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The present work deals with the design problem of a robust observer-based controller for a motorcycle system using LPV approach.
The designed model is specifically uncertain and disturbed one, whose uncertainties are related to variations of both the cornering
stiffness and the longitudinal velocity. The nonlinear motorcycle model is firstly transformed on an uncertain LPVmodel with two
vertices; then an observer-based 𝐻∞ robust controller is designed. Both the controller and observer gain matrices are computed
by solving a unified convex optimization problem under LMI constraints using YALMIP solver. Numerical simulation results are
given to illustrate the effectiveness of the designed method.

1. Introduction

In recent years, more and more people are moving towards
fast, light, less expensive means of transport and small jigs.
Among these means of transport, motorized two-wheeled
vehicles are increasingly popular because of the great freedom
of driving and the possibility of avoiding traffic congestion
and parking difficulties.

At the present time, scooters and motorcycles have
become necessary means of transport in our society and the
last statics of sales of these vehicles reinforce this statement.
The increase in the number of motorcycles and scooters is,
unfortunately, followed by an increase in accidents on the
road.

In these circumstances, safety in two-way transport has
become a central concern for public bodies and car manufac-
turers. Several preventive and repressive measures have been
put in place towarn drivers of the risks associatedwith certain
behavior on the steering wheel and the handlebars. On the
other hand, several research projects have been initiated in
order to provide solutions in the field of prevention and driver
assistance systems.

In the last years, many motorcycle equipment manufac-
turers focus on active and semiactive safety systems. The

first work to stabilize a motorcycle has been developed in
[1], by considering a simple linear model to describe the
motorcycle behavior. The control of motorcycles has been
investigated in [2, 3] and the problem of observation and
estimation of unmeasurable state variables have been studied
in [4–7]. Overall, motorcycle safety system design is still an
open problem and few results exist in the literature. To the
best of our knowledge, there are no studies that deal with both
the motorcycle stability and estimation in presence of distur-
bance, except thework in [7], which has studied the two prob-
lems separately, without considering external disturbance.

Overall, safety system design for motorcycle is still an
open problem and few results exist in the literature. In the
modelling aspect, we develop an uncertain polytope that
can cover the time-varying longitudinal velocity range and
has few vertices. Moreover, the nonlinear tyre model is
reformulated into a Linear Parameter-Varying (LPV) model
with norm-bounded uncertainties. LPV models have been
studied in many works like [8].

Motivated by these observations, a robust 𝐻∞ observer-
based controller will be investigated. The observer will be
used to estimate the unmeasured variables of the motorcycle
like the yaw rate, the roll rate, and the steering rate and the
controller ensures the robust stability despite the variation of
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the road conditions and external disturbances. The less con-
servative LMI-based design conditions of both the observer
and the controller are proposed and can be solved in one step.

The rest of the paper is structured as follows: the analysis
of the motorcycle described by an LPV model is introduced
in Section 3. Hereafter, in Section 4, the analysis and the
design problems of the robust observer-based controller are
studied. To show the performance of the proposed observer
in different cases, some simulations are given in Section 5.
Finally, conclusions are given in Section 6.

2. Notations and Preliminaries

The following lemmas are used to prove our results.

Lemma 1 (see [9]). Given a positive scalar 𝜖 and two matrices𝐺 and𝐻, the following inequality holds:

𝐺𝑇𝐻 +𝐻𝑇𝐺 ≤ 𝜖𝐺𝑇𝐺 + 1𝜖𝐻𝑇𝐻 (1)

Lemma 2 (see [10]). Considering a negative definite matrixΞ < 0, a given matrix 𝑍, and a scalar 𝜇 > 0, the following
inequality holds:

𝑍𝑇Ξ𝑍 < −𝜇 (𝑍 + 𝑍𝑇) − 𝜇2Ξ−1 (2)

3. Motorcycle Model Analysis

3.1. Nonlinear Model of the Motorcycle. The model used in
this work describes themotorcycle’s lateral and roll dynamics,
which are obtained by considering Sharp’s motorcycle model
[11] (see Figure 1). The dynamics of a motorcycle can be
represented by amodel with four equations [12, 13] describing
the lateral motion mainly caused by lateral forces (𝐹𝑦𝑓, 𝐹𝑦𝑟)
and the yaw and roll motions under rider’s steering actions.

The movements that correspond to lateral, roll, yaw, and
steering motions, respectively, are expressed by the following
equations:

𝑀(V̇𝑦 + V𝑥�̇�) + 𝑀𝑓𝜁𝑟�̈� + 𝑑1 ̈𝜙 + 𝑀𝑓𝑒 ̈𝛿 = 𝐹𝑦𝑓 + 𝐹𝑦𝑟
𝑑1V̇𝑦 + 𝑏2 ̈𝜙 + 𝑎2�̈� + 𝑏1 ̈𝛿 + 𝑏5V𝑥�̇� + 𝑑3V𝑥 ̇𝛿 = ∑𝑀𝑥
𝑀𝑓𝜁𝑟 (V̇𝑦 + V𝑥�̇�) + 𝑎2 ̈𝜙 + 𝑎3�̈� + 𝑎1 ̈𝛿 − 𝑎4V𝑥 ̇𝜙 − 𝑑2V𝑥 ̇𝛿

= ∑𝑀𝑧
𝑀𝑓𝑒V̇𝑦 + 𝑏1 ̈𝜙 + 𝑎1�̈� + 𝑐1 ̈𝛿 − 𝑑3V𝑥 ̇𝜙 + 𝑐3V𝑥�̇� + 𝐾 ̇𝛿

= ∑𝑀𝑠

(3)

Using themoment principle, the following expressions can be
obtained:

∑𝑀𝑥 = 𝑏4 sin𝜙 − 𝑏3 sin 𝛿
∑𝑀𝑧 = 𝑙𝑓𝐹𝑦𝑓 − 𝑙𝑟𝐹𝑦𝑟
∑𝑀𝑠 = −𝑏3 sin𝜙 − 𝑐2 sin 𝛿 − 𝜂𝑓𝑦𝑓 + 𝜏

(4)

where coefficients 𝑎𝑖, 𝑏𝑖, 𝑐𝑖, and 𝑑𝑖 are given in the Appendix.

