedure which is based on𝑅2 indicator and decomposition
based method, Algorithm 2 contains two aspects while
deleting a solution from the combined population. If the ideal
point is changed via introducing the new individual, 𝑠𝑐(𝑡+1),
the 𝑅2 indicator and the decomposition method should be
combined to delete one solution. If the ideal point remains
unchanged, the selection procedure only considers the most
crowded subspaces 𝑀𝑐 among all subspaces. The worst
solution is discarded from the combined population after
applying the 𝑅2-MOEA/D selection strategy; the number of
subspaces that the discarded solution occupied will be minus
one. Then, the 𝑅2-MOEA/D selection procedure will be
explained in detail.

(1) If the ideal point z∗ is updated by the offspring𝑠𝑐(𝑡+1) (Step (2) of Algorithm 2), the combined candidate
solutions should be repartitioned because the distribution
of the original population has already changed in Step (3)

and Step (4) in Algorithm 2. When we introduce the 𝑅2
indicator to prune the combined population 𝑄 in Step (5)
in Algorithm 2, almost few researchers [32, 36, 40, 41] take
into account the distribution of the candidate solutions in𝑅2-EMOAs. It is doubted whether deleting the lowest 𝑅2
contribution is reasonable. As further observed from Figures
3 and 4, only adopting the 𝑅2 indicator to prune the
combined population is not always suitable. The size of the
lowest 𝑅2 contribution individual contains two situations.

(1) The lowest 𝑅2 contribution candidate solution has an
individual. Most of 𝑅2-EMOAs, such as MOMBI-II
[36] and 𝑅2-MOPSO [41], will discard the individual.
However, it is not always proper for most of test
problems after comprehensively balancing conver-
gence and diversity. Then, the proper and improper
situations will be analyzed in detail.

(a) If there are another solutions in the subspace𝑀(𝑅lowest), the lowest 𝑅2 contribution individ-
ual does not have any contribution to enhance
the algorithm performance from the nature of
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Figure 3: The lowest 𝑅2 contribution only contains an individual. The number on the top of each individual represents its 𝑅2 contribution.
There are two situations. (a) 𝑠6 will be eliminated as it belongs to the last𝑅2 contribution level and there is another better solution 𝑠3 associated
with the𝑀3 region. The 𝑅2 indicator is proper for this situation. (b) Although 𝑠6 belongs to the worst 𝑅2 contribution level, it is associated
with an isolated subspace 𝑀3. This indicates that 𝑠6 is important for population diversity and it should be preserved without reservation.
Only adopting the 𝑅2 indicator is improper. Instead, we eliminate 𝑠3 associated with the most crowded subspace in𝑀4 via adopting the PBI
decomposition method. Combining the 𝑅2 indicator and decomposition method has potential to enhance the performance.
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Figure 4:The lowest𝑅2 contribution containsmore than one individual. Two situations appear. (a) 𝑠5 will be eliminated as it belongs to the last𝑅2 contribution level. Meanwhile, there is another better solution 𝑠2 associated with the𝑀4 subspace. It is proper for the selection situation.
(b) Although 𝑅lowest = (𝑠2, 𝑠3, 𝑠4) belong to the lowest 𝑅2 contribution level, it is associated with the subspaces (𝑀4,𝑀3,𝑀2). Simply adopting
the 𝑅2 indicator is improper. Thus, we eliminate the most crowded subspace solution 𝑠5 in 𝑀1 through adopting the PBI decomposition
method. Achieving balance between convergence and diversity is mainly concerned through the 𝑅2 indicator and decomposition method.

𝑅2 indicator. The solution will be deleted (from
Step (7) to Step (9) in Algorithm 2). Figure 3(a)
presents an example of this selection procedure.

(b) If the subspace 𝑀(𝑅lowest) only contains a can-
didate solution, that is to say, the candidate
solution is located in an isolated subspace,
the isolated lowest 𝑅2 contribution individual
should be preserved to maintain the better
diversity at the expense of the convergence. As

shown in Figure 3(b), although 𝑠6 belongs to
the lowest 𝑅2 contribution level, it is associated
with an isolated subspace𝑀3. It indicates that 𝑠6
is important for the population diversity and it
should be preserved. Instead, we find the most
crowded subspaces 𝑀𝑐 and delete the solution
which has the maximum PBI value (Step (11) of
Algorithm 2). In Figure 3(b), 𝑠3 in subspace𝑀4
will be deleted.
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Input: 𝑄: The combined population; 𝑉: Reference vector.
Output: 𝑀: The objective subspaces.
(1) for 𝑖 = 1 to |𝑄| do
(2) for 𝑗 = 1 to |𝑉| do
(3) /∗ Calculate the angle between 𝑄 and 𝑉 ∗/
(4) cos𝛼𝑖,𝑗 = 𝑄(𝑖) ⋅ 𝑉(𝑗)‖𝑄(𝑖)‖
(5) end for
(6) end for
(7) /∗ Find the closest subspace ∗/
(8) for 𝑖 = 1 to |𝑄| do
(9) 𝑐 = arg max

𝑗∈{1,...,|𝑉|}
cos𝛼𝑖,𝑗

(10) /∗ Add 𝑄 into the nearest subspace𝑀 ∗/
(11) 𝑀(𝑐) ← 𝑀(𝑐) ∪ {𝑄(𝑖)}
(12) end for
(13) return 𝑀

Algorithm 3: Objective space partition (OSP).

Input: 𝑄: The combined population; 𝑉: Reference vector.
Output: 𝐶𝑜𝑛𝑡𝑟: 𝑅2 Contribution.
(1) for 𝑖 = 1 to |𝑉| do
(2) for 𝑗 = 1 to 𝑄 do
(3) /∗ Calculate the utility function value ∗/
(4) Calculate𝑀𝑇𝐶𝐻 between the individual 𝑄(𝑗) and

the reference vector 𝑉(𝑖) using Eq. (2)
(5) end for
(6) /∗ Find the best utility function value ∗/
(7) [min𝑀𝑇𝐶𝐻, 𝐼𝑛𝑑𝑒𝑥] = min(𝑀𝑇𝐶𝐻)
(8) /∗ Calculate 𝑅2 contribution of each individual ∗/
(9) 𝐶𝑜𝑛𝑡𝑟(𝐼𝑛𝑑𝑒𝑥(𝑖)) = 𝐶𝑜𝑛𝑡𝑟(𝐼𝑛𝑑𝑒𝑥(𝑖)) + 𝑚𝑖𝑛𝑀𝑇𝐶𝐻(𝑖)
(10) end for
(11) return 𝐶𝑜𝑛𝑡𝑟

Algorithm 4: 𝑅2 contribution calculation.

(2) The lowest 𝑅2 contribution level contains more than
one individual. The distribution of the population
contains two situations.

