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Nonviscously damped structural system has been raised in many engineering fields, in which the damping forces depend on the
past time history of velocities via convolution integrals over some kernel functions. This paper investigates stochastic stability of
coupled viscoelastic systemwith nonviscously damping driven by white noise throughmoment Lyapunov exponents and Lyapunov
exponents. Using the coordinate transformation, the coupled Itô stochastic differential equations of the norm of the response and
angles process are obtained. Then the problem of the moment Lyapunov exponent is transformed to the eigenvalue problem, and
then the second-perturbation method is used to derive the moment Lyapunov exponent of coupled stochastic system. Lyapunov
exponent also can be obtained according to the relationship betweenmoment Lyapunov exponent and Lyapunov exponent. Finally,
the effects of various physical quantities of stochastic coupled system on the stochastic stability are discussed in detail. These results
are validated by the direct Monte Carlo simulation technique.

1. Introduction

Viscoelastic materials are widely used in aerospace, construc-
tion, textile, and other industries, because they have a series
of excellent properties, including light weight, high strength,
wide source, and good shock absorption. These materials’
stress depends on the past time history of stain; that is, the
stress will increase correspondingly with the increase of time
and the bucking will be more likely to occur. Therefore, the
research of dynamical behavior of viscoelastic system has
received a lot of interests in recent years [1–4].

To better understand the dynamical behavior of the
viscoelastic system, many methods had been put forward.
McTavish et al. [5] presentedGHMmethod to analyze the lin-
ear multiple degree of freedom viscoelastic damping systems.
Li et al. [6] studied the decay rate of energy functional of non-
linear viscoelastic full Marguerre-von Kármán shallow shell
system. Later, Li [7] also showed the existence and uniqueness
of weak solution of this system by applying the Galerkin finite
element method. Nieto and Ahmad [8] used the generalized
quasi-linearizationmethod to obtain the explicit approximate
solutions of an initial and terminal value problem for the

forced Duffing equation with nonviscous damping. Recently,
Li and Du [9] studied general energy decay of a degenerate
viscoelastic Petrovsky-type plate equation with boundary
feedback through a priori estimate and analysis of Lyapunov-
like functional.

The dynamic stability as an important field of nonlinear
dynamics has attached increasing attention in recent years.
Guo et al. [10] derived a new simple sufficient condition of the
global asymptotic stability of the integrodifferential systems
with delay through constructing suitable Lyapunov func-
tionals combined with the analytical technique. And then
Meng et al. [11, 12] obtained a sufficient condition of uniform
stability for nonlinear integrodifferential system. However,
when we consider the dynamical behavior of the system in
a real environment, the stochastic excitation cannot be ruled
out, such as wind gusts, earthquakes, and ocean waves [13–
15]. Stochastic stability of the system under the stochastic
excitation has attracted more and more attention [16–20].
The Lyapunov exponent specially has been researched by
many scholars as an important indication for judging the
stability of stochastic system. For example, Potapov [21]
derived the sufficient condition of the almost-sure asymptotic
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stability of elastic and viscoelastic systems by the Lyapunov’s
direct method. He [22] also studied the stability of elastic
and viscoelastic systems under the non-Gaussian excitation.
For stochastic stability of high dimensional coupled system,
Pavlović et al. [23] proposed the direct Lyapunov method
to investigate the almost-sure stochastic stability of a vis-
coelastic double-beam system under parametric excitation.
Then they used the same method to analyze the instability
of coupled nanobeam systems subject to compressive axial
loading [24]. These works only indicate that the system is
almost-surely stable.

According to the theory of large deviation, which was first
proposed by Baxendale and Stroock [25], the almost-sure sta-
bility of stochastic system does not mean the moment stabil-
ity. Therefore, it is necessary to study the moment Lyapunov
exponent of a stochastic system. The moment Lyapunov
exponent can judge not only almost-sure stability but also the
moment stability [26]. Nevertheless, analytic solutions of the
moment Lyapunov exponent are very difficult to derive. To
overcome this,many scholars developed different approxima-
tion methods to study the moment Lyapunov exponents of
the stochastic system. For example, Sri Namachchivaya and
Van Roessel [27] studied the moment Lyapunov exponents of
two-degrees-of-freedomcoupled elastic oscillators under real
noise excitation by combining an asymptotic approximation
for themoment Lyapunov exponents. Kozić and his associates
[28–30] developed the first-order perturbation approach to
obtainweak noise expansion ofmoment Lyapunov exponents
and Lyapunov exponents for a stochastically coupled double-
beam system and Timoshenko beam system, respectively.
Subsequently, Stojanović and Petković [31] used a perturba-
tion method to study the moment Lyapunov exponents and
the Lyapunov exponents of the three elastically connected
Euler beams. More recently, Deng [32] applied the averaging
method to establish the moment Lyapunov exponent of
coupled gyroscopic stochastic system under bounded noise
excitation. But it is rare to see studies of the moment
Lyapunov exponent of a viscoelastic coupled system with
nonviscous damping. Deng [33] investigated stochastic sta-
bility of two-degrees-of-freedom coupled viscoelastic system
under white noise through moment Lyapunov exponent, but
its damping term is viscous.

The purpose of this paper is to study stochastic stability
of a viscoelastic coupled system with nonviscous damping
subject to Gaussian white noise excitation through moment
Lyapunov exponents and Lyapunov exponents, in which
the nonviscous damping term is expressed by Boltzmanns
superposition integral with a hereditary relaxation kernel.
The paper is organized as follows. Section 2 derives the
governing equations of motion of a stochastic viscoelastic
system with a nonviscous damping. And then solving the
problem of the moment Lyapunov exponent is changed
into the eigenvalue and eigenfunction problem through a
suitable transformation. In Section 3, the zeroth-order and
the first-order and second-order perturbation solutions of
the moment Lyapunov exponents are derived, respectively,
based on the second-order perturbation method. The effects
of different physical quantities on the stochastic stability of
the coupled system are discussed under the given parameters.

Correspondingly, the results are verified by means of the
direct Monte Carlo simulation in Section 4. Finally, conclu-
sions will be drawn in Section 5.

2. Problem Formulation

Considering a coupled viscoelastic system with nonviscous
damped structure driven by white noise excitation, the
governing equations can be expressed as

̈𝑞1 + 𝜔21𝑞1 + 𝜖𝛽1 ∫𝑡
0
𝛾 (𝑡 − 𝜏) ̇𝑞1 (𝜏) 𝑑𝜏 + 𝜖𝐻1 (𝑞1 − 𝑞2)

− √𝜖𝐾1𝜉 (𝑡) 𝑞1 = 0,
̈𝑞2 + 𝜔22𝑞2 + 𝜖𝛽2 ∫𝑡

0
𝛾 (𝑡 − 𝜏) ̇𝑞2 (𝜏) 𝑑𝜏 + 𝜖𝐻2 (𝑞2 − 𝑞1)

− √𝜖𝐾2𝜉 (𝑡) 𝑞2 = 0,

(1)

where 𝑞1 and 𝑞2 are generalized displacements. 𝜔1 and 𝜔2
are natural frequencies. 𝜖 is a small parameter. 𝛽1 and 𝛽2 are
nonviscous damping coefficients. 𝐻𝑖 and 𝐾𝑖 are constants.𝜉(𝑡) is a Gaussian white noise with zero mean and noise
intensity 𝜎2. 𝛾(𝑡) is a relaxation function of nonviscous
damping, which can be expressed by

𝛾 (𝑡) = 1𝛼exp {− 𝑡𝛼} (2)

inwhich𝛼 is the relaxation parameter. Note that the limit case𝛼 → 0, the nonviscous damping force reduces to classical
viscous damping.

Let 𝑞1 = 𝑥1, ̇𝑞1 = 𝜔1𝑥2, 𝑞2 = 𝑥3, ̇𝑞2 = 𝜔2𝑥4; system (1) can
be represented as
�̇�1 = 𝜔1𝑥2,
�̇�2 = −𝜔1𝑥1 − 𝜖ℎ1 (𝑥1 − 𝑥3) − 𝜖𝜁1 ∫𝑡

0
𝛾 (𝑡 − 𝜏) �̇�1 (𝜏) 𝑑𝜏

+ √𝜖𝑘1𝑥1𝜉 (𝑡) ,�̇�3 = 𝜔2𝑥4,
�̇�4 = −𝜔2𝑥3 − 𝜖ℎ2 (𝑥3 − 𝑥1) − 𝜖𝜁2 ∫𝑡

0
𝛾 (𝑡 − 𝜏) �̇�3 (𝜏) 𝑑𝜏

+ √𝜖𝑘2𝑥3𝜉 (𝑡) ,

(3)

where

ℎ1 = 𝐻1𝜔1 ,
ℎ2 = 𝐻2𝜔2 ,
𝑘1 = 𝐾1𝜔1 ,
𝑘2 = 𝐾2𝜔2 ,
𝜁1 = 𝛽1𝜔1 ,
𝜁2 = 𝛽2𝜔2

(4)



Mathematical Problems in Engineering 3

Using a coordinate transformation,

𝑥1 = 𝑎 cos𝜑 cos 𝜃1,
𝑥2 = −𝑎 cos𝜑 sin 𝜃1,
𝑥3 = 𝑎 sin 𝜑 cos 𝜃2,
𝑥4 = −𝑎 sin 𝜑 sin 𝜃2.

