
Research Article
Dynamic Fuzzy Reliability Analysis of Multistate Systems Based
on Universal Generating Function

Peng Gao ,1,2 Liyang Xie,3 Wei Hu,4 Chang Liu,1 and Jinzhao Feng1

1School of Mechanical Engineering, Liaoning Shihua University, Liaoning 113001, China
2School of Mechanical Engineering and Automation, Zhejiang Sci-Tech University, Hangzhou 310018, China
3School of Mechanical Engineering and Automation, Northeastern University, Liaoning 110819, China
4Department of Industrial Design, Liaoning Shihua University, Liaoning 113001, China

Correspondence should be addressed to Peng Gao; gaopeng@lnpu.edu.cn

Received 24 May 2017; Revised 22 March 2018; Accepted 4 April 2018; Published 10 May 2018

Academic Editor: Gen Q. Xu

Copyright © 2018 PengGao et al.This is an open access article distributed under the Creative CommonsAttribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Considering the fuzziness of load, strength, operational states, and state probability, reliability models of multistate systems are
developed based on universal generating function (UGF). The fuzzy UGF of load and the fuzzy UGF of strength are proposed in
this paper, which are used to derive the fuzzy component UGF and the fuzzy system UGF. By defining the decomposition operator
and the inner product operator, failure dependence and effects ofmultiple load applications are taken into account in the established
reliability models. Moreover, dynamic fuzzy reliability models of multistate systems are constructed considering the strength
degradation of components. The results show that failure dependence and the effects of multiple load applications have significant
impacts on system reliability, which considerably decrease system reliability and increase the fuzziness of system reliability under
low performance requirements. Besides, in the dynamic reliability analysis of multistate systems, strength degradation dependence
could lead to large computational error.

1. Introduction

Reliability is an important index in quality evaluation [1].
Traditional hypothesis of binary state about technological
systems cannot always be satisfied in practice. Partial failure
or degradation of systems could be encountered. In this
case, it is insufficient to define the states of the systems by
working normally or failing to work.Thus, reliability analysis
of multistate systems has become more and more attractive.
The universal generating function (UGF) is important and
effective mathematical means to calculate the reliability of
multistate systems. Compared with other methods, the UGF
can clearly present themapping relation between the working
states of the systems or the components and the correspond-
ing state probabilities. Besides, high computational efficiency
is another important advantage of the UGF. Hence, the UGF
has been widely used in reliability analysis of multistate
systems such as electric power systems, electronic systems,
and mechanical systems.

In the last few decades, a great deal of innovative research
has been carried out on the reliability analysis of multistate
systems based the UGF technology. For instance, a new
expressionwas proposed for theUGF counting (nonsingular)
walks with small steps in the quarter plane in terms of infinite
series by Kurkova and Raschel [2]. Besides, three cases (an
algebraic case, a transcendental D-finite case, and an infinite
group model) are used to illustrate the expression of the
generating function in the literature. Dherin proved that this
UGF converges for analytical Poisson structures and shows
that the induced local symplectic groupoid coincides with the
phase space of Karasev–Maslov [3]. The method for prob-
abilistic production simulation of wind power systems was
developed based on universal generating function (UGF) by
Jin et al. which completes the production simulation with the
chronological wind power and load demand [4]. Farsi devel-
oped a new method for reliability evaluation via the UGF
for a solar array mechanism [5]. Levitin provided a detailed
discussion on the origin and the algorithm of UGF [6].
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Figure 1: Membership degree of a triangular fuzzy number.

Moreover, a series of reliability models were given for various
typical systems (such as series system, parallel system, and
voting system), which laid the foundation for reliability
analysis of multistate systems by using the method of UGF.
In addition, the problem of reliability-based optimization of
multistate system can be addressed by combining the UGF
with various optimization algorithms such as the genetic
algorithm, and ant colony algorithm. [7, 8]. Ding and Lis-
nianski proposed the fuzzy UGF technique to analyze the
reliability of a series-parallel system [9].