(a) As shown in Figure 4(a), the subspace of the
lowest 𝑅2 contribution possesses more than one
individual. Then, we find the most crowded
subspaces in𝑀(𝑅lowest) and delete the solution
with maximum PBI value 𝑠PBI solution (from
Step (13) to Step (15) in Algorithm 2). In this sit-
uation, it is proper to introduce the 𝑅2 indicator
based selectionmethodwithout considering the
population distribution to prune the candidate
solutions.

(b) As shown in Figure 4(b), 𝑅lowest solution in
each subspace only contains one individual.The
candidate solution is vital for the population
diversity.Themost crowded subspaces𝑀𝑐 com-
prehensively consider all of the combined popu-
lation.There is at least one subspace which con-
tains more than one individual. We eliminate

the worst individual which has the maximum
PBI value in the most crowded subspaces (from
Step (16) to Step (19) in Algorithm 2). It is
improper to delete the star individual 𝑠4 in an
isolated subspace 𝑀2 even if it has the lowest𝑅2 contribution.Discarding the cross individual𝑠5 in the first 𝑅2 rank can ensure the better
diversity.

(2) If z∗ remains unchanged via introducing a new
individual 𝑠𝑐(𝑡+1), only the acute angle between the candidate
solution 𝑠𝑐(𝑡+1) and a set of reference vectors should be cal-
culated in Step (22) of Algorithm 2. The PBI decomposition
method is introduced to evaluate the combined candidate
solutions 𝑄. The selection method is to delete 𝑠PBI which
has the maximum PBI value in the most crowded subspaces𝑀𝑐 in Step (23) of Algorithm 2. The size of the next parent
population 𝑃𝑡+1 remains unchanged.

After deleting an individual from the combined pop-
ulation 𝑄, the subspace number of the discarded solution
will be minus one. The selected population 𝑃𝑡+1 is the
obtained solutions through adopting the 𝑅2-MOEA/D selec-
tion strategy. From Step (26) to Step (30) in Algorithm 2,
the adaptive reference vector updated strategy from RVEA
[39] is embedded into our 𝑅2-MOEA/D selection strategy.
Interested researchers can refer to RVEA [39] for further
reading.

3.4. Discussion. After describing the main procedure of 𝑅2-
MOEA/D in detail, this subsection discusses the similarities
and differences of 𝑅2-MOEA/D, MOMBI-II [36], MOEA/D-
PBI [17], DBEA [7], and MOEA/DD [38].

(1) Similarities between 𝑅2-MOEA/D and MOMBI-II [36]. (i)
Both of them adopt the 𝑅2 indicator to select the candidate
solutions.

(ii) Both of them introduce a set of reference vectors to
guide the potential solutions.

(iii) Both of them use utility function to evaluate the
population.

(2) Similarities between 𝑅2-MOEA/D and MOEA/D-PBI [17].
(i) Both of them adopt a set of reference vectors to guide the
selection procedure.

(ii) Both of them apply the PBI decompositionmethod to
select the candidate solutions.

(3) Similarities between 𝑅2-MOEA/D and DBEA [7]. (i) Both
of them use a set of reference vectors tomaintain the diversity
of the population.

(ii) Both of them are the steady-state evolutionary algo-
rithms.

(iii) Both of them are on the merit of nadir points.

(4) Similarities between𝑅2-MOEA/D andMOEA/DD [38]. (i)
Both of them use a set of reference vectors (weight vectors) to
partition the objective space into a number of subspaces.

(ii) Both of them use the convergence distance 𝑑1 and
the diversity distance 𝑑2 from the PBI decompositionmethod
[17] to enhance the performance.
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Figure 5: The illustration of MOMBI-II and MOEA/D-PBI. (a) Selection strategy based on MOMBI-II. (𝑠1, 𝑠2, . . . , 𝑠8) are the combined
solution. (𝑝1, 𝑝2, 𝑝3, 𝑝4) are a set of reference vectors. (𝑠1, 𝑠2) are the first rank individuals via using 𝑅2 indicator, and (𝑠3, 𝑠5), (𝑠6, 𝑠7), and(𝑠4, 𝑠8) are in ranks 2, 3, and 4, respectively. The star points (𝑠1, 𝑠2, 𝑠3, 𝑠5) are the selected solution. The subspaces (𝑀2,𝑀3) will be ignored.
The convergence is well while the diversity will be damaged. (b) Selection strategy based on MOEA/D-PBI. (𝑠1, 𝑠2, . . . , 𝑠6) are the combined
solution. (𝑝1, 𝑝2, 𝑝3) are a set of reference vectors. The final selected solutions are (𝑠1, 𝑠3). The isolated solution 𝑠6 in the subspace𝑀2 will be
ignored. The diversity will be damaged.

(iii) Both of them are the steady-state evolutionary
algorithms.

(5) Difference among the above EMOAs. The selection pro-
cedure plays an important role for MaOPs compared with
the single objective optimization problems. Generational
EMOAs and steady-state EMOAs are two aspects to solve
MaOPs.The proposed algorithmhas some differences among
MOMBI-II [36], RVEA [39], DBEA [7], andMOEA/DD [38].

(i) MOMBI-II [36] abandons any Pareto dominance
method, while the quality of the candidate solutions is fully
determined by a set of reference vectors. The achievement
scalarizing function is first embedded into the algorithm.
MOMBI-II has adopted statistical information of previous
generations to update the nadir point. More specifically, if we
only employ the 𝑅2 indicator, (s1, 𝑠2, 𝑠3, 𝑠5) are preserved as
the selected candidate solutions as shown in Figure 5(a).(𝑠4, 𝑠6) and 𝑠8 corresponding to 𝑀3 and 𝑀2 will be deleted.
The diversity has been seriously destroyed.

(ii) MOEA/D [17] has attracted many researchers to
remedy optimization problems since it was proposed in 2007.
It is an excellent algorithm no matter the dimension of the
objective space is low or high. Figure 5(b) has already illus-
trated the decomposition based selection strategy for a set of
potential solutions (𝑠1, 𝑠2, . . . , 𝑠6). (𝑠1, 𝑠3) are the obtained
solutions via adopting the PBI decomposition method. The
convergence is perfect and the diversity can be maintained
by a set of weight vectors. However, the obtained solutions(𝑠1, 𝑠3) discard the subspace𝑀2 in the example.

(iii) DBEA [7] is mainly based on the decomposition
method. The algorithm adopts the corner sort ranking
method to calculate the intercept point. The algorithm first
considers the Pareto dominance to preserve the convergence.
Then, the diversity distance metric 𝑑2 is used to maintain the

diversity. If the Pareto dominance and 𝑑2 can not distinguish
the potential solutions, the convergence distance metric 𝑑1 is
introduced. The contribution of DBEA [7] is the normal-
ization strategy and the PBI decomposition method without
introducing any penalty parameter 𝜃. As shown in Fig-
ure 6(a), the ultimate selected solutions are (𝑠1, 𝑠2, 𝑠3, 𝑠4). The
subspace𝑀2 and the solution 𝑠5 will be eliminated from the
population. The algorithm considers convergence a bit more
while the diversity will be damaged for MaOPs.

