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The current paper shows the application of the boundary element method for the analysis of plates under shear stress causing
plasticity. In this case, the shear deformation of a plate is considered by means of Reissner’s theory. The probability of failure of a
Reissner’s plate due to a proposed index plastic behavior 𝐼PB is calculated taking into account the uncertainty in mechanical and
geometrical properties. The problem is developed in three dimensions. The classic plasticity’s theory is applied and a formulation
for initial stresses that lead to the boundary integral equations due to plasticity is also used. For the plasticity calculation, the von
Misses criterion is used. To solve the nonlinear equations, an incremental method is employed. The results show a relatively small
failure probability (𝑃𝐹) for the ranges of loads between 0.6 < �̂� < 1.0. However, for values between 1.0 < �̂� < 2.5, the probability
of failure increases significantly. Consequently, for �̂� ≥ 2.5, the plate failure is imminent. The results are compared to those that
were found in the literature and the agreement is good.

1. Introduction

All the materials have an elastic limit state; when the load
is above this limit state, the material gets into the plastic
deformation.This plastic strain depends not only on the final
state of stresses but also on the load history.The plastic strain
is nonlinear and is irreversible; hence, the physical relations
that define the process are more complicated than those that
define the elastic behavior.

Plates are commonly used in civil and mechanical
engineering. They are used to fabricate vehicles, airplanes,
equipment, slabs, and so forth. The main references with
information about the elastic theory with strain due to
shear on plates are due to Reissner [1], Mindlin [2], and
Timoshenko and Goodier [3]. On the other hand, plasticity
theory has been reported by Mendelson [4], Hill [5], and
Prager [6].

Additionally, the study of plates has been diversified
and more realistic conditions have been studied for its
analysis and design. Thermal effects, geometric nonlinearity,
explosive loads, plasticity, creep, and probabilistic behavior
among others are the kind of nonlinear problems that have
been considered for plate analysis.

Recently, several formulations based on Reissner-
Mindlin plate theory have been developed for the study
of foundation plates considering thermal effects [7]. These
authors also reported analytical solutions for plates subjected
to bending and free vibration. Additional studies on the
behavior of foundation plates based on the Reissner-Mindlin
theory can be found in [8], Wen and Aliabadi [9], and
Jankovski and Skarzauskas [10]. In this last reference, the
boundary element method was formulated in the Laplace
domain to solve the problem. Also, Nosier and Fallah [11]
studied the effect of mechanical and thermal loads on the
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Figure 1: (a) Definition of the reference system. (b) Displacements and tractions due to bending and shear. (c) Displacements and tractions
in the plane.

axisymmetric and asymmetric behavior of circular plates,
where material properties, boundary conditions, plate
thickness, and other factors were studied and discussed.

On the other hand, Reissner-Mindlin theory has been
applied to the study of nonlinear problems of large deforma-
tions on plates.With this idea, Xiao-Yan aswell asMao-kuang
and Xiuxi [13] developed an interesting application of the
plate boundary element method with geometric nonlinearity
in isotropic plates, including the effects of shear deformation.
Moreover, recently, Benatta et al. [14] studied plates subjected
to pressure loads, where geometric nonlinearity was incor-
porated into the strain-displacement equations based on the
Von-Karman theory. For this case, the results suggest that
the precision obtained by this formulation is comparable with
high-order theories.

Moreover, Reissner-Mindlin theory has been successfully
applied to problems dealing with cracks, composites, and
effects of concentrated and uniform loads on plates [15–17],
including the study of oceanic plates [18]. In the latter case,
the authors numerically solved the flexion equations associ-
ated with the Reissner-Mindlin theory and the application
was focused on the study of the bending of the Nazca oceanic
plate.This fact reveals the power of this theory and how it can
be applied to highly complex cases.

Also, there are different factors that modify the response
of a structural element; such factors are associated with its
mechanical and geometrical properties; that is, there is a
probability that the manufacturer will provide a structural
element with both geometric and mechanical characteristics
different from those specified, which generates uncertainty,
since the structural element is designed based on manufac-
turer’s specifications. The loads to which the structural ele-
ment will be subjected are variable inmagnitude, occurrence,
direction, and so on. This leads us to consider as stochastic
variables all the parameters that intervene in the response of
the structural element.

