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The interaction between a macrocrack and a cluster of microcracks has been investigated based on Muskhelishvili’s complex
potential method. A step-by-step subproblem procedure is used to satisfy the stress boundary conditions on each crack surface.The
interactions between a cluster ofmicrocracks and amacrocrackand the interactionamongmicrocracks are analyzed.Three damage
configurations as chained, reverse-chained, and randomly distributed microcracks have been designed to simulate the damage
around themacrocrack tip.The solution of an infinite elastic plane containing amacrocrack and a cluster ofmicrocracks is presented
for the plane subjected to a uniform tensile load. The stress intensity factor (SIF) at the macrocrack tip and the microcrack tips is
obtained. The results show that the inclination angle of the microcrack and the distance between the macrocrack and microcracks
have a great influence on SIF. When the inclination angle is small, the SIF at microcrack tips may be larger than other inclination
angles. These results are helpful to analyze the fracture or damage behaviors of materials.

1. Introduction

Many experimental investigations demonstrate that profuse
microcrack propagations can be observed during the evo-
lution of fracture process in the high-stress concentration
regions, as well at the tip of the macrocrack [1–4]. The
microcrack has a great effect on SIF at the macrocrack tip.
Thus, the interaction between a macrocrack and multiple
microcracks is a topical problem in elastic theory and fracture
mechanics.

Many results concerning the interaction of macrocrack
and arrays of microcracks were obtained using various
numerical methods such as serious expansions, boundary
element methods, and collocation methods. Crack propa-
gation mechanisms can be developed if the basic question
whether themicrocracks enhance or suppress themacrocrack
propagation is answered. The pseudotractions method has
been developed by many studies [5–9] to investigate the
interaction problem between main crack and microcracks.
The core idea of this method was that a superposition of a
number of subproblems each contains one crack loaded by
unknown tractions. Kachanov [10–12] proposed the interac-
tionmatrix between cracks in the theory. He also replaced the

actual traction by average traction. Based on small parameter
method, Tamuzs et al. [13, 14] investigated the interaction
of a macrocrack with a cluster of cracks; Petrova et al. [15–
17] effectively applied it in thermal fracture of a function-
ally graded/homogeneous bimaterials with series of cracks.
Hoagland [18] and Ismail [19] studied the process of the
nucleation and interaction of microcracks near a macrocrack
tip by using the complex potential method and the theory
of dislocation. Yan Xiangqiao [20, 21] presented a numerical
approach for the interaction problem of macrocrack with
microcrack in an infinite elastic plane. Based on the principle
of superposition and a flattening method, Xia Xiaozhou et
al. [22] analyzed the interaction between cracks and effect of
microcrack zone onmain crack tip. Rafiee [23] and Seelig [24]
investigated the interaction between cracks and branching of
fast running cracks.

However, microcracks are mainly arrays in parallel and
collinear in previous studies. In fact, the formation of micro-
cracks is random, and randomly distributed microcracks in
front of a macrocrack tip are usually used to model the
material damage in somematerials such as metals [25–27]. In
this paper, three kinds of damage configurations as chained,
reverse-chained, and randomly distributed microcracks have
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beendesigned to simulate the damage around themacrocrack
tip.

The outline of this paper is as follows. In Section 2, a high
efficient method based onMuskhelishvili’s complex potential
method is presented to study the interaction between a finite
macrocrack and a cluster of microcracks and the interaction
among microcracks. A step-by-step subproblem procedure
is used to satisfy the boundary conditions on each crack
surface. The solution of an infinite plane that contains a
macrocrack and arbitrary located and orientedmicrocracks is
presented. In Section 3, numerical examples are employed to
illustrate the accuracy of the proposed method.The influence
of three kinds of arrangements of microcracks on SIF in the
macrocrack tip is analyzed. In Section 4, some conclusions
are drawn.

2. Formulation

2.1. Problem Description and Solution Scheme. The problem
in terms of an infinite elastic plane containing a macrocrack
and randomly distributed microcracks under remote uni-
form traction T is considered, as shown in Figure 1. In order
to a convenient statement, the microcrack from 1 to 𝑘(𝑘 =2, . . . , 𝑗, . . . , 𝑛) is called microcrack 1 tomicrocrack k in order.
In Figure 1, oxy is the global coordinate systemwith the origin
at the center of the macrocrack. 𝑜𝑘𝑥𝑘𝑦𝑘(𝑘 = 1, . . . , 𝑗, . . . , 𝑛) is
the local coordinate system with the origin at the center of
microcrack k.

The problem in Figure 1 can be replaced by a series
of subproblems, as shown in Figure 2. Each subproblem is
independent.

With reference to Figure 2, 𝑑𝑘(𝑘 = 1, . . . , 𝑗, . . . , 𝑛) is
the distance between the macrocrack tip and the center
of microcrack k; 𝛽𝑘 is the inclination angle to the x-axis
of microcrack k; 𝜃𝑘 is the direction with respect to the
macrocrack tip. In addition, a is the half-length of the
macrocrack, and 𝑎𝑘 is the half-length of microcrack k.

The subproblems are as follows: In subproblem (i), an
infinite plane containing a finite macrocrack, without the
microcrack, subjected to uniaxial tension, refer to Figure 2(a).
In subproblem (ii), an infinite plane containing an arbitrarily
oriented microcrack, without the macrocrack, subjected to
the tractions obtained in subproblem (i) but opposite in sign.
There are n microcracks corresponding to n subproblems
in subproblem (ii), refer to Figure 2(b). In subproblem (iii),
an infinite plane containing a finite macrocrack, without the
microcrack, subjected to the tractions obtained in subprob-
lem (ii) but opposite in sign, refer to Figure 2(c). Subproblem
(iv) and subproblem (v) may be obtained through a similar
process of subproblem (ii) and subproblem (iii) and so on.