For many technology systems, the system states are
closely related to the working load [10, 11]. Meanwhile, the
failure of these systems always occurs in the case where
the strength exceeds the working load. Further investigation
of load effects on multistate systems should be carried out.
In addition, to explore the randomness of the variables in
the UGF of multistate systems and components, a large
amount of samples is required. In some situations, samples
are insufficient, some uncertain information is based on
experience and judgment, or experimental data is obtained
under the unknown or nonconstant reproduction conditions
[12–15]. In this case, fuzzy mathematics theory can be used
as an alternative method to analyze the system reliability [16–
18]. In practice, state degradation is always encountered, such
as the degradation in the failuremodes of fatigue, abrasion, or
corrosion, whichmakes the system states different at different
time instants. The system states and the corresponding
possibility that these states show obvious dynamic character-
istics. In order to describe the change of system states, state
possibility and system reliability with time and dynamic fuzzy
reliability models of multistate systems are developed in this
paper. Moreover, in the models, the factors of both load and
strength are taken into consideration in component reliability
derivation, which facilitates the quantitative description of
the influences of the failure dependence on system reliability.

2. Load UGF and Strength UGF

As a matter of fact, it is important to obtain the fuzzy com-
ponent states and corresponding fuzzy probabilities.The con-
cept of the component states and the corresponding prob-
abilities in this paper are similar to that defined in [6, 10].
However, the uncertainty in the component states and the
corresponding probabilities at each load application is des-
cribed by the membership degree. The detailed method to

obtain the membership degree of a fuzzy variable can be
referred to in [19].

The UGF establishes the mapping relationship between
the states of the components or the systems and the occur-
rence probability of the corresponding states in the form of
polynomial. Assume that the 𝑖th (𝑖 = 1, 2, . . . , 𝑛) component
in a system has 𝑚𝑖 states and the system has 𝑚𝑠 states. 𝑔𝑖𝑗𝑖
and 𝑝𝑖𝑗𝑖 represent the 𝑗𝑖th state of the 𝑖th (𝑖 = 1, 2, . . . , 𝑛)
component and the corresponding probability, respectively.𝑔𝑠𝑗 and 𝑝𝑠𝑗 are the state of the 𝑠𝑗th state of the system and
the corresponding probability, respectively. Then the UGF𝑈𝑖
of the 𝑖th component and the UGF 𝑈𝑠 of the system can be
expressed as

𝑈𝑖 = 𝑚𝑖∑
𝑗𝑖=1

𝑝𝑖𝑗𝑖𝑧𝑔𝑖𝑗𝑖 , (1)

𝑈𝑠 = 𝑚𝑠∑
𝑠𝑗=1

𝑝𝑠𝑗𝑧𝑔𝑠𝑗 . (2)

The operation between the UGF is carried out via differ-
ent operators as follows:

⨂
𝑓

(𝑈1, 𝑈2, . . . , 𝑈𝑛)

= 𝑚1∑
𝑗1=1

𝑚2∑
𝑗2=1

⋅ ⋅ ⋅ 𝑚𝑛∑
𝑗𝑛=1

𝑛∏
𝑖=1

𝑝𝑖𝑗𝑖𝑧𝑓(𝑔1𝑗1 ,𝑔2𝑗2 ,...,𝑔𝑛𝑗𝑛 ).
(3)

As mentioned above, we will be mainly concentrated on
the fuzzy reliability of multistate systems in this paper. The
fuzzy UGF can be expressed as [9]

�̃� = 𝑘∑
𝑖=1

𝑝𝑖𝑧𝑔𝑖 , (4)

where 𝑝𝑖, 𝑔𝑖 stand for the fuzzy state probability and fuzzy
working state, respectively. For computational convenience,
the triangular fuzzy number is always used tomodel the fuzzy
variables in reliability models. The triangular fuzzy number
can be expressed as (𝑎, 𝑏, 𝑐) with the membership function
shown in Figure 1 and

𝜇𝑋 (𝑥) =
{{{{{{{{{{{{{{{{{

0, 𝑥 < 𝑏,
𝑥 − 𝑏𝑏 − 𝑎 , 𝑏 < 𝑥 < 𝑎,𝑐 − 𝑥𝑐 − 𝑎 , 𝑎 < 𝑥 < 𝑐,
0, 𝑥 > 𝑐.