The application of BEM to probabilistic analysis has been
successfully applied to solve elastostatic problems [19–22],

crack problems [23, 24], and elastic-linear problems [25–27].
Moreover, the BEM method was used for solving optimiza-
tion problems considering the cost as a parameter of design
[28]. Unfortunately, none of the mentioned approaches using
BEMhave been used to obtain the probability of failure based
on a plastic behavior index that considers the relationship
between demand and capacity of the structural element. In
the present work, the BEMmethod is used in Reissner plates
with plastic behavior and the probability of failure is obtained
considering the mechanical and geometrical uncertainties.

In Section 2, the boundary element method for Reissner
plates is formulated. The validation of the formulation is
included in Section 3. In Section 4, a failure probability
approach is given to the analysis of Reissner plates and finally
Section 5 includes an application example.

2. Formulation of the Plastic Problem

Our formulation is based on Supriyono and Aliabadi [29]
and is closely related to Dirgantara and Aliabadi [30]. Fur-
thermore, our research intends to extend the formulation
of Supriyono and Aliabadi [29] including the probability of
failure of Reissner plates with plastic behavior.

Assuming the reference system of Figure 1(a) and the
definition of bending and shear displacements as 𝑤𝑖 (where𝑖 = 1, 2, 3), displacements in the plane as 𝑢𝛼 (𝛼 = 1, 2) and
their associated tractions can be seen in Figures 1(b) and 1(c);
for this case, the strain-displacement relations can be written
as

𝛾𝛼3 = 𝜓𝛼 = 𝑤𝛼 + 𝑤3,𝛼 (1)

𝜅𝛼𝛽 = 2𝜒𝛼𝛽 = 𝑤𝛼,𝛽 + 𝑤𝛽,𝛼, (2)

𝜀lineal𝛼𝛽 = 12 (𝑢𝛼,𝛽 + 𝑢𝛽,𝛼) , (3)

where 𝛾𝛼3 is transverse shear strain; 𝜅𝛼𝛽 is bending deforma-
tion; and 𝜀lineal𝛼𝛽 is strain in the middle plane of the element.
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Figure 2: Load’s equilibrium on an element.

On one hand, if we consider a differential element of a
plate with dimensions 𝑑𝑥1 ⋅ 𝑑𝑥2 ⋅ ℎ subject to a uniform load𝑞 (see Figure 2), the equilibrium equations for moments and
forces, ignoring higher-order terms, can be expressed as

𝑀𝛼𝛽,𝛽 − 𝑄𝛼 = 0; (4)

𝑄𝛼,𝛼 + 𝑞 = 0; (5)

𝑁lineal
𝛼𝛽,𝛽 = 0, (6)

where 𝑀𝛼𝛽 results from bending stresses, 𝑄𝛼 results from
shear stresses, and𝑁lineal

𝛼𝛽 results from membrane stresses.
The notation used in Figure 2 means that (. . .)+12 is used

to denote (. . .)12 + (𝜕(. . .)12/𝜕𝑥1)𝑑𝑥1; the notation (. . .)+21
represents (. . .)21 + (𝜕(. . .)21/𝜕𝑥2)𝑑𝑥2.

On the other hand, Reissner [1] obtained the stress-strain
relationships for flexural plates, which are

𝑀𝛼𝛽 = 𝐷1 − ]2 (2𝜒𝛼𝛽 + 2]1 − ]
𝜒𝛾𝛾𝛿𝛼𝛽) (7)

𝑄𝛼 = 𝐶𝜓𝛼 (8)

Based on Hooke’s law for plane stresses, the resulting stress-
strain relationships for membrane behavior can be expressed
as follows:

𝑁lineal
𝛼𝛽 = 𝐵1 − ]2 (2𝜀𝛼𝛽 + 2]1 − ]

𝜀𝛾𝛾𝛿𝛼𝛽) (9)