It should be noted that the original problem is under
remote uniform traction T, as shown in Figure 1. The stress
boundary condition on each crack surface is traction free.
The stress boundary condition is satisfied by the step-by-step
subproblems. For example, the stresses along the line which
is the location of microcrack j in subproblem (i) are obtained.
Then the opposite stresses are applied to the crack surface of
microcrack j in subproblem (ii). At this time, the stresses on
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Figure 1: An infinite plane containing a macrocrack and multiple
microcracks under mode I load.

the crack surface of microcrack j are zero. But the stresses on
the crack surface of microcrack j are not zero because of the
affection of other microcracks in subproblem (ii). And the
nonzero value of stress on the crack surface of microcrack j
is a small order of magnitude. The nonzero value of stress on
the crack surface of microcrack j is added to the stress from
subproblem (iii), and then the resultant stress (opposite in
sign) is applied to the microcrack j in subproblem (iv), and
so on. In the end, the stress boundary condition of traction
free on each crack surface is satisfied.

2.2. Mathematical Formulation of Subproblems. For plane
elasticity, the stress fields of a single crack in the center of
an infinite plane can be expressed in terms of two complex
potentials Φ(𝑧) and Ψ(𝑧) as [28]

𝜎𝑥𝑥 + 𝜎𝑦𝑦 = 2 {Φ (𝑧) + Φ (𝑧)}
𝜎𝑥𝑥 − 𝜎𝑦𝑦 + 2𝑖𝜏𝑥𝑦 = 2 {𝑧Φ (𝑧) + Ψ (𝑧)} (1)

where z = 𝑥 + 𝑖𝑦; 𝜎𝑥𝑥 denotes the normal stress in the
horizontal direction; 𝜎𝑦𝑦 denotes the normal stress in the
vertical direction; 𝜏𝑥𝑦 denotes the shear stress; 𝜅 = 3 − 4]
for plane strain, 𝜅 = (3 − ])/(1 + ]) for plane stress; 𝜇 is shear
modulus of the material; ] is Poisson’s ratio; () and () are the
first derivative and the second derivative of z, respectively.

2.2.1. Subproblem (i): �e Macrocrack. In subproblem (i), the
corresponding stress functions may be given by [28]

Φ (𝑧) = 𝑇4 (2√𝑧2 − 𝑎2 − 𝑧)
Ψ (𝑧) = 𝑇2 (𝑧 − 𝑎2√𝑧2 − 𝑎2)

(2)
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(c) Subproblem (iii)

Figure 2: The transformation of the original problem into a series of subproblems.

where T is the applied loading as shown in Figure 1.
Substituting (2) into (1), the well-known stress fields near the
macrocrack tip may be obtained

𝜎𝑥𝑥 = 𝑇Re( 𝑧√𝑧2 − 𝑎2 − 𝑖𝑎2𝑦√(𝑧2 − 𝑎2)3 − 1)
𝜎𝑦𝑦 = 𝑇Re( 𝑧√𝑧2 − 𝑎2 + 𝑖𝑎2𝑦√(𝑧2 − 𝑎2)3)
𝜏𝑥𝑦 = 𝑇 Im( 𝑖𝑎2𝑦√(𝑧2 − 𝑎2)3)

(3)

For the nonexistent microcrack k, substituting the posi-
tion parameters 𝑑𝑘, 𝜃𝑘, 𝛽𝑘, and 𝑎𝑘 of the microcrack into (3),
the stresses 𝜎(𝑖)

𝑥𝑥(𝑘)
, 𝜎(𝑖)
𝑦𝑦(𝑘)

, and 𝜏(𝑖)
𝑥𝑦(𝑘)

along the position of the
microcrack in the global coordinate system 𝑜𝑥𝑦 are obtained,

the superscript (i) on the stress 𝜎 and 𝜏 denotes the results in
subproblem (i), and the subscript (k) denotes microcrack k.

By coordinate transformation, the normal and tangential
stresses along the position of microcrack k in the local
coordinate system 𝑜𝑘𝑥𝑘𝑦𝑘 may be obtained by

𝜎𝑀𝐼(𝑖)𝑁(𝑘) = 𝜎(𝑖)
𝑥𝑥(𝑘)

+ 𝜎(𝑖)
𝑦𝑦(𝑘)2 + 𝜎(𝑖)

𝑥𝑥(𝑘)
− 𝜎(𝑖)
𝑦𝑦(𝑘)2 cos 2𝛽𝑘

− 𝜏(𝑖)𝑥𝑦(𝑘) sin 2𝛽𝑘
𝜏𝑀𝐼(𝑖)𝑇(𝑘) = 𝜎(𝑖)

𝑥𝑥(𝑘)
− 𝜎(𝑖)
𝑦𝑦(𝑘)2 sin 2𝛽𝑘 + 𝜏(𝑖)𝑥𝑦(𝑘) cos 2𝛽𝑘

(𝑘 = 1, . . . , 𝑗, . . . , 𝑛)
(4)

where the subscripts N and T denote the normal and
tangential direction of the crack surface, respectively.

2.2.2. Subproblem (ii): �e Microcracks. In subproblem (ii),
the crack surface is subjected to a nonuniform distributed
load that is equal in magnitude and opposite in sign to the
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Figure 3: A crack subjected to concentrated forces. (a) 𝑧 − plane; (b) 𝜁 − plane.

stresses obtained in subproblem (i). To solve subproblem (ii),
it is necessary to introduce the problem shown in Figure 3.
In the coordinate system 𝑜𝑗𝑥𝑗𝑦𝑗, a pair of concentrated forces𝐹 = 𝑃 + 𝑖𝑄 acts at a point 𝑧𝐹 = 𝑥𝐹 + 𝑖𝑦𝐹 of the crack surface
in an infinite elastic plane, where P is in the normal direction
and Q is in the tangential direction.

Then, introduce the mapping functions (see (5)), where 𝜁
is the inverse function of z, 𝜁 = 𝜉 + 𝑖𝜂 is another complex
variable, 𝑚 = 1, 𝑅 = 𝑎/2, and a is the half-length of the
crack. The crack surface in the 𝑧 − plane is transformed into
a unit circle in the transformed 𝜁−plane, and 𝑧 = ∞ is
corresponding to 𝜁 = ∞.