(iv) MOEA/DD [38] is on the merit of Pareto dominance
and the decomposition method to address MaOPs. It is an
excellent algorithm to remedy high-dimensional optimiza-
tion problems. As shown in Figure 6(b), the star individuals(𝑠1, 𝑠2, 𝑠4, 𝑠5) will be survived. The updated procedure is
sophisticated and the efficient nondomination level updated
approach (ENLU) is designed for steady-state EMOAs. The
algorithm can comprehensively balance the convergence and
diversity.

(v) 𝑅2-MOEA/D is the combination between the 𝑅2
indicator and the decomposition based method. The 𝑅2
indicator based selection can well deal with biobjective and
three-objective optimization problems [34]. However, the
diversity will be damaged when only adopting the 𝑅2
indicator to address MaOPs. Then, the PBI decomposition
method is introduced as the diversity maintaining strategy
to enhance the performance. More specifically, the final
selected solutions are (𝑠1, 𝑠2, 𝑠4, 𝑠5) as shown in Figure 6(b).
However, the combined selection strategy does not introduce
any Pareto dominance approach. When a new offspring is
generated, the position of the offspring has the possibility to
update the ideal point. If the ideal point is updated, the
combined population distribution should be repartitioned.
In this situation, the 𝑅2 indicator and the decomposition
method are integrated to select the candidate solutions. If
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Figure 6: The illustration of DBEA and MOEA/DD. (a) Selection strategy based on DBEA. (𝑠1, 𝑠2, 𝑠3, 𝑠4, 𝑠5) are the combined solution.(𝑝1, 𝑝2, 𝑝3, 𝑝4) are a set of reference vectors. If a new individual 𝑠5 is generated, it will be deleted from the combined population.The subspace𝑀2 will be discarded. The convergence is well while the diversity will be damaged. (b) Selection strategy based on MOEA/DD. If a new
individual is generated, a sophisticated steady-state Pareto ranking strategy ENLU is used to update the rank.The PBI decompositionmethod
is used to select the proper individuals. The star points (𝑠1, 𝑠2, 𝑠4, 𝑠5) will be survived. Combining Pareto dominance and decomposition
method can well balance convergence and diversity.

the ideal point remains unchanged, we only cluster the new
individual other than the combined population. In this situ-
ation, we delete the individual which has the maximum PBI
value in the most crowded subspaces.

4. Experimental Design

This section is devoted to the experimental setup for investi-
gating the performance of 𝑅2-MOEA/D. At first, the bench-
mark test problems used in our experimental research are
given.Then, we introduce the performance indicator to assess
the convergence and diversity of these EMOAs. Finally, the
experimental settings adopted in this study are provided.

4.1. Benchmark Test Problems. Empirical experiments are
conducted on two well-known test suites for MaOPs, that is,
DTLZ [46] and WFG [47]. These test suits can be scaled to
any number of objective spaces. For each test instance, the
number of objective is varied from three to fifteen; that is,𝑚 ∈ (3, 5, 8, 10, 15). As for the DTLZ test problems, the total
number of decision variable is given by 𝑛 = 𝑚+ 𝑘 − 1. 𝑘 is set
to 5 for DTLZ1 and 10 for DTLZ2 to DTLZ4. As suggested in
[47], the number of decision variables is set as 𝑛 = 𝑘+𝑙, where𝑘 = 2 ∗ (𝑚 − 1) is the position-related variable and 𝑙 = 20 is
the distance-related variable for the WFG test instances.

4.2. Performance Measure. We select Δ𝑝 as a performance
assessment measure. The performance indicator simultane-
ously evaluate proximity to the Pareto optimal front and
spread of solutions along it. Given an approximation set 𝐴
and a sampled Pareto true Pareto front PF of MOPs, the Δ𝑝
indicator is defined as follows:

Table 1: Number of reference vector and population size.

𝑚 (𝐻1,𝐻2) 𝑁 Number of reference vectors
3 (12, 0) 91 91
5 (6, 0) 210 210
8 (3, 2) 156 156
10 (3, 2) 275 275
15 (2, 1) 135 135

Δ𝑝 (𝐴,PF)
= max((∑|𝐴|𝑖=1 𝑑𝑝𝑖|𝐴| )1/𝑝 , (∑|PF|𝑖=1 𝑒𝑝𝑖|PF| )1/𝑝) , (6)

where 𝑑𝑖 is the Euclidean distance from 𝑎𝑖 ∈ 𝐴 to its nearest
member in PF and 𝑒𝑖 is the Euclidean distance from 𝑝𝑓𝑖 ∈ PF
to its nearest member in 𝐴. Small values of Δ𝑝 are preferred.
We obtain the true PF from the PlatEMO [48]. According to
[28–31], 𝑝 = 2 is selected. Finally, we adopt the performance
indicator Δ 2 to evaluate the algorithm performance.

4.3. EMOAs for Comparisons. The population size, termina-
tion condition, and parameter settings in each algorithm will
be given as follows.

(1) The population size 𝑁, the number of reference
vectors, and reference points for different objectives are sum-
marized inTable 1.They are determined by the simplex-lattice
design factor𝐻 together with the objective𝑚;𝐻1 and𝐻2 are
used to generate uniformly distributed reference vectors on
the outer boundaries and the inside layers, respectively.

(2)The termination condition of each run is the maximal
number of generations, which are summarized in Tables 2
and 3.
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Table 2: Statistical results (mean values and standard deviations) of Δ 2 values obtained by each algorithm on the DTLZ1, DTLZ2, DTLZ3,
and DTLZ4 test instances. Best performance is shown in bold. +, ≈, and − denote that TS-R2EA performs significantly better than, equivalent
to, and worse than the compared algorithm, respectively.

Δ 2 𝑚 ⋅ (Gen) 𝑅2-MOEA/D MOMBI-II DBEA MOEA/D-PBI MOEA/DD

DTLZ1

3(400) 2.6030𝐸 − 03 + 4.4448𝐸 − 01 + 5.9415𝐸 − 03 + 4.2973𝐸 − 03 ≈ 2.3652E − 031.1394𝐸 − 03 7.2517𝐸 − 01 4.2867𝐸 − 03 2.6270𝐸 − 03 1.2889E − 03

5(600) 1.6334E − 03 + 3.7885𝐸 − 01 + 6.1649𝐸 − 01 + 1.0315𝐸 − 01 ≈ 1.6627𝐸 − 03
9.1667E − 04 7.1478𝐸 − 01 8.9928𝐸 − 01 2.9241𝐸 − 01 7.6296𝐸 − 04

8(750) 4.3241E − 03 + 4.5397𝐸 − 01 + 2.3614𝐸 + 00 + 3.8199𝐸 − 01 + 4.5550𝐸 − 03
8.1207E − 04 3.3835𝐸 − 01 1.3804𝐸 + 00 8.4027𝐸 − 01 1.2101𝐸 − 03