(5)

where 𝑎 represents the norm of the response. 0 ≤ 𝜃1 ≤ 2𝜋 and0 ≤ 𝜃2 ≤ 2𝜋 are the angles process of the coupled stochastic
system. 0 ≤ 𝜑 ≤ 𝜋/2 denotes the coupling or exchange
of energy between the coupled system. Equation (3) can be
rewritten as

̇𝜃1 = 𝜔1 + 𝜖𝜁1𝑎 1
cos𝜑 cos 𝜃1 ∫𝑡

0
𝛾 (𝑡 − 𝜏) ̇𝑥1 (𝜏) d𝜏

+ 𝜖ℎ12 (1 + cos 2𝜃1 − 2 cos 𝜃1 cos 𝜃2 tan 𝜑)
− √𝜖𝑘1cos2𝜃1𝜉 (𝑡) ,

̇𝜃2 = 𝜔2 + 𝜖𝜁2𝑎 1
sin 𝜑 cos 𝜃2 ∫𝑡

0
𝛾 (𝑡 − 𝜏) �̇�3 (𝜏) d𝜏

+ 𝜖ℎ22 (1 + cos 2𝜃2 − 2 cos 𝜃1 cos 𝜃2 cot 𝜑)
− √𝜖𝑘2cos2𝜃2𝜉 (𝑡) ,

�̇� = 𝜖 {ℎ14 [2 (1 − cos 2𝜑) sin 𝜃1 cos 𝜃2
− sin 2𝜑 sin 2𝜃1] − 𝜁1𝑎 sin 𝜑 sin 𝜃1 ∫𝑡

0
𝛾 (𝑡 − 𝜏)

⋅ �̇�1 (𝜏) d𝜏 + ℎ24 [−2 (1 + cos 2𝜑) cos 𝜃1 sin 𝜃2
+ sin 2𝜑 sin 2𝜃2] + 𝜁2𝑎 sin 𝜑 sin 𝜃2 ∫𝑡

0
𝛾 (𝑡 − 𝜏)

⋅ �̇�3 (𝜏) d𝜏} + √𝜖4 (𝑘1 sin 2𝜃1 − 𝑘2 sin 2𝜃2)
⋅ sin 2𝜑𝜉 (𝑡) ,

̇𝑎 = 𝜖𝑎4 {ℎ1 [(1 + cos 2𝜑) sin 2𝜃1
− 2 sin 2𝜑 sin 𝜃1 cos 𝜃2] + 𝜁1𝑎 cos𝜑 sin 𝜃1 ∫𝑡

0
𝛾 (𝑡 − 𝜏)

⋅ �̇�1 (𝜏) d𝜏 + ℎ2 [(1 − cos 2𝜑) sin 2𝜃2
− 2 sin 2𝜑 cos 𝜃1 sin 𝜃2] + 𝜁2𝑎 cos𝜑 sin 𝜃2 ∫𝑡

0
𝛾 (𝑡 − 𝜏)

⋅ �̇�3 (𝜏) d𝜏} − √𝜖4 𝑎 [𝑘1 (1 + cos 2𝜑) sin 2𝜃1
+ 𝑘2 (1 − cos 2𝜑) sin 2𝜃2] 𝜉 (𝑡)

(6)

Therefore, the solution forms of 𝜃𝑖 can be expressed as 𝜃𝑖 =𝜔𝑖𝑡 + 𝜙𝑖(𝑡) from (6), where 𝜃𝑖(𝑡) is quickly varying process
relative to the process 𝜙𝑖 due to 𝜖 ≪ 1. Therefore, the
following approximations will be obtained:

𝜃𝑖 (𝑡 − 𝑠) = 𝜔𝑖 (𝑡 − 𝑠) + 𝜙𝑖 (𝑡 − 𝑠) ≈ 𝜃𝑖 (𝑡) − 𝜔𝑖𝑠,
�̇�1 (𝑡 − 𝑠) = 𝜔1𝑥2 (𝑡 − 𝑠) = −𝑎𝜔1 cos𝜑 sin 𝜃1 (𝑡 − 𝑠)

≈ −𝑎𝜔1 cos𝜑 sin (𝜃1 − 𝜔1𝑠)
= 𝜔1𝑥2 cos𝜔1𝑠 + 𝜔1𝑥1 sin𝜔1𝑠,

�̇�3 (𝑡 − 𝑠) = 𝜔2𝑥4 (𝑡 − 𝑠) = −𝑎𝜔2 cos𝜑 sin 𝜃2 (𝑡 − 𝑠)
≈ −𝑎𝜔2 cos𝜑 sin (𝜃2 − 𝜔2𝑠)
= 𝜔2𝑥4 cos𝜔2𝑠 + 𝜔2𝑥3 sin𝜔2𝑠.

(7)

Substituting (7) into the nonviscous damping, one obtains

∫𝑡
0
𝛾 (𝑡 − 𝜏) ̇𝑥1 (𝜏) 𝑑𝜏 = 1𝛼 ∫

𝑡

0
exp {− 1𝛼𝑠} �̇�1 (𝑡 − 𝑠) 𝑑𝑠

= 𝑀1𝑥2 + 𝑁1𝑥1.
(8)

Similarly, the following results also can be derived:

∫𝑡
0
𝛾 (𝑡 − 𝜏) �̇�3 (𝜏) 𝑑𝜏 = 𝑀2𝑥4 + 𝑁2𝑥3, (9)

where

𝑀1 = 𝜔11 + 𝛼2𝜔21 ,
𝑁1 = 𝛼𝜔211 + 𝛼2𝜔21 ,
𝑀2 = 𝜔21 + 𝛼2𝜔22 ,
𝑁2 = 𝛼𝜔221 + 𝛼2𝜔22 .

(10)

Substituting (8) and (9) into (6) and letting 𝑃 = 𝑎𝑝 = (𝑥21 +𝑥22 + 𝑥23 + 𝑥24)𝑝/2(−∞ < 𝑝 < +∞), (6) can be written as the
following Itô stochastic differential equations:

𝑑𝜃1 = 𝑚1 (𝜃1, 𝜃2, 𝜑) 𝑑𝑡 + 𝜎11 (𝜃1, 𝜃2, 𝜑) 𝑑𝑊 (𝑡) ,
𝑑𝜃2 = 𝑚2 (𝜃1, 𝜃2, 𝜑) 𝑑𝑡 + 𝜎21 (𝜃1, 𝜃2, 𝜑) 𝑑𝑊 (𝑡) ,
𝑑𝜑 = 𝑚3 (𝜃1, 𝜃2, 𝜑) 𝑑𝑡 + 𝜎31 (𝜃1, 𝜃2, 𝜑) 𝑑𝑊 (𝑡) ,
𝑑𝑃 = 𝑃𝑚4 (𝜃1, 𝜃2, 𝜑) 𝑑𝑡 + 𝑃𝜎41 (𝜃1, 𝜃2, 𝜑) 𝑑𝑊 (𝑡) ,

(11)
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where 𝑊(𝑡) is the standard Wiener process; the drift and
diffusion coefficients can be rewritten as

𝑚1 (𝜃1, 𝜃2, 𝜑) = 𝜔1 − 𝜖𝜁12 [𝑀1 sin 2𝜃1 − 𝑁1 (1
+ cos 2𝜃1)] + 𝜖ℎ12 (1 + cos 2𝜃1 − 2 cos 𝜃1 cos 𝜃2
⋅ tan 𝜑) − 𝜖𝑘21𝜎28 (2 sin 2𝜃1 + sin 4𝜃1) ,

𝑚2 (𝜃1, 𝜃2, 𝜑) = 𝜔2 − 𝜖𝜁22 [𝑀2 sin 2𝜃2 − 𝑁2 (1
+ cos 2𝜃2)] + 𝜖ℎ22 (1 + cos 2𝜃2 − 2 cos 𝜃1 cos 𝜃2
⋅ cot 𝜑) − 𝜖𝑘22𝜎28 (2 sin 2𝜃2 + sin 4𝜃2) ,

𝑚3 (𝜃1, 𝜃2, 𝜑) = 𝜖 {ℎ14 [2 (1 − cos 2𝜑) sin 𝜃1 cos 𝜃2
− sin 2𝜑 sin 2𝜃1] + 𝜁14 sin 2𝜑 [𝑀1 (1 − cos 2𝜃1)
− 𝑁1 sin 2𝜃1] − ℎ24 [2 (1 + cos 2𝜑) cos 𝜃1 sin 𝜃2
− sin 2𝜑 sin 2𝜃2] − 𝜁24 sin 2𝜑 × [𝑀2 (1 − cos 2𝜃2)
− 𝑁2 sin 2𝜃2] + 𝜎264 [−4𝑘21 (1 + 2 cos 2𝜃1 + cos 4𝜃1)
⋅ sin 2𝜑 + 𝑘21 (1 − cos 4𝜃1) sin 4𝜑 − 4𝑘1𝑘2 sin 2𝜃1
⋅ sin 2𝜃2 sin 4𝜑 + 4𝑘22 (1 + 2 cos 2𝜃2 + cos 4𝜃2)
⋅ sin 2𝜑 + 𝑘22 (1 − cos 4𝜃2) sin 4𝜑]} ,

𝑚4 (𝜃1, 𝜃2, 𝜑) = 𝜖𝑝4 ⟨ℎ1 [(1 + cos 2𝜑) sin 2𝜃1 − 2
⋅ sin 2𝜑 cos 𝜃2 sin 𝜃1] − 𝜁1 (1 + cos 2𝜑) × [𝑀1 (1
− cos 2𝜃1) − 𝑁1 sin 2𝜃1] + ℎ2 [(1 − cos 2𝜑) sin 2𝜃2
− 2 sin 2𝜑 cos 𝜃1 sin 𝜃2] − 𝜁2 (1 − cos 2𝜑) [𝑀2 (1
− cos 2𝜃2) − 𝑁2 sin 2𝜃2] + 𝜎2𝑘2132 {[10 + 3𝑝
+ 16 cos 2𝜃1 − 3 (𝑝 − 2) cos 4𝜃1] + [8 + 4𝑝
+ 16 cos 2𝜃1 − 4 (𝑝 − 2) cos 4𝜃1] cos 2𝜑 + (𝑝 − 2)
⋅ (1 − cos 4𝜃1) cos 4𝜑} + 𝜎2𝑘1𝑘28 (𝑝 − 2) × (1
− cos 4𝜑) sin 2𝜃1 sin 2𝜃2 + 𝜎2𝑘2232 {[10 + 3𝑝
+ 16 cos 2𝜃2 − 3 (𝑝 − 2) cos 4𝜃2] − [8 + 4𝑝