Figure 1: Illustration of motorcycle’s motion.

Lateral and roll forces have the following expressions:

𝐹𝑦𝑓 = −𝐶𝑓1𝛼𝑓 + 𝐶𝑓2𝛾𝑓,
𝐹𝑦𝑟 = −𝐶𝑟1𝛼𝑟 + 𝐶𝑟2𝛾𝑟 (5)

where

𝛼𝑓 = (V𝑦 + 𝑙𝑓�̇� − 𝜂 ̇𝛿
V𝑥

) − 𝛿 cos (𝜀)

𝛼𝑟 = (V𝑦 − 𝑙𝑟�̇�
V𝑥

)
𝛾𝑓 = 𝜙 + 𝛿 sin (𝜀)
𝛾𝑟 = 𝜙

(6)

Substituting (4) and (5) in model (3), we obtain the
following form:

𝑀V̇𝑦 +𝑀𝑓𝜁𝑟�̈� + 𝑑1 ̈𝜙 + 𝑀𝑓𝑒 ̈𝛿
= 𝑎11 (V𝑥) V𝑦 + 𝑎12 (V𝑥) �̇� + 𝑎14𝜙 + 𝑎15 (V𝑥) ̇𝛿 + 𝑏16𝛿

𝑑1V̇𝑦 + 𝑏2 ̈𝜙 + 𝑎2�̈� + 𝑏1 ̈𝛿
= 𝑎22 (V𝑥) �̇� + 𝑎24𝜙 + 𝑎25 (V𝑥) ̇𝛿 + 𝑏26𝛿

𝑀𝑓𝜁𝑟V̇𝑦 + 𝑎2 ̈𝜙 + 𝑎3�̈� + 𝑎1 ̈𝛿
= 𝑎31 (V𝑥) V𝑦 + 𝑎32 (V𝑥) �̇� + 𝑎33 (V𝑥) ̇𝜙 + 𝑎34𝜙
+ 𝑎35 (V𝑥) ̇𝛿 + 𝑏36𝛿

𝑀𝑓𝑒V̇𝑦 + 𝑏1 ̈𝜙 + 𝑎1�̈� + 𝑐1 ̈𝛿
= 𝑎51 (V𝑥) V𝑦 + 𝑎52 (V𝑥) �̇� + 𝑎53 (V𝑥) ̇𝜙 + 𝑎54𝜙
+ 𝑎55 (V𝑥) ̇𝛿 + 𝑏56𝛿 + 𝜏

(7)

where motorcycle parameters are defined in Nomenclature
and parameters 𝑎𝑖𝑗 and 𝑏𝑖𝑗 are given in the Appendix.

Let us consider state vector 𝑥(𝑡) = [V𝑦 �̇� ̇𝜙 𝜙 ̇𝛿]𝑇;
system (7) can be written as follows:

𝐸�̇� (𝑡) = 𝐴11 (V𝑥) 𝑥 (𝑡) + 𝐵11𝛿 (𝑡) + 𝐵21𝜏 (𝑡) (8)
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where

𝐸 =
[[[[[[[[
[

𝑀 𝑀𝑓𝜁𝑟 𝑑1 0 𝑀𝑓𝑒𝑀𝑓𝜁𝑟 𝑎3 𝑎2 0 𝑎1𝑑1 𝑎2 𝑏2 0 𝑏10 0 0 1 0
𝑀𝑓𝑒 𝑎1 𝑏1 0 𝑐1

]]]]]]]]
]

𝐴11 (V𝑥)

=
[[[[[[[[
[

𝑎11 (V𝑥) 𝑎12 (V𝑥) 0 𝑎14 (V𝑥) 𝑎15 (V𝑥)0 𝑎22 (V𝑥) 0 𝑎24 𝑎25 (V𝑥)𝑎31 (V𝑥) 𝑎32 (V𝑥) 𝑎33 (V𝑥) 𝑎34 𝑎35 (V𝑥)0 0 1 0 0
𝑎51 (V𝑥) 𝑎52 (V𝑥) 𝑎53 (V𝑥) 𝑎54 𝑎55 (V𝑥)

]]]]]]]]
]

𝐵11 = [𝑏16 𝑏26 𝑏36 0 𝑏56]𝑇
𝐵21 = [0 0 0 0 1]𝑇

(9)

Matrix 𝐸 is a nonsingular matrix, so system (8) can be
expressed as follows:

�̇� (𝑡) = 𝐴 (V𝑥) 𝑥 (𝑡) + 𝐵1𝛿 (𝑡) + 𝐵2𝑢 (𝑡) (10)

where

𝐴 (V𝑥) = 𝐸−1𝐴11 (V𝑥) ,
𝐵1 = 𝐸−1𝐵11,
𝐵2 = 𝐸−1𝐵21,

𝑢 (𝑡) = 𝜏 (𝑡)
(11)

To simplify the development, V𝑥 is written as V.
In the following, we mention that the yaw control is only

tripped at a nonzero of the longitudinal velocity. For this, we
propose to accommodate the variation of this speed.

3.2. Motorcycle Uncertain LPV Model Using Polytopic
Approach and Reducing Vertices. Let us consider that the
longitudinal speed V is time-varying in interval [V𝑚, V𝑀].
Then, variable 1/V is time-varying in [1/V𝑀, 1/V𝑚]. For pair(V, 1/V), we can use a rectangular polytope [14] to describe it.