10(1000) 3.7199𝐸 − 03 + 5.1907𝐸 − 01 + 9.0975𝐸 − 01 + 1.1809𝐸 − 01 ≈ 3.5800E − 033.6013𝐸 − 04 6.3020𝐸 − 01 4.9208𝐸 − 01 1.6543𝐸 − 01 3.1127E − 04

15(1500) 7.3367𝐸 − 03 + 4.9932𝐸 − 01 + 1.8904𝐸 + 00 + 1.4520𝐸 + 00 − 3.0774E − 038.1454𝐸 − 03 2.9341𝐸 − 01 1.3300𝐸 + 00 2.2850𝐸 + 00 8.6980E − 04

DTLZ2

3(250) 5.2255𝐸 − 03 + 7.0210𝐸 − 02 + 2.6461𝐸 − 02 − 4.4038E − 03 ≈ 5.2236𝐸 − 037.2262𝐸 − 04 1.7043𝐸 − 03 6.8160𝐸 − 03 2.2749E − 03 6.1920𝐸 − 04
5(350) 8.2259𝐸 − 03 + 2.9450𝐸 − 01 + 3.8163𝐸 − 02 − 3.2699E − 03 ≈ 8.2855𝐸 − 037.4585𝐸 − 04 3.3251𝐸 − 04 1.3943𝐸 − 02 3.5254E − 04 7.6726𝐸 − 04
8(500) 1.5857𝐸 − 02 + 7.4347𝐸 − 01 + 5.7221𝐸 − 02 + 2.4887𝐸 − 02 − 1.5695E − 021.3966𝐸 − 03 2.0037𝐸 − 02 8.7664𝐸 − 03 6.4268𝐸 − 02 1.0728E − 03

10(750) 1.5955𝐸 − 02 + 8.4572𝐸 − 01 + 6.2327𝐸 − 02 − 9.4323E − 03 − 1.5276𝐸 − 021.0570𝐸 − 03 1.3723𝐸 − 02 9.7638𝐸 − 03 3.1908E − 03 8.2468𝐸 − 04
15(1000) 1.2773𝐸 − 02 + 1.1358𝐸 + 00 + 1.3231𝐸 + 00 ≈ 3.4598𝐸 − 01 − 1.1395E − 021.7632𝐸 − 03 4.5998𝐸 − 03 2.0125𝐸 − 09 5.3796𝐸 − 01 9.8338E − 04

DTLZ3

3(1000) 1.3860E − 02 + 7.8924𝐸 − 02 + 4.2992𝐸 − 01 + 1.5746𝐸 − 01 + 1.4769𝐸 − 02
7.9361E − 03 2.9257𝐸 − 03 9.8822𝐸 − 01 6.2674𝐸 − 01 7.1301𝐸 − 03

5(1000) 1.1393E − 02 + 2.8761𝐸 + 00 + 2.5931𝐸 − 02 + 1.8856𝐸 + 00 + 1.2399𝐸 − 02
4.1287E − 03 3.6395𝐸 + 00 2.9258𝐸 − 02 3.9371𝐸 + 00 4.3529𝐸 − 03

8(1000) 2.8504𝐸 − 02 + 1.8214𝐸 + 00 + 1.3255𝐸 + 00 + 1.7079𝐸 + 01 ≈ 2.7465E − 028.3539𝐸 − 03 2.2881𝐸 + 00 7.5115𝐸 − 01 3.8244𝐸 + 01 7.5898E − 03

10(1500) 1.9156𝐸 − 02 + 1.4809𝐸 + 00 + 1.2646𝐸 + 00 + 4.7664𝐸 − 01 ≈ 1.7960E − 023.5863𝐸 − 03 1.6083𝐸 + 00 1.1670𝐸 − 05 1.8821𝐸 + 00 3.9724E − 03

15(2000) 1.9158𝐸 − 02 + 1.2869𝐸 + 00 + 1.3232𝐸 + 00 + 5.7901𝐸 + 01 ≈ 1.8598E − 024.7073𝐸 − 03 6.0040𝐸 − 01 4.9757𝐸 − 05 1.1219𝐸 + 02 3.9184E − 03

DTLZ4

3(600) 2.3415E − 03 + 1.1550𝐸 − 01 + 2.2329𝐸 − 01 + 1.4412𝐸 − 01 ≈ 2.3740𝐸 − 03
3.0523E − 04 1.4226𝐸 − 01 2.6305𝐸 − 01 1.9214𝐸 − 01 3.6695𝐸 − 04

5(1000) 3.9021E − 03 + 2.9456𝐸 − 01 + 3.0249𝐸 − 01 + 8.7690𝐸 − 02 ≈ 4.0645𝐸 − 03
4.2464E − 04 6.3973𝐸 − 04 2.2581𝐸 − 01 1.5158𝐸 − 01 3.9816𝐸 − 04

8(1250) 1.9199E − 02 + 7.3947𝐸 − 01 + 3.1637𝐸 − 01 + 1.7790𝐸 − 01 + 1.9854𝐸 − 02
4.7904E − 02 5.4735𝐸 − 03 7.2161𝐸 − 02 1.2948𝐸 − 01 4.9834𝐸 − 02

10(2000) 1.6918𝐸 − 02 + 8.4814𝐸 − 01 + 2.5602𝐸 − 01 + 9.7185𝐸 − 01 − 8.2158E − 033.8577𝐸 − 02 1.6454𝐸 − 02 3.7958𝐸 − 02 8.5017𝐸 − 02 7.4203E − 04

15(3000) 3.8004𝐸 − 02 + 1.1420𝐸 + 00 + 1.3232𝐸 + 00 + 1.9970𝐸 − 01 ≈ 2.8085E − 024.6910𝐸 − 02 1.3587𝐸 − 02 5.4882𝐸 − 05 2.6400𝐸 − 01 4.1432E − 02+/ ≈ /− 20/0/0 20/0/0 16/1/3 4/11/5
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Table 3: Comparisons of median Δ 2 values obtained by each algorithm on the WFG test suite. Best performance is shown in bold. +, ≈, and− denote that 𝑅2-MOEA/D performs significantly better than, equivalent to, and worse than the compared algorithm, respectively.