+ 16 cos 2𝜃2 − 4 (𝑝 − 2) cos 4𝜃2] cos 2𝜑 + (𝑝 − 2)
⋅ (1 − cos 4𝜃2) cos 4𝜑}⟩ ,

𝜎11 (𝜃1, 𝜃2, 𝜑) = −√𝜖𝑘1𝜎 cos2𝜃1,
𝜎21 (𝜃1, 𝜃2, 𝜑) = −√𝜖𝑘2𝜎 cos2𝜃2,
𝜎31 (𝜃1, 𝜃2, 𝜑) = √𝜖𝜎4 (𝑘1 sin 2𝜃1 − 𝑘2 sin 2𝜃2) sin 2𝜑,
𝜎41 (𝜃1, 𝜃2, 𝜑) = −√𝜖𝑝𝜎4 [𝑘1 (1 + cos 2𝜑) sin 2𝜃1

+ 𝑘2 (1 − cos 2𝜑) sin 2𝜃2] .
(12)

To obtain the eigenvalue problem for the 𝑝th moment
Lyapunov exponents of a four-dimensional linear Itô stochas-
tic system, a linear stochastic transformation [34] is intro-
duced

𝑆 = 𝑇 (𝜃1, 𝜃2, 𝜑) 𝑃, 𝑃 = 𝑇−1 (𝜃1, 𝜃2, 𝜑) 𝑆, (13)

where 𝑆 is a new norm process depending on the trans-
formation function 𝑇(𝜃1, 𝜃2, 𝜑). The transformation function𝑇(𝜃1, 𝜃2, 𝜑) is defined on the independent stationary phase
processes 𝜃1, 𝜃2, and 𝜑 in the ranges 0 ≤ 𝜃1 ≤ 2𝜋, 0 ≤ 𝜃2 ≤ 2𝜋,0 ≤ 𝜑 ≤ 𝜋/2. Applying Itô formula, one can obtain

𝑑𝑆 = 𝑃 [12𝜎211𝑇𝜃1𝜃1 + 𝜎11𝜎21𝑇𝜃1𝜃2 + 𝜎11𝜎31𝑇𝜃1𝜑
+ 12𝜎221𝑇𝜃2𝜃2 + 𝜎21𝜎31𝑇𝜃2𝜑 + 12𝜎231𝑇𝜑𝜑
+ (𝑚1 + 𝜎11𝜎41) 𝑇𝜃1 + (𝑚2 + 𝜎21𝜎41) 𝑇𝜃2
+ (𝑚3 + 𝜎31𝜎41) 𝑇𝜑 + 𝑚4𝑇] 𝑑𝑡 + 𝑃 (𝜎11𝑇𝜃1
+ 𝜎21𝑇𝜃2 + 𝜎31𝑇𝜑 + 𝜎41𝑇) 𝑑𝑊(𝑡) .

(14)

If the transformation function𝑇(𝜃1 , 𝜃2, 𝜑) is bounded and
nonsingular, both processes 𝑃 and 𝑆 have the same stability
behavior. Therefore, transformation function 𝑇(𝜃1, 𝜃2, 𝜑) is
chosen so that the drift term of the Itô differential equation
(14) does not depend on the phase processes 𝜃1, 𝜃2, and 𝜑, so
one can obtain

𝑑𝑆
= Λ (𝑝) 𝑆𝑑𝑡
+ 𝑆𝑇−1 (𝜎11𝑇𝜃1 + 𝜎21𝑇𝜃2 + 𝜎31𝑇𝜑 + 𝜎41𝑇) 𝑑𝑊 (𝑡) .

(15)

Comparing (14) and (15), such transformation function𝑇(𝜃1, 𝜃2, 𝜑) can be written by the following equation:

[𝐿0 + 𝜖𝐿1] 𝑇 (𝜃1, 𝜃2, 𝜑) = Λ (𝑝) 𝑇 (𝜃1, 𝜃2, 𝜑) . (16)
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where 𝐿0 and 𝐿1 are the following first-order and second-
order differential operators:

𝐿0 = 𝜔1 𝜕𝜕𝜃1 + 𝜔2
𝜕𝜕𝜃2 ,

𝐿1 = 𝑎1 (𝜃1, 𝜃2, 𝜑) 𝜕2𝜕𝜃21 + 𝑎2 (𝜃1, 𝜃2, 𝜑)
𝜕2𝜕𝜃1𝜕𝜃2

+ 𝑎3 (𝜃1, 𝜃2, 𝜑) 𝜕2𝜕𝜃1𝜕𝜑 + 𝑎4 (𝜃1, 𝜃2, 𝜑) 𝜕2𝜕𝜃22
+ 𝑎5 (𝜃1, 𝜃2, 𝜑) 𝜕2𝜕𝜃2𝜕𝜑 + 𝑎6 (𝜃1, 𝜃2, 𝜑) 𝜕2𝜕𝜑2
+ 𝑏1 (𝜃1, 𝜃2, 𝜑) 𝜕𝜕𝜃1 + 𝑏2 (𝜃1, 𝜃2, 𝜑)

𝜕𝜕𝜃2
+ 𝑏3 (𝜃1, 𝜃2, 𝜑) 𝜕𝜕𝜑 + 𝑐 (𝜃1, 𝜃2, 𝜑) ,

(17)

in which

𝑎1 (𝜃1, 𝜃2, 𝜑) = 12𝑘21𝜎2cos4𝜃1,
𝑎2 (𝜃1, 𝜃2, 𝜑) = 𝜎2𝑘1𝑘2cos2𝜃1cos2𝜃2,
𝑎3 (𝜃1, 𝜃2, 𝜑) = −𝑘1𝜎24 (𝑘1 sin 2𝜃1 − 𝑘2 sin 2𝜃2) cos2𝜃1

⋅ sin 2𝜑,
𝑎4 (𝜃1, 𝜃2, 𝜑) = 12𝑘22𝜎2cos4𝜃2,
𝑎5 (𝜃1, 𝜃2, 𝜑) = −𝑘2𝜎24 (𝑘1 sin 2𝜃1 − 𝑘2 sin 2𝜃2) cos2𝜃2

⋅ sin 2𝜑,
𝑎6 (𝜃1, 𝜃2, 𝜑) = 𝜎232 (𝑘1 sin 2𝜃1 − 𝑘2 sin 2𝜃2)2 sin22𝜑,
𝑏1 (𝜃1, 𝜃2, 𝜑) = −𝜁12 [𝑀1 sin 2𝜃1 − 𝑁1 (1 + cos 2𝜃1)]

+ 12ℎ1 (1 + cos 2𝜃1 − 2 cos 𝜃1 cos 𝜃2 tan 𝜑) − 𝑘21𝜎28
× (2 sin 2𝜃1 + sin 4𝜃1) + 𝑘1𝜎2𝑝4 [𝑘1 (1 + cos 2𝜑)
⋅ sin 2𝜃1 + 𝑘2 (1 − cos 2𝜑) sin 2𝜃2] cos2𝜃1,

𝑏2 (𝜃1, 𝜃2, 𝜑) = −𝜁22 [𝑀2 sin 2𝜃2 − 𝑁2 (1 + cos 2𝜃2)]
+ 12ℎ2 (1 + cos 2𝜃2 − 2 cos 𝜃1 cos 𝜃2 cot𝜑) − 𝑘22𝜎28
× (2 sin 2𝜃2 + sin 4𝜃2) + 𝑘2𝜎2𝑝4 [𝑘1 (1 + cos 2𝜑)

⋅ sin 2𝜃1 + 𝑘2 (1 − cos 2𝜑) sin 2𝜃2] cos2𝜃2,
𝑏3 (𝜃1, 𝜃2, 𝜑) = ℎ14 [2 (1 − cos 2𝜑) sin 𝜃1 cos 𝜃2

− sin 2𝜑 sin 2𝜃1] + 𝜁14 sin 2𝜑 [𝑀1 (1 − cos 2𝜃1)
− 𝑁1 sin 2𝜃1] + ℎ24 [−2 (1 + cos 2𝜑) cos 𝜃1 sin 𝜃2
+ sin 2𝜑 sin 2𝜃2] − 𝜁24 sin 2𝜑 [𝑀2 (1 − cos 2𝜃2)
− 𝑁2 sin 2𝜃2] + 𝜎264 [−4𝑘21 (1 + 2 cos 2𝜃1 + cos 4𝜃1)
× sin 2𝜑 + 𝑘21 (1 − cos 4𝜃1) sin 4𝜑 − 4𝑘1𝑘2 sin 2𝜃1
⋅ sin 2𝜃2 sin 4𝜑 + 4𝑘22 (1 + 2 cos 2𝜃2 + cos 4𝜃2)
⋅ sin 2𝜑 + 𝑘22 (1 − cos 4𝜃2) sin 4𝜑] − 𝜎2𝑝16 (𝑘1 sin 2𝜃1
− 𝑘2 sin 2𝜃2) × [𝑘1 (1 + cos 2𝜑) sin 2𝜃1 + 𝑘2 (1
− cos 2𝜑) sin 2𝜃2] sin 2𝜑,