In terms of displacements, (7)–(9) are written as

𝑀𝛼𝛽 = 𝐷1 − ]2 (𝑤𝛼,𝛽 + 𝑤𝛽,𝛼 + 2]1 − ]
𝑤𝛾,𝛾𝛿𝛼𝛽) (10)

𝑄𝛼 = 𝐶 (𝑤𝛼 + 𝑤3,𝛼) (11)

𝑁lineal
𝛼𝛽 = 𝐵1 − ]2 (𝑢𝛼,𝛽 + 𝑢𝛽,𝛼 + 2]1 − ]

𝑢𝛾,𝛾𝛿𝛼𝛽) , (12)

where 𝐵 = 𝐸ℎ/(1 − ]2) = tension stiffness, 𝐷 = 𝐸ℎ3/12(1 −
]2) = flexural stiffness, and 𝐶 = 5𝐸ℎ3/12(1 − ]2) = shear
stiffness. The Kronecker delta is represented by 𝛿𝛼𝛽.

2.1. Integral Boundary Formulation for Reissner Plates. Ac-
cording to the equations of equilibrium (4)–(6), it is possible
to express the following integral equation:

∫
Ω
[(𝑀𝛼𝛽,𝛽 − 𝑄𝛼)𝑊∗𝛼 + (𝑄𝛼,𝛼 + 𝑞)𝑊∗3 ] 𝑑Ω = 0, (13)

∫
Ω
(𝑁𝛼𝛽,𝛽)𝑈∗𝛼𝑑Ω = 0, (14)

where 𝑊∗𝑖 (𝑖 = 𝛼, 3) and 𝑈∗𝛼 are weight functions and Ω
is the domain where integration takes place. Equation (13)
is the integral representation associated with the governing
equation for the results of bending and shear stress, while
(14) is associatedwith the governing equation for the resultant
membrane stresses.

2.2. Focus on Initial Stresses. In this section, we introduce the
basic equation of elastoplastic problems in continuousmedia.
Plasticity is a phenomenon independent of time and admits
increases in load as a variation from one state to another. For
example, the stress for the load step (𝑘) can be represented
as

𝜎𝑘𝑖𝑗 = 𝜎𝑘−1𝑖𝑗 + Δ𝜎𝑖𝑗. (15)

In general terms, the nonlinearity of the material for flexural
plates is considered by the incorporation of plastic deforma-
tions due to flexion and membrane [12]. Thus, strain ratios
can be generically defined as

𝜒𝛼𝛽 = 𝜒𝑒𝛼𝛽 + 𝜒𝑝𝛼𝛽; (16)

𝜀𝛼𝛽 = 𝜀𝑒𝛼𝛽 + 𝜀𝑝𝛼𝛽; (17)

𝛾𝛼𝛽 = 𝛾𝑒𝛼𝛽, (18)

where the superscripts “𝑒” and “𝑝” represent the elastic and
plastic parts, respectively.
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On the other hand, the results of stresses can be estab-
lished as

𝑀𝑒𝛼𝛽 = 𝑀𝛼𝛽 +𝑀𝑝𝛼𝛽; (19)

𝑄𝛼 = 𝑄𝛼; (20)

𝑁𝑒𝛼𝛽 = 𝑁𝛼𝛽 + 𝑁𝑝𝛼𝛽. (21)

Equations (19), (20), and (21) represent the resulting stresses
due to the momentum and membrane moment, respectively.
The stress-displacement relations can be represented by the
phenomenon of plasticity as

𝑀𝛼𝛽 = 𝐷1 − ]2 (𝑤𝛼,𝛽 + 𝑤𝛽,𝛼 + 2]1 − ]
𝑤𝛾,𝛾𝛿𝛼𝛽) −𝑀𝑝𝛼𝛽; (22)

𝑄𝛼 = 𝐶 (𝑤𝛼 + 𝑤3,𝛼) ; (23)

𝑁𝛼𝛽 = 𝐵1 − ]2 (𝑢𝛼,𝛽 + 𝑢𝛽,𝛼 + 2]1 − ]
𝑢𝛾,𝛾𝛿𝛼𝛽) − 𝑁𝑝𝛼𝛽. (24)

