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A complex variable method for solving the forces and displacements of circular lined tunnels is presented. Complex potentials
for the stresses and displacements are expressed in the term of series expression. The undetermined coefficients of the complex
potentials are obtained according to the stress boundary conditions along the lining inner surface and the displacement and surface
traction boundary condition along the lining and rock-mass interface. Solutions for the stresses and displacements of the tunnel
lining and rock-mass are then established by applying Muskhekishvili’s complex variable method. In addition, forces solutions for
linings are presented based on the tangential stress at the two boundaries. Examples are finally established to reveal the applicability
and accuracy of the proposed method.The effects of the degrees from the tunnel crown to the invert, coefficient of the lateral earth
pressure, and distance from the rock-mass to the interface on the regulations of the lining forces and rock-mass stresses are also
thoroughly investigated.

1. Introduction

Tunnels are essential infrastructures that play a pivotal role
in water conveyance, transportation, and mining, as well
as military engineering. Linings are the most important
structures to ensure the safety of the tunnel system. It has
been of high interest to determine the stress and displacement
distribution of the surrounding rock-mass and the force and
deformation response of the liningwith high level of accuracy
[1–9].

Numerical simulation and analytic method, as well as in
situ or indoors experiment, are the three main approaches
used in practice to predict the stresses and deformations
of the tunnel lining and surrounding rock-mass. Extensive
numerical simulations have been performed in recent years.
Möller and Vermeer (2008) applied finite element method
and researched the lining forces and soil displacements of two
under construction tunnels [10]. Liu et al. (2017) preformed
a simulation of the Gongti North Road tunnel of Beijing
Metro Line 10 built by the PBA method to determine the
stress state of the structure under construction [11]. Also,
a series of 3D FEM analysis were performed by Avgerinos

et al. (2017) to discuss the lining forces and deformation
of the future Crossrail tunnel [12]. Numerical method can
be used to solve problems with nonlinear soil property
(elastoplastic or elastoviscoplastic) and complex boundary
conditions. However, most of the numerical simulations are
applied to certain engineering cases and are difficult to give
an understanding of how final solutions are influenced by
different parameters [3, 13–15]. The solution obtained by
analytical method is still in great significance for in-depth
analysis of tunnel engineering.

To derive the analytic solutions for the structure forces
and displacements, many researchers treated the tunnel
lining as shallow arches. Pi et al. (2002) investigated the
stress and buckling behaviour of the shallow arch under the
radial uniformly distributed load by using the energy method
[16]. Gao et al. (2014) combined the structural analysis and
material uncertainties of arches and presented the results
of the axial compressive force, bending moment, and axial
displacement [17]. These methods presented an access to the
assessment of the circular structures but are still difficult to
solve the lining and rock-mass problems due to the difference
between boundary conditions of the models and field.
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Figure 1: Lined tunnel under an initial stress field.

The theoretical methods for circular tunnels are also
fully developed. Based on the complex potential functions
and conformal mapping, Muskhekishvili and Radok (1953)
proposed a complex variable method to investigate the stress
components and deformation within the material [18]. This
method was also used by Lekhnitskii (1968) to determine
the closed-form solutions for the stresses around a circular
hole [19]. Then Verruijt (1997) applied the complex variable
method on the circular tunnel in an elastic half-plane [20].
Similar method was used by Manh et al. (2013) to develop a
semianalytical solution for an unlined circular tunnel exca-
vated in a transversely isotropic formation with nonlinear
behaviour [21]. However, the interaction between the tunnel
lining and geomaterial was ignored in these methods. Two
different regions should be assumed when the lining is
considered and thus increased the complexity of the problem.

This study aims to establish solutions for forces and
displacements of lined tunnels by using Muskhekishvili’s
complex variable method. Some instantaneous elastic defor-
mation occurs in the surrounding rock-mass before the lining
is installed [13]. Thus, it is reasonable to consider the support
delay of the lining after the tunnel is excavated. A release
coefficient 𝜂 is assumed herein to consider the support delay
and the interaction between the lining and surrounding
rock-mass.The inner surface of the transportation (highway,
railway,metro, etc.) tunnel lining is a free boundary condition
where the load action is zero. Nevertheless, the situation is
different for pressured water-conveyance tunnels. Hence, a
radial pressure 𝑝n is considered to cover both situations (𝑝n
equals zero for transportation tunnels). Stresses and displace-
ments are firstly derived by expressing the complex potentials
in terms of series expression.Then, three governing equations
to determine the unknown coefficients of the potentials are
obtained based on the stress boundary conditions at the
lining inner surface and the displacement and surface force

boundary conditions at the lining and rock-mass interface.
In addition, according to the knowledge of the mechanics of
materials, forces solutions for linings are also presented by
using the tangential stress result at two boundaries. Finally,
parameter analysis through examples is established to acquire
regulations for the forces and displacements of the lining
and rock-mass, respectively. Guidance for the design and
construction of the circular tunnel is also presented based on
the result of parameter analysis.