(5)

The computation rule between the triangular fuzzy num-
bers can be referred to in [15]. When 𝑝𝑖, 𝑔𝑖 are deterministic
value, the fuzzy UGF becomes the traditional UGF. To derive
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the fuzzy UGF of the components and systems, the fuzzy
UGFs of load and strength are defined as follows:

𝑆 = 𝑛1∑
𝑖=1

𝑝𝑖𝑧𝑠𝑖 ,
�̃� = 𝑛2∑
𝑗=1

𝑝𝑗𝑧𝑟𝑗 ,
(6)

where 𝑠𝑖, 𝑟𝑗, 𝑝𝑖, 𝑝𝑗 can be deterministic value or fuzzy num-
bers and represent discrete value of load, discrete value of
strength, fuzzy probability of load, and fuzzy probability of
strength, respectively. It should be noted that the strength
mentioned in this paper refers to generalized strength. For
instance, it can be residual strength in the failure mode of
fatigue, heat resistance in system thermal analysis, or corro-
sion resistance in the failuremode of corrosion. Furthermore,
under the continuous application of working load, strength
could degradewith the existence of cavities, cracks inmaterial
of components. In this case, the strength UGF should be a
function of time.

3. Component UGF

The states of components and systems are always defined or
determined by the working load in power systems, electronic
system, or mechanical systems. Thus, provided that the load
UGF and the strength UGF are given, the component UGF
can be derived as follows:

𝑈 = ⨂
𝑓1

(𝑆,𝐻) = 𝑛1∑
𝑖=1

𝑛2∑
𝑗=1

𝑝𝑖𝑝𝑗𝑧𝑓(𝑠𝑖 ,𝑟𝑗 ,𝑔𝑖), (7)

where 𝑝𝑖𝑝𝑗 is the multiplication of fuzzy numbers, 𝑔𝑖 is the
component state corresponding to 𝑠𝑖, and 𝑓1 = 1(𝑠𝑖 < 𝑟𝑗) × 𝑔𝑖
that will be explained in detail in the following section.

In this section, models of component UGFs are derived
in different situations. Models in Section 3.1 are used in
the case where the load is a constant and the strength is a
fuzzy variable. Models in Section 3.2 apply to the situation
where the strength is a constant and the load is a fuzzy
variable. Models in Section 3.3 are for the calculation of
component UGFs with the load and the strength both being
fuzzy variables. Models in Section 3.4 are used to calculate
component UGFs considering load application times. The
models in Sections 3.1, 3.2, 3.3, and 3.4 do not take strength
degradation into account.Themodels in Section 3.5 consider
strength degradation.

3.1. Component UGF with Deterministic Load and Fuzzy
Strength. When the discrete value of the load is deterministic
and the discrete value of the strength is a fuzzy number,
denote the 𝑗th discrete value of strength by (𝑎𝑗, 𝑏𝑗, 𝑐𝑗) and the𝑖th discrete value of load by 𝑠𝑖. The component UGF can be
calculated as follows:

𝑈 = ⨂
𝑓2

(𝑆,𝐻) = 𝑛1∑
𝑖=1

𝑛2∑
𝑗=1

𝑝𝑖𝑝𝑗 [𝑝𝑖𝑗𝑧𝑔𝑖 + (1 − 𝑝𝑖𝑗) 𝑧0] , (8)

where 𝑝𝑖𝑗 is calculated based on the equivalent probability
density function method by [15]

𝑝𝑖𝑗 =

{{{{{{{{{{{{{{{{{{{{{{{{{

1, 𝑠𝑖 < 𝑏𝑗,
1 − (𝑠𝑖 − 𝑏𝑗)2(𝑐𝑗 − 𝑏𝑗) (𝑎𝑗 − 𝑏𝑗) , 𝑏𝑗 < 𝑠𝑖 < 𝑎𝑗,

(𝑐𝑗 − 𝑠𝑖)2(𝑐𝑗 − 𝑏𝑗) (𝑐𝑗 − 𝑎𝑗) , 𝑎𝑗 < 𝑠𝑖 < 𝑐𝑗,
0, 𝑠𝑖 > 𝑐𝑗.

(9)

3.2. Component UGF with Deterministic Strength and Fuzzy
Load. When the discrete value of the load is fuzzy number
and the discrete value of the strength is deterministic, denote𝑖th discrete value of the load by (𝑎𝑖, 𝑏𝑖, 𝑐𝑖) and the 𝑗th discrete
value of strength by 𝑟𝑗.The componentUGF can be calculated
as follows:

𝑈 = ⨂
𝑓3

(𝑆,𝐻) = 𝑛1∑
𝑖=1

𝑛2∑
𝑗=1

𝑝𝑖𝑝𝑗 [𝑝𝑖𝑗𝑧𝑔𝑖 + (1 − 𝑝𝑖𝑗) 𝑧0] , (10)

where 𝑝𝑖𝑗 can be calculated by

𝑝𝑖𝑗 =
{{{{{{{{{{{{{{{{{{{{{{{

0, 𝑟𝑗 < 𝑏𝑖,
(𝑟𝑗 − 𝑏𝑖)2(𝑎𝑖 − 𝑏𝑖) (𝑐𝑖 − 𝑏𝑖) , 𝑏𝑖 < 𝑟𝑗 < 𝑎𝑖,

1 − (𝑐𝑖 − 𝑟𝑗)2(𝑐𝑖 − 𝑎𝑖) (𝑐𝑖 − 𝑏𝑖) , 𝑎𝑖 < 𝑟𝑗 < 𝑐𝑖,
1, 𝑟𝑗 > 𝑐𝑖.

(11)

3.3. Component UGF with Fuzzy Strength and Fuzzy Load.
In the situation where the discrete value of the load and the
discrete value of the strength are both fuzzy numbers, denote
ith discrete value of load by (𝑎𝑖, 𝑏𝑖, 𝑐𝑖) with the membership
function of 𝜇𝑆(𝑠) and the 𝑗th discrete value of strength
by (𝑎𝑗, 𝑏𝑗, 𝑐𝑗) with the membership function of 𝜇𝐻(ℎ). The
component UGF can be calculated as follows:

𝑈 = ⨂
𝑓4

(𝑆,𝐻) = 𝑛1∑
𝑖=1

𝑛2∑
𝑗=1

𝑝𝑖𝑝𝑗 [𝑝𝑖𝑗𝑧𝑔𝑖 + (1 − 𝑝𝑖𝑗) 𝑧0] , (12)

where 𝑝𝑖𝑗 can be given by

𝑝𝑖𝑗

=
{{{{{{{{{{{

0, 𝑐𝑗 < 𝑏𝑖,
∫𝑐𝑖
𝑏𝑖

2𝜇𝑆 (𝑠)(𝑐𝑖 − 𝑏𝑖)𝑑𝑠 ∫
𝑐𝑗

𝑠

2𝜇𝐻 (ℎ)(𝑐𝑗 − 𝑏𝑗)𝑑ℎ, 𝑏𝑖 < 𝑐𝑗, 𝑏𝑗 < 𝑐𝑖,
1, 𝑐𝑖 < 𝑏𝑗.

(13)

3.4. Component UGF with Fuzzy Strength and Fuzzy Load
Considering Load Application Times. Component UGF is the
basis of the fuzzy reliability calculation of the multistate
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Figure 2: Components under multiple load applications.

system.The above analysis only considers the situation where
load applies once and the effects of multiple loading appli-
cation on component UGF are not taken into consideration.
After the load application for 𝑛 times as shown in Figure 2,
considering the expression of load UGF in (1), the maximum
load UGF can be expressed as

𝑈𝑠max = ⨂
max

(𝑆, 𝑆, . . . , 𝑆⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑛

)
= 𝑛1∑
𝑖1=1

𝑛1∑
𝑖2=1

⋅ ⋅ ⋅ 𝑛1∑
𝑖𝑛=1

𝑛∏
𝑗=1

𝑝𝑖𝑗𝑧max(𝑠𝑖1 ,𝑠𝑖2 ,...,𝑠𝑖𝑛 ).
(14)

The operations in (14) follow the computational rule of fuzzy
numbers. Substitute (14) into (7) and then the component
UGF considers the effects of multiple loading application.

3.5. Component UGF Considering Strength Degradation. In
practice, strength degradation of components is always
encountered due to fatigue, wear, corrosion, and so on.When
considering the strength degradation of components, con-
ventional static UGF has to be extended to time-dependent
UGF. In this section, we will be focused on gradual strength
degradation. The operational duration 𝑇 of components is
divided into a series of time intervals in which the component
strength is assumed to be constant. The strength in the 𝑘th
time interval is denoted by

𝑟 (𝑡𝑘) = 𝑟0Φ(𝑡𝑘) , (15)

where 𝑟0 is the initial strength. In the case where 𝑟0 is a fuzzy
number denoted by (𝑏, 𝑎, 𝑐), we only consider the degradation
of center point 𝑎 of the fuzzy number with the both widths
of (a-b) and (c-a) keeping constant. For a specified initial
discrete value of strength 𝑟0, the component UGF in the 𝑘th
time interval can be expressed as