Δ 2 𝑚 ⋅ (Gen) 𝑅2-MOEA/D MOMBI-II DBEA MOEA/D-PBI MOEA/DD

WFG1

3(400) 1.3898𝐸 + 00 − 1.3269E + 00 + 1.4370𝐸 + 00 + 2.6917𝐸 + 00 + 1.4121𝐸 + 00
5(750) 1.7428𝐸 + 00 − 1.2499E + 00 + 1.8808𝐸 + 00 + 2.9764𝐸 + 00 + 1.7977𝐸 + 00
8(1500) 2.3397𝐸 + 00 − 2.1934𝐸 + 00 − 2.1908E + 00 + 3.7999𝐸 + 00 + 2.5339𝐸 + 00
10(2000) 2.5738𝐸 + 00 − 2.3400𝐸 + 00 − 2.2378E + 00 + 4.1821𝐸 + 00 + 2.9479𝐸 + 00
15(3000) 3.5014E + 00 + 4.3413𝐸 + 00 + 1.7126𝐸 + 01 + 5.7261𝐸 + 00 ≈ 3.6949𝐸 + 00

WFG2

3(400) 3.8736𝐸 − 01 ≈ 3.9598𝐸 − 01 ≈ 2.9439E − 01 + 7.3394𝐸 − 01 ≈ 5.2533𝐸 − 01
5(750) 1.2914𝐸 + 00 + 1.6239𝐸 + 00 − 6.3245E − 01 + 2.4434𝐸 + 00 + 2.3325𝐸 + 00
8(1500) 2.9986𝐸 + 00 ≈ 2.9790E + 00 + 3.1398𝐸 + 00 + 3.2317𝐸 + 00 + 3.8497𝐸 + 00
10(2000) 5.3590𝐸 + 00 − 2.6267E + 00 + 6.8919𝐸 + 00 + 9.8876𝐸 + 00 + 1.0574𝐸 + 01
15(3000) 1.5416𝐸 + 01 − 1.3526E + 01 + 2.1753𝐸 + 01 − 1.4204𝐸 + 01 ≈ 1.5634𝐸 + 01

WFG3

3(400) 4.9235𝐸 − 01 − 3.3907E − 01 + 1.1705𝐸 + 00 + 9.7371𝐸 − 01 + 6.4434𝐸 − 01
5(750) 1.3851E + 00 + 1.9752𝐸 + 00 + 3.3465𝐸 + 00 + 2.6052𝐸 + 00 + 2.0865𝐸 + 00
8(1500) 5.1079𝐸 + 00 − 2.2734E + 00 + 8.8848𝐸 + 00 + 5.8151𝐸 + 00 + 5.9419𝐸 + 00
10(2000) 7.4910𝐸 + 00 − 2.6147E + 00 + 1.1188𝐸 + 01 + 7.6803𝐸 + 00 + 8.0136𝐸 + 00
15(3000) 1.2558𝐸 + 01 − 2.4443E + 00 + 1.6954𝐸 + 01 ≈ 1.2855𝐸 + 01 + 1.3048𝐸 + 01

WFG4

3(400) 2.4769E − 01 + 2.7252𝐸 − 01 + 2.6707𝐸 − 01 + 3.3054𝐸 − 01 + 2.6343𝐸 − 01
5(750) 9.4619E − 01 + 2.0382𝐸 + 00 ≈ 9.5864𝐸 − 01 + 1.3164𝐸 + 00 + 1.0266𝐸 + 00
8(1500) 3.7302𝐸 + 00 + 6.2152𝐸 + 00 − 3.0447E + 00 + 6.7205𝐸 + 00 + 3.9699𝐸 + 00
10(2000) 5.6654𝐸 + 00 + 9.0974𝐸 + 00 − 3.8996E + 00 + 9.6903𝐸 + 00 + 6.1715𝐸 + 00
15(3000) 1.1522𝐸 + 01 + 2.1904𝐸 + 01 + 2.1293𝐸 + 01 + 1.6414𝐸 + 01 ≈ 1.1344E + 01

WFG5

3(400) 2.4753E − 01 + 2.8705𝐸 − 01 + 2.6426𝐸 − 01 + 3.7243𝐸 − 01 + 2.5902𝐸 − 01
5(750) 9.3469𝐸 − 01 + 2.2373𝐸 + 00 ≈ 9.3203E − 01 + 1.3565𝐸 + 00 + 1.0133𝐸 + 00
8(1500) 3.5677𝐸 + 00 + 5.8121𝐸 + 00 − 3.0447E + 00 + 6.4135𝐸 + 00 + 3.8726𝐸 + 00
10(2000) 5.5663𝐸 + 00 + 8.8797𝐸 + 00 − 3.9171E + 00 + 9.6117𝐸 + 00 + 5.9551𝐸 + 00
15(3000) 1.2135E + 01 + 2.1257𝐸 + 01 + 2.5484𝐸 + 01 + 1.5997𝐸 + 01 + 1.3307𝐸 + 01

WFG6

3(400) 2.6448E − 01 + 2.9203𝐸 − 01 + 2.8450𝐸 − 01 + 3.7211𝐸 − 01 ≈ 2.7398𝐸 − 01
5(750) 9.4774𝐸 − 01 + 2.2768𝐸 + 00 ≈ 9.5124E − 01 + 1.6465𝐸 + 00 + 1.0264𝐸 + 00
8(1500) 3.6404𝐸 + 00 + 6.2017𝐸 + 00 − 3.0774E + 00 + 6.9618𝐸 + 00 ≈ 3.6799𝐸 + 00
10(2000) 5.4984𝐸 + 00 + 9.3298𝐸 + 00 − 3.9786E + 00 + 1.0092𝐸 + 01 + 5.7492𝐸 + 00
15(3000) 1.2104E + 01 + 2.2040𝐸 + 01 + 2.1379𝐸 + 01 + 1.6200𝐸 + 01 + 1.3590𝐸 + 01

WFG7

3(400) 2.3938E − 01 + 2.9325𝐸 − 01 + 3.1997𝐸 − 01 + 2.9932𝐸 + 00 + 3.2750𝐸 − 01
5(750) 1.2786𝐸 + 00 + 1.9207𝐸 + 00 ≈ 9.8572E − 01 + 5.6755𝐸 + 00 ≈ 1.3398𝐸 + 00
8(1500) 4.4218𝐸 + 00 + 7.5139𝐸 + 00 + 7.0161𝐸 + 00 + 1.2530𝐸 + 01 − 3.9757E + 00
10(2000) 4.9885𝐸 + 00 + 9.5425𝐸 + 00 + 9.9678𝐸 + 00 + 1.7009𝐸 + 01 ≈ 4.1126E + 00
15(3000) 1.9598𝐸 + 01 + 2.2588𝐸 + 01 + 2.4940𝐸 + 01 + 2.7754𝐸 + 01 − 1.7061E + 01

WFG8

3(400) 8.6223𝐸 − 01 − 6.8740E − 01 ≈ 8.7356𝐸 − 01 + 1.0649𝐸 + 00 ≈ 8.7900𝐸 − 01
5(750) 1.4029E + 00 + 2.3936𝐸 + 00 ≈ 1.4042𝐸 + 00 + 1.8648𝐸 + 00 + 1.4288𝐸 + 00
8(1500) 3.6571𝐸 + 00 + 6.6690𝐸 + 00 − 3.4738E + 00 + 4.7211𝐸 + 00 + 3.8800𝐸 + 00
10(2000) 5.6422E + 00 + 9.9106𝐸 + 00 + 1.8215𝐸 + 01 + 7.1713𝐸 + 00 + 5.8685𝐸 + 00
15(3000) 1.1627E + 01 + 2.2513𝐸 + 01 + 3.0808𝐸 + 01 + 1.5013𝐸 + 01 ≈ 1.1879𝐸 + 01