2. Complex Variable Method for Lined
Circular Tunnels

The problem can be considered as a reinforced hole in an
infinite plane subjected to a uniform stress state at infinity
while the tunnel is located at a great depth compared with the
tunnel dimension. The infinite plane on the complex plane is
divided into two isotropic homogenous regions considering
both the lining and surrounding rock-mass. As shown in
Figure 1, the two regions are bounded by contours 𝛾1 and 𝛾2,
which represent the inner and outer boundaries of the lining,
respectively. The conformal mapping function of the circle
can be expressed as follows [13]:

𝑧 = 𝜔 (𝜁) = 𝑅𝜁 = 𝑅ei𝜃 (1)

where i = √−1 and R is the radius of the circle.
The stress components provided by Muskhelishvli and

Radok (1953) [18] based on the complex variable method are
as follows:

𝜎𝑥 + 𝜎𝑦 = 4Re [𝜑 (𝑧)]
𝜎𝑦 − 𝜎𝑥 + 2i𝜏𝑥𝑦 = 2 [𝑧𝜑 (𝑧) + 𝜓 (𝑧)] (2)

where 𝜎𝑥 and 𝜎𝑦 are the horizontal and vertical stress com-
ponents, respectively, and 𝜏𝑥𝑦 is the shear stress.𝜑(𝑧) and𝜓(𝑧)
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Figure 2: Surface force components on the boundary of an unlined
tunnel.

are two complex potentials, and Re{ } denotes the real part of{ }.
The displacement components can be described as fol-

lows:

2𝐺 (𝑢𝑥 + i𝑢𝑦) = 𝜅𝜑 (𝑧) − 𝑧𝜑 (𝑧) − 𝜓 (𝑧) (3)

where 𝑢𝑥 and 𝑢𝑦 are the horizontal and vertical displacement
components, respectively, G is the shear modulus, and 𝜅 is a
parameter related to Poisson’s ratio 𝜐 and is as follows:

𝜅 = {{{{{
3 − 4𝜇 planestrian
3 − 4𝜇1 + 𝜇 planestress

(4)

Denote the total displacement of the rock-mass induced
by the excavation without support on the orthogonal curvi-
linear coordinate system as 𝑢𝜌1R + i𝑢𝜃1R; from (3), it can be
expressed as follows [22, 23]:

𝑢𝜌1R + i𝑢𝜃1R = 𝑒−𝑖𝜃 (𝑢𝑥1R + i𝑢𝑦1R)
= 12𝐺1 𝑒−𝑖𝜃 [𝜅1𝜑1 (𝑧) − 𝑧𝜑1 (𝑧) − 𝜓1 (𝑧)] (5)

where 𝑢𝜌1R and 𝑢𝜃1R are the radial and tangential displace-
ment components, respectively, 𝐺1 and 𝜅1 refer to the para-
meters of the surrounding rock-mass, and, in order to
show discrimination, the complex potentials for the situation
without lining are denoted as 𝜑1(𝑧) and 𝜓1(𝑧).

The surface tractions along the boundaries satisfy the
following equation:

i∫𝐵
𝐴

(𝑋𝑛 + i𝑌𝑛)d𝑠 = 𝜑1 (𝑧) + 𝑧𝜑1 (𝑧) + 𝜓1 (𝑧) (6)

where 𝑋𝑛 and 𝑌𝑛 are components of the surface traction
vector in 𝑥 and 𝑦 directions, respectively, A and 𝐵 are points
at the boundary, and d𝑠 is the arc length.

As shown in Figure 2, 𝑝 is the vertical component of in
situ stress, and 𝜆 is the lateral pressure coefficient. The rock-
mass is in initial stress state where 𝜎𝑥0 = −𝜆𝑝, 𝜎𝑦0 = −𝑝,
and 𝜎𝑥𝑦0 = 0 before the excavation of the tunnel. The surface
tractions can be determined by the initial stress field as
follows [13]:

𝑋𝑛 + i𝑌𝑛 = −𝜆𝑝d𝑦
d𝑠 + i𝑝d𝑦

d𝑠 (7)

The excavation of the tunnel is an application of a surface
with magnitude of −(𝑋𝑛+ i𝑌𝑛) on the working face [13]. From
(7), the following can be derived as

i∮− (𝑋𝑛 + i𝑌𝑛) d𝑠 = 𝑝 (1 + 𝜆)2 𝑧 + 𝑝 (1 − 𝜆)2 𝑧
𝑧 = 𝑅1𝑒i𝜃

(8)

The stress boundary condition at𝜌=R1 in the unsupported
situation can be expressed as follows:

𝜑1 (𝑧) + 𝑧𝜑1 (𝑧) + 𝜓1 (𝑧) = 𝑝 (1 + 𝜆)2 𝑧 + 𝑝 (1 − 𝜆)2 𝑧 (9)

The general solution for the complex potentials can be
expressed by the following [22]:

𝜑1 (𝑧) = 12𝜋 (1 + 𝜅1) (𝑋 + i𝑌) ln 𝑧 + (𝐵 + i𝐶) 𝑧
+ 𝜑10 (𝑧)

𝜓1 (𝑧) = 12𝜋 (1 + 𝜅1) (𝑋 − i𝑌) ln 𝑧 + (𝐵 + i𝐶) 𝑧
+ 𝜓10 (𝑧)

(10)

where 𝑋 and 𝑌 are the resultant force in 𝑥 and 𝑦 direction,
respectively, 𝐵, 𝐶, 𝐵, 𝐶 are real constant, and functions𝜑10(𝑧) and 𝜓10(𝑧) can be expressed as

𝜑10 (𝑧) = 𝑎0 + ∞∑
𝑘=1

𝑎𝑘𝑧−𝑘

𝜓10 (𝑧) = 𝑏0 + ∞∑
𝑘=1

𝑏𝑘𝑧−𝑘
(11)

