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The real-time pricing (RTP) scheme is an ideal method to adjust the power balance between supply and demand in smart grid
systems. This scheme has a profound impact on users’ behavior, system operation, and overall grid management in the electricity
industry. In this research, we conduct an extended discussion of a RTP optimization model and give a theoretical analysis of
the existence and uniqueness of the Lagrangian multiplier. A distributed optimization method based on the alternating direction
method of multipliers (ADMM) algorithm with Gaussian back substitution (GBS) is proposed in this study. On the one hand, the
proposed algorithm takes abundant advantage of the separability among variables in the model. On the other hand, the proposed
algorithm can not only speed up the convergence rate to enhance the efficiency of computing, but also overcome the deficiency
of the distributed dual subgradient algorithm, the possibility of nonconvergence in the iteration process. In addition, we give the
theoretical proof of the convergence of the proposed algorithm. Furthermore, the interdependent relationship between variables has
been discussed in depth during numerical simulations in the study. Compared with the dual subgradient method, the simulation
results validate that the proposed algorithm has a higher convergence speed and better implementation effect.

1. Introduction

1.1. Background and Motivation. In 2007, the United States
Congress passed the Energy Independence and Security Act.
It claims that the specific goals for the development of
the nation’s smart grid are to conserve energy and reduce
emission. On the one hand, it promotes the development of
alternative energy sources, such as hydro, biomass, and wind.
The rapid development of renewable energy has brought
about wide applications in the power generation industry. On
the other hand, to bring about reduction in carbon emission,
the use of smart appliances as plug-in vehicles and hot pumps
is encouraged. So far, the capability of supplying electric
power in developed and most of the developing countries
can meet the normal demand load of consumers, except in
the peak load periods. Even if an outage happens a few times
per year in peak load periods, it will potentially cause huge
damage in our economic and social system, along with an

unacceptable cost to recover from this damage. For example,
the well-known “8-14” blackout in USA and Canada brought
about a dramatic economic loss for both countries in 2003.
To mitigate outages, nations must invest huge capital to meet
the peak demand. For example, in the United States, the peak
demand sums up to only 100 hours per year, but it accounts
for 10–20% of the electricity cost in the whole electric power
industry annually. In the National Electricity Market of
Australia, 20–30% of the electricity network capacity or $60
billion is spent on meeting, no more than 90 hours, the peak
demand in a year [1]. This indicates that the most important
cost for electricity is invested by how to meet the peak power
demand. The most effective way to solve this problem is to
cut the peak and fill the valley, which is also the objective that
research on demand side management (DSM) in smart grid
should achieve.

DSM mechanism based on price can effectively motivate
electricity consumers to adjust their inherent mode of using
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electricity and to change their behaviors with the smart grid
system through following varying price signals of electricity
[2]. For example, an individual customer may change his/her
air conditioner temperature or reprogram the charging pro-
cess of his/her electric car or/and battery banks during the
valley hours, while his/her watt hour bill of electricity is
the lowest. These types of changes may help us achieve the
objective of cutting peak load in demand side. Customers are
motivated to participate inDSM through the implementation
of appropriate pricing schemes such as peak load pricing,
time-of-use (TOU) pricing, and real-time pricing (RTP). For
instance, a joint optimization model of generation side and
user side based on TOU pricing in China has been discussed
by Tan et al. [3]. But RTP has been accepted as the most
effective pricing scheme in DSM [4].

The RTP principle was initially proposed by Caramanis et
al. in the 1980s [5]. It has widely been recognized as one of the
promising solutionsmore effective inmaking both customers
and suppliers satisfied during peak reduction. Different
from other existing pricing schemes, by RTP schemes, the
price is determined prior to the deal happening. The RTP
system, through intercommunication between the supply and
demand of electricity, can realize peak shaving.