Since the choices for the parameter set (V, 1/V) only occur
on the solid line and most of the area inside the rectangle is
not achievable, the description using a rectangular polytope
could be conservative. Moreover, if the number of the
polytope vertices increases, the computational load and the
complexity also increase. In the following, we propose to
use the idea proposed by [15] to reduce the number of
the polytope vertices and also to simplify the modelling
complexity.

Based on [15] and considering matrix 𝐴(V𝑥) defined in
Section 3.1, for the set of the variables (V, 1/V), we consider
a rectangular polytope given in Figure 2.

Figure 2: Illustration of transforming the rectangular polytope to
the uncertain straight line segment.

As is shown in Figure 2, the rectangular polytope obtained
by the four verticesΩ1Ω2Ω3Ω4 illustrates the variation of the
set of variables (V, 1/V). A straight line 𝐷1 crosses Ω1 andΩ3; then, shifting the straight line until the tangent to the
hyperbola 𝑦 = 1/V, we obtain another straight line 𝐷2. 𝐷2
crosses the straight line Ω1Ω2 in point 𝑝2 and, on the other
hand, Ω3Ω4 in point 𝑝4. Then, the line crosses the middle of
lines Ω1𝑝2 and Ω3𝑝4 via 𝑝1 and 𝑝3. The sweep above and
below 𝐷3 along the two segments [Ω1𝑝2] and [Ω3𝑝4] can
achieve all possibilities ofmost of the area inside the polytope.

The two newly obtained vertices are defined by the
following coordinates:

𝑝1 = (V𝑚, V𝑀 − V𝑚2V𝑚V𝑀 + 1
√V𝑚V𝑀

+ (V𝑚 + V𝑀2V𝑚V𝑀 − 1
√V𝑚V𝑀)𝑁 (𝑡))

𝑝3 = (V𝑀, V𝑚 − V𝑀2V𝑚V𝑀 + 1
√V𝑚V𝑀

+ (V𝑚 + V𝑀2V𝑚V𝑀 − 1
√V𝑚V𝑀)𝑁 (𝑡))

(12)

Since |𝑁(𝑡)| is less than one, the uncertain straight line
segment crossing points 𝑝1 and 𝑝3 can cover the whole par-
allelogram Ω1𝑝2𝑝4Ω3. Then, based on the work of [16], each
point inside the parallelogramΩ1𝑝2𝑝4Ω3 can be represented
by a linear combination of the new uncertain vertices 𝑝1 and𝑝3 as follows:

𝑝𝑛 = 𝜇1𝑝1 + 𝜇2𝑝3 (13)

where 𝜇1 = (V − V𝑚)/(V𝑀 − V𝑚) and 𝜇2 = (V𝑀 − V)/(V𝑀 − V𝑚)
and 𝜇1 + 𝜇2 = 1.
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The description of the two parameters V and 1/V, in
expression (13), has only two vertices and it can overlay all
the possibilities for the set of V and 1/V.

To take into account the road condition variations, the
cornering stiffness is given by the following equations:

𝐶𝑓1 = 𝐶𝑓1 + Δ𝐶𝑓1,
𝐶𝑓2 = 𝐶𝑓2 + Δ𝐶𝑓2,
𝐶𝑟1 = 𝐶𝑟1 + Δ𝐶𝑟1,
𝐶𝑟2 = 𝐶𝑟2 + Δ𝐶𝑟2

(14)

Considering the representation in (10) and (13), the obtained
model is

�̇� (𝑡) = 2∑
𝑖=1

𝜇𝑖 ((𝐴 𝑖 + Δ𝐴 𝑖) 𝑥 (𝑡) + (𝐵1 + Δ𝐵1) 𝛿 (𝑡)
+ 𝐵2𝑢 (𝑡))

(15)

We define the state matrices by the first term containing
nominal parameters. So, the state matrices of the multiple
models are written as

𝐴1 =
[[[[[[[[[[
[

𝑓1𝑐11 𝑓2𝑐11 −𝑀V𝑚 0 𝐶𝑓2 + 𝐶𝑟2 𝑓3𝜂𝑐11
𝑓2𝑐11 𝑓4𝑐11 −𝑀𝑓𝜁𝑟V𝑚 𝑎4V𝑚 𝐶𝑓2𝑙𝑓 − 𝐶𝑟2𝑙𝑟 𝑑2V𝑚 + 𝑙𝑓𝑓3𝜂𝑐11
0 −𝑏5V𝑚 0 𝑏4 −𝑑3V𝑚
0 0 1 0 0

𝑓3𝜂𝑐11 𝑙𝑓𝑓3𝜂𝑐11 − 𝑐3V𝑚 𝑑3V𝑚 −𝑏3 − 𝜂𝐶𝑓2 −𝐾 − 𝜂2𝑓3𝑐11

]]]]]]]]]]
]

𝐴2 =
[[[[[[[[[[
[

𝑓1𝑐12 𝑓2𝑐12 −𝑀V𝑀 0 𝐶𝑓2 + 𝐶𝑟2 𝑓3𝜂𝑐12
𝑓2𝑐12 𝑓4𝑐12 −𝑀𝑓𝜁𝑟V𝑀 𝑎4V𝑀 𝐶𝑓2𝑙𝑓 − 𝐶𝑟2𝑙𝑟 𝑑2V𝑀 + 𝑙𝑓𝑓3𝜂𝑐12
0 −𝑏5V𝑀 0 𝑏4 −𝑑3V𝑀
0 0 1 0 0

𝑓3𝜂𝑐12 𝑙𝑓𝑓3𝜂𝑐12 − 𝑐3V𝑀 𝑑3V𝑀 −𝑏3 − 𝜂𝐶𝑓2 −𝐾 − 𝜂2𝑓3𝑐12

]]]]]]]]]]
]