According to [20], in this problem, X and Y equal zero
because the surface forces on the contour are balanced
force system. Since only the surface forces influence the
displacement caused by the excavation, 𝐵 = 𝐶 = 𝐵 = 𝐶 = 0.
The displacement at infinity equals zero; thus a0 and 𝑏0 equal
zero. Eq. (10) can be then expressed as

𝜑1 (𝑧) = ∞∑
𝑘=1

𝑎𝑘𝑧−𝑘

𝜓1 (𝑧) = ∞∑
𝑘=1

𝑏𝑘𝑧−𝑘
(12)
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By substituting (12) into (9), the two potentials in (6) can
be obtained by the following equations [13]:

𝜑1 (𝑧) = 𝑝 (1 + 𝜆)2 𝑅12 1𝑧
𝜓1 (𝑧) = 𝑝 (1 + 𝜆)2 𝑅12 1𝑧 + 𝑝 (1 + 𝜆)2 𝑅14 1𝑧3

(13)

Substituting (13) into (5) the following equations can be
obtained:

𝑢𝜌1R + i𝑢𝜃1𝑅 = 12𝐺1 𝑒−𝑖𝜃 [𝜅1
𝑝 (1 + 𝜆)2 𝑅12 1𝑧

+ 𝑝 (1 + 𝜆)2 𝑅12 𝑧𝑧2 −
𝑝 (1 + 𝜆)2 𝑅12 1𝑧

− 𝑝 (1 + 𝜆)2 𝑅14 1𝑧3 ]
(14)

Considering that the lining is installed when the displace-
ment is 𝜂 times the total displacement of the unsupported
tunnel, the displacement of the rock-mass 𝑢𝜌2R+ i𝑢𝜃2𝑅 occurs
before the support of the lining can be expressed as follows:

𝑢𝜌2R + i𝑢𝜃2𝑅 = 𝜂 (𝑢𝜌1R + i𝑢𝜃1𝑅) (15)

where 𝜂 is between 0 and 1. When 𝜂 equals zero, the tunnel
is supported immediately after excavation, which means no
deformation occurs in the rock-mass before the tunnel is
lined. This situation will not happen in the practice because
no matter how fast the lining is supported, the surrounding
rock will have some deformation. When 𝜂 equals 1, the lining
is applied after the total displacement has completed.

After the lining is applied, a part of the displacement
of the surrounding rock-mass is restricted and can be then
presented by the following equation:

2𝐺1 (𝑢𝜌3R + i𝑢𝜃3R)
= 𝑒−i𝜃 [𝜅1𝜑2 (𝑧) − 𝑧𝜑2 (𝑧) − 𝜓2 (𝑧)] (16)

From (15) and (16), the final displacement of the sur-
rounding rock-mass for the lined tunnel 𝑢𝜌R + i𝑢𝜃R can be
expressed as follows:

𝑢𝜌R + i𝑢𝜃R
= (𝑢𝜌1R + i𝑢𝜃1R) − (𝑢𝜌2R + i𝑢𝜃2R)

+ (𝑢𝜌3R + i𝑢𝜃3R)
= 1 − 𝜂2𝐺1 𝑒−i𝜃 [𝜅1𝜑1 (𝑧) − 𝑧𝜑1 (𝑧) − 𝜓1 (𝑧)]

+ 12𝐺1 𝑒−i𝜃 [𝜅1𝜑2 (𝑧) − 𝑧𝜑2 (𝑧) − 𝜓2 (𝑧)]

(17)

The displacement of the lining can be derived by the
following equation:

2𝐺2 (𝑢𝜌L + i𝑢𝜃L) = 𝜅2𝜑3 (𝑧) − 𝑧𝜑3 (𝑧) − 𝜓3 (𝑧) (18)

where 𝑢𝜌L and 𝑢𝜃L are the displacement components of any
point of the lining in the radial and tangential directions and𝐺2 and 𝜅2 refer to the parameters of the lining concrete.

Functions in (16) - (18) can be expressed using the Taylor
and Laurent series as

𝜑2 (𝑧) = ∞∑
𝑘=1

𝑐𝑘𝑧−𝑘

𝜓2 (𝑧) = ∞∑
𝑘=1

𝑑𝑘𝑧−𝑘

𝜑3 (𝑧) = ∞∑
𝑘=1

𝑒𝑘𝑧−𝑘 + ∞∑
𝑘=1

𝑓𝑘𝑧𝑘

𝜓3 (𝑧) = ∞∑
𝑘=1

𝑔𝑘𝑧−𝑘 + ∞∑
𝑘=1

ℎ𝑘𝑧𝑘

(19)

Three boundary conditions used to solve the undeter-
mined coefficients (ck, dk, ek, 𝑓𝑘, gk,hk) of the potentials
(𝜑2(𝜁), 𝜓2(𝜁), 𝜑3(𝜁),𝜓3(𝜁)) are as follows:

(i) the normal stress at the inner boundary of lining at 𝛾1
equals -𝑝n;

(ii) the surface tractions are continuous at the interface𝛾2 from both surrounding rock-mass side and lining
side;

(iii) the displacement is continuous at the interface 𝛾2
from both surrounding rock-mass side and lining
side. In the engineering practice, rock bolts which
restrict the tangential displacement of the lining will
be applied. Thus, displacement in both radial and
tangential directions are considered continuous.