𝑈1 (𝑡𝑘) = ⨂
𝑓1

[𝑆,𝐻 (𝑡𝑘)] = 𝑛1∑
𝑖=1

𝑝𝑖𝑧𝑓(𝑠𝑖 ,𝑟(𝑡𝑘),𝑔𝑖). (16)

Considering all the possible discrete value of initial strength,
the time-dependent component UGF in the 𝑘th time interval
can be given by

𝑈(𝑡𝑘) = 𝑛2∑
𝑗=1

𝑝𝑗{{{⨂
𝑓1

[𝑆,𝐻 (𝑡𝑘)]}}}
= 𝑛2∑
𝑗=1

𝑝𝑗( 𝑛1∑
𝑖=1

𝑝𝑖𝑧𝑓(𝑠𝑖 ,𝑟(𝑡𝑘),𝑔𝑖)) .
(17)

To take the effects of multiple loading application on compo-
nent UGF into account, the componentUGF can bemodified
via (14) as follows:

𝑈max (𝑡𝑘) = 𝑛2∑
𝑗=1

𝑝𝑗{{{⨂
𝑓1

[𝑈𝑠max, 𝐻 (𝑡𝑘)]}}}
= 𝑛2∑
𝑗=1

𝑝𝑗( 𝑛1∑
𝑖1=1

𝑛1∑
𝑖2=1

⋅ ⋅ ⋅ 𝑛1∑
𝑖𝑛=1

𝑛∏
𝑗=1

𝑝𝑖𝑗
⋅ 𝑧𝑓(max(𝑠𝑖1 ,𝑠𝑖2 ,...,𝑠𝑖𝑛 ),𝑟(𝑡𝑘),𝑔𝑖)) .

(18)

For computational convenience, conventional time-
dependent reliability models of components with respect
to load and strength always derive the reliability via the
interference between load and strength at each time interval
by using both the distribution function or membership
function of load and that of strength as shown in Figure 3.
When using the membership function of strength state prob-
ability at each time interval for component UGF calculation,
strength degradation dependence (SDD) could be neglected,
which might result in large calculation error in reliability. In
this case, the component UGF can be derived by

𝑈(𝑡𝑘) = ⨂
𝑓1

(𝑆,𝐻 (𝑡𝑘)) = 𝑛1∑
𝑖=1

𝑛2∑
𝑗=1

𝑝𝑖𝑝𝑗𝑧𝑓(𝑠𝑖 ,𝑟(𝑡𝑘),𝑔𝑖). (19)

4. System UGF and System Reliability

Components UGFs in different situations are derived in the
above section; they are the basis for system UGF and system
reliability estimation. The fuzzy reliability of various systems
with binary states, such as the series system, the parallel
system, and the voting system, has been studied intensively.
Nevertheless, fuzzy reliability models of multistate systems
need further investigation. In this section, the fuzzy system
UGF and system reliability models will be constructed.

4.1. UGF of Independent System. For series system and
parallel system, assuming that the working states values of
the two components are 𝑔1, 𝑔2, then the relationship between
them can be expressed as [6]

𝑓par (𝑔1, 𝑔2) = max (𝑔1, 𝑔2) ,
𝑓ser (𝑔1, 𝑔2) = min (𝑔1, 𝑔2) . (20)
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Figure 3: Strength state probability in different time intervals.

Therefore, the fuzzy UGF of the series system and the parallel
system can be expressed as

�̃�ser = ⨂
min

(�̃�1, �̃�2, . . . , �̃�𝑛)
= 𝑚1∑
𝑗1=1

𝑚2∑
𝑗2=1

⋅ ⋅ ⋅ 𝑚𝑛∑
𝑗𝑛=1

𝑛∏
𝑖=1

𝑝𝑖𝑗𝑖𝑧min(𝑔1𝑗1 ,...,𝑔𝑛𝑗𝑛 ),
�̃�par = ⨂

max
(�̃�1, �̃�2, . . . , �̃�𝑛)

= 𝑚1∑
𝑗1=1

𝑚2∑
𝑗2=1

⋅ ⋅ ⋅ 𝑚𝑛∑
𝑗𝑛=1

𝑛∏
𝑖=1

𝑝𝑖𝑗𝑖𝑧max(𝑔1𝑗1 ,...,𝑔𝑛𝑗𝑛 ).