𝑧 = 𝜔 (𝜁) = 𝑅(𝜁 + 𝑚𝜁 )
𝜁 = 𝜔−1 (𝑧) = 1𝑎 (𝑧 ± √𝑧2 − 𝑎2) (5)

Therefore, the stress functions of the concentrated forces
applied to the upper and lower boundary of the crack will
have the following forms [28]:

Φ (𝜁) = 𝐹2𝜋𝑖 {− 𝜁0𝜁 (𝜁20 − 1) − 𝜅𝜅 + 1 ln 𝜁 − ln (𝜁0 − 𝜁)
+ 𝜁20 [(𝑎/2) (𝜁 + 1/𝜁) − 𝑧1](𝑎/2) (𝜁0 − 𝜁) (𝜁20 − 1) } 𝑖 (𝜁20 − 1)𝜁0 𝜁0 − 𝜁0

Ψ (𝜁) = 𝐹2𝜋𝑖 {− 2𝜁𝜁0(𝜁2 − 1) (𝜁20 − 1) + ln 𝜁𝜅 + 1
+ 2(𝜅 + 1) (𝜁2 − 1) − 𝜁20 (𝜁2 + 1)(𝜁2 − 1) (𝜁20 − 1) − ln (𝜁0 − 𝜁)
− 𝑧1𝜁20(𝑎/2) (𝜁0 − 𝜁) (𝜁20 − 1)} 𝑖 (𝜁20 − 1)𝜁0 𝜁0 − 𝜁0

(6)

With (5), the point 𝜁0 in 𝜁 − planeis transformed to the point𝑧𝐹 = (𝑎/2)(𝜁0 + 1/𝜁0) in the 𝑧−plane, and the basic equation
(6) may be rewritten in terms of the transformed Φ(𝑧) andΨ(𝑧).

Thus, in subproblem (ii), when a pair of concentrated
forces 𝐹 is applied at the edge of the microcrack j in the
coordinate system 𝑜𝑗𝑥𝑗𝑦𝑗, where

𝐹 = 𝑃 + 𝑖𝑄 = [−𝜎𝑀𝐼(𝑖)𝑁(𝑗) 𝑑𝑥𝐹] + 𝑖 [−𝜏𝑀𝐼(𝑖)𝑇(𝑗) 𝑑𝑥𝐹] (7)

P and Q are equal in magnitude and opposite in sign to the
nonuniform stresses𝜎𝑀𝐼(𝑖)

𝑁(𝑗)
and 𝜏𝑀𝐼(𝑖)
𝑇(𝑗)

obtained in subproblem
(i) along the line which is the presumed location of the
microcrack j.

The stresses (𝜎𝑀𝐴(𝑖𝑖)𝑥𝑥𝐹 , 𝜎𝑀𝐴(𝑖𝑖)𝑦𝑦𝐹 , 𝜏𝑀𝐴(𝑖𝑖)𝑥𝑦𝐹 , 𝜎𝑀𝐼(𝑖𝑖)𝑥𝑥𝐹 , 𝜎𝑀𝐼(𝑖𝑖)𝑦𝑦𝐹 ,
and 𝜏𝑀𝐼(𝑖𝑖)𝑥𝑦𝐹 ) along the position of the macrocrack and the
microcrack 𝑘(𝑘 = 1, 2, . . . , 𝑛, 𝑘 ̸= 𝑗) can be calculated on the
basis of (1), (5), (6), and (7).The superscript (ii) on the stress 𝜎
and 𝜏 denotes the results in subproblem (ii), and the subscript
F denotes the results under concentrated forces F.

Then, when the nonuniform stresses act on the crack
surface of themicrocrack j in an infinite plane, the stress fields
of the macrocrack andmicrocrack 𝑘𝑗(𝑘𝑗 = 1, . . . , 𝑛, 𝑘𝑗 ̸= 𝑗) in
the local coordinate system 𝑜𝑗𝑥𝑗𝑦𝑗 are obtained by

𝜎𝑀𝐴(𝑖𝑖)𝑥𝑥(𝑗) , 𝜎𝑀𝐴(𝑖𝑖)𝑦𝑦(𝑗) , 𝜏𝑀𝐴(𝑖𝑖)𝑥𝑦(𝑗)

= ∫𝑎𝑘
−𝑎𝑘

(𝜎𝑀𝐴(𝑖𝑖)𝑥𝑥𝐹 , 𝜎𝑀𝐴(𝑖𝑖)𝑦𝑦𝐹 , 𝜏𝑀𝐴(𝑖𝑖)𝑥𝑦𝐹 ) 𝑑𝑥𝐹
𝜎𝑀𝐼(𝑖𝑖)𝑥𝑥(𝑘𝑗), 𝜎𝑀𝐼(𝑖𝑖)𝑦𝑦(𝑘𝑗) , 𝜏𝑀𝐼(𝑖𝑖)𝑥𝑦(𝑘𝑗)

= ∫𝑎𝑘
−𝑎𝑘

(𝜎𝑀𝐼(𝑖𝑖)𝑥𝑥𝐹 , 𝜎𝑀𝐼(𝑖𝑖)𝑦𝑦𝐹 , 𝜏𝑀𝐼(𝑖𝑖)𝑥𝑦𝐹 ) 𝑑𝑥𝐹
(𝑘𝑗 = 1, . . . , 𝑛, 𝑘𝑗 ̸= 𝑗)

𝜎𝑀𝐼(𝑖𝑖)𝑥𝑥(𝑘𝑗), 𝜎𝑀𝐼(𝑖𝑖)𝑦𝑦(𝑘𝑗) , 𝜏𝑀𝐼(𝑖𝑖)𝑥𝑦(𝑘𝑗) = 0 (𝑘𝑗 = 𝑗)

(8)

For the macrocrack, the subscript (j) denotes the effect
of microcrack j on the macrocrack. For the microcrack, the
subscript (kj) denotes the effect ofmicrocrack j onmicrocrack
k. At this time, the stress on the crack surface of microcrack
j is zero because of the superposition of subproblem (i) and
subproblem (ii).