Using (2), the stress components in the orthogonal
curvilinear coordinate system can be rewritten as follows:

𝜎𝜌 + 𝜎𝜃 = 𝜎𝑥 + 𝜎𝑦 = 4Re [𝜑 (𝑧)]
𝜎𝜃 − 𝜎𝜌 + 2i𝜏𝜌𝜃 = 2 [𝑧𝜑 (𝑧) + 𝜓 (𝑧)] 𝑒2i𝜃 (20)

where 𝜎𝜌 is the normal stress and 𝜎𝜃 is the tangential stress.
From (14), the normal stress condition of the lining at

inner boundary 𝛾1 (z=𝑅0𝑒i𝜃) can be expressed as follows:

2Re [𝜑3 (𝑧)] − [𝑧𝜑3 (𝑧) + 𝜓3 (𝑧)] 𝑒2i𝜃 = −𝑝n (21)

Substituting (19) into (21), the following equations can be
obtained:

2𝑓1 + 𝑔1𝑅0−2 + 2 (𝑓2𝑅0 + 𝑔2𝑅0−3) cos 𝜃 + 2𝑖 (−𝑓2𝑅0
+ 𝑔2𝑅0−3) sin 𝜃 + ∞∑

𝑘=1

[−2𝑘𝑒𝑘𝑅0−𝑘−1
+ 2 (𝑘 + 2)𝑓𝑘+2𝑅0𝑘+1 + (𝑘 + 2) 𝑔𝑘+2𝑅0−𝑘−3] cos (𝑘
+ 1) 𝜃 + ∞∑

𝑘=1

[−𝑘 (𝑘 + 1) 𝑒𝑘𝑅0−𝑘−1
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− (𝑘 + 2) (𝑘 + 1) 𝑓𝑘+2𝑅0𝑘+1 − 𝑘ℎ𝑘𝑅0𝑘−1] cos (𝑘 + 1)
⋅ 𝜃
+ 𝑖∞∑
𝑘=1

[− (𝑘 + 2) 𝑔𝑘+2𝑅0−𝑘−3 + 𝑘 (𝑘 + 1) 𝑒𝑘𝑅0−𝑘−1
− (𝑘 + 2) (𝑘 + 1) 𝑓𝑘+2𝑅0𝑘+1 − 𝑘ℎ𝑘𝑅0𝑘−1 ]

⋅ sin (𝑘 + 1) 𝜃 = 𝑝n

(22)

Eq. (22) should be applicable to any 𝜃 around the lining.
Hence the following equations can be obtained:

2𝑓1 + 𝑔1𝑅0−2 = −𝑝n

𝑔2 = 𝑓2 = 0
𝑒𝑘𝑅0−𝑘−1 + (𝑘 + 2) 𝑓𝑘+2𝑅0𝑘+1 + ℎ𝑘𝑅0𝑘−1 = 0,

(𝑘 ≥ 1)
−𝑘𝑒𝑘𝑅0−𝑘−1 + 𝑓𝑘+2𝑅0𝑘+1 + 𝑔𝑘+2𝑅0−𝑘−3 = 0,

(𝑘 ≥ 1)

(23)

The surface tractions condition at the interface 𝛾2
(𝑧=𝑅1𝑒i𝜃) can be presented as follows:

𝜑2 (𝑧) + 𝑧𝜑2 (𝑧) + 𝜓2 (𝑧) = 𝜑3 (𝑧) + 𝑧𝜑3 (𝑧) + 𝜓3 (𝑧) (24)

Substituting (19) into (24), the following equations can be
derived:
𝑛∑
𝑖=1

c𝑘𝑅−𝑘1 𝑒−𝑖𝑘𝜃 − ∞∑
𝑘=3

(𝑘 − 2) 𝑐𝑘−2𝑅−𝑘+21 𝑒𝑖𝑘𝜃 + ∞∑
𝑘=1

𝑑𝑘𝑅−𝑘1 𝑒𝑖𝑘𝜃

= ∞∑
𝑘=1

𝑒𝑘𝑅−𝑘1 𝑒−𝑖𝑘𝜃 + ∞∑
𝑘=1

𝑓𝑘𝑅𝑘1𝑒𝑖𝑘𝜃

− ∞∑
𝑘=3

(𝑘 − 2) 𝑒𝑘−2𝑅−𝑘+21 𝑒𝑖𝑘𝜃 + 𝑓1𝑅1𝑒𝑖𝜃 + 2𝑓2𝑅21
+ ∞∑
𝑘=1

(𝑘 + 2) 𝑓𝑘+2𝑅𝑘+21 𝑒−𝑖𝑘𝜃 + ∞∑
𝑘=1

𝑔𝑘𝑅−𝑘1 𝑒𝑖𝑘𝜃

+ ∞∑
𝑘=1

ℎ𝑘𝑅𝑘1𝑒−𝑖𝑘𝜃

(25)

Comparing the coefficients of the items 𝑒i𝑘𝜃, the following
equations can be then obtained:

d𝑘𝑅1−𝑘−1 = 2𝑓1𝑅1 + g1𝑅1−1
c𝑘𝑅−𝑘1 = 𝑒𝑘𝑅−𝑘1 + (𝑘 + 2) 𝑓𝑘+2𝑅𝑘+21

+ ℎ𝑘𝑅𝑘1 , 𝑘 ≥ 1
−𝑘𝑐𝑘𝑅−𝑘1 + 𝑑𝑘+2𝑅−𝑘−21 = 𝑓𝑘+2𝑅𝑘+21 − 𝑘𝑒𝑘𝑅−𝑘1

+ 𝑔𝑘+2𝑅−𝑘−21 , 𝑘 ≥ 1

(26)

The displacement condition at the interface 𝛾2 (𝑧=𝑅1𝑒i𝜃)
can be expressed as follows:

𝑢𝜌R + i𝑢𝜃R = 𝑢𝜌L + i𝑢𝜃L (27)

Substituting (14) - (18) into (27), the displacement condi-
tion at 𝛾2 can be then expressed as the following:

(1 − 𝜂) 𝑝
2𝐺1 [𝜅1 (1 − 𝜆) 𝑅1𝑒−𝑖𝜃 − (1 + 𝜆) 𝑅1𝑒−𝑖𝜃]
+ 1𝐺1 (𝜅1 + 𝐺1𝐺2)

∞∑
𝑘=1

𝑐𝑘𝑅1−𝑘𝑒−𝑖𝑘𝜃

− 𝐺1/𝐺2 − 1𝐺1 [∞∑
𝑘=3

(𝑘 − 2) 𝑐𝑘−2𝑅1−𝑘+2𝑒−𝑖𝑘𝜃

− ∞∑
𝑘=1

𝑑𝑘𝑅1−𝑘𝑒𝑖𝑘𝜃] = 𝜅2 + 1𝐺2 [∞∑
𝑘=1

𝑒𝑘𝑅1−𝑘𝑒−𝑖𝑘𝜃

+ ∞∑
𝑘=1

𝑓𝑘𝑅1𝑘𝑒𝑖𝑘𝜃]

(28)

Comparing the coefficients of the items 𝑒i𝑘𝜃 in (28), the
following equations can be obtained:

(1 − 𝜂) 𝑝
2𝐺1 𝜅1 (1 − 𝜆) 𝑅1 + 1𝐺1 (𝜅1 + 𝐺1𝐺2)𝑅1−1𝑐1
= 1𝐺2 (𝜅2 + 1) 𝑅1−1𝑒1

− (1 − 𝜂) 𝑝
2𝐺1 (1 + 𝜆) 𝑅1 + 1𝐺1 (

𝐺1𝐺2 − 1)𝑅1−1𝑑1
= 1𝐺2 (𝜅2 + 1) 𝑅1𝑓1

1𝐺1 (𝜅1 + 𝐺1𝐺2) 𝑐𝑘 = 1𝐺2 (𝜅2 + 1) 𝑒𝑘, 𝑘 ≥ 2
𝑑2 = 0
− 𝐺1/𝐺2 − 1𝐺1 𝑐𝑘𝑅1−𝑘 + 𝐺1/𝐺2 − 1𝐺1 𝑑𝑘+2𝑅1−𝑘−2

= 1𝐺2 (𝜅2 + 1) 𝑓𝑘+2𝑅1𝑘+2, 𝑘 ≥ 1

(29)

Eqs. (23), (26), and (29) are the equations to calculate the
coefficients of the complex potentials. It can be concluded
from (23), (26), and (29) that when k≥2, the coefficients
ck, 𝑑𝑘+2, 𝑒𝑘, 𝑓𝑘+2, 𝑔𝑘+2, and ℎ𝑘 equal zero. Hence, the four
unknown complex potentials can be expressed as follows:

𝜑2 (𝑧) = 𝑐1𝑧−1
𝜓2 (𝑧) = 𝑑1𝑧−1 + 𝑑3𝑧−3
𝜑3 (𝑧) = 𝑒1𝑧−1 + 𝑓1𝑧 + 𝑓3𝑧3
𝜓3 (𝑧) = 𝑔1𝑧−1 + 𝑔3𝑧−3 + ℎ1𝑧

(30)
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The remaining nonzero coefficients 𝑐1, 𝑑1, 𝑑3, 𝑒1, 𝑓1, 𝑓3,𝑔1, 𝑔3, and ℎ1 in (30) can be determined by the following
linear equation set derived from (23), (26), and (29):

AB = C (31)

where

A = [𝑐1 𝑑1 𝑑3 𝑒1 𝑓1 𝑓3 𝑔1 𝑔3 ℎ1] ,

B =

[[[[[[[[[[[[[[[[[[[[[[[[[[
[

0 0 0 𝜅1 + 𝐺1𝐺2 0 (𝐺1𝐺2 − 1)𝑅21 0 1 𝑅21
0 0 0 0 𝐺1𝐺2 − 1 0 1 0 0
0 0 0 0 0 1 − 𝐺1𝐺2 0 0 −1
0 1 𝑅20 𝜅1 − 𝐺1𝐺2 (𝜅2 + 1) 0 0 0 −1 −𝑅21

2𝑅20 0 0 0 −𝐺1𝐺2 (𝜅2 + 1) 𝑅21 0 −2𝑅21 0 0
0 3𝑅40 −𝑅60 0 0 𝐺1𝐺2 (𝜅2 + 1) 𝑅61 0 −3𝑅41 −𝑅61
1 0 0 0 0 0 −1 0 0
0 0 −1 0 0 0 0 0 1
0 𝑅20 0 0 0 0 0 −𝑅21 0

]]]]]]]]]]]]]]]]]]]]]]]]]]
]

,

C = [−𝑝n𝑅20 0 0 −1 − 𝜂2 𝑝𝜅1 (1 − 𝜆) 𝑅21 1 − 𝜂2 𝑝𝜅1 (1 + 𝜆) 𝑅21 0 0 0 0] .