WFG9

3(400) 2.5741E − 01 + 3.1163𝐸 − 01 + 2.6025𝐸 − 01 + 3.5229𝐸 − 01 + 2.6715𝐸 − 01
5(750) 9.1143𝐸 − 01 + 2.0712𝐸 + 00 ≈ 9.0640E − 01 + 1.1325𝐸 + 00 + 1.0133𝐸 + 00
8(1500) 3.1715𝐸 + 00 + 5.9728𝐸 + 00 − 3.0547E + 00 + 4.6246𝐸 + 00 + 3.3288𝐸 + 00
10(2000) 5.1249𝐸 + 00 + 8.5355𝐸 + 00 − 4.6125E + 00 + 5.5239𝐸 + 00 + 5.3713𝐸 + 00
15(3000) 9.9800E + 00 + 2.1279𝐸 + 01 + 3.1074𝐸 + 01 + 1.2246𝐸 + 01 + 1.2162𝐸 + 01+/ ≈ /− 32/2/11 25/8/12 43/1/1 33/10/2
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(3) For parameter settings in each algorithm, the distri-
bution index is set to 𝜂𝑐 = 30 in 𝑅2-MOEA/D, MOMBI-II
[36],MOEA/D-PBI [17], DBEA [7], andMOEA/DD [38], and
the crossover probability is 𝑝𝑐 = 1.0 in all algorithms; the
distribution index and the mutation probability are 𝜂𝑚 = 20
and𝑝𝑚 = 1/𝑛. InMOEA/D-PBI [17] andMOEA/DD[38], the
neighborhood size𝑇 is set to 20, and the penalty parameter 𝜃0
in PBI is set to 5.0, which is the same as in 𝑅2-MOEA/D.The
reference vector will be adaptively updated via adopting 𝑓𝑟 =0.1 for 𝑅2-MOEA/D. Each algorithm is independently run 21
times. The mean and standard deviation of Δ 2 for the DTLZ
problems are given in the corresponding tables. The mean
value of Δ 2 for the WFG problems is given as well. To have
a statistically sound conclusion, we introduceWilcoxon rank
sum test at a significantly level of 5% to evaluate whether the
proposed 𝑅2-MOEA/D algorithm is significantly better or
worse than the compared algorithms.

5. Experimental Results and Discussion

Our experiments consist of three parts. First of all, we had
better compare 𝑅2-MOEA/D with MOMBI-II [36], DBEA
[7], MOEA/D-PBI [17], and MOEA/DD [38] on the DTLZ
test problems. The main purpose is to validate the perfor-
mance of 𝑅2-MOEA/D in balancing convergence and diver-
sity. Secondly, we compare these algorithms on theWFG test
instances to show great ability coping with different PF fea-
tures. Finally, 𝑅2-MOEA/D is based on the hybrid selection
strategy which is based on the 𝑅2 indicator and decompo-
sition method. Then, the 𝑅2-MOEA/D selection procedure
should investigate all possible cases that might happen when
introducing a new individual into the population.

5.1. Performance Comparisons on the DTLZ Test Suite. In this
subsection, the Δ 2 performance indicator is used to evaluate
the algorithms. Comparison results of 𝑅2-MOEA/D with
other four MOEAs are presented in Table 2. The best Δ 2
values are written in bold. From the experimental results, it
is clear that 𝑅2-MOEA/D andMOEA/DD [38] show the best
performance for four original DTLZ problems.TheΔ 2 values
of MOMBI-II [36] and DBEA [7] compared with the pro-
posed algorithm have the worst performance mainly due to
the selection strategy and normalization method. MOEA/D-
PBI [17] can well remedy the DTLZ2 problems as shown in
Table 2. MOEA/DD [38] has achieved a better performance
while solving most of the DTLZ test problems.The proposed
algorithm is the second best EMOAs from the statistical
results in Table 2. In addition, the performance of 𝑅2-
MOEA/D is the best algorithm while comparing with our
mother algorithms MOMBI-II [36] and MOEA/D-PBI [17].𝑅2-MOEA/D has achieved a satisfactory performance based
on the 𝑅2 indicator and the decomposition method. For
example, the approximate PFs with the median Δ 2 value in
Figure 7 illustrate an excellent comprehensive performance
on the 15-objective DTLZ4 instance compared with the four
related algorithms.

5.2. Performance Comparisons on the WFG Test Suite. We
investigate the WFG problems which involve nonsepara-
ble variables. There are different geometries, for example,

disconnected, convex, concave, degenerate, and linear PF.
The WFG test suite brings a significant challenge to obtain
a well-converged and well-distributed solution set. Table 3
presents the comprehensive results of 𝑅2-MOEA/D with
other EMOAs in terms of Δ 2 values. The best metric values
are written in bold. The representative distribution of the Δ 2
indicator value is illustrated by box plots as shown in Figure 8.
It is obvious that𝑅2-MOEA/D shows the best performance in
most cases according to the statistical experimental results.
Some discussions of the experimental results will be given in
the following paragraph.

As for the WFG1, WFG2, and WFG3 problems, the 𝑅2
indicator based algorithm named MOMBI-II has achieved
the best Δ 2 values compared with the other algorithms. It is
worthwhile pointing out that the proposed 𝑅2-MOEA/D is
the second best algorithm among the compared algorithms.𝑅2-MOEA/D which is based on the 𝑅2 indicator and the
decompositionmethod obtains the satisfactory performance.
MOEA/DD which has obtained the best performance for the
DTLZ test suite cannot achieve the better performance for
these problems. DBEA can achieve the competitive perfor-
mance for the 8-objective and 10-objective WFG1 problems.
Meanwhile, DBEA shows the better Δ 2 values for the 3-
objective and 5-objective WFG2 problems. MOEA/D-PBI
hardly remedies most of problems due to lack of a proper
normalization strategy. In addition, Figure 8(a) gives the
box plot for the 15-objective WFG2 test instance. MOMBI-
II and MOEA/D-PBI obtain better Δ 2 values than DBEA,
MOEA/DD, and the proposed algorithm 𝑅2-MOEA/D.