Finally, transform the local coordinate system 𝑜𝑗𝑥𝑗𝑦𝑗 to
the coordinate system of macrocrack oxy and microcrack𝑜𝑘𝑗𝑥𝑘𝑗𝑦𝑘𝑗(𝑘𝑗 = 1, . . . , 𝑛), the solution (𝜎𝑀𝐴(𝑖𝑖)𝑁(𝑗) , 𝜏𝑀𝐴(𝑖𝑖)𝑇(𝑗) , 𝜎𝑀𝐼(𝑖𝑖)𝑁(𝑘𝑗) ,
and 𝜏𝑀𝐼(𝑖𝑖)

𝑇(𝑘𝑗)
) may be obtained for a nonuniform distributed
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load acting on the crack surface of microcrack j in an infinite
elastic plane. In the same way, we may use the formulas to
derive the rest solutions in subproblem (ii).

There are nmicrocracks corresponding to n subproblems
in subproblem (ii), the whole traction components of the
macrocrack and microcracks are given by

𝜎𝑀𝐴(𝑖𝑖)𝑁 = 𝑛∑
𝑗=1

𝜎𝑀𝐴(𝑖𝑖)𝑁(𝑗)

𝜏𝑀𝐴(𝑖𝑖)𝑇 = 𝑛∑
𝑗=1

𝜏𝑀𝐴(𝑖𝑖)𝑇(𝑗)

(9)

𝜎𝑀𝐼(𝑖𝑖)𝑁(𝑘) = 𝑛∑
𝑘𝑗=1

𝜎𝑀𝐼(𝑖𝑖)𝑁(𝑘𝑗)
𝜏𝑀𝐼(𝑖𝑖)𝑇(𝑘) = 𝑛∑

𝑘𝑗=1

𝜏𝑀𝐼(𝑖𝑖)𝑇(𝑘𝑗)

(𝑘 = 1, . . . , 𝑛)
(10)

It is shown from (10) that the stress on the crack surface
of each microcrack is not zero because of the affection of
other microcracks in subproblem (ii). But the nonzero value
of stress on the crack surface of each microcrack is a small
order of magnitude compared with the stresses 𝜎𝑀𝐼(𝑖)

𝑁(𝑗)
and𝜏𝑀𝐼(𝑖)

𝑇(𝑗)
obtained in subproblem (i).

2.2.3. Subproblem (iii): �e Macrocrack. It is needed to study
the problem of an infinite plane containing a macrocrack and
without the microcracks. The crack surface is subjected to
a nonuniform distributed load that is equal in magnitude
and opposite in sign to the stresses in (9). It is used to
solve the problem that the same method as described in
subproblem (ii).When the concentrated forces F acting at the
upper and lower surface of the macrocrack, the stress fields𝜎𝑀𝐼(𝑖𝑖𝑖)𝑥𝑥𝐹 , 𝜎𝑀𝐼(𝑖𝑖𝑖)𝑦𝑦𝐹 , and 𝜏𝑀𝐼(𝑖𝑖𝑖)𝑥𝑦𝐹 of the nonexist microcrack can be
obtained; the expression of F is

𝐹 = 𝑃 + 𝑖𝑄 = [−𝜎𝑀𝐴(𝑖𝑖)𝑁 𝑑𝑥𝐹] + 𝑖 [−𝜏𝑀𝐴(𝑖𝑖)𝑇 𝑑𝑥𝐹] (11)

The stress components along the position of the microc-
rack are

𝜎𝑀𝐼(𝑖𝑖𝑖)𝑥𝑥(𝑘) , 𝜎𝑀𝐼(𝑖𝑖𝑖)𝑦𝑦(𝑘) , 𝜏𝑀𝐼(𝑖𝑖𝑖)𝑥𝑦(𝑘)

= ∫𝑎
−𝑎

(𝜎𝑀𝐼(𝑖𝑖𝑖)𝑥𝑥𝐹 , 𝜎𝑀𝐼(𝑖𝑖𝑖)𝑦𝑦𝐹 , 𝜏𝑀𝐼(𝑖𝑖𝑖)𝑥𝑦𝐹 ) 𝑑𝑥𝐹
(𝑘 = 1, . . . , 𝑛)

(12)

Finally, the normal and shear stresses 𝜎𝑀𝐼(𝑖𝑖𝑖)𝑁(𝑘) and 𝜏𝑀𝐼(𝑖𝑖𝑖)𝑇(𝑘)

in the coordinate system 𝑜𝑘𝑥𝑘𝑦𝑘 are obtained by the coor-
dinate transformation from oxy to 𝑜𝑘𝑥𝑘𝑦𝑘(𝑘 = 1, . . . , 𝑛). In

the end, the results 𝜎𝑀𝐼(𝑖𝑖𝑖)
𝑁(𝑘)

and 𝜏𝑀𝐼(𝑖𝑖𝑖)
𝑇(𝑘)

may be obtained for
microcracks in subproblem (iii).

2.2.4. Subproblem (iv): �e Microcracks. 𝜎𝑀𝐼(𝑖𝑖𝑖)
𝑁(𝑘)

and 𝜏𝑀𝐼(𝑖𝑖𝑖)
𝑇(𝑘)

are added with (10) to obtain the load on microcrack surface
as −(𝜎𝑀𝐼(𝑖𝑖)

𝑁(𝑘)
+ 𝜎𝑀𝐼(𝑖𝑖𝑖)
𝑁(𝑘)

) and −(𝜏𝑀𝐼(𝑖𝑖)
𝑇(𝑘)

+ 𝜏𝑀𝐼(𝑖𝑖𝑖)
𝑇(𝑘)

) in subproblem
(iv). The results 𝜎𝑀𝐴(𝑖V)𝑁 , 𝜏𝑀𝐴(𝑖V)𝑇 , 𝜎𝑀𝐼(𝑖V)𝑁(𝑘) , and 𝜏𝑀𝐼(𝑖V)𝑇(𝑘) (𝑘 =1, . . . , 𝑛) may be obtained. The results are similar to (9) and
(10).