1.2. Related Work. Aiming at maximizing aggregated welfare
for the users as well as minimizing cost of the providers,
Samadi et al. adopted the pricing scheme and proposed
multiple innovative RTP models [6–8]. These models have
been paid much attention and cited by a lot of researchers
in the past several years. Based on Mohsenian-Rad’s models,
many extended models have been proposed with respect to
different situations. Song and Qu altered the optimization
model ofMohsenian-Rad, through substituting the quadratic
utility function with a logarithmic utility function [9].
Tarasak added a load uncertainty factor into RTPmodels and,
with consideration of three different uncertainties, classified
them into bounded uncertainty model, Gaussian model, and
unknown distribution model [10]. Wang et al. improved the
RTP model through subtracting a power fluctuation factor
in the objective function and then analyzed the system from
both offline and online aspects [11]. Asadi et al. considered
a system with one single supplier and multiple users, which
includes several commercial and residential subscribers [12].

A good smart grid system requests information exchange
between suppliers and consumers at a super high efficient
level. A fundamental challenge remains for researchers in
the field: How can a model be developed to meet the
demand of exchanging information in a smart grid system
and at the same time not sacrifice the private information
of the individual users? In order to meet the challenge,
a distributed dual subgradient algorithm has been widely
applied in mathematic models by researchers [6–12].The dis-
tributed dual subgradient algorithm simulates the dynamic
process between users and energy providers, and at the
end its dynamic process converges to an equilibrium point,
which obtains an optimal solution that gives the best choice
to buyers and sellers in the whole energy business deal.
By exploring the distributed dual subgradient algorithm, a
lot of good results have been achieved in the research of

RTP models. However, the algorithm still presents some
problems that are worth further discussion. For example,
it suffers in its optimizing process with slow convergence,
high sensitivity to the step size, or/and even nonconvergence
sometimes [1]. To overcome the deficiencies in the subgra-
dient algorithm, Asadi et al. employed the particle swarm
optimization algorithm in their RTP model [12]. Zhang
et al. proposed a fast-distributed dual gradient algorithm
[1]. Furthermore, a lot of research exploited the alternating
direction method of multipliers (ADMM) algorithm and
declared that this algorithm can not only guarantee the
distributed advantage of the dual subgradient algorithm, but
also avoid the shortcomings of slow convergence or even
nonconvergence [13–17]. Tsai et al. proposed a randomized
ADMM approach to achieve real-time power balance in a
neighborhood with a large number of load customers [13].
Tan et al. discussed three distributed ADMM algorithms
for solving the dynamic DC optimal power flow problem
with demand response [14]. A short-term control strategy for
active power distribution systems was proposed to regulate
voltages into statutory ranges [15]. Wang et al. proposed a
consensus-based ADMM method for solving the dynamic
DC optimal power flow problem with demand response in
a distributed manner [16]. The total welfare in the grid was
maximized and the optimization problem was analytically
solved using theADMMand consensus theory formultiagent
systems [17].

However, some researches do not take into account
the fact that direct extension of ADMM method to an
optimization model with more than two variables cannot
guarantee its convergence, such as researches conducted by
Tsai et al. [13] and by Tan et al. [14]. The models developed
in [15, 16] solved the problems of demand response well,
but they do not involve the RTP scheme. Noticing that the
dual subgradient algorithm used in [6–12] was a gradient-
based method which usually had a slow convergence time,
[17] developed a distributed approach based on ADMM.
Comparing the convergence of the two algorithms, the
superiority of the designed algorithm will be reflected more.

Aiming at solving themaximization problem of the social
welfare model and avoiding nonconvergence of the dual sub-
gradient algorithm, we proposed a distributed optimization
algorithm based on ADMMwith Gaussian back substitution
(ADMM-GBS). The ADMM-GBS algorithm can effectively
guarantee that the convergence is reached and ensure that the
independent distribution in the user’s side is achieved. The
main novelty of this research can be summarized as follows.

(i) An extended discussion of a RTP optimization model
is developed to give theoretical analysis of the existence and
uniqueness of the Lagrangian multiplier.