For the remaining problems, WFG4 to WFG9 have the
same convex PF in the objective space. However, these prob-
lems have different difficulties in the decision space. More
specifically, WFG4 has multimodality characteristic with
large “hill sizes.” Due to the difficulty, EMOAs are easily
trapped into local optimal.𝑅2-MOEA/D achieves the bestΔ 2
values for the 3-objective and 5-objective WFG4 problems in
Table 3. MOMBI-II cannot achieve the better performance
compared with the proposed algorithm in terms ofΔ 2 values.
DBEA is the best algorithm for the 8-objective and 10-
objective WFG4 test instances. MOEA/DD has obtained the
best performance for the 15-objective WFG4 test instance as
shown in Figure 8(b). 𝑅2-MOEA/D is the second best
algorithm. The robustness of the algorithm is better than
MOEA/DD. WFG5 is a deceptive problem. 𝑅2-MOEA/D
is the best algorithm in terms of the Δ 2 values when the
number of the objective spaces is three and fifteen in Table 3.
DBEA shows a better performance for the 8-objective and 10-
objective WFG5 test instances. Similar to the observations
of the WFG5 problems, for WFG6, a nonseparability, and
reduced problem, 𝑅2-MOEA/D and DBEA obtain better
performance. Figure 8(c) gives the box plot of the 15-objective
WFG6 test instance. 𝑅2-MOEA/D and MOEA/DD have the
best performance in terms of the Δ 2 values. The other three
compared algorithm cannot achieve the satisfactory perfor-
mance. WFG7 is both separable and unimodal problem. 𝑅2-
MOEA/D and MOEA/DD obtain the best performance in
terms of Δ 2 values. 𝑅2-MOEA/D which combines the 𝑅2
indicator and the decomposition method is suitable for low-
dimensional WFG7 problem. MOEA/DD which combines
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Figure 7: Pareto fronts obtained by five algorithms on the fifteen-objective DTLZ4 instance with the median Δ 2 value.

Pareto dominance and the decomposition method is suitable
for high-dimensional WFG7 instances. WFG8 and WFG9
have biased and nonseparable features. However, WFG8 is
harder than WFG9 due to the parameter dependency. 𝑅2-
MOEA/D obtains the best performance compared with the
other algorithms for the WFG8 test instances. As further
observed from Figure 8(d), the performance of 𝑅2-MOEA/D
outperforms MOMBI-II and MOEA/DD for the 15-objective
WFG8 instance. 𝑅2-MOEA/D for the 3- and 15-objective
instances and DBEA for the 5-objective, 8-objective, and 10-
objective test instances perform the best performance for
WFG9 in Table 3.

From the overall statistical analysis in Table 3, it is evident
that solutions achieved by 𝑅2-MOEA/D are well converged
andwidely distributed to the true PF ofMaOPs.𝑅2-MOEA/D
is a competitive algorithm among the compared EMOAs.
DBEA is the second rank algorithm for the WFG test prob-
lems. MOMBI-II is the third best algorithm on the merit
of the achievement scalarizing function for the first three
problems. MOEA/D-PBI and MOEA/DD have a potential
improvement for the WFG problems compared with an
excellent performance on the DTLZ problems as given in
Section 5.1.

5.3. Investigation of Different Cases in 𝑅2-MOEA/D Selection
Procedure. The proposed 𝑅2-MOEA/D selection strategy is
based on the 𝑅2 indicator and decomposition method to
prune the combined population. The selection strategy is
implemented in a hierarchical manner. We had better con-
sider all possible cases that will happen when combining a
new individual into the parent population. Without loss of

generality, we investigate the different cases on benchmark
problem in this subsection. The usages of each selection
situation on each test instance will be illustrated in Figure 9.
From the detailed analysis, five selection cases will be used
in sophisticated 𝑅2-MOEA/D selection strategy to solve
MaOPs.The selection method scarcely introduces any Pareto
dominance in the proposed 𝑅2-MOEA/D compared with
MOEA/DD.Whether the ideal point will be updated or not is
the first condition to be considered. If the ideal point is
changed by the new individual, the 𝑅2 indicator and decom-
position method will be used to delete an individual from
the combined population. Four cases will possibly happen for
high-dimensional objective optimization problems.

Case 1. 𝑅lowest = 1 and𝑀(𝑅lowest) > 1.
Case 2. 𝑅lowest = 1 and𝑀(𝑅lowest) = 1.
Case 3. 𝑅lowest > 1 and max(𝑀(𝑅lowest)) > 1.
Case 4. 𝑅lowest > 1 and max(𝑀(𝑅lowest)) = 1.

If the ideal point remains unchanged by the new individ-
ual, the PBI decomposition method and the objective space
partition strategy are introduced to prune the population.
Only the decomposition method will be given in Case 5 as
follows.

Case 5. z∗ remains unchanged.

Without loss of generality, theWFG1 problemwhich has a
mixed convex and concave PF is introduced to investigate the
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(c) WFG6 with 15-objective
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Figure 8: The box plots obtained by five algorithms on the respective fifteen-objective WFG test suite.

usages of different cases from three to fifteen objectives. The
representative usages for each case on 3-objective WFG1 test
instance are given in Figure 9. From the experimental results,
we have the following observations.

(1) The usage of Case 5 is frequently used among all five
cases as shown in Figure 9(e), and it grows with the iteration
increasing. The percentage of Case 5 usage will be 99.76%,
99.88%, 99.86%, 99.92%, and 99.60% from three to fifteen
objectives, respectively. This can be explained by the fact that
the ideal point z∗ cannot be updated frequently. The PBI
decompositionmethod plays an important role nomatter the
number of the objective space is high or low.

(2) The second frequently used case is Case 3. The ideal
point will be updated by a new individual.The new individual
performs better convergence during the iteration. It will be
survived from the evolution process.However, wemust delete
an individual from the remaining candidate solutions for the
steady-state evolutionary algorithm. The 𝑅2 indicator and
decomposition method are introduced to prune the candi-
date solutions.The size of the lowest𝑅2 contribution individ-
ual is more than one and the most crowded subspaces with
the lowest 𝑅2 contribution contain more than one solution.
The removal procedure only considers the 𝑅lowest solution in
the most crowded subspaces. The execution number of Case
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Figure 9: Plots of usages for different selection cases on three-objective WFG1 test instance.

3 will be (80, 171, 300, 396, 1614) for theWFG1 problems from
three to fifteen objectives as shown in Figure 9(c).

(3) The third commonly used case is Case 4 as shown in
Figure 9(d).The usages only appear once during the iteration.
As for more than three objectives, the execution number of
this case only has (16, 7, 0, 0) from five to fifteen objectives.
Concretely, the potential solutions in the isolated subspaces
actually occur for some situations. In order to maintain
the better diversity, all of the isolated solutions will be
survived.The relatively better𝑅2 contribution individual will
be discarded from the combined population.

(4) Both Cases 1 and 2 have scarcely been utilized during
the evolutionary procedure as shown in Figures 9(a) and 9(b).
However, some unknown benchmark test problems which
have not been discovered yet may need Cases 1 and 2. After
analyzing the selection cases have the potential ability to solve
the real world optimization problems.