(16)

The uncertain ones are given by

Δ𝐴1 = 𝐺11𝑁(𝑡)𝐻11,
Δ𝐴2 = 𝐺12𝑁(𝑡)𝐻12

(17)

where

𝐺11 =
[[[[[[[[
[

𝑓11 𝑓21 0 Δ𝐶𝑓2 + Δ𝐶𝑟2 𝜂𝑓31𝑓21 𝑓41 0 Δ𝐶𝑓2𝑙𝑓 − Δ𝐶𝑟2𝑙𝑟 𝜂𝑙𝑓𝑓310 0 0 0 0
0 0 0 0 0

𝜂𝑓31 𝜂𝑙𝑓𝑓31 0 −𝜂Δ𝐶𝑓2 −𝜂2𝑓31

]]]]]]]]
]

𝐺12 =
[[[[[[[[
[

𝑓12 𝑓22 0 Δ𝐶𝑓2 + Δ𝐶𝑟2 𝜂𝑓32𝑓22 𝑓42 0 Δ𝐶𝑓2𝑙𝑓 − Δ𝐶𝑟2𝑙𝑟 𝜂𝑙𝑓𝑓320 0 0 0 0
0 0 0 0 0

𝜂𝑓32 𝜂𝑙𝑓𝑓32 0 −𝜂Δ𝐶𝑓2 −𝜂2𝑓32

]]]]]]]]
]

𝑁 =
[[[[[[[[[[
[

𝑁 0 0 0 0
∗ 𝑁 0 0 0
∗ ∗ 𝑁 0 0
∗ ∗ ∗ 𝑁 0
∗ ∗ ∗ ∗ 𝑁

]]]]]]]]]]
]

𝐻11 = 𝐼 (5) ,
𝐻12 = 𝐼 (5)

𝐵1 =
[[[[[[[[[[
[

𝐶𝑓1 cos (𝜀) + 𝐶𝑓2 sin (𝜀)
𝑙𝑓 (𝐶𝑓1 cos (𝜀) + 𝐶𝑓2 sin (𝜀))

−𝑏3
0

𝐶𝑓1 cos (𝜀) + 𝐶𝑓2 sin (𝜀)

]]]]]]]]]]
]

Δ𝐵1 = 𝐺2𝑁(𝑡)𝐻2
(18)
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where

𝐺2 =
[[[[[[[[
[

Δ𝐶𝑓1 cos (𝜀) + Δ𝐶𝑓2 sin (𝜀)
𝑙𝑓 (Δ𝐶𝑓1 cos (𝜀) + Δ𝐶𝑓2 sin (𝜀))0

0
Δ𝐶𝑓1 cos (𝜀) + Δ𝐶𝑓2 sin (𝜀)

]]]]]]]]
]

𝐻2 = 𝐼 (5, 1)

(19)

with

𝑐11 = V𝑀 − V𝑚2V𝑚V𝑀 + 1
√V𝑚V𝑀 ,

𝑑11 = V𝑚 + V𝑀2V𝑚V𝑀 − 1
√V𝑚V𝑀

𝑐12 = V𝑚 − V𝑀2V𝑚V𝑀 + 1
√V𝑚V𝑀 ,

𝑑12 = V𝑚 + V𝑀2V𝑚V𝑀 − 1
√V𝑚V𝑀

𝑓1 = −𝐶𝑓1 − 𝐶𝑟1,
𝑓2 = − (𝐶𝑓1𝑙𝑓 − 𝐶𝑟1𝑙𝑟) ,
𝑓3 = 𝐶𝑓1,
𝑓4 = − (𝑙2𝑓𝐶𝑓1 + 𝑙2𝑟𝐶𝑟1) .

(20)

For more details, see [16].

4. Analysis and Synthesis of the Robust𝐻∞
Observer-Based Controller

The objective is to design a robust observer-based 𝐻∞
controller such that the closed-loop system is globally stable
and the𝐻∞ performances are guaranteed.

Based on LPVmodel (15), the observer and the controller
are defined as

̇̂𝑥 (𝑡) = 2∑
𝑖=1

𝜇𝑖 (𝐴 𝑖𝑥 (𝑡) + 𝐿 𝑖 (𝑦 (𝑡) − 𝑦 (𝑡)) + 𝐵2𝑢 (𝑡))
+ 𝐵1𝛿 (𝑡)

𝑦 (𝑡) = 𝐶𝑥 (𝑡)
𝑢 (𝑡) = 2∑

𝑖=1

𝜇𝑖𝐾𝑖𝑥 (𝑡)

(21)

where 𝑥(𝑡) is the estimated state and 𝐾𝑖 (𝑖 = 1 : 2) are the
controller gains to be determined, 𝐿 𝑖 are the observer gains to
be determined, as the yaw rate, the roll rate, and the steering

rate can be generally measured, and 𝐶 is an adequate matrix
which is given by

𝐶 = [[
[
0 1 0 0 0
0 0 1 0 0
0 0 0 0 1

]]
]

(22)

Define the estimation error as

𝑒0 (𝑡) = 𝑥 (𝑡) − 𝑥 (𝑡) (23)

The derivative of the error estimation is given by

̇𝑒0 (𝑡) = 2∑
𝑖=1

𝜇𝑖Δ𝐴 𝑖𝑥 (𝑡) + (𝐴 𝑖 − 𝐿 𝑖𝐶) 𝑒0 (𝑡) + Δ𝐵1𝛿 (𝑡) (24)

By using (15), (21), and (24), we can express the augmented
system in the following form:

�̇� (𝑡) = 2∑
𝑖=1

𝜇𝑖 (𝐴𝑖𝑋 (𝑡) + 𝐵𝛿 (𝑡)) (25)

where

𝑋(𝑡) = [𝑥 (𝑡)𝑒0 (𝑡)]

𝐴𝑖 = [𝐴 𝑖 + 𝐵2𝐾𝑖 + Δ𝐴 𝑖 −𝐵2𝐾𝑖Δ𝐴 𝑖 𝐴 𝑖 + 𝐿 𝑖𝐶] ,
(26)

𝐵 = [𝐵1 + Δ𝐵1Δ𝐵1 ] (27)

To improve motorcycle’s lateral dynamics stability, the objec-
tive in 𝐻∞ controller design is to possess robustness against
external disturbance (steering angle) and uncertainties (cor-
nering stiffness and the longitudinal velocity), which guar-
antees a given attenuation level of disturbance rejection
attenuation.