(ii) From the global consideration, fully utilizing the
separability among variables, a distributed optimization
algorithm based on ADMM-GBS to solve the RTP model
is proposed. This algorithm can not only speed up the
convergence rate to enhance the efficiency of computing, but
also overcome widely known deficiencies in the possibility
of nonconvergence in the iteration process. In addition, the
convergence of the algorithm based on ADMM-GBS is given
by the study.
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(iii) The interdependent relationship between variables
is discussed in depth during numerical simulations in the
study. Compared with the dual subgradient method, the
simulation results validate that the proposed algorithm has
a faster convergence speed and better implementation effect.

The remainder of the paper is organized as follows. The
system model and optimization problem are presented in
Section 2. In Section 3, the research discusses the extension
of the RTP optimization model in detail by attaching a
Lagrangian multiplier to the problem, and furthermore it
clarifies the existence and the uniqueness of the Lagrangian
multiplier in the model. The distributed optimization algo-
rithm based on ADMM-GBS is proposed in Section 4; in
addition, the convergence of the proposed algorithm is given.
In Section 5, the performance of the ADMM-GBS algorithm
is simulated and validated, along with a deep discussion of
the interdependent relationship between model variables. In
Section 6, this study reaches a conclusion with respect to the
effectiveness and feasibility of using the proposed algorithm
to solve the RTP model.

2. System Model

Normally, we consider an electric power distribution system
that consists of a single energy provider and several load
subscribers or users. An energy provider and all users are
connected with each other through an information commu-
nication infrastructure. Following notations broadly accepted
by literatures, we define the notation system of this research
below. A whole cycle is divided into 𝐾 time slots. For each
user 𝑖 ∈ N = {1, 2, . . . , 𝑁}, 𝑘 ∈ K = {1, 2, . . . , 𝐾}, let 𝑥𝑖(𝑘) be
the power consumption demand at time slot 𝑘 of customer𝑖. The range of 𝑥𝑖(𝑘) is [𝑚𝑘𝑖 ,𝑀𝑘𝑖 ], where 𝑚𝑘𝑖 ≥ 0 and 𝑀𝑘𝑖 ≥ 0
correspond to theminimum and themaximum consumption
in time slot 𝑘 of customer 𝑖, respectively.
2.1. Utility Function of Users. Each user is assumed to behave
independently in a power system. They have their own pref-
erences for energy demand and time schedules upon various
prices. The concept of utility function 𝑈(𝑥𝑖(𝑘)) derived from
microeconomics is employed to reflect the level of satisfaction
obtained by user 𝑖 in consuming 𝑥𝑖(𝑘) amount of energy at
time slot 𝑘.

We assume that the utility function is nondecreasing and
concave. Generally, this study exploits the following utility
function which derives frommultiple researches and is being
widely adopted [6–8, 10–12]:𝑈𝑖 (𝑥𝑖 (𝑘))

= {{{{{{{
𝜔𝑖 (𝑘) 𝑥𝑖 (𝑘) − 𝛼𝑖2 𝑥𝑖 (𝑘)2 , if 0 ≤ 𝑥𝑖 (𝑘) ≤ 𝜔𝑖 (𝑘)𝛼𝑖 ,𝜔𝑖 (𝑘)22𝛼𝑖 , if 𝑥𝑖 (𝑘) ≥ 𝜔𝑖 (𝑘)𝛼𝑖 , (1)

where 𝑖 ∈ N and 𝛼𝑖 > 0 is a predetermined parameter. Herein,
the parameter 𝜔𝑖(𝑘) > 0 indicates the preference of user 𝑖
at time slot 𝑘 and may vary at different time slots. A larger𝜔𝑖(𝑘) means a higher level of flexibility. The utility function

is relative to private information of users, which can possibly
be utilized to reconstruct the aspects of users’ consumption
behavior daily [18].