(21)

When considering the strength degradation, the system
UFG can be further written as

�̃�ser (𝑡𝑘) = ⨂
min

(�̃�1 (𝑡𝑘) , �̃�2 (𝑡𝑘) , . . . , �̃�𝑛 (𝑡𝑘))
= 𝑚1∑
𝑗1=1

𝑚2∑
𝑗2=1

⋅ ⋅ ⋅ 𝑚𝑛∑
𝑗𝑛=1

𝑛∏
𝑖=1

𝑝𝑖𝑗𝑖 (𝑡𝑘) 𝑧min(𝑔1𝑗1 (𝑡𝑘),...,𝑔𝑛𝑗𝑛 (𝑡𝑘)),
�̃�par (𝑡𝑘) = ⨂

max
(�̃�1 (𝑡𝑘) , �̃�2 (𝑡𝑘) , . . . , �̃�𝑛 (𝑡𝑘))

= 𝑚1∑
𝑗1=1

𝑚2∑
𝑗2=1

⋅ ⋅ ⋅ 𝑚𝑛∑
𝑗𝑛=1

𝑛∏
𝑖=1

𝑝𝑖𝑗𝑖 (𝑡𝑘) 𝑧max(𝑔1𝑗1 (𝑡𝑘),...,𝑔𝑛𝑗𝑛 (𝑡𝑘)).

(22)

4.2. UGF of Dependent System. When the components in
a subsystem share a common load, the assumption that
the components are mutually independent could lead to
error in reliability calculation. To solve this problem, define
decomposition operator ⊗

𝐷
and inner product operator ⊗

𝜑∙
as

follows, for two UGFs with the same number of expansion
items

𝑈1 = 𝑚∑
𝑗=1

𝑝1𝑗𝑧𝑔1𝑗 ,
𝑈2 = 𝑚∑
𝑗=1

𝑝2𝑗𝑧𝑔2𝑗 .
(23)

The inner product operation is defined as

𝑈1 ⊗𝜑∙ 𝑈2 =
𝑚∑
𝑗=1

𝑝1𝑗𝑝2𝑗𝑧𝜑(𝑔1𝑗 ,𝑔2𝑗). (24)

In addition, for any UGF, the decomposition can be
performed via the decomposition operator as follows:

𝑈 = 𝑞∑
𝑖=1

𝑝𝑖𝑧𝑔𝑖 = 𝑈1 ⊗
𝐷
𝑈2, (25)

where

𝑈1 = 𝑞∑
𝑖=1

𝑝𝑖𝑧𝑚 (𝑚 = 1)
𝑈2 = 𝑞∑

𝑖=1

𝑝𝑖2𝑧𝑔𝑖 (𝑝𝑖2 = 1) .
(26)

𝑈1, and 𝑈2 are termed as the first decomposition and the
second decomposition, respectively. For a system composed
of 𝑛 components sharing the same load with the first decom-
position and the second decomposition of 𝑆max1 and 𝑆max2
in the 𝑘th time interval, the system UGF 𝑈𝑠, considering
strength degradation of components, can be obtained by (27)
and (28) as follows:

�̃�𝑖 (𝑡𝑘) = ⨂
𝑓

(𝑆max2, 𝐻𝑖 (𝑡𝑘))

= 𝑛1∑
𝑖=0

𝑛𝑖∑
𝑟𝑖=0

𝑝𝑖𝑝𝑟𝑖𝑧𝑓(𝑠𝑖 ,𝑟𝑖(𝑡𝑘),𝑔𝑆𝑖 ),
(27)

𝑈𝑠 (𝑡𝑘) = 𝑆max1

⊗
×∙

(⊗
𝜑∙

(�̃�1 (𝑡𝑘) , �̃�2 (𝑡𝑘) , . . . , �̃�𝑛 (𝑡𝑘))) . (28)

In (28), the effects of common cause failure due to sharing the
same load are taken into consideration.

4.3. System Reliability. The reliability of a multistate systems
is defined as the probability that the system operational state
is larger than the required demand. The reliability can be
calculated by using the UGF by [6]:

𝑅 (𝑤) = 𝑃 (𝐺 ≥ 𝑤) = ∑
𝐺𝑖≥𝑤

𝑝𝑔𝑖 ; (29)

𝐺 is the operating state value of the system, 𝑤 is the
required performance index, and 𝑝𝑔𝑖 is the probability that𝑔𝑖 is greater than or equal to 𝑤. When the UGF of the
components is known, the UGFs of independent multistate
systems and dependentmultistate systems can be obtained by
(22), (27), and (28). The reliability of independent multistate
systems and dependentmultistate systems can be obtained by
(29). Assuming that the 𝑗th operating state value is (𝑎𝑗, 𝑏𝑗, 𝑐𝑗)
in systems and the performance index is 𝑤, then, the fuzzy
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UGF of the system for the performance index 𝑤 can be
expressed as