In the following section, the numerical results for the
interaction effect between the macrocrack and an array of
microcracks and the interaction effect among microcracks
have been presented.

By the aforementioned method, the interactions between
the cracks are reflected in every subproblem, for example, in
subproblem (i), the macrocrack effect on the microcrack; in
subproblem (ii), the microcrack effect on themacrocrack and
the interaction effect among the microcracks; in subproblem
(iii), the macrocrack effect on the microcrack once again.
Besides, the more the decomposition of the subproblems is,
the higher the calculation accuracy can be obtained.

2.3. �e Solution of K𝐼 and K𝐼𝐼. As mentioned above, the
traction-free boundary condition on the crack surface is
satisfied by a step-by-step subproblem procedure.The results
of each subproblem satisfy the fundamental equations of
linear elastic mechanics independently.

In subproblem (i), the load on the macrocrack surface
being 𝜎𝑀𝐴(𝑖)𝑁 = −𝑇 and 𝜏𝑀𝐴(𝑖)𝑇 = 0, and the SIFs at the tip
of the macrocrack are

𝐾𝑀𝐴(𝑖)𝐼 = ∫𝑎
−𝑎

−𝑇√𝜋𝑎 (𝑎 + 𝑥𝑎 − 𝑥)1/2 𝑑𝑥 = 𝑇√𝜋𝑎
𝐾𝑀𝐴(𝑖)𝐼𝐼 = 0 (13)

In the step-by-step procedure, the loads applied on the
macrocrack surface are 𝜎𝑀𝐴(𝑖)𝑁 = −𝑇 and 𝜏𝑀𝐴(𝑖)𝑇 = 0 in
subproblem (i),𝜎𝑀𝐴(𝑖𝑖)𝑁 and 𝜏𝑀𝐴(𝑖𝑖)𝑇 in subproblem (iii),𝜎𝑀𝐴(𝑖V)𝑁

and 𝜏𝑀𝐴(𝑖V)𝑇 in subproblem (v), etc. The SIFs at the tip of the
macrocrack may be written as

𝐾𝑀𝐴𝐼 = 𝑇√𝜋𝑎
+ ∫𝑎
−𝑎

− [𝜎𝑀𝐴(𝑖𝑖)𝑁 + 𝜎𝑀𝐴(𝑖V)𝑁 + 𝜎𝑀𝐴(V𝑖)𝑁 + . . .]√𝜋𝑎 (𝑎 + 𝑥𝑎 − 𝑥)1/2 𝑑𝑥
𝐾𝑀𝐴𝐼𝐼

= ∫𝑎
−𝑎

− [𝜏𝑀𝐴(𝑖𝑖)𝑇 + 𝜏𝑀𝐴(𝑖V)𝑇 + 𝜏𝑀𝐴(V𝑖)𝑇 + . . .]√𝜋𝑎 (𝑎 + 𝑥𝑎 − 𝑥)1/2 𝑑𝑥
(14)

The loads applied on each microcrack surface are −𝜎𝑀𝐼(𝑖)
𝑁(𝑘)

and −𝜏𝑀𝐼(𝑖)
𝑇(𝑘)

in subproblem (ii), −(𝜎𝑀𝐼(𝑖𝑖)
𝑁(𝑘)

+ 𝜎𝑀𝐼(𝑖𝑖𝑖)
𝑁(𝑘)

) and−(𝜏𝑀𝐼(𝑖𝑖)
𝑇(𝑘)

+𝜏𝑀𝐼(𝑖𝑖𝑖)
𝑇(𝑘)

) in subproblem (iv), −(𝜎𝑀𝐼(𝑖V)
𝑁(𝑘)

+𝜎𝑀𝐼(V)
𝑁(𝑘)

) and−(𝜏𝑀𝐼(𝑖V)
𝑇(𝑘)

+ 𝜏𝑀𝐼(V)
𝑇(𝑘)

) in subproblem (vi), etc. The SIFs at the tip
of the microcrack may be written as
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Figure 4: (a) Two collinear cracks under tensile load; (b) 𝐾𝐵/𝑇√𝜋a versus 𝑑/𝑎1 for 𝑎/𝑎1 = 1 under tensile load.

𝐾𝑀𝐼𝐼(𝑘) = ∫𝑎𝑘
−𝑎𝑘

− [𝜎𝑀𝐼(𝑖)
𝑁(𝑘)

+ 𝜎𝑀𝐼(𝑖𝑖)
𝑁(𝑘)

+ 𝜎𝑀𝐼(𝑖𝑖𝑖)
𝑁(𝑘)

+ 𝜎𝑀𝐼(𝑖V)
𝑁(𝑘)

+ . . .]√𝜋𝑎𝑘 (𝑎𝑘 + 𝑥𝑘𝑎𝑘 − 𝑥𝑘)
1/2 𝑑𝑥𝑘

𝐾𝑀𝐼𝐼𝐼(𝑘) = ∫𝑎𝑘
−𝑎𝑘

− [𝜏𝑀𝐼(𝑖)
𝑇(𝑘)

+ 𝜏𝑀𝐼(𝑖𝑖)
𝑇(𝑘)

+ 𝜏𝑀𝐼(𝑖𝑖𝑖)
𝑇(𝑘)

+ 𝜏𝑀𝐼(𝑖V)
𝑇(𝑘)

+ ..]√𝜋𝑎𝑘 (𝑎𝑘 + 𝑥𝑘𝑎𝑘 − 𝑥𝑘)
1/2 𝑑𝑥𝑘

(𝑘 = 1, . . . , 𝑛)
(15)

3. Results and Discussion

In order to understand the macrocrack propagating and
the microcracks getting together, it is designed to simulate
the damage at the macrocrack tip that three distributions
of microcracks as chained arranged microcracks, reverse-
chained arrangedmicrocracks and randomly oriented micro-
cracks. At the first, the correctness of the step-by-step
procedure should be verified.