The objective of this work is to design an observer-
based𝐻∞ controller such that the following requirements are
satisfied:

(i) Ensure the stability for closed-loop system (25) with
the controller when 𝛿(𝑡) = 0

(ii) Ensure disturbance rejection for system (25) such that

‖𝑋 (𝑡)‖∞ ≤ 𝛾2 ‖𝛿 (𝑡)‖∞ (28)

The stability conditions of augmented system (25) are given
in terms of LMIs in the following theorem and can be solved
in one step.

Theorem 3. For given scalars 𝜇 and 𝜖2, system (25) is asymp-
totically stable via the robust observer-based 𝐻∞ controller
(21), if there exist positive definite matrices 𝑍 and 𝑃2 and
matrices 𝑀𝑖, 𝐽𝑖, and 𝑆1, linear variables 𝜖1, 𝜖3, and 𝜖4, and a
positive scalar 𝛾, which guarantees the𝐻∞ performance, such
that the following LMIs are verified:
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[[[[[[[[[[[[[[[[[[[[[[[
[

𝜃𝑖1 𝑍𝐻𝑇1 𝑍𝐻𝑇1 −𝐵2𝑀𝑖 0 0 0 0 𝐵1 0
∗ −𝜀1𝐼 0 0 0 0 0 0 0 0
∗ ∗ −𝜀2𝐼 0 0 0 0 0 0 0
∗ ∗ ∗ −2𝜇𝑍 0 𝜇𝐼 0 0 0 0
∗ ∗ ∗ ∗ −2𝜇𝐼 0 0 0 𝜇𝐼 0
∗ ∗ ∗ ∗ ∗ 𝜃𝑖2 𝜀2𝑃2𝐺1𝑖 𝑃2𝐺2 0 𝜇𝐼
∗ ∗ ∗ ∗ ∗ ∗ −𝜀2𝐼 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ −𝜀4𝐼 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 𝜃3 𝐻𝑇2∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −𝜀3𝐼

]]]]]]]]]]]]]]]]]]]]]]]
]

< 0 (29)

where

𝜃𝑖1 = 𝑍𝐴𝑇𝑖 + 𝐴 𝑖𝑍 +𝑀𝑇𝑖 𝐵𝑇2 + 𝐵2𝑀𝑖 + 𝑆1 + 𝜀1𝐺1𝑖𝐺𝑇1𝑖
+ 𝜀3𝐺2𝐺𝑇2

𝜃𝑖2 = 𝐴𝑇𝑖 𝑃2 + 𝑃2𝐴 𝑖 − 𝐽𝑇𝑖 𝑃2 − 𝐽𝑖𝐶 + 𝐼
𝜃𝑖3 = −𝛾2𝐼 + 𝜀4𝐻𝑇2𝐻2

(30)

And the gains of the controller and the observer are, respectively,

𝐾𝑖 = 𝑀𝑖𝑍−1 (31)

𝐿 𝑖 = 𝑃−12 𝐽𝑖 (32)

Proof. The Lyapunov function is chosen as

𝑉 (𝑋 (𝑡)) = 𝑋𝑇 (𝑡) 𝑃𝑋 (𝑡) (33)

where the Lyapunov matrix 𝑃 is chosen as

𝑃 = [𝑃1 0
0 𝑃2] (34)

The derivation of the Lyapunov function gives

�̇� (𝑋 (𝑡)) = 2∑
𝑖=1

𝜇𝑖 ((𝐴𝑖𝑋 (𝑡) + 𝐵𝛿 (𝑡))𝑇 𝑃𝑋 (𝑡)
+ 𝑋𝑇 (𝑡) 𝑃 (𝐴𝑖𝑋 (𝑡) + 𝐵𝛿 (𝑡)))

(35)

Then, objective (28) is guaranteed by ensuring the following
inequality:

�̇� (𝑋) + 𝑋𝑇𝑋 − 𝛾2𝛿𝑇𝛿 ≤ 0 (36)

Therefore, we have

2∑
𝑖=1

𝜇𝑖 [𝑋𝛿]
𝑇[
[
𝐴𝑇𝑖 𝑃 + 𝑃𝐴𝑖 + 𝐼 𝑃𝐵

𝐵𝑇𝑃 −𝛾2𝐼]]
[𝑋𝛿] (37)

Then, inequality (36) holds if the following condition is
satisfied:

[
[
𝐴𝑇𝑖 𝑃 + 𝑃𝐴𝑖 + 𝐼 𝑃𝐵

𝐵𝑇𝑃 −𝛾2𝐼]]
≤ 0 (38)

By substituting the expressions of 𝐴𝑖 and 𝐵 defined in (26)
and (27), inequality (38) is equivalent to