�̃�𝑠𝑤 = 𝑛6∑
𝑗=1

𝑝𝑤𝑗 (𝑝𝑗𝑧1 + (1 − 𝑝𝑗) 𝑧0) , (30)

where

𝑝𝑗 =

{{{{{{{{{{{{{{{{{{{{{{{{{

1, 𝑤 < 𝑏𝑗,
1 − (𝑤 − 𝑏𝑗)2(𝑐𝑗 − 𝑏𝑗) (𝑎𝑗 − 𝑏𝑗) , 𝑏𝑗 ≤ 𝑤 < 𝑎𝑗,

(𝑐𝑗 − 𝑤)2
(𝑐𝑗 − 𝑏𝑗) (𝑐𝑗 − 𝑎𝑗) , 𝑎𝑗 < 𝑤 ≤ 𝑐𝑗,
0, 𝑤 > 𝑐𝑗.

(31)

The fuzzy reliability of multistate system can be expressed as

𝑅 = 𝑑�̃�𝑠𝑤𝑑𝑧 . (32)

The index of dynamic reliability can be divided into
transient reliability and reliability within a specified time
duration. Transient reliability analysis is concerned with the
reliability at a specified moment or a specified time interval.
Reliability within a specified time duration is concerned with
the possibility that a system does not fail at any time duration.
In this paper, when considering strength degradation, the
system reliability calculated by the proposed models belongs
to the reliability within a specified time duration. The system
reliability within 𝑡, which is composed of𝑁 time interval, can
be given by

𝑅 (𝑡) = 𝑁∏
𝑗=1

𝑅𝑗 (𝑡𝑗, 𝑤) , (33)

where 𝑅𝑗(𝑡𝑗, 𝑤) is the reliability in the 𝑗th time interval.

5. Numerical Examples

Considering a series-parallel system as shown in Figure 4, the
parallel subsystem 1 composed of Component 1 and Compo-
nent 2 is connected in series with the parallel subsystem 2
composed of Component 3 and Component 4. Component
1 and Component 2 are subjected to the same loading and
Component 3 and Component 4 share the same load. The
fuzzy UGF of the load and that of the component strength
are summarized as follows:

𝑆1 = (0.02, 0.01, 0.03) 𝑧6 + (0.03, 0.01, 0.05) 𝑧5.5
+ (0.05, 0.03, 0.07) 𝑧5 + 0.1𝑧4.5
+ (0.2, 0.18, 0.22) 𝑧4 + 0.4𝑧3 + 0.2𝑧2,

𝑆2 = (0.02, 0.01, 0.03) 𝑧6 + (0.02, 0.01, 0.03) 𝑧5.5
+ (0.06, 0.05, 0.07) 𝑧5 + 0.2𝑧4.5
+ (0.3, 0.28, 0.32) 𝑧4 + 0.3𝑧3 + 0.1𝑧2,

1

2

3

4

Common Load s1 Common Load s2

Figure 4: System structure.

𝐻1 = 0.1𝑧9 + 0.2𝑧8.5 + 0.1𝑧8 + 0.1𝑧7.5 + 0.1𝑧7
+ 0.1𝑧6.5 + 0.2𝑧6 + 0.1𝑧5,

𝐻2 = 0.1𝑧9 + 0.2𝑧8.5 + 0.1𝑧8 + 0.1𝑧7.5 + 0.1𝑧7
+ 0.1𝑧6.5 + 0.2𝑧6 + 0.1𝑧5,

𝐻3 = 0.1𝑧9 + 0.1𝑧8.5 + 0.1𝑧8 + 0.1𝑧7.5 + 0.1𝑧7
+ 0.1𝑧6.5 + 0.25𝑧6 + 0.15𝑧5,

𝐻4 = 0.1𝑧9 + 0.1𝑧8.5 + 0.1𝑧8 + 0.1𝑧7.5 + 0.1𝑧7
+ 0.1𝑧6.5 + 0.25𝑧6 + 0.15𝑧5.