3.1. Computational Accuracy Verification. An infinite plane
containing two collinear cracks with the same length under
mode I load is considered in Figure 4(a), where 𝑎/𝑎1 = 1.
Crack ABmay be considered as the macrocrack in Section 2.
The variation of normalized SIF 𝐾𝐵/𝑇√𝜋a at crack tip B
versus distance 𝑑/𝑎1 is depicted in Figure 4(b). The results
obtained by the proposed theoretical method are in good
agreement with the corresponding theoretical results [29, 30]
and FEM results. The finite element model is established by
ANSYS 12.0. It is observed that the normalized SIF at the
crack tip B increase with the decrease of the distance between
cracks.

3.2. Interaction between a Macrocrack and a Cluster of
Chained Arranged Microcracks. It is considered that an
infinite plane containing a macrocrack of length 2𝑎 and a
cluster of chained arranged microcracks of length 2𝑎𝑘(𝑘 =1, 2, . . . , 14) as shown in Figure 5. The uniform tensile load
T is applied at infinity perpendicular to the macrocrack.
The length of each microcrack is taken as 𝑎𝑘 = 0.1𝑎.
The fourteen microcracks are symmetrical about the x-axis.
Some configurations of microcrack 1 to microcrack 7 (as in
Figure 2) are given in Tables 1–3.

The nondimensional parameters for the macrocrack and
each microcrack are taken as𝐾𝑀𝐴 = 𝑇√𝜋𝑎

𝐾𝑀𝐼 = 𝑇√𝜋𝑎𝑘 (𝑘 = 1, . . . , 𝑛) (16)

In Figure 6, (+1) and (-1) represent the right and left crack
tips respectively, where 𝑑1 may be considered as the distance
parameter between themacrocrack and eachmicrocrack, and𝛽1 may be considered as the inclination parameter of the
cluster of microcracks from the presupposed relation of each
crack angle in Table 3.
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Figure 5: An infinite plane with a macrocrack and fourteen
microcracks.

Due to the influence ofmicrocracks, all values of𝐾𝐼/𝐾𝑀𝐴
at the macrocrack tip are greater than 1, all values of𝐾𝐼𝐼/𝐾𝑀𝐴
at the macrocrack tip are not equal to zero. In Figure 6(a),
when 𝛽1 is lower than 20 degrees, the strong amplification
effects (which means the normalized SIF is larger than 1,
the interaction effect between cracks enlarges the SIF at
the crack tip) are observed at the macrocrack tip. The SIF
decreases with the increase of inclination parameter 𝛽1 and
distance parameter 𝑑1. On the contrary, shielding effect
means the normalized SIF is less than 1, and the interaction
effect between cracks decreases the SIF at the crack tip. In
Figure 6(b), the normalized 𝐾𝐼𝐼/𝐾𝑀𝐴 is small relative to the
normalized 𝐾𝐼/𝐾𝑀𝐴 and its influence is very small.

Due to the symmetry, only the normalized SIF over the x-
axis is shown in Figure 7, where 𝑑1 = 2. In Figure 7(a), when𝛽𝑘 is between -30 and 20 degrees, the value of SIF is near or
over 1, that means the microcracks act an amplification effect
each other, and this is due to the interaction effect among
microcracks.When𝛽𝑘 ismore than 20 degrees, a change from
the amplification to the shielding occurs.

The results in Figure 7(b) show the SIF begins to decline
from the peakwhen𝛽𝑘 ismore than 20 degrees.Moreover, the
normalized 𝐾𝐼/𝐾𝑀𝐼 and 𝐾𝐼𝐼/𝐾𝑀𝐼 of the microcracks have
the same order of magnitude; it means that the microcracks
are mixed type crack of mode I and mode II.

3.3. Interaction between aMacrocrack and aCluster of Reverse-
Chained Arranged Microcracks. An infinite plane containing
a macrocrack of length 2𝑎 and a cluster of reverse-chained
arranged microcracks of length 2𝑎𝑘(𝑘 = 1, 2, . . . , 14) is
considered in Figure 8. The tensile stress T is applied at
infinity perpendicular to the macrocrack. The length of each
microcrack is taken as 𝑎𝑘 = 0.1𝑎. Some configurations of
microcracks (as in Figure 2) are given in Tables 4–6.

The results in Figure 9 show that the effect of distance on
SIF at the macrocrack tip has a similar behavior to Figure 6; it
will be gettingweaker as the distance betweenmicrocrack and
macrocrack increases. However, the value of SIF is larger than
that in Figure 6, due to the more concentrated microcracks in
front of the macrocrack tip.

The normalized SIF at the microcrack tip over the x-axis
is shown in Figure 10, where 𝑑1 = 2. The greater the number
of microcracks at the macrocrack tip, the bigger the value of
normalized 𝐾𝐼/𝐾𝑀𝐼. The microcracks are mixed type crack
of mode I and mode II because of the normalized 𝐾𝐼/𝐾𝑀𝐼
and 𝐾𝐼𝐼/𝐾𝑀𝐼 of the microcracks being the same order of
magnitude.

Table 1: The direction angle 𝜃𝑘(𝑘 = 1, . . . , 7) of each microcrack.

𝜃1(∘) 𝜃2(∘) 𝜃3(∘) 𝜃4(∘) 𝜃5(∘) 𝜃6(∘) 𝜃7(∘)
20 25 15 20 15 10 5

Table 2: The distance 𝑑𝑘(𝑘 = 1, . . . , 7) between the macrocrack and
each microcrack.𝑑1 𝑑2,3 𝑑4,5,6,7𝑑1 𝑑1 + 3 𝑑1 + 6
2 5 8
3 6 9
4 7 10
5 8 11

Table 3: The inclination angle 𝛽𝑘(𝑘 = 1, . . . , 7) of each microcrack.

𝛽1(∘) 𝛽2(∘) 𝛽3(∘) 𝛽4(∘) 𝛽5(∘) 𝛽6(∘) 𝛽7(∘)𝛽1 𝛽1/2 −𝛽1/2 𝛽1/4 −𝛽1/4 𝛽1/4 −𝛽1/4
10 5 -5 2.5 -2.5 2.5 -2.5
20 10 -10 5 -5 5 -5
30 15 -15 7.5 -7.5 7.5 -7.5
40 20 -20 10 -10 10 -10
50 25 -25 12.5 -12.5 12.5 -12.5

Table 4: The direction angle 𝜃𝑘(𝑘 = 1, . . . , 7) of each microcrack.