6. Conclusion

This paper provides a new algorithm to address many-
objective optimization problems: 𝑅2-MOEA/D. The algo-
rithm can be seen as the integrated selection strategy which
combines the 𝑅2 indicator and the decomposition method
together. In the proposed algorithm, the selection procedure
contains two aspects: if the ideal point is updated via intro-
ducing a new individual, the𝑅2 indicator and decomposition
based selection method is introduced to prune the combined
population for a steady-state evolutionary algorithm. If the
ideal point remains unchanged when a new individual is

introduced, the PBI decompositionmethod is used to discard
the worst solution via adopting the objective space partition
strategy. 𝑅2-MOEA/D has deeply dug the useful information
from a combined candidate solutions. A set of reference
vectors is the bridge between the 𝑅2 indicator and the
decomposition method. According to the empirical results,𝑅2-MOEA/D performs highly competitive performance for
the DTLZ andWFG unconstrained benchmark problems up
to fifteen objectives after being compared with four related
EMOAs.

Furthermore, the relationship between Pareto dominance
which is based on partial orders and the 𝑅2 indicator which
is based on utility function should be carefully analyzed. How
to properly design the 𝑅2 indicator via adopting a set of
reference vectors and a proper utility function to evaluate the
EMOAs is helpful for MaOPs. How to find the relationship
between the 𝑅2 indicator and the other performancemetrics,
such as Δ𝑝 [31] and IGD+ [27], is our future research.
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The approximation Pareto front of the DTLZ and WFG test
suites is given in the supplementary materials. The obtained
approximation Pareto front of each compared algorithm has
shown similar performance in the statistical experimental
results as given in Tables 2 and 3. Figures S1 to S5: in order to
validate the experimental results, the supplementarymaterial
gives the obtained 15-objective approximation Pareto front.
The distribution of the approximation Pareto front depends
on the distribution of reference vector and the geometry of
the Pareto front. Figure S1: 𝑅2-MOEA/D for the 15-objective
DTLZ andWFG test instances. Figure S2: MOMBI-II for the
15-objective DTLZ andWFG test instances. Figure S3. DBEA
for the 15-objective DTLZ and WFG test instances. Figure
S4: MOEA/D-PBI for the 15-objective DTLZ and WFG test
instances. Figure S5: MOEA/DD for the 15-objective DTLZ
and WFG test instances. (Supplementary Materials)
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[14] M. Köppen, R. Vicente-Garcia, and B. Nickolay, “Fuzzy-pareto-
dominance and its application in evolutionary multi-objective
optimization,” in Evolutionary Multi-Criterion Optimization,
pp. 399–412, Springer, 2005.

[15] R. Wang, R. C. Purshouse, and P. J. Fleming, “Preference-
inspired coevolutionary algorithms for many-objective opti-
mization,” IEEE Transactions on Evolutionary Computation, vol.
17, no. 4, pp. 474–494, 2013.

[16] T. Murata and M. Gen, “Cellular genetic algorithm for multi-
objective optimization,” in Proceedings of the 4th Asian Fuzzy
System Symposium, pp. 538–542, Citeseer, 2002.

[17] Q. Zhang and H. Li, “MOEA/D: A multiobjective evolutionary
algorithm based on decomposition,” IEEE Transactions on
Evolutionary Computation, vol. 11, no. 6, pp. 712–731, 2007.

[18] K. Li, A. Fialho, S. Kwong, and Q. Zhang, “Adaptive operator
selection with bandits for a multiobjective evolutionary algo-
rithm based on decomposition,” IEEE Transactions on Evolu-
tionary Computation, vol. 18, no. 1, pp. 114–130, 2014.

[19] N. Al Moubayed, A. Petrovski, and J. McCall, “D2MOPSO:
multi-objective particle swarm optimizer based on decomposi-
tion and dominance,” in Proceedings of the European Conference
on Evolutionary Computation in Combinatorial Optimization,
pp. 75–86, Springer, 2012.

[20] A. Pan, H. Tian, L. Wang, and Q. Wu, “A decomposition-based
unified evolutionary algorithm for many-objective problems
using particle swarm optimization,” Mathematical Problems in
Engineering, vol. 2016, Article ID 6761545, 15 pages, 2016.

[21] E. Zitzler and L. Thiele, “Multiobjective evolutionary algo-
rithms: a comparative case study and the strength pareto
approach,” IEEETransactions onEvolutionaryComputation, vol.
3, no. 4, pp. 257–271, 1999.

[22] E. Zitzler and S. Künzli, “Indicator-based selection in multiob-
jective search,” in Parallel Problem Solving from Nature-PPSN
VIII, vol. 3242, pp. 832–842, Springer, Berlin, Germany, 2004.

[23] C. Igel, N. Hansen, and S. Roth, “Covariance matrix adaptation
for multi-objective optimization,” Evolutionary Computation,
vol. 15, no. 1, pp. 1–28, 2007.

[24] K. Bringmann and T. Friedrich, “Don’t be greedy when calcu-
lating hypervolume contributions,” in Proceedings of the tenth
ACM SIGEVO workshop on Foundations of genetic algorithms,
pp. 103–112, 2009.

[25] A. Menchaca-Mendez and C. A. Coello Coello, “GD-MOEA:
A new multi-objective evolutionary algorithm based on the

http://downloads.hindawi.com/journals/mpe/2018/1435463.f1.pdf


18 Mathematical Problems in Engineering

generational distance indicator,” in Lecture Notes in Computer
Science, vol. 1, pp. 156–170, EMO, 2015.

[26] A.Menchaca-Mendez andC. A. Coello Coello, “GDE-MOEA: a
new moea based on the generational distance indicator and𝜀-dominance,” in Proceedings of the Evolutionary Computation
(CEC), 2015 IEEE Congress on, pp. 947–955, IEEE, 2015.

[27] E. M. Lopez and C. A. C. Coello, “Improving the integration
of the IGD+ indicator into the selection mechanism of a
Multi-objective Evolutionary Algorithm,” in Proceedings of the
Evolutionary Computation (CEC), 2017 IEEE Congress on, pp.
2683–2690, IEEE, San Sebastian, Spain, 2017.

[28] C. A. Rodrguez Villalobos and C. A. Coello Coello, “A new
multi-objective evolutionary algorithmbased on a performance
assessment indicator,” in Proceedings of the 14th annual con-
ference on Genetic and evolutionary computation, pp. 505–512,
ACM, 2012.

[29] G. Rudolph, O. Schütze, C. Grimme, C. Domnguez-Medina,
and H. Trautmann, “Optimal averaged hausdorff archives for
bi-objective problems: theoretical and numerical results,” Com-
putationalOptimization andApplications, vol. 64, no. 2, pp. 589–
618, 2016.

[30] O. Schütze, C. Domnguez-Medina, N. Cruz-Cortés et al., “A
scalar optimization approach for averaged hausdorff approxi-
mations of the pareto front,” Engineering Optimization, vol. 48,
no. 9, pp. 1593–1617, 2016.

[31] O. Schütze, X. Esquivel, A. Lara, andC.A. Coello Coello, “Using
the averaged hausdorff distance as a performance measure in
evolutionary multiobjective optimization,” IEEE Transactions
on Evolutionary Computation, vol. 16, no. 4, pp. 504–522, 2012.
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