(34)

The working states corresponding to 𝑠1, 𝑠2 are [1, 2, 3, 4, 5,6, 7].
When the components in the systems are assumed to be

mutually statistically independent and be subjected to the
load independently, the fuzzy reliability of the systemwithout
the effects of multiple load application taken into considera-
tion under the performance requirements of 𝑤 = 3, 𝑤 = 4,
and 𝑤 = 5, respectively, can be seen in Figure 5. In addi-
tion, the fuzzy reliability of the dependent system considering
the effects of common load resources under the required per-
formance of 𝑤 = 3, 𝑤 = 4, and 𝑤 = 5, respectively, is plotted
in Figure 6.

From Figures 5 and 6, it can be learned that the system
reliability decreases when considering the failure dependence
of components caused by the common load resources. Fur-
thermore, the reliability under high performance require-
ment decreases faster than the reliability under low perfor-
mance requirement. There are two subsystems in the system,
in which the components share the same load. Thus, for the
system in parallel configuration, the ability to resist the risk
of failure could be largely weakened due to the existence of
common load. Moreover, the widths of the fuzzy system reli-
ability of the dependent system under different performance
requirements are larger than that of the independent system,
which means that the fuzziness of reliability is more obvious
for dependent system. In this case, for dependent systems,
there needs to be more efforts to obtain more information



Mathematical Problems in Engineering 7

1.0

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0.0

Reliability R

M
em

be
rs

hi
p 

de
gr

ee

(R

)

1.000.990.980.970.960.890.880.870.860.85

w = 5

w = 4

w = 3

Figure 5: Fuzzy reliability of independent system.
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Figure 6: Fuzzy reliability of dependent system.

in order to decease the fuzziness of reliability and achieve an
accurate assessment of system reliability.

In addition, when considering the effects of multiple load
applications (in this numerical example, the two loads apply
for six times, resp.), the fuzzy reliability of the dependent
system under the performance requirements of𝑤 = 3, 𝑤 = 4,
and 𝑤 = 5, respectively, is shown in Figure 7. As can be seen
from Figure 7, the system reliability under high performance
requirement is obviously reducedwhen considering the effect
of load times. This is because the failure probability of the
reliability increases with the increase in the load application
times. Meanwhile, the fuzziness of system reliability under
low performance requirements is more obvious than that
under high performance requirements.
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Figure 7: Fuzzy reliability of dependent system considering the
effects of multiple load applications.
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Figure 8: Fuzzy reliability of dependent systemconsidering strength
degradation.

To analyze the fuzzy system reliability with strength
degradation, the initial strength states are assumed to be 𝑟 =[9, 8.5, 8, 7.5, 7, 6.5, 6, 5]. The strength states in the 𝑁th time
intervals are expressed by the degradation law as follows:

𝑟 (𝑁) = 𝑟 − (0.25 ∗ 𝑁) . (35)

For the convenience of analysis, the center points of the fuzzy
system reliability in different time intervals are shown in
Figure 8.

From Figure 8, it can be seen that the system reliability
decreases with the strength degradation of components.
In practice, strength degradation takes place frequently in
various technological systems. Conventional static reliability
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models cannot be used to represent the dynamic charac-
teristics of fuzzy system reliability. Therefore, the proposed
models provide an approach for dynamic reliability analysis
of multistate systems. In addition, SDD has great influences
on system reliability. In the situation where SDD is not
taken into account, the system reliability could be seriously
underestimated, which could lead to misleading for the
risk analysis of multistate systems. Moreover, this error in
reliability estimation increases with time.

6. Conclusions

Fuzzy reliability models of multistate systems are developed
in this paper. In the proposed models, the parameters of
load and strength are taken into account when deriving the
system UGF and calculating the system reliability. By using
the fuzzy loadUGF and the fuzzy strengthUGF, the proposed
models can be used to address the problems of failure depen-
dence and effects of multiple load applications in system
reliability estimation. Besides, the strength degradation is
considered in the proposed dynamic fuzzy reliability models
of multistate systems. The dynamic reliability models can
be used to represent the dynamic characteristics of system
reliability. The results show that failure dependence and the
effects of multiple load applications have significant impacts
on system reliability, which considerably decreases system
reliability and increases the fuzziness of system reliability
under low performance requirements. In addition, strength
degradation has great influences on system reliability. System
reliability decreases with strength degradation of compo-
nents. In the calculation of dynamic system reliability, SDD
could result in large error. Therefore, attention should be
paid to SDD in dynamic reliability assessment of multistate
systems.
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