𝑐 (𝜃1, 𝜃2, 𝜑) = 𝑝4 ⟨ℎ1 [(1 + cos 2𝜑) sin 2𝜃1 − 2 sin 2𝜑
⋅ cos 𝜃2 sin 𝜃1] − 𝜁1 (1 + cos 2𝜑) [𝑀1 (1 − cos 2𝜃1)
− 𝑁1 sin 2𝜃1] + ℎ2 [(1 − cos 2𝜑) sin 2𝜃2 − 2 sin 2𝜑
⋅ cos 𝜃1 sin 𝜃2] − 𝜁2 (1 − cos 2𝜑) [𝑀2 (1 − cos 2𝜃2)
− 𝑁2 sin 2𝜃2] + 𝜎2𝑘2132 × {[10 + 3𝑝 + 16 cos 2𝜃1
− 3 (𝑝 − 2) cos 4𝜃1] + [8 + 4𝑝 + 16 cos 2𝜃1
− 4 (𝑝 − 2) cos 4𝜃1] × cos 2𝜑 + (𝑝 − 2) (1
− cos 4𝜃1) cos 4𝜑} + 𝜎2𝑘1𝑘28 (𝑝 − 2) (1 − cos 4𝜑)

⋅ sin 2𝜃1 sin 2𝜃2 + 𝜎2𝑘2232 {[10 + 3𝑝 + 16 cos 2𝜃2
− 3 (𝑝 − 2) cos 4𝜃2] − [8 + 4𝑝 + 16 cos 2𝜃2
− 4 (𝑝 − 2) cos 4𝜃2] cos 2𝜑 + (𝑝 − 2) (1 − cos 4𝜃2)
⋅ cos 4𝜑}⟩ .

(18)
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In the following investigation, the perturbation theory
will be used to obtain the solution Λ(𝑝) of (16).
3. Moment Lyapunov Exponents

The method of deriving the eigenvalue problem for the
moment Lyapunov exponents of a two-dimensional linear
Itô stochastic system was first applied by Wedig [34]. The
eigenvalue problem for a differential operator of three inde-
pendent variables 𝜃1, 𝜃2, and 𝜑 will be identified from (16), in
whichΛ(𝑝) is the eigenvalue and 𝑇(𝜃1, 𝜃2, 𝜑) is the associated
eigenfunction. Meanwhile, the eigenvalue Λ(𝑝) is seen to be
the Lyapunov exponent of the 𝑝th moment of system (1) from
(15). Applying the perturbation theory, both the moment
Lyapunov exponent Λ(𝑝) and the eigenfunction 𝑇(𝜃1, 𝜃2, 𝜑)
are expanded in power series of 𝜖; that is,

Λ (𝑝) = Λ 0 (𝑝) + 𝜖Λ 1 (𝑝) + 𝜖2Λ 2 (𝑝) + ⋅ ⋅ ⋅
+ 𝜖𝑛Λ 𝑛 (𝑝) + ⋅ ⋅ ⋅ ,

𝑇 (𝜃1, 𝜃2, 𝜑) = 𝑇0 (𝜃1, 𝜃2, 𝜑) + 𝜖𝑇1 (𝜃1, 𝜃2, 𝜑)
+ 𝜖2𝑇2 (𝜃1, 𝜃2, 𝜑) + ⋅ ⋅ ⋅
+ 𝜖𝑛𝑇𝑛 (𝜃1, 𝜃2, 𝜑) + ⋅ ⋅ ⋅ .

(19)

Substituting (19) into (16) and equating terms of the equal
powers of 𝜖 lead to the following equations:

𝜖0: 𝐿0𝑇0 (𝜃1, 𝜃2, 𝜑) = Λ 0 (𝑝) 𝑇0 (𝜃1, 𝜃2, 𝜑) ,
𝜖1: 𝐿0𝑇1 (𝜃1, 𝜃2, 𝜑)

+ 𝐿1𝑇0 (𝜃1, 𝜃2, 𝜑) = Λ 0 (𝑝) 𝑇1 (𝜃1, 𝜃2, 𝜑)
+ Λ 1 (𝑝) 𝑇0 (𝜃1, 𝜃2, 𝜑) ,

⋅ ⋅ ⋅
𝜖𝑛: 𝐿0𝑇𝑛 (𝜃1, 𝜃2, 𝜑)

+ 𝐿1𝑇𝑛−1 (𝜃1, 𝜃2, 𝜑) = Λ 0 (𝑝) 𝑇𝑛 (𝜃1, 𝜃2, 𝜑)
+ Λ 1 (𝑝) 𝑇𝑛−1 (𝜃1, 𝜃2, 𝜑) + ⋅ ⋅ ⋅
+ Λ 𝑛 (𝑝) 𝑇0 (𝜃1, 𝜃2, 𝜑) ,

(20)

where 𝑇𝑖(𝜃1, 𝜃2, 𝜑)must be positive and periodic in the range0 ≤ 𝜃1 ≤ 2𝜋, 0 ≤ 𝜃2 ≤ 2𝜋.
3.1. The Zeroth-Order Perturbation. Substituting (17) into
(20), the zeroth-order perturbation equation is

𝜔1 𝜕𝑇0 (𝜃1, 𝜃2, 𝜑)𝜕𝜃1 + 𝜔2 𝜕𝑇0 (𝜃1, 𝜃2, 𝜑)𝜕𝜃2
= Λ 0 (𝑝) 𝑇0 (𝜃1, 𝜃2, 𝜑) .

(21)

ThroughΛ(0) = Λ 0(0)+𝜖Λ 1(0)+𝜖2Λ 2(0)+⋅ ⋅ ⋅+𝜖𝑛Λ 𝑛(0) = 0,
thus, Λ 𝑛(0) = 0, 𝑛 = 1, 2 . . . will be obtained. Then (21) does

not contain 𝑝, and the eigenvalue Λ 0(𝑝) is independent of 𝑝.
Therefore, Λ 0(0) = 0 will lead to Λ 0(𝑝) = 0 for arbitrary 𝑝.
At this point, (21) will be reduced to

𝜔1 𝜕𝑇0 (𝜃1, 𝜃2, 𝜑)𝜕𝜃1 + 𝜔2 𝜕𝑇0 (𝜃1, 𝜃2, 𝜑)𝜕𝜃2 = 0. (22)

Using themethod of separation of variables, sowe can express𝑇0(𝜃1, 𝜃2, 𝜑)as
𝑇0 (𝜃1, 𝜃2, 𝜑) = Θ1 (𝜃1) Θ2 (𝜃2) 𝜓 (𝜑) , (23)

where Θ1(𝜃1), Θ2(𝜃2), and 𝜓(𝜑) are functions about 𝜃1, 𝜃2,
and 𝜑, respectively.

Substituting (23) into (22), (22) will become

𝜔1Θ1
𝜕Θ1𝜕𝜃1 +

𝜔2Θ2
𝜕Θ2𝜕𝜃2 = 0. (24)

Solving the above differential equation (24), one can easily
obtain

Θ1 (𝜃1) = 𝐶1𝑒𝑐1𝜃1 ,
Θ2 (𝜃2) = 𝐶2𝑒𝑐2𝜃2 . (25)

In addition, since function 𝑇0(𝜃1, 𝜃2, 𝜑) is periodic about 𝜃1
and 𝜃2, the following boundary conditions can be obtained:

𝑇0 (𝜃1 + 2𝜋, 𝜃2, 𝜑) = 𝑇0 (𝜃1, 𝜃2 + 2𝜋, 𝜑)
= 𝑇0 (𝜃1, 𝜃2, 𝜑) . (26)

Substituting (23) and (25) into (26), we can determine the
constants 𝑐1 = 𝑐2 = 0. Therefore, 𝑇0(𝜃1, 𝜃2, 𝜑) is a function
about only 𝜑 to be determined; that is, 𝑇0(𝜃1, 𝜃2, 𝜑) = 𝑇0(𝜑).

The adjoint equation of (22) is

−𝜔1 𝜕𝑇0∗ (𝜃1, 𝜃2, 𝜑)𝜕𝜃1 − 𝜔2 𝜕𝑇0∗ (𝜃1, 𝜃2, 𝜑)𝜕𝜃2 = 0. (27)

Applying the method of separation of variables to solve (27),
one obtains

𝑇∗0 = 𝐹 (𝜑)
4𝜋2 , 𝜑 ∈ (0, 2𝜋) , (28)

where 𝐹(𝜑) is an arbitrary function.

3.2. The First-Order Perturbation. From (20), the first-order
perturbation equation is

𝐿0𝑇1 (𝜃1, 𝜃2, 𝜑) + 𝐿1𝑇0 (𝜃1, 𝜃2, 𝜑)
= Λ 0 (𝑝) 𝑇1 (𝜃1, 𝜃2, 𝜑) + Λ 1 (𝑝) 𝑇0 (𝜃1, 𝜃2, 𝜑) , (29)

Based on the analysis results in Section 3.1, one obtains

𝐿0𝑇1 (𝜃1, 𝜃2, 𝜑) = Λ 1 (𝑝) 𝑇0 (𝜑) − 𝐿1𝑇0 (𝜃1, 𝜃2, 𝜑) . (30)
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Then the solvability condition of (30) is

⟨Λ 1 (𝑝) 𝑇0 (𝜑) − 𝐿1𝑇0 (𝜑) , 𝑇∗0 ⟩ = 14𝜋2 ∫
𝜋/2

0
𝐹 (𝜑)

⋅ ∫2𝜋
0

∫2𝜋
0

[Λ 1 (𝑝) 𝑇0 (𝜑) − 𝐿1𝑇0 (𝜑)] 𝑑𝜃1𝑑𝜃2𝑑𝜑
= 0,

𝐿1𝑇0 (𝜑) = 𝑐𝑇0 (𝜑) + 𝑏3 𝜕𝑇0 (𝜑)𝜕𝜑 + 𝑎6 𝜕2𝑇0 (𝜑)𝜕𝜑2 .