(32)

3. Solutions for the Forces and Displacements

3.1. Solutions for Stresses of Lining and Rock-Mass. From (20),
the stress components for any points of the lining can be
obtained by the following equations:

𝜎𝜌 + 𝜎𝜃 = 4Re [𝜑3 (𝑧)]
𝜎𝜃 − 𝜎𝜌 + 2i𝜏𝜌𝜃 = 2 [𝑧𝜑3 (𝑧) + 𝜓3 (𝑧)] 𝑒2i𝜃 (33)

Moreover, (33) can be expanded as follows:

𝜎𝜃 = 2Re [𝜑3 (𝑧)] + Re {[𝑧𝜑3 (𝑧) + 𝜓3 (𝑧)] 𝑒2i𝜃}
𝜎𝜌 = 2Re [𝜑3 (𝑧)] − Re {[𝑧𝜑3 (𝑧) + 𝜓3 (𝑧)] 𝑒2i𝜃}
𝜏𝜌𝜃 = Im {[𝑧𝜑3 (𝑧) + 𝜓3 (𝑧)] 𝑒2i𝜃}

(34)

Substituting (30) into (34), the stresses in the lining can
be obtained by the following:

𝜎𝜃 = 2𝑓1 − 𝑔1𝜌−2 + (12𝑓3𝜌−2 − 3𝑔3𝜌−4 + ℎ1) cos 2𝜃
𝜎𝜌 = 2𝑓1 + 𝑔1𝜌−2 + (−4𝑒1𝜌−2 + 3𝑔3𝜌−4 − ℎ1) cos 2𝜃
𝜏𝜌𝜃 = (6𝑓3𝜌2 − 2𝑒1𝜌−2 + 3𝑔3𝜌−4 + ℎ1) sin 2𝜃

(35)

The total stress of the rock-mass is the combination
of the stress state before excavation, the stress caused by
the tunnel excavation, and the stress caused by the lining

support. Hence, combining (23) with (30), the functions can
be expressed by the following:

𝜑2 (𝑧) = −𝑝 (1 + 𝜆)4 𝑧 + 𝑝 (1 − 𝜆)2 𝑅12𝑧−1 + 𝑐1𝑧−1
𝜓2 (𝑧) = −𝑝 (1 − 𝜆)2 𝑧 + 𝑝 (1 + 𝜆)2 𝑅12𝑧−1

+ 𝑝 (1 − 𝜆)2 𝑅14𝑧−3 + 𝑑1𝑧−1 + 𝑑3𝑧−3
(36)

Substituting (36) into (20), the stresses of the rock-mass
can be obtained as follows:

𝜎𝜌 = −2 (1 + 𝜆) 𝑝2 − [(1 + 𝜆) 𝑝2 𝑅21 + 𝑑1] 𝜌−2
− {(1 − 𝜆) 𝑝2 + [3 (1 − 𝜆) 𝑝2 𝑅41 + 3𝑑3] 𝜌−4} cos 2𝜃

𝜎𝜃 = −2 (1 + 𝜆) 𝑝2 + [(1 + 𝜆) 𝑝2 𝑅21 + 𝑑1] 𝜌−2
+ {(1 − 𝜆) 𝑝2 − 2 [(1 − 𝜆) 𝑝𝑅21 + 2𝑐1] 𝜌−2
+ [3 (1 − 𝜆) 𝑝2 𝑅41 + 3𝑑3] 𝜌−4} cos 2𝜃

𝜏𝜌𝜃 = − {(1 − 𝜆) 𝑝2 + [(1 − 𝜆) 𝑝𝑅21 + 2𝑐1] 𝜌−2
− [3 (1 − 𝜆) 𝑝2 𝑅41 + 3𝑑3] 𝜌−4} sin 2𝜃

(37)
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Figure 3: Sketch map for lining forces.

3.2. Solutions for Internal Forces. Assume that the tangential
stress at different depth of the lining varies linearly along the
lining thickness, and the bending moment and axial force
of the lining can be obtained based on the tangential stress
of the inner and outer boundaries of the lining. The strains
under the two boundaries of the lining caused by the bending
moment and axial force are shown in Figure 3.

Strains at the two boundaries can be expressed as follows:

𝜀1 = 𝜀N − 𝜀M
𝜀2 = 𝜀N + 𝜀M (38)

where 𝜀1 is the strain in the tension side, 𝜀2 is the strain in
the compression side, 𝜀M is the strain caused by the bending
moment, and 𝜀N is the strain caused by the axial force.

Furthermore, 𝜀M and 𝜀N can be calculated by the follow-
ing equations:

𝜀M = (𝜀2 − 𝜀1)2
𝜀N = (𝜀2 + 𝜀1)2

(39)

According to the mechanics of material, the stress can be
obtained as follows:

𝜎 = {{{{{
𝑀𝑊𝑁𝐴

(40)

where 𝑊 is the lining bending rigidity and 𝐴 is the cross-
section area.

Combining (38) - (40), the bending moment and axial
force can be expressed as

𝑀 = 𝐸2 𝜀2 − 𝜀12 𝑊 = 𝜎𝜃2 − 𝜎𝜃12 𝑊
𝑁 = 𝐸2 𝜀2 + 𝜀12 𝐴 = 𝜎𝜃2 + 𝜎𝜃12 𝐴 (41)

where 𝜎𝜃1 is the tangential stress on the tension side and 𝜎𝜃2
is the tangential stress on the compression side.

3.3. Solutions for Displacements. From (18), the displacement
components of the lining can be expressed as follows:

𝑢𝜌L = Re{ 12𝐺2 𝑒−i𝜃 [𝜅2𝜑3 (𝑧) − 𝑧𝜑3 (𝑧) − 𝜓3 (𝑧)]}
𝑢𝜃L = Im{ 12𝐺2 𝑒

−i𝜃 [𝜅2𝜑3 (𝑧) − 𝑧𝜑3 (𝑧) − 𝜓3 (𝑧)]}
(42)
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Figure 4: Normal and shear stress of the lining inner boundary.