𝜃1(∘) 𝜃2(∘) 𝜃3(∘) 𝜃4(∘) 𝜃5(∘) 𝜃6(∘) 𝜃7(∘)
40 30 20 10 15 10 5

Table 5: The distance 𝑑𝑘(𝑘 = 1, . . . , 7) between the macrocrack and
each microcrack.𝑑1,2,3,4 𝑑5,6 𝑑7𝑑1,2,3,4 𝑑1,2,3,4 + 3 𝑑1,2,3,4 + 6
2 5 8
3 6 9
4 7 10
5 8 11

Table 6: The inclination angle 𝛽𝑘(𝑘 = 1, . . . , 7) of each microcrack.

𝛽1(∘) 𝛽2(∘) 𝛽3(∘) 𝛽4(∘) 𝛽5(∘) 𝛽6(∘) 𝛽7(∘)𝛽1 −𝛽1 𝛽1 −𝛽1 2𝛽1 −2𝛽1 4𝛽1
2.5 -2.5 2.5 -2.5 5 -5 10
5 -5 5 -5 10 -10 20
7.5 -7.5 7.5 -7.5 15 -15 30
10 -10 10 -10 20 -20 40
12.5 -12.5 12.5 -12.5 25 -25 50

3.4. Interaction between a Macrocrack and a Cluster of
Randomly Distributed Microcracks. In this section, consider
an infinite elastic plane containing a macrocrack and nine
randomly distributed microcracks, subjected to uniform
tensile load in direction y. Each microcrack is assigned a
random orientation and a prospective microcrack site. Fig-
ure 11 shows the randomly distributed microcracks in front
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Figure 6: Normalized SIF at the right macrocrack tip versus inclination parameter 𝛽1 for different distance parameter of 𝑑1 between the
cluster of microcracks and the macrocrack as in Tables 2-3. (a) 𝐾𝐼/𝐾𝑀𝐴; (b) 𝐾𝐼𝐼/𝐾𝑀𝐴.

−50 −40 −30 −20 −10 0 10 20 30 40 50

0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

1
2
3
4

5
6
7

(-1)

＋
）/＋

－
）

Ｅ(∘)

(a)

1
2
3
4

5
6
7

(-1)

−50 −40 −30 −20 −10 0 10 20 30 40 50

−0.6

−0.4

−0.2

0.0

0.2

0.4

0.6

0.8

Ｅ(∘)

＋
））

/＋
－

）

(b)

Figure 7: Normalized SIF at the left tip of each microcrack versus the inclination angle 𝛽𝑘 of each microcrack, and 1 to 7 represent the
microcracks in Figure 5. (a) 𝐾𝐼/𝐾𝑀𝐼; (b)𝐾𝐼𝐼/𝐾𝑀𝐼.
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Figure 8: An infinite plane with a macrocrack and fourteen
microcracks.

of the macrocrack tip. Some configurations of microcracks
(as in Figure 2) are given in Tables 7–9. The length of each
microcrack is taken as 𝑎𝑘 = 0.1𝑎(𝑘 = 1, 2, . . . , 14). Four
cases of inclination angles 𝛽𝑘 of microcrack are considered
in Table 9.

With reference to (16), Tables 10 and 11 show the nor-
malized SIF of macrocrack and microcracks; these SIFs are𝐾𝑀𝐴𝐼 = 𝐾𝑀𝐴𝐼 /𝐾𝑀𝐴, 𝐾𝑀𝐴𝐼𝐼 = 𝐾𝑀𝐴𝐼𝐼 /𝐾𝑀𝐴, 𝐾𝑀𝐼𝐼(𝑘) = 𝐾𝑀𝐼𝐼 /𝐾𝑀𝐼,
and 𝐾𝑀𝐼𝐼𝐼(𝑘) = 𝐾𝑀𝐼𝐼𝐼 /𝐾𝑀𝐼.
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Figure 9: Normalized SIF at the right macrocrack tip versus inclination parameter 𝛽1 for different distance parameter of 𝑑1 between the
cluster of microcracks and the macrocrack as in Table 5. (a) 𝐾𝐼/𝐾𝑀𝐴; (b) 𝐾𝐼𝐼/𝐾𝑀𝐴.
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Figure 10: Normalized SIF at the left tip of each microcrack versus the inclination angle 𝛽𝑘 of each microcrack, and 1 to 7 represent the
microcracks in Figure 9. (a)𝐾𝐼/𝐾𝑀𝐼; (b) 𝐾𝐼𝐼/𝐾𝑀𝐼.
Table 7: The direction angle 𝜃𝑘(𝑘 = 1, . . . , 9) of each microcrack.

𝜃1(∘) 𝜃2(∘) 𝜃3(∘) 𝜃4(∘) 𝜃5(∘) 𝜃6(∘) 𝜃7(∘) 𝜃8(∘) 𝜃9(∘)
80 60 10 30 0 -45 -20 -70 -90

The results show the microcracks are mainly mixed type
crack of mode I and mode II. Compared to the two chained
arranged microcracks as discussed above, the macrocrack

Table 8: The distance 𝑑𝑘(𝑘 = 1, . . . , 9) between the macrocrack and
each microcrack.𝑑1 𝑑2 𝑑3 𝑑4 𝑑5 𝑑6 𝑑7 𝑑8 𝑑9
3.5 2.5 4.5 5.5 3.5 2.5 3.5 4.5 5.5

was affected little by randomly distributed microcracks; the
value of the normalized 𝐾𝑀𝐴𝐼 even decreased (shielding,𝐾𝑀𝐴𝐼 < 1). In other words, the concentrated distributed
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Table 9: The inclination angle 𝛽𝑘(𝑘 = 1, . . . , 9) of each microcrack.