2.3. Integral Equations of Elastoplastic Strain. Here, we for-
mulate the integral displacement equations forReissner plates
in materials with nonlinear behavior (i.e., plastic behavior).
We begin by considering the equations of equilibrium (4)–(6)
to have the following relations:

∫
Ω
[(𝑀𝛼𝛽,𝛽 − 𝑄𝛼)𝑊∗𝛼 + (𝑄𝛼,𝛼 + 𝑞3)𝑊∗3 ] 𝑑Ω = 0, (25)

∫
Ω
𝑁𝛼𝛽,𝛽𝑈∗𝛼𝑑Ω = 0, (26)

where 𝑊∗𝑖 and 𝑈∗𝛼 are the weight functions and Ω is the
domain where the integration takes place. The above equa-
tions (25) and (26) together with Betti’s reciprocal theorem
are used to obtain the integral equations of displacement.

2.4. Integral Representation of Rotation and Deflection. The
integral representing the ratio of rotations (𝜔𝛼) and the
deflection (𝜔3) can be obtained by integrating (25) by parts
and applying Green’s identity to obtain

𝑤𝑖 (X) + ∫
Γ
𝑃∗𝑖𝑗 (X, x)𝑤𝑗 (x) 𝑑Γ

= ∫
Γ
𝑊∗𝑖𝑗 (X, x) 𝑝𝑗 (x) 𝑑Γ

+ ∫
Ω
𝑊∗𝑖3 (X,X) 𝑞3 (X) 𝑑Ω

+ ∫
Ω
𝜒∗𝑖𝛼𝛽 (X,X)𝑀𝑃𝛼𝛽 (X) 𝑑Ω,

(27)

where x ∈ Γ and X ∈ Ω are the field points on the boundary
and the domain, respectively, and 𝑊∗𝑖𝑗 (X, x), 𝑃∗𝑖𝑗 (X, x), and𝑥∗𝑖𝛼𝛽(X, x) are the fundamental solutions of displacements,
tractions, and strains, respectively.

2.5. Integral Representations of In-Plane Displacements. The
integral representations related to the governing equations
for the resulting membrane stresses can be obtained by
integrating (26) by parts, and applying Green’s identity gives

𝑢𝜃 (X) + ∫
Γ
𝑇∗𝜃𝛼 (X, x) 𝑢𝛼 (x) 𝑑Γ

= ∫
Γ
𝑈∗𝜃𝛼 (X, x) 𝑡𝛼 (x) 𝑑Γ

+ ∫
Ω
𝜀∗𝜃𝛼𝛽 (X,X)𝑁𝑝𝛼𝛽 (X) 𝑑Ω,

(28)

where 𝑈∗𝜃𝛼(X, x), 𝑇∗𝜃𝛼(X, x), and 𝜀∗𝜃𝛼𝛽(X, x) are the fun-
damental solutions of displacements, tractions, and strains,
respectively.

2.6. Integral Boundary Equations of Displacement. In order
to obtain solutions for points on the boundary, it is necessary
to consider the limit X → 𝑥 ∈ Γ in such a way that the
boundary equation of the displacements can be written as

𝑐𝑖𝑗𝑤𝑖 (x) + −∫
Γ
𝑃∗𝑖𝑗 (x, x)𝑤𝑗 (x) 𝑑Γ

= ∫
Γ
𝑊∗𝑖𝑗 (x, x) 𝑝𝑗 (x) 𝑑Γ

+ ∫
Ω
𝑊∗𝑖3 (x,X) 𝑞3 (X) 𝑑Ω

+ ∫
Ω
𝜒∗𝑖𝛼𝛽 (x,X)𝑀𝑃𝛼𝛽 (X) 𝑑Ω,

(29)

𝑐𝜃𝛼𝑢𝜃 (x) + −∫
Γ
𝑇∗𝜃𝛼 (x, x) 𝑢𝛼 (x) 𝑑Γ

= ∫
Γ
𝑈∗𝜃𝛼 (x, x) 𝑡𝛼 (x) 𝑑Γ

+ ∫
Ω
𝜀∗𝜃𝛼𝛽 (x,X)𝑁𝑃𝛼𝛽 (X) 𝑑Ω,

(30)

where −∫ represents the principal value of Cauchy, x, x ∈ Γ are
the source and field points, respectively, on the boundary, and𝑐𝑖𝑗(x) and 𝑐𝜃𝛼(x) are the jump terms.The values of 𝑐𝑖𝑗(𝑥) and𝑐𝜃𝛼(𝑥) are equal to (1/2)𝛿𝑖𝑗 and (1/2)𝛿𝜃𝛼, respectively, when
x is located on a smooth boundary.