(31)

Applying the sense of the arbitrary of function 𝐹(𝜑), (31) will
become

∫𝜋/2
0

[(Λ 1 (𝑝) − 𝑝𝑄 (𝜑)) 𝑇0 (𝜑)
− (𝜇 (𝜑) + 𝑝𝜇 (𝜑)) 𝜕𝑇0 (𝜑)𝜕𝜑
− 12𝑅2 (𝜑)

𝜕2𝑇0 (𝜑)𝜕𝜑2 ]𝑑𝜑 = 0,
(32)

where

𝑄(𝜑) = 132 {12 (6 + 𝑝) (𝑘21 + 𝑘22) 𝜎2
− 8 (𝑀1𝜁1 +𝑀2𝜁2)
+ [(𝑝 + 2) (𝑘21 − 𝑘22) 𝜎2 − 8 (𝑀1𝜁1 −𝑀2𝜁2)]
× cos 2𝜑 + 12 (−2 + 𝑝) (𝑘21 + 𝑘22) 𝜎2cos22𝜑} ,

𝜇 (𝜑) = − 132 {[2 (𝑘21 − 𝑘22) 𝜎2 − 8 (𝑀1𝜁1 −𝑀2𝜁2)]
⋅ sin 2𝜑 − (𝑘21 + 𝑘22) 𝜎2 sin 2𝜑 cos 2𝜑} ,

𝜇 (𝜑) = − 132 [(𝑘21 − 𝑘22) 𝜎2 sin 2𝜑 + (𝑘21 + 𝑘22) 𝜎2
⋅ sin 2𝜑 cos 2𝜑] ,

𝑅2 (𝜑) = 164 (𝑘21 + 𝑘22) 𝜎2sin22𝜑;

(33)

then (32) is simplified as the following equation:

𝐿 (𝑝) 𝑇0 (𝜑) = Λ 1 (𝑝) 𝑇0 (𝜑) ,
𝐿 (𝑝) = 12𝑅2 (𝜑) 𝜕𝜕𝜑2 + [𝜇 (𝜑) + 𝑝𝜇 (𝜑)] 𝜕𝜕𝜑 + 𝑝𝑄 (𝜑) . (34)

Then the boundary conditions of (34) are determined by
considering the adjoint equation for the case of 𝑝 = 0,

𝐿∗�̃� (𝜑) = 0, 𝐿∗ = 12 𝜕𝜕𝜑2𝑅2 (𝜑) − 𝜕𝜕𝜑𝜇 (𝜑) , (35)

where 𝐿∗ is the Fokker-Planck operator and 𝜑 = 0 and𝜑 = 𝜋/2 are the entrance boundaries [27]. The eigenfunction𝑇0(𝜑) satisfies zeroNeumannboundary condition, andΛ 1 (𝑝)
is the largest eigenvalue of (34) with zeros Neumann bound-
ary. Therefore, the solution of (34) can be calculated from an
orthogonal expansion [34]. Under zeros Neumann boundary
conditions, 𝑇0(𝜑) can be expressed by a Fourier cosine series
[27]; that is,

𝑇0 (𝜑) = ∞∑
𝑛=0

𝑧𝑛 cos 2𝑛𝜑. (36)

Substituting (36) into (34), multiplying by cos 2𝑛𝜑 in both
sides and integrating for 𝜑, we can obtain

∞∑
𝑚=0

𝑎𝑚0𝑧𝑚 = 2Λ 1 (𝑝) 𝑧0,
∞∑
𝑚=0

𝑎𝑚𝑛𝑧𝑚 = Λ 1 (𝑝) 𝑧𝑛. 𝑛 = 1, 2, . . . ,
(37)

where

𝑎𝑚𝑛 = 4𝜋 ∫
𝜋/2

0
𝐿 (𝑝) (cos 2𝑚𝜑) cos 2𝑛𝜑𝑑𝜑,

𝑚, 𝑛 = 0, 1, 2 . . . ,
(38)

In order to guarantee the existence of the nontrivial solution
for each 𝑧𝑛, the coefficient matrix 𝐴 = (𝑎𝑚𝑛) must equal
zero.Therefore, the problemof calculatingΛ 1 (𝑝) is translated
into calculating the leading eigenvalue of 𝐴. The sequence of
approximations will be constructed by the eigenvalues of a
sequence of the following submatrices:

[12𝑎00] ,
[[
[
12𝑎00 𝑎0112𝑎10 𝑎11

]]
]
,

⋅ ⋅ ⋅ ,
[[[[[[[[[
[

12𝑎00 𝑎01 𝑎02 ⋅ ⋅ ⋅12𝑎10 𝑎11 𝑎12 ⋅ ⋅ ⋅12𝑎20 𝑎21 𝑎22 ⋅ ⋅ ⋅... ... ... d

]]]]]]]]]
]

.

(39)

Obviously, the set of approximate eigenvalues obtained
by this method converges to the associated true eigenvalues
as 𝑛 → ∞. In general, we can obtain the approximate
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Figure 1: Variation of moment Lyapunov exponent with 𝑝. Solid-
line in the analytical results of truncation of 𝑛, circle in the numerical
results by Monte Carlo.

eigenvalues by truncating 𝑛, which can be written asΛ 1(𝑝) =𝑎00/2 and
Λ (𝑝) = 𝜖Λ 1 (𝑝) + 𝑂 (𝜖2) = 1128

⋅ 𝜖𝑝 [(10 + 3𝑝) (𝑘21 + 𝑘22) 𝜎2 − 32 (𝑀1𝜁1 +𝑀2𝜁2)]
+ 𝑂(𝜖2) .

(40)

The comparison results of approximate analytical
moment Lyapunov exponents obtained by truncating 𝑛
and the direct Monte Carlo simulation results are shown in
Figure 1. It is easily found that the approximate results agree
well with the simulation results. Therefore, the first-order
perturbation will be reduced to

𝜔1 𝜕𝑇1 (𝜃1, 𝜃2, 𝜑)𝜕𝜃1 + 𝜔2 𝜕𝑇1 (𝜃1, 𝜃2, 𝜑)𝜕𝜃2 + 𝑐 (𝜃1, 𝜃2, 𝜑)
= Λ 1 (𝑝) .

(41)

Without loss of generality, there is a relationship between two
frequencies of the form 𝑚1𝜔1 = 𝑚2𝜔2, in which 𝑚1 and 𝑚2
are integers. The second frequency can be rewritten as 𝜔2 =𝑘𝜔1. Then the function 𝑐(𝜃1, 𝜃2, 𝜑) in (41) can be rewritten as

𝑐 (𝜃1, 𝜃2, 𝜑) = Λ 1 (𝑝) + 𝑓0 (𝜃1, 𝜃2)
+ 𝑓1 (𝜃1, 𝜃2) cos 2𝜑
+ 𝑓2 (𝜃1, 𝜃2) cos 4𝜑
+ 𝑓3 (𝜃1, 𝜃2) sin 2𝜑,

(42)

where function 𝑓𝑟(𝜃1, 𝜃2) is the periodic function on 𝜃1, 𝜃2
and given as

𝑓0 (𝜃1, 𝜃2)
= 𝑝4 (ℎ1 + 𝜁1𝑁1) sin 2𝜃1
+ 𝑝8 (2𝜁1𝑀1 + 𝑘21𝜎2) cos 2𝜃1
+ 𝑝4 (ℎ2 + 𝜁2𝑁2) sin 2𝜃2
+ 𝑝8 (2𝜁2𝑀2 + 𝑘22𝜎2) cos 2𝜃2
+ 3𝑘21𝜎2128 𝑝 (2 − 𝑝) cos 4𝜃1
+ 3𝑘22𝜎2128 𝑝 (2 − 𝑝) cos 4𝜃2
− 𝑘1𝑘2𝜎232 𝑝 (2 − 𝑝) sin 2𝜃1 sin 2𝜃2,

𝑓1 (𝜃1, 𝜃2)
= 𝑝4 (ℎ1 + 𝜁1𝑁1) sin 2𝜃1
+ 𝑝8 (2𝜁1𝑀1 + 𝑘21𝜎2) cos 2𝜃1
− 𝑝4 (ℎ2 + 𝜁2𝑁2) sin 2𝜃2
− 𝑝8 (2𝜁2𝑀2 + 𝑘22𝜎2) cos 2𝜃2
+ 𝑘21𝜎232 𝑝 (2 − 𝑝) cos 4𝜃1 − 𝑘22𝜎232 𝑝 (2 − 𝑝) cos 4𝜃2
+ 𝑝32 [8 (−𝜁1𝑀1 + 𝜁2𝑀2) + (𝑘21 − 𝑘22) 𝜎2 (2 + 𝑝)] ,

𝑓2 (𝜃1, 𝜃2)
= −𝑝 (2 − 𝑝) 𝜎2128 (𝑘21 + 𝑘22)
+ 𝑝 (2 − 𝑝) 𝜎2

32 sin 2𝜃1 sin 2𝜃2
+ 𝑝 (2 − 𝑝) 𝜎2

128 𝑘21 cos 4𝜃1
+ 𝑝 (2 − 𝑝) 𝜎2

128 𝑘22 cos 4𝜃2,
𝑓3 (𝜃1, 𝜃2)
= −ℎ1𝑝2 sin 2𝜃1 cos 2𝜃2 − ℎ2𝑝2 sin 2𝜃2 cos 2𝜃1.

(43)

Note that the general solution 𝑇1(𝜃1, 𝜃2, 𝜑) of (41) can not be
obtained except in some special cases. Considering the nature
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of the coefficients of (41), the series expansion of function𝑇1(𝜃1, 𝜃2, 𝜑) can be presented in the following form:

𝑇1 (𝜃1, 𝜃2, 𝜑) = 𝑇10 (𝜃1, 𝜃2) + 𝑇11 (𝜃1, 𝜃2) cos 2𝜑
+ 𝑇12 (𝜃1, 𝜃2) cos 4𝜑
+ 𝑇13 (𝜃1, 𝜃2) sin 2𝜑.