From (17), the displacement components of the surround-
ing rock-mass can be expressed as

𝑢𝜌R = Re{1 − 𝜂2𝐺1 𝑒−i𝜃 [𝜅1𝜑1 (𝑧) − 𝑧𝜑1 (𝑧) − 𝜓1 (𝑧)]
+ 12𝐺1 𝑒

−i𝜃 [𝜅1𝜑2 (𝑧) − 𝑧𝜑2 (𝑧) − 𝜓2 (𝑧)]}
𝑢𝜃R = Im{1 − 𝜂2𝐺1 𝑒−i𝜃 [𝜅1𝜑1 (𝑧) − 𝑧𝜑1 (𝑧) − 𝜓1 (𝑧)]

+ 12𝐺1 𝑒
−i𝜃 [𝜅1𝜑2 (𝑧) − 𝑧𝜑2 (𝑧) − 𝜓2 (𝑧)]}

(43)

4. Example and Discussion

In this section, the parameters are taken as follows: R0=3m;
R1=3.45m; E1=10GPa; E2=20GPa; 𝜇1=0.35; 𝜇2=0.2; 𝜂=0.6;𝑝=3MPa; 𝜆=0.3; 𝑝n=0.

4.1. Accuracy of the Complex Function Method. It is clear that
the reality shear stress component in the free boundary of
the tunnel inner surface equals zero and the reality normal
stress component equals - 𝑝n (-𝑝n here equals zero). Also, the
reality displacements of the lining and rock-mass interface
from both lining side and rock-mass side are continuous. The
calculated shear stress 𝜏𝜌𝜃 and normal stress 𝜎𝜌 of the inner
surface of the lining by the proposed method were presented
in Figure 4. FromFigure 4, the calculated 𝜏𝜌𝜃 was in the range
of -1×10−16 ∼ 1×10−16 and 𝜎𝜌 was in the range of -5×10−16 ∼
3×10−16. Both results were close to the reality value “zero”
which means the proposed method has a high accuracy to
satisfy the boundary conditions at 𝛾1.

The calculated radial displacement and tangential dis-
placement of the lining and surrounding rock-mass at the
interface 𝛾2 were shown in Figures 5 and 6. It can be seen
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Figure 5: Radial displacement along 𝛾2.
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Figure 6: Tangential displacement along 𝛾2.

that the displacement of the lining and rock-mass were in
perfect agreement. Thus, calculation results of the proposed
method satisfied the displacement boundary condition very
well. The proposed complex variable method is accurate
enough to establish solutions for the deeply buried lined
tunnels excavated in the homogenous elastic rock-mass.

4.2. Lining Forces and Discussion. The tangential stress of
the lining at the two boundaries 𝛾1 and 𝛾2 was shown in
Figure 7. Both tangential stresses at 𝛾1 and 𝛾2 were negative
which means the whole part of the tunnel lining was under
a compression state. Both of the stresses showed the same
variation trend with 𝜃, but the stress at the inner boundary
fluctuated more than the outer boundary. There were two
intersection points of the two stresses at 34∘ and 56∘ from the
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Figure 7: Tangential stress of the lining at 𝛾1 and 𝛾2.
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Figure 8: Bending moment and axial force of the lining.

tunnel crown to the invert. Also, the positive and negative
of the bending moment changed at the two intersection
points as shown in Figure 8.Themaximum bending moment
occurred at 90∘ from the tunnel crown to the invert with the
value of 14.5 kN⋅m and the corresponding minimum at the
tunnel crown and invertwith the value of -6.9 kN⋅m.Theaxial
force is positive (under compression state) among the whole
part of the lining. The minimum axial force occurred at the
tunnel crown and invert with the same value of 216.2 kN and
the maximum at 90∘ from the tunnel crown to invert with the
value of 1341 kN.

In order to estimate the failure mode of the lining beam,
a safety coefficient Fs is introduced as follows:

𝐹s = 𝜎𝑡𝜎𝜃1 = 𝜎𝑐𝜎𝜃2 (44)

where 𝜎𝑡 is the tensile strength and 𝜎𝑐 is the compressive
strength.
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Figure 9: Compression-bending capacity diagram of the lining.

Assume that the concrete is C35, the tensile strength 𝜎𝑡 is
-2.2 MPa, and the compressive strength 𝜎𝑐 is 23.4 MPa. The
compression-bending capacity diagram of the lining under
different 𝐹s was shown in Figure 9. From Figure 9, the safety
coefficient of the example tunnel was greater than 3, which
presented the thickness of the lining is safe enough and
even can be decreased. The tunnel shoulders and tunnel feet
were the safest part of the lining. Compared with the tunnel
shoulders and feet, the safety coefficient of the tunnel crown
and invert, as well as the tunnel sidewall, was smaller. Tensile
failurewasmore likely to occur in the tunnel crown and invert
while compressive failure was more likely to occur in the
tunnel sidewall. In general, the lining structure had greater
potential to avoid compressive failure than to avoid tensile
failure. Thus, tensile resistance design of the lining should be
applied in the tunnel especially the crown and invert part to
avoid the structure failure.