2.7. Integral Equations of Elastoplastic Stresses. The results of
elastoplastic stresses on the points of the domain X ∈ Ω
can be evaluated by differential equations with respect to the
source pointX. Finally, the integral equation for elastoplastic
stresses can be written as

𝑀𝛼𝛽 (X) = ∫
Γ
𝑊∗𝛼𝛽𝑘 (X, x) 𝑝𝑘 (x) 𝑑Γ

− ∫
Γ
𝑃∗𝛼𝛽𝑘 (X, x)𝑤𝑘 (x) 𝑑Γ

+ ∫
Ω
𝑊∗𝛼𝛽3 (X,X) 𝑞3 (X) 𝑑Ω
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+ ∫
Ω
𝜒∗𝛼𝛽𝛾𝜃 (X,X)𝑀𝑝𝛾𝜃 (X) 𝑑Ω

− [2 (1 + ])𝑀𝑝𝛼𝛽 + (1 − 3])𝑀𝑝𝜃𝜃𝛿𝛼𝛽]8
(31)

For the result of stress due to moments,

𝑄𝛼 (X) = ∫
Γ
𝑊∗3𝛽𝑘 (X, x) 𝑝𝑘 (x) 𝑑Γ

− ∫
Γ
𝑃∗3𝛽𝑘 (X, x)𝑤𝑘 (x) 𝑑Γ

+ ∫
Ω
𝑊∗3𝛽3 (X,X) 𝑞3 (X) 𝑑Ω

+ ∫
Ω
𝜒∗3𝛽𝛾𝜃 (X,X)𝑀𝑃𝛾𝜃 (X) 𝑑Ω

(32)

resulting from shear forces, and

𝑁𝛼𝛽 (X) = ∫
Γ
𝑈∗𝛼𝛽𝛾 (X, x) 𝑡𝛾 (x) 𝑑Γ

− ∫
Γ
𝑇∗𝛼𝛽𝛾 (X, x) 𝑢𝛾 (x) 𝑑Γ

+ ∫
Ω
𝜀∗𝛼𝛽𝛾𝜃 (X,X)𝑁𝑝𝛾𝜃 (X) 𝑑Ω

− [2 (1 + ])𝑁𝑝𝛼𝛽 + (1 − 3])𝑁𝑝𝜃𝜃𝛿𝛼𝛽]8

(33)

For the result of membrane stresses where the kernels𝑊∗𝑖𝛽𝑘, 𝑃∗𝑖𝛽𝑘 are a linear combination of the first derivative of𝑊∗𝑖𝑗 and 𝑃∗𝑖𝑗 , the kernels 𝑈∗𝛼𝛽𝛾, 𝑇∗𝛼𝛽𝛾 are a linear combination
of the first derivative of 𝑈∗𝛼𝛽 and 𝑇∗𝛼𝛽. The kernels 𝜒∗𝑖𝛽𝛾𝜃, 𝜀∗𝑖𝛽𝛾𝜃
are a linear combination of the first derivative of𝜒∗𝑖𝛼𝛽 and 𝜀∗𝛼𝛽𝛾.

We used BIE for in-plane stress/strain because it is
considered that the plastic zone is not only because of
bending but also because of in-plane load. On the other hand,
the relation between the boundary integral equations for plate
bending and plane strain is included in (31), (32), and (33) of
the paper, where the last integral of each equations involves
the nonlinear strain. Equation (31) represents stresses due
to moments that cause plate bending, (32) denotes the
stresses resulting from shear forces, and (33) characterizes the
membrane stresses.