(44)

Substituting (44) into (41) and equating terms of the equal
trigonometry function to give a set of partial differential
equations, one obtains

𝜔1 𝜕𝑇1𝑟 (𝜃1, 𝜃2)𝜕𝜃1 + 𝜔2 𝜕𝑇1𝑟 (𝜃1, 𝜃2)𝜕𝜃2 + 𝑓𝑟 (𝜃1, 𝜃2) = 0,
𝑟 = 0, 1, 2, 3,

(45)

where the function 𝑇1𝑟(𝜃1, 𝜃2) can be written as

𝑇10 (𝜃1, 𝜃2)
= −𝑝 (2𝜁1𝑀1 + 𝑘21𝜎2)16𝜔1 sin 2𝜃1
+ 𝑝 (ℎ1 + 𝜁1𝑁1)8𝜔1 cos 2𝜃1
− 𝑝 (2𝜁2𝑀2 + 𝑘22𝜎2)16𝑘𝜔1 sin 2𝜃2
+ 𝑝 (ℎ2 + 𝜁2𝑁2)8𝑘𝜔1 cos 2𝜃2
− 3𝑘21𝑝 (2 − 𝑝) 𝜎2512𝜔1 sin 4𝜃1
− 3𝑘22𝑝 (2 − 𝑝) 𝜎2512𝑘𝜔1 sin 4𝜃2
+ 𝑘𝑘1𝑘2𝑝 (2 − 𝑝) 𝜎264 (1 − 𝑘2) 𝜔1 sin 2𝜃1 cos 2𝜃2
− 𝑘1𝑘2𝑝 (2 − 𝑝) 𝜎264 (1 − 𝑘2) 𝜔1 sin 2𝜃2 cos 2𝜃1
+ 𝐶0 (𝜃2 − 𝑘𝜃1) ,

𝑇11 (𝜃1, 𝜃2)
= −𝑝 [8 (−𝜁1𝑀1 + 𝜁2𝑀2) + (𝑘21 − 𝑘22) (2 + 𝑝) 𝜎2]32𝜔1 𝜃1
− 𝑝 (2𝜁1𝑀1 + 𝑘21𝜎2)16𝜔1 sin 2𝜃1
+ 𝑝 (ℎ1 + 𝜁1𝑁1)8𝜔1 cos 2𝜃1
+ 𝑝 (2𝜁2𝑀2 + 𝑘22𝜎2)16𝑘𝜔1 sin 2𝜃2

− 𝑝 (ℎ2 + 𝜁2𝑁2)8𝑘𝜔1 cos 2𝜃2 − 𝑘21𝑝 (2 − 𝑝) 𝜎2128𝜔1 sin 4𝜃1
+ 𝑘22𝑝 (2 − 𝑝) 𝜎2128𝑘𝜔1 sin 4𝜃2 + 𝐶1 (𝜃2 − 𝑘𝜃1) ,

𝑇12 (𝜃1, 𝜃2)
= 𝑝 (2 − 𝑝) (𝑘21 + 𝑘22)128𝜔1 𝜃1 − 𝑘21𝑝 (2 − 𝑝) 𝜎2512𝜔1 sin 4𝜃1
− 𝑘22𝑝 (2 − 𝑝) 𝜎2512𝑘𝜔1 sin 4𝜃2
− 𝑘𝑘1𝑘2𝑝 (2 − 𝑝) 𝜎264 (1 − 𝑘2) 𝜔1 sin 2𝜃1 cos 2𝜃2
+ 𝑘1𝑘2𝑝 (2 − 𝑝) 𝜎264 (1 − 𝑘2) 𝜔1 sin 2𝜃2 cos 2𝜃1
+ 𝐶2 (𝜃2 − 𝑘𝜃1) ,

𝑇13 (𝜃1, 𝜃2)
= 𝑝 (ℎ2 − ℎ1𝑘)2 (1 − 𝑘2) 𝜔1 sin 𝜃1 sin 𝜃2
− 𝑝 (ℎ1 − ℎ2𝑘)2 (1 − 𝑘2) 𝜔1 cos 𝜃1 cos 𝜃2 + 𝐶3 (𝜃2 − 𝑘𝜃1) ,

(46)

in which𝐶𝑟(𝜃2−𝑘𝜃1) are arbitrary functions of two variables,
and we make assumptions as follows:

𝐶𝑟 (𝜃2 − 𝑘𝜃1) = 𝐴1𝑟 + 𝐵1𝑟sin (2𝜃2 − 2𝑘𝜃1)
+ 𝐶1𝑟sin (4𝜃2 − 4𝑘𝜃1) ,

𝑟 = 0, 1, 2, 3.
(47)

Here, the unknown constants 𝐴1𝑟, 𝐵1𝑟,𝐶1𝑟 (𝑟 = 0, 1, 2, 3)will
be determined by using the following conditions:

𝑇1𝑟 (0, 0) = 𝑇1𝑟 (0, 2𝜋) = 𝑇1𝑟 (2𝜋, 0) = 𝑇1𝑟 (2𝜋, 2𝜋)
= 0,

𝜕𝑇1𝑟 (0, 0)𝜕𝜃1 = 𝜕𝑇1𝑟 (2𝜋, 0)𝜕𝜃1 ,
𝜕𝑇1𝑟 (0, 0)𝜕𝜃2 = 𝜕𝑇1𝑟 (0, 2𝜋)𝜕𝜃2 ,

𝑟 = 0, 1, 2, 3.

(48)
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That is,

𝐴10 = −𝑝 (ℎ2 + 𝜁2𝑁2 + ℎ1𝑘 + 𝑘𝜁1𝑁1)8𝑘𝜔1 ,
𝐴11 = 𝑝 (ℎ2 + 𝜁2𝑁2 − ℎ1𝑘 − 𝑘𝜁1𝑁1)8𝑘𝜔1 ,
𝐴12 = 0,
𝐴13 = 𝑝 (ℎ1 − ℎ2𝑘)2 (1 − 𝑘2) 𝜔1 ,
𝐵10 = 0,
𝐵11
= −𝑝𝜋 [8 (−𝜁1𝑀1 + 𝜁2𝑀2) + (𝑘21 − 𝑘22) (2 + 𝑝) 𝜎2] cos22𝑘𝜋4 sin 2𝑘𝜋 (5 cos 2𝑘𝜋 + cos 6𝑘𝜋)𝜔1 ,

𝐵12 = 𝑝𝜋 (𝑘21 + 𝑘22) (2 − 𝑝) 𝜎2 cos 2𝑘𝜋16 (3 sin 2𝑘𝜋 + sin 6𝑘𝜋)𝜔1 ,
𝐵13 = 0,
𝐶10 = 0,
𝐶13 = 0
𝐶11 = 𝑝𝜋 [8 (−𝜁1𝑀1 + 𝜁2𝑀2) + (𝑘21 − 𝑘22) (2 + 𝑝) 𝜎2]32 sin 2𝑘𝜋 (5 cos 2𝑘𝜋 + cos 6𝑘𝜋)𝜔1 ,

𝐶12 = − 𝑝𝜋 (𝑘21 + 𝑘22) (2 − 𝑝) 𝜎264 (4 sin 4𝑘𝜋 + sin 8𝑘𝜋)𝜔1 ,

(49)

3.3. The Second-Order Perturbation. To further investigate
the effects of parameter 𝐻2 on stochastic stability of system,
the second-order perturbation equation of (20) will be used;
that is,

𝐿0𝑇2 (𝜃1, 𝜃2, 𝜑) + 𝐿1𝑇1 (𝜃1, 𝜃2, 𝜑)
= Λ 1 (𝑝) 𝑇1 (𝜃1, 𝜃2, 𝜑) + Λ 2 (𝑝) 𝑇0 (𝜃1, 𝜃2, 𝜑) . (50)

Based on the solvability condition, one obtains

Λ 2 (𝑝)
= 12𝜋3 ∫

𝜋/2

0
∫2𝜋
0
∫2𝜋
0
𝑎1 (𝜃1, 𝜃2, 𝜑) 𝜕2𝑇1 (𝜃1, 𝜃2, 𝜑)𝜕𝜃21

+ 𝑎2 (𝜃1, 𝜃2, 𝜑) 𝜕2𝑇1 (𝜃1, 𝜃2, 𝜑)𝜕𝜃1𝜕𝜃2
+ 𝑎3 (𝜃1, 𝜃2, 𝜑) 𝜕2𝑇1 (𝜃1, 𝜃2, 𝜑)𝜕𝜃1𝜕𝜑
+ 𝑎4 (𝜃1, 𝜃2, 𝜑) 𝜕2𝑇1 (𝜃1, 𝜃2, 𝜑)𝜕𝜃22

+ 𝑎5 (𝜃1, 𝜃2, 𝜑) 𝜕2𝑇1 (𝜃1, 𝜃2, 𝜑)𝜕𝜃2𝜕𝜑
+ 𝑎6 (𝜃1, 𝜃2, 𝜑) 𝜕2𝑇1 (𝜃1, 𝜃2, 𝜑)𝜕𝜑2
+ 𝑏1 (𝜃1, 𝜃2, 𝜑) 𝜕𝑇1 (𝜃1, 𝜃2, 𝜑)𝜕𝜃1
+ 𝑏2 (𝜃1, 𝜃2, 𝜑) 𝜕𝑇1 (𝜃1, 𝜃2, 𝜑)𝜕𝜃2
+ 𝑏3 (𝜃1, 𝜃2, 𝜑) 𝜕𝑇1 (𝜃1, 𝜃2, 𝜑)𝜕𝜑
+ [𝑐 (𝜃1, 𝜃2, 𝜑) − Λ 1 (𝑝)] 𝑇1 (𝜃1, 𝜃2, 𝜑) 𝑑𝜃1𝑑𝜃2𝑑𝜑.