case 𝛽1(∘) 𝛽2(∘) 𝛽3(∘) 𝛽4(∘) 𝛽5(∘) 𝛽6(∘) 𝛽7(∘) 𝛽8(∘) 𝛽9(∘)
1 60 0 45 -20 -80 -10 -70 60 30
2 0 70 -60 90 10 -45 -30 -20 80
3 -45 20 0 70 -30 90 -80 10 60
4 90 45 -70 0 20 30 -60 80 -10

Table 10: The mode-I SIF at the right macrocrack tip and left microcrack tips 1 to 9.

case 𝐾𝑀𝐴𝐼 𝐾𝑀𝐼𝐼(1) 𝐾𝑀𝐼𝐼(2) 𝐾𝑀𝐼𝐼(3) 𝐾𝑀𝐼𝐼(4) 𝐾𝑀𝐼𝐼(5) 𝐾𝑀𝐼𝐼(6) 𝐾𝑀𝐼𝐼(7) 𝐾𝑀𝐼𝐼(8) 𝐾𝑀𝐼𝐼(9)
1 0.956 0.06 1.89 0.15 1.29 0.06 1.47 0.03 0 1.77
2 0.995 1.63 0.06 0 0.08 1.52 0.03 0.58 0.64 0
3 0.999 0.11 0.76 1.36 0.08 0.70 0.07 0.08 1.63 0
4 0.971 0.05 0.02 0 1.37 1.23 0.83 0 0 0.79

Table 11: The mode-II SIF at the right macrocrack tip and left microcrack tips 1 to 9.

case 𝐾𝑀𝐴𝐼𝐼 𝐾𝑀𝐼𝐼𝐼(1) 𝐾𝑀𝐼𝐼𝐼(2) 𝐾𝑀𝐼𝐼𝐼(3) 𝐾𝑀𝐼𝐼𝐼(4) 𝐾𝑀𝐼𝐼𝐼(5) 𝐾𝑀𝐼𝐼𝐼(6) 𝐾𝑀𝐼𝐼𝐼(7) 𝐾𝑀𝐼𝐼𝐼(8) 𝐾𝑀𝐼𝐼𝐼(9)
1 0.122 0.11 -0.02 0.51 -0.32 0.006 -0.46 -0.06 0.30 0.43
2 -0.015 0.26 0.06 -0.23 -0.09 0.13 -0.38 -0.71 -0.63 -0.18
3 -0.053 -0.70 0.72 -0.05 0.11 -0.74 -0.08 -0.03 0.38 0.35
4 0.086 -0.16 0.34 -0.06 -0.09 0.56 0.85 -0.16 -0.13 -0.55
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Figure 11: Nine randomly distributed microcracks in front of the
macrocrack tip.

microcracks have greater effect on macrocrack than ran-
domly distributed microcracks.

However, the interaction among microcracks does not
decreased obviously in the four cases. Themicrocrack always
acts an amplification effect(𝐾𝑀𝐼𝐼 > 1) at about 0 < 𝛽𝑘 < 10
degrees; the microcrack acts a shielding effect(𝐾𝑀𝐼𝐼 < 1) at
about 𝛽𝑘 < −20 and 𝛽𝑘 > 30 degrees.

Moreover, itmay be predicted that themicrocrack ismore
likely to be propagated when the inclination angle is between
-10 and 10 degrees when the load increases or is subjected to
fatigue load.

4. Conclusions

In this paper, a high efficient method based on Muskhel-
ishvili’s complex potential method is presented to study the
interaction between a finite macrocrack and a cluster of
microcracks. A step-by-step subproblem procedure is used to
satisfy the stress boundary conditions on each crack surface.
The stress intensity factor (SIF) of the macrocrack and the

microcracks is obtained. With the comparison of these three
kinds of damage configurations around the macrocrack tip,
the interactions between a cluster of microcracks and a
macrocrack and the interaction among microcracks are ana-
lyzed. Some conclusions can be summarized in the following:(1) The chained and reverse-chained arranged microc-
racks increase SIF𝐾𝑀𝐴𝐼 of macrocrack at about −50 < 𝜃 < 50
degrees, while the randomly distributed microcracks have
little effects on the value of SIF 𝐾𝑀𝐴𝐼 of macrocrack. In other
words, the concentrated distributed microcracks have greater
effect onmacrocrack than randomly distributedmicrocracks.(2) The effect of microcracks on SIF 𝐾𝑀𝐴𝐼 at the macro-
crack tip will be getting weaker as the distance between
microcracks and macrocrack increases.(3) For the chained and reverse-chained arranged micro-
cracks, the SIF 𝐾𝑀𝐼𝐼(𝑘) at the microcrack tip may be increased
when the inclination angle of each microcrack is at about−30 < 𝛽𝑘 < 20 degrees. When the inclination angle at about𝛽𝑘 > 20 degrees, the shielding effect appears gradually.(4) For the randomly distributed microcracks, the SIF𝐾𝑀𝐼𝐼(𝑘) at the microcrack tip may be increased when the
inclination angle of each microcrack is at about −20 < 𝛽𝑘 <20 degrees.(5) The microcracks are mixed type crack of mode I and
mode II for the three distributions of microcracks.

As a future work on the subject, some guidelines may be
given as follows.

The proposed theoretical method based on the Muskhe-
lishvili’s complex potential theory is a simple tool to solve
crack problems, even for the complex cases such as a
macrocrack interacting with a cluster of nine microcracks. It
is worth noting that the proposed theoretical method is also
appropriate to obtain the linear fracture mechanics solution
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of the puremode II andmixed mode I/II crack problems, and
the free traction conditions are also satisfied.

The results in the paper can provide some useful infor-
mation to predict the fracture or damage behaviors in the
macrocrack tip for the materials containing microcracks.
What is more, different damage configurations may play an
important role for crack shielding or enhancement. The SIF
of the crack is affected by many factors, such as the number
of microcracks, the distance between macrocrack andmicro-
crack, and the orientation and direction of the microcrack.
Thus, the analysis of different damage configurations at a
macrocrack tip is important to materials design.
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