The above equations represent the integral boundary
formulation for Reissner plates with large deformation and
plastic behavior.

3. Verification of the Method

In order to verify the application and precision of themethod
presented in this paper, the problem solved by Karam and
Telles [12] has been selected. This consists of a square plate
(simply supported plate at its boundary) with dimensions
such that the ratio ℎ/𝑎 = 0.01, where ℎ is the plate thickness
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Figure 3: Deflection in the center of a square plate with uniform
load. The symbols represent the results of Karam and Telles [12]
and the continuous line represents those obtained by the present
formulation.

and 𝑎 is the plate width; the plate is subjected to a uniform
load in the vertical direction. The plate properties are 𝐸 =10.92GPa, ] = 0.3, and 𝜎𝑌 = 1600MPa. For these
problems, the material is considered with elasto-perfectly
plastic behavior (no hardening is considered). In Figure 3
we use the nondimensional parameters 𝑄 = 𝑞𝑎2/𝑀0 and�̂� = 102𝑤max𝐷/𝑀0𝑎2, where 𝑀0 = 𝜎𝑌ℎ2/4 and 𝐷 =𝐸ℎ2/(1−]).The variable 𝑞 represents the uniform load applied
to the plate. Figure 3 shows the results obtained by the present
formulation and those obtained by Karam and Telles [12].
Good agreement between both formulations is observed.This
figure shows the dimensionless deflection calculated at the
center of the plate for several values of𝑄 load, which reaches a
maximum value of 24.97. The results clearly illustrate a linear
behavior and subsequently the plastic behavior of the plate.

4. Probability of Failure in
a Structural Element

A structural element or system is designed to work in service
conditions (elastic range) below the load for which it was
designed (i.e., own weight, dead load, live load, earthquake,
wind, and waves) for a certain interval of time. If an
extraordinary load occurs before or after said time interval,
there is a high probability that the structural element incurs
in the inelastic range and the failure could occur. According
to the above, it is important to consider such loads within the
analysis in order to estimate the probability of failure of the
structural element. One of the advantages of estimating the
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probability of failure is that it allows the redesign of the struc-
tural element so that it implicitly considers all possiblemagni-
tudes of loads,where a structural elementwould be safety.The
disadvantage is that such element would be robust and costly.

The probability of failure of a structural element can be
obtained by evaluating both the load solicitations (demand)
and the ultimate capacity. The relationship between demand
and capacity expressed in terms of a damage indicator (i.e.,
stress and deformation) is called damage index. The damage
index has the advantage of normalizing the damage indicator
with values between 0 and 1 and it permits quantifying the
probability of no damage, the probability of damage, and
the probability of failure. For the purpose of establishing a
damage index, several authors have proposed damage indexes
for structures subjected to earthquakes [31–36].With the aim
to estimate the probability of failure in Reissner’s plates, a
plastic behavior index that relates the relationship between
the requested dimensionless displacement and the ultimate
displacement is proposed as follows:

𝐼PB = �̂�𝐷 − �̂�𝑓
�̂�𝐹 − �̂�𝑓 , (34)

where �̂�𝐷 is the requested dimensionless displacement; �̂�𝑓
is the dimensionless displacement, where the plastic behavior
of the structural element begins; �̂�𝐹 is the ultimate capacity
value of the structural element. According to the above, values
of 𝐼PB = 0 indicate that the structural element has not entered
the plastic range and values of 𝐼PB = 1 indicate the failure of
the structural element.

Based on the plastic behavior index, 𝐼PB, it is possible to
quantify empirically the probability of failure by a sample of
Monte Carlo simulation as the sum of failures, 𝐼PB = 1 = 𝐹,
between the number of cases, 𝑁; that is, 𝑃𝐹 = ∑𝑁𝑖=1(𝐹/𝑁).
Therefore, the mean of the natural logarithm, 𝜇ln(𝐹), and
the standard deviation of the natural logarithm, 𝜎ln(𝐹), are
obtained as follows:

𝜇ln(𝐹) = exp(∑𝑁𝑖=1 ln (𝐹)𝑁 ) (35)