Figure 10 is the 3D surface plot of the tangential stress
in different depth of the lining. From the projection of the
3D surface on the 𝑥-𝑜-𝑧 plane (𝜃-𝑜-𝜎𝜃 plane), the tangential
stress of different layers of lining intersected with each other
at the same 𝜃 (-56∘ and 56∘) where the cross-sections were
in the pure compression stress state. The bending moment
at the two sections was zero. From the projection of the 3D
surface on the𝑦-𝑜-𝑧 plane (𝑡-𝑜-𝜎𝜃 plane), a linear relationship
between lining thickness and tangential stress could be found
and provided evidence for the assumption in Section 3.2.

The relationships between the tangential stresses and the
parameters 𝜃 and 𝜆 at the two boundaries of the lining were
shown in Figures 11 and 12. The coefficient of lateral earth
pressure 𝜆 had shown a great influence on tangential stresses
of the lining. The 3D surface projection on the 𝑦-𝑜-𝑧 plane
showed a various linear relationship between the coefficient
of lateral earth pressure and the tangential stress with differ-
ent 𝜃. The slope of the tangential stress at the inner boundary
was steeper than that of the out boundary. From the pro-
jection on the 𝑥-𝑜-𝑦 plane, positive tangential stress (tensile
stress) occurred when 𝜆 was smaller than 0.4. Thus, for tun-
nels built in soil with small lateral earth pressure coefficient,
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Figure 10: Tangential stress of the lining at different depth.
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Figure 11: Tangential stress of the lining with different 𝜃 and 𝜆 at 𝛾1.

reinforced concrete or fibre concrete linings rather than plain
concrete linings should be applied to enhance the durability
of the tunnel. It can be seen from the projection on the 𝑥-𝑜-𝑧
plane that the negative tangential stress occurred where 𝜃was
between -78∘ ∼ -102∘ and 168∘ ∼ 192∘. These parts were the
tunnel crown and invert. Therefore, tension-resistant design
should be mainly applied to the tunnel crown and invert.
In addition, when 𝜆 equalled 1, the tangential stress of both
boundaries remained unchanged at arbitrary 𝜃.
4.3. Rock-Mass Stresses and Discussion. In order to analyse
the stress state of the rock-mass, the horizontal and vertical
stress components can be obtained by the following equation:

𝜎𝑥 = 𝜎𝜌 + 𝜎𝜃2 + 𝜎𝜌 − 𝜎𝜃2 cos 2𝜃 − 𝜏𝜌𝜃 sin 2𝜃
𝜎𝑦 = 𝜎𝜌 + 𝜎𝜃2 − 𝜎𝜌 − 𝜎𝜃2 cos 2𝜃 + 𝜏𝜌𝜃 sin 2𝜃
𝜏𝑥𝑦 = 𝜎𝜌 − 𝜎𝜃2 sin 2𝜃 + 𝜏𝜌𝜃 cos 2𝜃

(45)

The horizontal and vertical stresses of the rock-mass
were shown in Figures 13 and 14, respectively. From Figures
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Figure 12: Tangential stress of the lining with different 𝜃 and 𝜆 at 𝛾2.
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Figure 13: Horizontal stress of the lining with different 𝜃 and 𝜌 at𝛾2.

13 and 14, the stresses declined sharply when 𝜌/𝑅0 was
smaller than 2. Then the horizontal stress and vertical stress
changed slowly and tended to the initial stress state (𝜆𝑝 and𝑝, respectively). Therefore, the tunnel excavation and lining
support had a limited impact on the surrounding rock-mass.
The boundary of the FEM model should be at least twice the
tunnel excavation radii to acquire accurate results.

The surrounding rock-mass will be in an unstable state
when the tangential stress equals zero [24]. The tangential
stress of the rock-mass at 𝛾2 was calculated and shown in
Figure 15. When the coefficient of the lateral pressure was
between 0 and 0.3, the zero value of the tangential stress
occurred where 𝜃 was between -60∘ to -120∘ and 60∘ to 120∘.
Therefore, supporting of the surrounding rock-mass in these
regions should be enhanced to avoid the collapse during the
tunnel excavation.

5. Conclusion

An elastic plane strain solution for lined circular tunnels
was presented based on the complex variable method. Stress
and displacement components solutions were proposed by
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Figure 14: Vertical stress of the lining with different 𝜃 and 𝜌 at 𝛾2.

employing complex potential functions which were deter-
mined by the series solution method. Forces solutions for
linings were also presented by using the tangential stress at
the two boundaries. Some regulations and guidelines for the
excavation and design of the tunnel were finally established
through the example.

For the linings, the safety coefficient of the tunnel crown
and invert, as well as the tunnel sidewall, is smaller compared
to that of the tunnel shoulders and feet. Tensile failure
was more likely to occur in the tunnel crown and invert
while compressive failure was more likely to occur in the
tunnel sidewall. The lining structure has a greater potential to
avoid compressive failure than to avoid tensile failure. Tensile
resistance design of the lining should be applied in the tunnel
especially the crown and invert part. For tunnels built in soil
with small lateral earth pressure coefficient (especially 𝜆 <0.4), reinforced concrete or fibre concrete linings rather than
plain concrete linings should be applied.

As to the rock-mass, the tunnel excavation and lining
support have a great impact on the stress redistribution of
the rock-mass. The influence scope is about twice the tunnel
excavation radii. When the coefficient of the lateral pressure
was between 0 and 0.3, the zero value of the tangential stress
occurred where 𝜃 is between -60∘ to -120∘ and 60∘ to 120∘.
Supporting of the surrounding rock-mass in these regions
should be enhanced.
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