[[[
[

𝜛𝑖 −𝑃1𝐵2𝐾𝑖 + Δ𝐴𝑇𝑖 𝑃2 𝑃1 (𝐵1 + Δ𝐵1)∗ 𝜗𝑖 𝑃2Δ𝐵1
∗ ∗ −𝛾2𝐼

]]]
]
≤ 0 (39)

where

𝜛𝑖 = 𝐴𝑇𝑖 𝑃1 + 𝑃1𝐴 𝑖 + 𝐾𝑇𝑖 𝐵𝑇2𝑃1 + 𝑃1𝐵2𝐾𝑖 + Δ𝐴𝑇𝑖 𝑃1
+ 𝑃1Δ𝐴 𝑖 + 𝐼

𝜗𝑖 = 𝐴𝑇𝑖 𝑃2 + 𝑃2𝐴 𝑖 − 𝐶𝑇𝐿𝑇𝑖 𝑃2 − 𝑃2𝐿 𝑖𝐶 + 𝐼
(40)

In the following step, we expandmatrix (39) in threematrices;
that is,

Θ𝑖 = T𝑖 + Λ 𝑖 + Λ𝑇𝑖 (41)

with

T𝑖 = [[[
[

𝜓𝑖 −𝑃1𝐵2𝐾𝑖 𝑃1𝐵1∗ 𝜙𝑖 0
∗ ∗ −𝛾2𝐼

]]]
]

Λ 𝑖 = [[[
[

𝑃1Δ𝐴 𝑖 Δ𝐴𝑇𝑖 𝑃2 𝑃1Δ𝐵10 0 𝑃2Δ𝐵10 0 0
]]]
]

(42)

and

𝜓𝑖 = 𝐴𝑇𝑖 𝑃1 + 𝑃1𝐴 𝑖 + 𝐾𝑇𝑖 𝐵𝑇2𝑃1 + 𝑃1𝐵2𝐾𝑖 + 𝐼
𝜙𝑖 = 𝐴𝑇𝑖 𝑃2 + 𝑃2𝐴 𝑖 − 𝐶𝑇𝐿𝑇𝑖 𝑃2 − 𝑃2𝐿 𝑖𝐶 + 𝐼 (43)
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According to expressions ofΔ𝐴 𝑖 andΔ𝐵1 and using Lemma 1,
inequality (39) holds if there exist real scalars 𝜖1, 𝜖2, 𝜖3, and 𝜖4
satisfying

Θ𝑖 = [Π𝑖 Υ𝑖∗ Ξ𝑖] ≤ 0 (44)

with

Π𝑖 = 𝐴𝑇𝑖 𝑃1 + 𝑃1𝐴 𝑖 + 𝐾𝑇𝑖 𝐵𝑇2𝑃1 + 𝑃1𝐵2𝐾𝑖 + 𝐼
+ 𝜀−11 𝐻𝑇1𝐻1 + 𝜀1𝑃1𝐺1𝑖𝐺𝑇1𝑖𝑃1 + 𝜀−12 𝐻𝑇1𝐻1
+ 𝜀3𝑃1𝐺2𝐺𝑇2𝑃1

Υ𝑖 = [−𝑃1𝐵2𝐾𝑖 𝑃1𝐵1]
Ξ𝑖 = [𝜒𝑖 0

0 −𝛾2𝐼 + 𝜀−13 𝐻𝑇2𝐻2 + 𝜀4𝐻𝑇2𝐻2]
𝜒𝑖 = 𝐴𝑇𝑖 𝑃2 + 𝑃2𝐴 𝑖 − 𝐶𝑇𝐿𝑇𝑖 𝑃2 − 𝑃2𝐿 𝑖𝐶 + 𝐼

+ 𝜀2𝑃2𝐺1𝑖𝐺𝑇1𝑖𝑃2 + 𝜀−14 𝑃2𝐺2𝐺𝑇2𝑃2

(45)

Prepost multiplying (44) by the matrix diag(𝑍, 𝑌) with𝑍 = 𝑃−11 and 𝑌 = diag(𝑍, 𝐼), we obtain
diag (𝑍, 𝑌)Θ𝑖diag (𝑍, 𝑌) = [Π𝑖 Υ𝑖∗ Ξ𝑖] (46)

with

Π𝑖 = 𝑍Π𝑖𝑍
= 𝑍𝐴𝑇𝑖 + 𝐴 𝑖𝑍 +𝑀𝑇𝑖 𝐵𝑇2 + 𝐵2𝑀𝑖 + 𝑆1
+ 𝜀−11 𝑍𝐻𝑇1𝐻1𝑍 + 𝜀1𝐺1𝑖𝐺𝑇1𝑖 + 𝜀−12 𝑍𝐻𝑇1𝐻1𝑍
+ 𝜀3𝐺2𝐺𝑇2

Υ𝑖 = 𝑍Υ𝑖𝑌 = [−𝐵2𝑀𝑖 𝐵1]
Ξ𝑖 = 𝑌Ξ𝑖𝑌 = [𝑍𝜒𝑖𝑍 0

0 −𝛾2𝐼 + 𝜀−13 𝐻𝑇2𝐻2 + 𝜀4𝐻𝑇2𝐻2]

(47)

Matrices𝑀𝑖, 𝐽𝑖, and 𝑆1 are given by

𝑀𝑖 = 𝐾𝑖𝑍,
𝐽𝑖 = 𝑃2𝐿 𝑖,
𝑆1 = 𝑍𝑍

(48)

Then, 𝜒𝑖 is rewritten as follows:

𝜒𝑖 = 𝐴𝑇𝑖 𝑃2 + 𝑃2𝐴 𝑖 − 𝐶𝑇𝐽𝑇𝑖 − 𝐽𝑖𝐶 + 𝐼 + 𝜀2𝑃2𝐺1𝑖𝐺𝑇1𝑖𝑃2
+ 𝜀−14 𝑃2𝐺2𝐺𝑇2𝑃2

(49)

Using Lemma 2, there exists a positive scalar 𝜇 such that
matrices Ξ𝑖 can be rewritten:

𝑌Ξ𝑖𝑌 ≤ −2𝜇𝑌 − 𝜇2Ξ−1𝑖 (50)
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Figure 3: Longitudinal velocity.