𝜎ln(𝐹) = (∑
𝑁
𝑖=1 (ln (𝐹) − ln (𝜇ln(𝐹)))2𝑁 − 1 )

1/2

(36)

If failures of the structural element follow a lognormal
distribution [37], they can be fitted theoretically as follows:

𝑃𝐹 = 𝑃 (𝐹 ≥ 1) = ∫𝑓𝐹 (𝐹) 𝑑𝐹
= ∫ 1𝜎ln(𝐹)𝐹𝜑(

ln (𝐹) − ln (𝜇ln(𝐹))𝜎ln(𝐹) )𝑑𝐹
= Φ( ln𝐹 − 𝜇ln(𝐹)𝜎ln(𝐹) )

(37)

where𝜑 is the normal distribution function;Φ is the standard
normal probability distribution function.

5. Methodology

The probability of failure of the plate due to loads is studied
by means of a Monte Carlo simulation. The methodology is
described in Figure 4.

6. Application Example

In this section, the failure probability of a plate is evaluated
considering the uncertainties in its mechanical (yielding,
ultimate stress, and modulus of elasticity) and geometri-
cal (thickness, length, and width) properties. The nominal
properties of the plate are the following: 0.1m long by 0.1m
wide, with the thickness being 0.05m. The yield stress is
248.108MPa, the ultimate stress is 400.111MPa, and the
modulus of elasticity is 200055.66MPa. Table 1 shows the
statistical parameters reported by Mansour et al. [38] and
Galambos and Ravindra [39].

The plastic behavior index and the probability of failure
are obtained considering the procedure described in the
previous section. 55 cases were simulated considering the
geometric and mechanical uncertainties. It was verified that
a larger number of samples did not change the statistical
results. Figure 5 shows the plastic behavior index (see (34))
considering the simulated cases. It is noted that the variability
of the curves of the plastic behavior index is due to the fact of
considering the uncertainties in mechanical and geometric
properties. According to the above, different �̂� values can be
observed, where 𝐼PB = 1, that is, different failure scenarios
of the structural element. For 𝐼PB = 1, �̂� values are between
1.26 and 2.38, which correspond to 0.023 and 0.039m, respec-
tively. This range is similar to the displacement failure values
reported by Rudrapatna et al. [40], where the authors studied
a plate with similar geometric andmechanical characteristics
using the finite element method and validated the results by
experimentally testing the plate up to failure.

Figure 6 shows the probability of empirical and theo-
retical failure. It is noticed that the points of the empirical
failure probability plot follow a lognormal distribution, so the
assumption made in (37) is verified. Figure 6 displays that
the probability of failure for 0 < �̂� < 0.4 is null. However,
for values of 0.5 < �̂� < 2.5, failure probability increases
as �̂� increases: 𝑃𝐹 = 4.85𝐸 − 12 and 𝑃𝐹 = 9.99𝐸 − 01,
respectively. This range of failure probability can occur when
the uncertainty in mechanical and geometric properties is
considered. The failure event is imminent for �̂� ≥ 2.5, since
empirical and theoretical probabilities of failure are the same:𝑃𝐹 = 1.
7. Conclusions

In the present work, the application of the boundary element
method is used to solve the nonlinear problem of plasticity in
Reissner’s plates. We use the classical theory of plasticity and
a formulation of initial stresses, which allow the formulation
of integral boundary equations due to plasticity. For the
calculation of the plastic zone, the von Mises criterion is
used. To verify the validity and accuracy of our formulation,
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with its ＦＨ(F) and ＦＨ(F) is obtained
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Figure 4: Flowchart for obtaining the probability of failure.

Table 1: Statistical parameters used in the present study.

Variable Mean value Coefficient of variation (CV) Type of distribution
ℎ 1.05 0.044 Lognormal𝑎 0.988 0.046 Lognormal𝐸 0.987 0.076 Lognormal𝐹𝑦 1.3 0.124 Normal
𝐹𝑢 1.05 0.075 Normal

the results were compared with those obtained by Karam
and Telles [12]. The plastic behavior index proposed in this
work to quantify the probability of failure has been validated
against published data.
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