(51)

The solution has the following form:

Λ 2 (𝑝) = Λ 21 (𝑝) sin 4𝑘𝜋2 + cos 4𝑘𝜋
+ Λ 22 (𝑝) cos 4𝑘𝜋2 + cos 4𝑘𝜋
+ Λ 23 (𝑝) 12 + cos 4𝑘𝜋 ,

(52)

where the values Λ 21(𝑝), Λ 22(𝑝), Λ 23(𝑝) are given in
Appendix A.

Substituting (40) and (52) into (19), the second-order
approximate solution of the moment Lyapunov exponent is
obtained as

Λ (𝑝) = 𝜖Λ 1 (𝑝) + 𝜖2Λ 2 (𝑝) + 𝑂 (𝜖3)
= 𝜖 [(𝑘21 + 𝑘22) 𝜎2128 𝑝 (3𝑝 + 10) − 𝑝4 (𝜁1𝑀1 + 𝜁2𝑀2)]
+ 𝜖2Λ 2 (𝑝) + 𝑂 (𝜖3) .

(53)

The corresponding Lyapunov exponents can be expressed as

𝜆 = 𝑑Λ (𝑝)
𝑑𝑝

𝑝=0 = 𝜖𝜆1 + 𝜖
2𝜆2 + 𝑂 (𝜖3)

= 𝜖 [ 564 (𝑘21 + 𝑘22) 𝜎2 − 14 (𝜁1𝑀1 + 𝜁2𝑀2)]
+ 𝜖2 (𝜆21 sin 4𝑘𝜋2 + cos 4𝑘𝜋 + 𝜆22 cos 4𝑘𝜋2 + cos 4𝑘𝜋
+ 𝜆23 12 + cos 4𝑘𝜋) + 𝑂 (𝜖3) ,

(54)

where the values 𝜆21, 𝜆22, and 𝜆23 are given in Appendix B.

4. Stochastic Stability Analysis

Through the above-mentioned analysis, the analytic expres-
sions of moment Lyapunov exponents Λ(𝑝) and Lyapunov
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Figure 2: Stability regions for almost-sure stability and 𝑝thmoment
stability with respect to nonviscous damping parameter 𝛽1, 𝛽2.

exponents 𝜆 have been derived. Next, we use two indices to
go on stochastic stability analysis. The 𝑝th moment Lyapunov
exponent is defined as

Λ (𝑝) = lim
𝑡→∞

1𝑡 logΕ [‖𝑥‖𝑝] , (55)

where Ε[⋅] denotes the expected value and ‖𝑥‖𝑝 is a solution
process of a random system. If Λ(𝑝) < 0, Ε[‖𝑥‖𝑝] → 0
as 𝑡 → ∞, and it means that the 𝑝th moment is stable.
Lyapunov exponent is the slope of Λ(𝑝) at the origin; that is,

𝜆 = 𝑑Λ (𝑝)
𝑑𝑝

𝑝=0 = lim
𝑡→∞

1𝑡 log ‖𝑥‖ , (56)

If 𝜆 < 0, it indicates that the system is almost-surely stable.
The 𝑝th moment and almost-sure stability boundary can

be determined from Λ(𝑝) = 0 and 𝜆 = 0, respectively. By
comparing the second-order perturbationwith the first-order
perturbation, we find that the moment Lyapunov exponentsΛ(𝑝) and the Lyapunov exponents 𝜆 under the second-order
perturbation contain all the parameter information of the
coupled stochastic system. Therefore, we only consider the
second-order perturbation in the subsequent research.

The boundaries of the 𝑝th moment and the almost-sure
stability with respect to nonviscous damping parameters 𝛽1
and 𝛽2 are shown in Figure 2. We find that the moment sta-
bility boundaries are more conservative than the almost-sure
stability boundaries.Thismeans that the almost-sure stability
cannot assure the moment stability. And the boundaries of
stability for 𝑝th moment would increase with the increase of
the order 𝑝.

The effects of relaxation parameter 𝛼 on moment Lya-
punov exponents are shown in Figure 3. It describes that the
stability index and the root 𝑝 of Λ(𝑝) = 0 will decrease
and the system becomes more unstable. Correspondingly,
the analytical results and the direct Monte Carlo results are
shown in Figure 3(b) for the given𝛼. And Lyapunov exponent
is negative; it means the system is almost-surely stable.

The moment Lyapunov exponents Λ(𝑝) for different
nonviscous damping parameter 𝛽2 are discussed in Figure 4.
It is clear that the bigger values of 𝛽2 can enhance the system's
stability for 𝑝 > 0. Correspondingly, the analytical results
and the direct Monte Carlo results are shown in Figure 4(b)
for the given different 𝛽2. It illustrates that the system also is
almost-surely stable. However, when 𝑝 becomes sufficiently
large, Λ(𝑝) > 0, the system becomes more unstable.

Next, the effects of 𝜖 on the moment Lyapunov exponents
are studied in Figure 5. One easily finds the system ismoment
stability when 0 < 𝑝 < 3, and the stability of the system
increases with the increase of 𝜖 from 0.01 to 0.1. Afterward,
the moment Lyapunov exponents are changed from negative
to positive; the system is varied from moment stability to
moment instability with the increase of 𝑝. Numerical results
are verified by the direct Monte Carlo in Figure 5(b).

Then, in order to discuss the influences of the noise inten-
sity 𝜎 on stochastic stability of coupled stochastic system, the
moment Lyapunov exponents Λ(𝑝) are shown in Figure 6
with change of values of 𝜎. They describe that the coupled
stochastic system could be almost-surely stable. Meanwhile,
themoment stability of the coupled systemwould reducewith
the increase of the noise intensity 𝜎.

The variations of the moment Lyapunov exponents for
different𝐻2 are also analyzed. From Figure 7, we find that the
coupled stochastic system may be almost-surely stable due to
the value of slope Λ(𝑝) less than 0 at the origin. However,
the moment stability of system is not assured for 𝑝 < 0 or 𝑝
is sufficiently large due to the moment Lyapunov exponents
greater than 0. Besides, one can easily see that the moment
stability of the system enhances with the increase of𝐻2.

Finally, the effects of 𝐾2 on the moment Lyapunov
exponents are investigated and shown in Figure 8. From those
figures, the systemmay be almost-surely stable in terms of the
Lyapunov exponents. It is also indicated that the system has
the characteristic of the moment stability. And the moment
stability of the coupled system will increase with the increase
of 𝐾2 under given parameters. The approximate analytical
results agree well with numerical simulation results by the
direct Monte Carlo.

5. Conclusions

In this paper, the moment stability and almost-sure stability
of coupled viscoelastic system with nonviscous damping
subject to Gaussian white noise excitation are investigated.
The nonviscously damped structure is assumed to follow the
exponential integral relation, which is possible to model the
rate of energy dissipation. Motion equations are transformed
into the coupled Itô stochastic differential equations bymeans
of the method of stochastic averaging. Then the linear trans-
formation is introduced to derive the eigenvalue problem. In
order to obtain the analytical expressions of eigenvalue, the
second-order perturbationmethod is used. Finally, the effects
of Gaussian noise, the relaxation parameter, the nonviscous
damping coefficient, and two physical quantities, that is 𝐻2,𝐾2, on the moment stability are discussed in detail. Then the
corresponding results are verified through the direct Monte
Carlo simulation technique. Based on the results above, the
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Figure 6: Variation of the moment Lyapunov exponent for different 𝜎. Solid-line in the analytical results, circle in the numerical results by
Monte Carlo.
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appropriate parameters will help to strengthen the stability of
the coupled viscoelastic system with nonviscous damping.

Appendix

A. Values of Λ 21(𝑝), Λ 22(𝑝), and Λ 23(𝑝)

Λ 21 (𝑝) = − 𝑝 (2 + 𝑝)
262144 (−1 + 𝑘2) 𝑘𝜔1 ⟨−4096 (−1

+ 𝑘2)𝑀2𝜁2 (𝑀1𝜁1 −𝑀2𝜁2) − 128 (−1 + 𝑘2)
× {64𝑘𝑘1𝑘2 (𝑀1𝜁1 −𝑀2𝜁2) − 4𝑘21 (2 + 𝑝)𝑀2𝜁2
+ 𝑘22 [(−10 + 𝑝)𝑀1𝜁1 + 3 (6 + 𝑝)𝑀2𝜁2]} 𝜎2
+ {1024𝑘3𝑘1𝑘2 (𝑘21 − 𝑘22) (2 + 𝑝)
+ 16𝑘𝑘1𝑘2 [𝑘21 (−136 − 62𝑝 + 𝑝2)
+ 𝑘22 (120 + 66𝑝 + 𝑝2)] + 𝑘22 (−1 + 𝑘2)
⋅ [𝑘21 (−312 − 130𝑝 + 15𝑝2)
+ 𝑘22 (328 + 126𝑝 − 17𝑝2)]} 𝜎4⟩

Λ 22 (𝑝) = 𝑝98304 (−1 + 𝑘2) 𝑘𝜔1𝜋 ⟨−3072 (−1 + 𝑘
2)