Using Schur’s complement, (50) can be written as

Ξ𝑖 = [−2𝜇𝑌 𝜇𝐼
𝜇𝐼 Ξ𝑖] (51)

which is equivalent to

Ξ𝑖

= [[[[[
[

−2𝜇𝑍 0 𝜇𝐼 0
∗ −2𝜇𝐼 0 𝜇𝐼
∗ ∗ 𝜒𝑖 0
∗ ∗ ∗ −𝛾2𝐼 + 𝜀−13 𝐻𝑇2𝐻2 + 𝜀4𝐻𝑇2𝐻2

]]]]]
]

(52)

Using Schur’s complement, sufficient conditions in Theo-
rem 3 are established.

5. Simulation Results

To show the performance and the effectiveness of the pro-
posed observer-based controller law, we have considered
both the variation of the longitudinal velocity as given in
Figure 3 and the cornering stiffness. The steering angle is
given by Figure 4.

Longitudinal velocity is varying between V𝑚 = 11m⋅s−1
and V𝑀 = 18m⋅s−1. The reduced model using two-vertex
approach is firstly parameterized. Taking into account the
uncertainties of the cornering stiffness which are 12% of the
nominal values given in Table 1, the observer-based robust
state feedback controller is then designed. Figures 5–9 show
the performance of the designed observer-based controller by
considering fixed parameters 𝜇 = 1 and 𝜀2 = 0.8 and the
following initial conditions 𝑥(0) = [0.2 0 0 0.2 0]𝑇 and𝑥(0) = [0.02 0.5 0.5 1 10]𝑇.
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Figure 4: Steering angle.
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Figure 5: Lateral velocity.
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Figure 6: Yaw rate.
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Figure 7: Roll rate.
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Figure 9: Control input.
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Table 1: Main parameter values for the motorcycle.

Symbol Value𝑀 248.1 Kg𝐶𝑓1, 𝐶𝑓2 11173.9327N⋅rad−1, 9385N⋅rad−1
𝐶𝑟1,𝐶𝑟2 15831.2207N⋅rad−1, 1325.5700N⋅rad−1𝑙𝑓 0.829m
𝑙𝑟 0.585m

𝐾𝑖 and 𝐿 𝑖 controller gains are given by

𝐾1
= 1.0𝑒 + 03
∗ [1.0375 −1.2801 0.9633 −8.8939 −0.7356]

𝐾2
= 1.0𝑒 + 03
∗ [0.3112 −0.4961 0.3322 −2.9184 −0.3437]

𝐿1 = 1.0𝑒 + 03 ∗
[[[[[[[[
[

−0.0116 0.0448 −0.0214
−0.0399 0.0199 0.1854
0.0188 −0.0852 0.3045
−0.0000 −0.0000 0.0000
0.2679 0.2131 −9.8091

]]]]]]]]
]

𝐿2 = 1.0𝑒 + 03 ∗
[[[[[[[[
[

−0.0119 0.0447 −0.0214
−0.0396 0.0201 0.1855
0.0192 −0.0851 0.3045
−0.0000 −0.0000 0.0000
0.2662 0.2106 −9.8095

]]]]]]]]
]

(53)

Matrix 𝑍 is given by

𝑍

=
[[[[[[[[
[

19.9957 4.1994 −15.6686 0.2707 3.6278
4.1994 11.5428 2.8784 −0.4382 −23.0038
−15.6686 2.8784 2.8784 −0.4442 −6.5109
0.2707 −0.4382 −0.4442 0.0438 −0.0401
3.6278 −23.0038 −6.5109 −0.0401 9.8105

]]]]]]]]
]

(54)

Parameters 𝜖1, 𝜖3, and 𝜖4 are obtained as

𝜖1 = 0.8910
𝜖3 = 0.5028,
𝜖4 = 0.5117

(55)

Figures 5–9 show the results of a driving test with varying
longitudinal velocity, Figures 5–8 present the comparison
between one of the states of the model and its estimate from
the robust𝐻∞ observer-based controller. These figures show
the good estimation, stabilization, and the robustness with

respect to uncertainties. It can be seen that there is a close
approximation of the estimated andmeasured lateral velocity,
yaw rate, roll rate, and roll angle of the motorcycle. The yaw
rate, however, shows a deviation that is related to steering
angle of the motorcycle. We can also see that the designed
robust 𝐻∞ observer-based controller improves the stability
and safety under some unmeasured states and cornering
manoeuver.

6. Conclusion

In this paper, the problem of the design of the observer-based
robust control of the lateral dynamics of the motorcycle is
studied. Using LPV approach and some geometrical trans-
formations, the nonlinear motorcycle model is rewritten in
uncertain LPV model form. Then, a robust observer-based
controller has been designed using LMI approach. To prove
the performance of the controller, simulations using Matlab-
SIMULINK toolbox have been presented. The comparisons
of the estimated and measured states evolution and then
the stabilization and the robustness under some unmeasured
states and cornering manoeuver with respect to parameters
uncertainties of the LPV representation of lateral dynamic
motorcycle model are only treated in this manuscript.