⋅ (2 + 𝑝) 𝜋 (𝑀1𝜁1 −𝑀2𝜁2) × [ℎ2 + 𝑁2𝜁2
+ 𝑘𝜋 (𝑀1𝜁1 −𝑀2𝜁2)] + {256𝑘 (𝑘21 + 𝑘22) (2 + 𝑝)
⋅ (4 + 𝑝) (ℎ1 − 𝑘ℎ2) − 768𝑘𝜋 (−1 + 𝑘2) 𝑘21 (10
+ 3𝑝) (ℎ1 + 𝑁1𝜁1) + 384𝜋 (−1 + 𝑘2) (ℎ2 + 𝑁2𝜁2)
⋅ [𝑘21 (2 + 𝑝)2 − 𝑘22 (4 + 𝑝) (6 + 𝑝)] + 768𝑘𝜋2 (−1
+ 𝑘2) (2 + 𝑝)2 (𝑘21 − 𝑘22) (𝑀1𝜁1 −𝑀2𝜁2) − 3𝑘 (−1
+ 𝑘2) (−2 + 𝑝) (2 + 𝑝) (4 + 𝑝) 𝜋2 (𝑘21 + 𝑘22)} 𝜎2
− 48𝑘 (−1 + 𝑘2) (2 + 𝑝)3 𝜋2 (𝑘21 − 𝑘22)2 𝜎4⟩

Λ 23 (𝑝) = 𝑝49152 (−1 + 𝑘2) 𝑘𝜔1𝜋 ⟨−768 (−1 + 𝑘
2)

⋅ (2 + 𝑝) 𝜋 (𝑀1𝜁1 −𝑀2𝜁2) × [3 (ℎ2 + 𝑁2𝜁2)
+ 4𝑘𝜋 (𝑀1𝜁1 −𝑀2𝜁2)] + {256𝑘 (𝑘21 + 𝑘22) (2 + 𝑝)
⋅ (4 + 𝑝) × (ℎ1 − 𝑘ℎ2) + 96𝜋 (−1 + 𝑘2) (ℎ2
+ 𝑁2𝜁2) [−3𝑘21 (2 + 𝑝)2 − 𝑘22 (92 + 36𝑝 + 3𝑝2)]
− 768𝑘𝜋 (−1 + 𝑘2) 𝑘21 (10 + 3𝑝) (ℎ1 + 𝑁1𝜁1)
+ 768𝑘𝜋2 (−1 + 𝑘2) (2 + 𝑝)2 × (𝑘21 − 𝑘22) (𝑀1𝜁1
−𝑀2𝜁2) − 3𝑘 (−1 + 𝑘2) (−2 + 𝑝) (2 + 𝑝) (4 + 𝑝)
⋅ 𝜋2 (𝑘21 + 𝑘22)} 𝜎2 − 48𝑘 (−1 + 𝑘2) (2 + 𝑝)3 𝜋2 (𝑘21
− 𝑘22)2 𝜎4⟩

(A.1)

B. Values of 𝜆21, 𝜆22, and 𝜆23
𝜆21 = − 116384 (−1 + 𝑘2) 𝑘𝜔1 {−512 (−1 + 𝑘

2)
⋅ 𝑀2𝜁2 (𝑀1𝜁1 −𝑀2𝜁2) − 32 (−1 + 𝑘2)
× [32𝑘𝑘1𝑘2 (𝑀1𝜁1 −𝑀2𝜁2) − 4𝑘21𝑀2𝜁2
+ 𝑘22 (−5𝑀1𝜁1 + 9𝑀2𝜁2)] 𝜎2 + 𝑘2 [16𝑘𝑘31 (−17
+ 16𝑘2) − 39𝑘21𝑘2 (−1 + 𝑘2) + 16𝑘𝑘1𝑘22 (15
− 16𝑘2) + 41𝑘32 (−1 + 𝑘2)] 𝜎4}

(B.1)

𝜆22 = 16144 (−1 + 𝑘2) 𝑘𝜔1𝜋 ⟨−384𝜋 (−1 + 𝑘
2)

⋅ (𝑀1𝜁1 −𝑀2𝜁2) × [(ℎ2 + 𝑁2𝜁2) + 𝑘𝜋 (𝑀1𝜁1
−𝑀2𝜁2)] − {128ℎ2𝑘2 (𝑘21 + 𝑘22) − 96𝜋 (−1 + 𝑘2)
⋅ (𝑘21 − 6𝑘22) (ℎ2 + 𝑁2𝜁2) + 32𝑘 [−4ℎ1 (𝑘21 + 𝑘22)
+ 15𝑘21𝜋 (−1 + 𝑘2) (ℎ1 + 𝑁1𝜁1)] − 192𝑘𝜋2 (−1
+ 𝑘2) (𝑘21 − 𝑘22) (𝑀1𝜁1 −𝑀2𝜁2) − 3𝑘 (−1 + 𝑘2)
⋅ 𝜋2 (𝑘21 + 𝑘22)2}𝜎2 − 24𝑘 (−1 + 𝑘2) 𝜋2 (𝑘21 − 𝑘22)2
⋅ 𝜎4⟩

𝜆23 = 13072 (−1 + 𝑘2) 𝑘𝜔1𝜋 ⟨−96𝜋 (−1 + 𝑘
2) (𝑀1𝜁1

−𝑀2𝜁2) × [3 (ℎ2 + 𝑁2𝜁2) + 4𝑘𝜋 (𝑀1𝜁1 −𝑀2𝜁2)]
− {128ℎ2𝑘2 (𝑘21 + 𝑘22) − 24𝜋 (−1 + 𝑘2) (3𝑘21
− 23𝑘22) (ℎ2 + 𝑁2𝜁2) + 32𝑘 [−4ℎ1 (𝑘21 + 𝑘22)
+ 15𝑘21𝜋 (−1 + 𝑘2) (ℎ1 + 𝑁1𝜁1)] − 192𝑘𝜋2 (−1
+ 𝑘2) (𝑘21 − 𝑘22) × (𝑀1𝜁1 −𝑀2𝜁2) − 3𝑘 (−1 + 𝑘2)
⋅ 𝜋2 (𝑘21 + 𝑘22)2}𝜎2 − 24𝑘 (−1 + 𝑘2) 𝜋2 (𝑘21 − 𝑘22)2
⋅ 𝜎4⟩

(B.2)

Data Availability

All the numerical calculated data used to support the findings
of this study can be obtained by calculating the equations in
the paper, and the white noise is generated randomly. The
codes used in this paper are available from the corresponding
author upon request.
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equations,” Acta Mathematica Sinica, vol. 25, no. 12, pp. 2133–
2156, 2009.

[8] J. J. Nieto and B. Ahmad, “Approximation of solutions for
an initial and terminal value problem for the forced Duffing
equation with non-viscous damping,” Applied Mathematics and
Computation, vol. 216, no. 7, pp. 2129–2136, 2010.

[9] F. Li and G. Du, “General energy decay for a degenerate
viscoelastic Petrovsky-type plate equation with boundary feed-
back,” Journal of Applied Analysis and Computation, vol. 8, no.
1, pp. 390–401, 2018.

[10] Y. Guo, “Global asymptotic stability analysis for integro-
differential systems modeling neural networks with delays,”
Zeitschrift für Angewandte Mathematik und Physik, vol. 61, no.
6, pp. 971–978, 2010.

[11] F. Meng, L. Li, and Y. Bai, “𝜓-stability of nonlinear Volterra
integro-differential systems,” Dynamic Systems and Applica-
tions, vol. 20, no. 4, pp. 563–574, 2011.

[12] L. Li, F. Meng, and P. Ju, “Some new integral inequalities and
their applications in studying the stability of nonlinear integro-
differential equations with time delay,” Journal of Mathematical
Analysis and Applications, vol. 377, no. 2, pp. 853–862, 2011.

[13] D. Liu, W. Xu, Y. Xu, and J. Li, “Stochastic responses of
viscoelastic system with real-power stiffness under randomly

disordered periodic excitations,” Nonlinear Dynamics, vol. 78,
no. 4, pp. 2487–2499, 2014.

[14] Y. Xu, R. Gu, H. Zhang, W. Xu, and J. Duan, “Stochastic
bifurcations in a bistable Duffing–Van der Pol oscillator with
colored noise,” Physical Review E: Statistical, Nonlinear, and Soft
Matter Physics, vol. 83, no. 5, 2011.

[15] Y. Xu, H. Li, H. Wang, W. Jia, X. Yue, and J. Kurths, “The
Estimates of the Mean First Exit Time of a Bistable System
Excited by PoissonWhite Noise,” Journal of Applied Mechanics,
vol. 84, no. 9, p. 091004, 2017.

[16] Y. Guo, “Mean square global asymptotic stability of stochastic
recurrent neural networks with distributed delays,” Applied
Mathematics andComputation, vol. 215, no. 2, pp. 791–795, 2009.

[17] Y. Guo, “Mean square exponential stability of stochastic delay
cellular neural networks,” Electronic Journal of Qualitative
Theory of Differential Equations, No. 34, 10 pages, 2013.

[18] X. Li andX. B. Liu, “Moment Lyapunov exponent and stochastic
stability for a binary airfoil driven by an ergodic real noise,”
Nonlinear Dynamics, vol. 73, no. 3, pp. 1601–1614, 2013.

[19] Y. Xu, Y. Li, and D. Liu, “A method to stochastic dynamical
systems with strong nonlinearity and fractional damping,”
Nonlinear Dynamics, vol. 83, no. 4, pp. 2311–2321, 2016.

[20] C. Floris, “Stochastic stability of damped Mathieu oscillator
parametrically excited by a gaussian noise,”Mathematical Prob-
lems in Engineering, vol. 2012, Article ID 375913, 18 pages, 2012.

[21] V.D. Potapov, “Stability of elastic and viscoelastic systems under
a random perturbations of their parameters,”Archive of Applied
Mechanics, vol. 66, no. 4, pp. 273–283, 1996.

[22] V.D. Potapov, “Stability of elastic and viscoelastic systems under
stochastic non-Gaussian excitation,” Acta Mechanica, vol. 199,
no. 1-4, pp. 167–179, 2008.
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