Appendix

Coefficients and Parameters

𝑎1 = 𝑀𝑓𝑒𝜁𝑟 + 𝐼𝑘𝑓𝑧 cos (𝜀) ,
𝑎2 = 𝑀𝑓𝜁𝑓𝜁𝑟 − 𝐶𝑟𝑥 + (𝐼𝑓𝑧 − 𝐼𝑓𝑥) sin (𝜀) cos (𝜀)
𝑎3 = 𝑀𝑓𝜁2𝑟 + 𝐼𝑓𝑧 + 𝐼𝑓𝑥 sin (𝜀)2 + 𝐼𝑓𝑧 cos (𝜀)2 ,
𝑎4 = 𝑖𝑓𝑦𝑅𝑓 +

𝑖𝑟𝑦𝑅𝑟
𝑏1 = 𝑀𝑓𝑒𝜁𝑓 + 𝐼𝑓𝑧 sin (𝜀) ,
𝑏2 = 𝑀𝑓𝜁2𝑓 +𝑀𝑟ℎ2 + 𝐼𝑟𝑥 + 𝐼𝑓𝑥 cos (𝜀)2

+ 𝐼𝑓𝑧 sin (𝜀)2
𝑏3 = 𝜂𝐹𝑧𝑓 −𝑀𝑓𝑒𝑔,
𝑏4 = (𝑀𝑓𝜁𝑓 +𝑀𝑟ℎ) 𝑔,
𝑏5 = 𝑀𝑓𝜁𝑓 +𝑀𝑟ℎ + 𝑖𝑓𝑦𝑅𝑓 +

𝑖𝑟𝑦𝑅𝑟
𝑐1 = 𝐼𝑓𝑧 +𝑀𝑓𝑒2,
𝑐2 = (𝜂𝐹𝑧𝑓 −𝑀𝑓𝑒𝑔) sin (𝜀) ,
𝑐3 = 𝑀𝑓𝑒 + 𝑖𝑓𝑦𝑅𝑓 sin (𝜀)
𝑑1 = 𝑀𝑓𝜁𝑓 +𝑀𝑟ℎ,



10 Mathematical Problems in Engineering

𝑑2 = 𝑖𝑓𝑦𝑅𝑓 sin (𝜀) ,
𝑑3 = − 𝑖𝑓𝑦𝑅𝑓 cos (𝜀)

𝑎11 (V𝑥) = −𝐶𝑓1 + 𝐶𝑟1
V𝑥

,
𝑎12 (V𝑥) = −(𝐶𝑓1𝑙𝑓 − 𝐶𝑟1𝑙𝑟

V𝑥
+𝑀V𝑥)

𝑎14 = (𝐶𝑓2 + 𝐶𝑟2) ,
𝑎15 (V𝑥) = 𝜂𝐶𝑓1

V𝑥
,

𝑏16 = (𝐶𝑓1 cos (𝜀) + 𝐶𝑓2 sin (𝜀))
𝑎22 (V𝑥) = −𝑏5V𝑥,

𝑎24 = 𝑏4 sin𝜙𝜙 ,
𝑎25 (V𝑥) = −𝑑3V𝑥,

𝑏26 = −𝑏3
𝑎31 (V𝑥) = −𝑙𝑓𝐶𝑓1 − 𝑙𝑟𝐶𝑟1

V𝑥
,

𝑎32 (V𝑥) = −(𝑀𝑓𝜁𝑟V𝑥 + 𝐶𝑓1𝑙𝑓2 + 𝐶𝑟1𝑙𝑟2
V𝑥

)
𝑎33 (V𝑥) = 𝑎4V𝑥,

𝑎34 = (𝐶𝑓2𝑙𝑓 − 𝐶𝑟2𝑙𝑟)
𝑎35 (V𝑥) = (𝜂𝐶𝑓1𝑙𝑓

V𝑥
+ 𝑑2V𝑥) ,

𝑏36 = 𝑙𝑓 (𝐶𝑓1 cos (𝜀) + 𝐶𝑓2 sin (𝜀))
𝑎51 (V𝑥) = 𝜂𝐶𝑓1

V𝑥
,

𝑎52 (V𝑥) = (𝜂𝐶𝑓1𝑙𝑓
V𝑥

− 𝑐3V𝑥)
𝑎53 (V𝑥) = 𝑑3V𝑥,

𝑎54 = −(𝜂𝐶𝑓2 + 𝑏3 sin𝜙𝜙 )

𝑎55 (V𝑥) = −(𝜂2𝐶𝑓1
V𝑥

+ 𝐾) ,
𝑏56 = − (𝜂 (𝐶𝑓1 cos (𝜀) + 𝐶𝑓2 sin (𝜀)) + 𝑐2)

(A.1)

Nomenclature

Illustration of Parameters of Motorcycle

𝑀,𝑀𝑟,𝑀𝑓: Total weight of the motorcycle, mass
of the rear, and front portions𝑙𝑓: Distance from the gravity center of
the rear frame to the front wheel
contact𝑙𝑟: Distance from the gravity center of
the rear frame to the rear wheel
contact𝐶𝑓1, 𝐶𝑓2, 𝐶𝑟1, 𝐶𝑟2: Cornering front and rear stiffness𝜎𝑟, 𝜎𝑓: The rear and front tire relaxation
lengths𝜖, 𝜌, 𝑟: Steering head angle, curvature of the
road, and road curvature radius𝜂: Pneumatic trail𝜇, ℎ: Coefficient of friction of the road and
height of the bike’s center of gravity𝜁𝑓: Distance from the center of gravity of
the front frame to the ground𝜁𝑟: Distance between the gravity centers
of the rear and front frames𝐹𝑧𝑓, 𝑔: Front wheel load and the gravity force𝑒: Distance from the center of gravity of
the front frame to the fork𝜓, 𝛿, 𝜙: Yaw angle, steering angle, and roll
angle

V𝑥, V𝑦: Longitudinal and lateral velocities𝑖𝑓𝑦, 𝑖𝑟𝑦: Inertia’s polar moments of the front
and rear wheel𝐼𝑟𝑧: Polar moment of inertia of the
camber inertia of the rear wheel.
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