2.2. Cost Function of the Energy Provider. Generally, based
on the widely accepted modeling description and the power
system this research is observing, we consider the following
quadratic function as the cost model of the energy provider
[6–12]: 𝐶𝑘 (𝐺𝑘) = 𝑎𝑘𝐺𝑘2 + 𝑏𝑘𝐺𝑘 + 𝑐𝑘, (2)

where 𝐺𝑘 ∈ G = [𝐺min
𝑘 , 𝐺max

𝑘 ], ∀𝑘 ∈ K, 𝐺min
𝑘 = ∑𝑁𝑖=1𝑚𝑘𝑖 , and𝐺max

𝑘 = ∑𝑁𝑖=1𝑀𝑘𝑖 ,𝑎𝑘 > 0, and 𝑏𝑘, 𝑐𝑘 ≥ 0 are predetermined
constants.

2.3. Optimization Model. The interactions between the
energy provider and its customers can be formulated as
optimization problems in various models based on different
scenarios. A RTP model was proposed by Samadi et al.
as maximizing the aggregated welfare of users as well as
minimizing the cost of the provider [6]. Mathematically, for
each time slot ∀𝑘 ∈ K, the optimization model of RTP can be
expressed as

max
𝑁∑
𝑖=1

𝑈𝑖 (𝑥𝑖 (𝑘)) − 𝐶𝑘 (𝐺𝑘)
s.t. 𝑁∑

𝑖=1

𝑥𝑖 (𝑘) ≤ 𝐺𝑘,
𝑚𝑘𝑖 ≤ 𝑥𝑖 (𝑘) ≤ 𝑀𝑘𝑖 ,𝐺min
𝑘 ≤ 𝐺𝑘 ≤ 𝐺max

𝑘 .
(3)

The first constraint ensures that, at time slot 𝑘, the
total actual power consumption cannot exceed the energy
provided by the energy supplier. The other two constraints
bound the range of variables 𝑥𝑖(𝑘) and𝐺𝑘. Since the function𝑈𝑖(⋅) is concave, 𝐶𝑘(⋅) is convex and the constraints are
defined by affine functions. It can be verified that problem
(3) is a convex optimization problem.

In order to avoid using the centralized algorithm and
to take full advantage of the infrastructure of information
and communication technology in smart grids, a distributed
optimization algorithm based on ADMM-GBS will be pre-
sented in Section 4. In fact, prior to employing the ADMM
algorithm, a reformulation of problem (3) to a suitable form
should be made first [19].

In the actual circumstance, the demand on electricity
of customers directed by the varying price is not saturated.
It is reasonable to believe that due to the characteristic of
monotonous increment of utility function, more consump-
tion of electricity, and more social welfare brought about
to households inevitably. Therefore, we can conclude that
the solution will be reached at the boundary. This means
the constraint condition can be simplified such that the
aggregated load of users at time slot 𝑘 should be equal to
the energy provided by the supplier at the same time slot.



4 Mathematical Problems in Engineering

Then, the RTP maximization model (3) is equivalent to (4)
as follows:

min 𝐶𝑘 (𝐺𝑘) − 𝑁∑
𝑖=1

𝑈𝑖 (𝑥𝑖 (𝑘))
s.t. 𝑁∑

𝑖=1

𝑥𝑖 (𝑘) = 𝐺𝑘,
𝑚𝑘𝑖 ≤ 𝑥𝑖 (𝑘) ≤ 𝑀𝑘𝑖 ,𝐺min
𝑘 ≤ 𝐺𝑘 ≤ 𝐺max

𝑘 .
(4)

In the equality-constrained optimization problem (4), the
cost function with respect to𝐺𝑘 is convex; the utility function
with respect to 𝑥𝑖(𝑘) is concave. This reformulated formu-
lation fits into the ADMM framework depicted by Boyd et
al. [19]. Hence, in the following, this study will develop a
distributed optimization algorithm based on ADMM-GBS to
solve problem (4).

3. Preliminary Knowledge

3.1. General Form of ADMM. The ADMM can effectively
decompose the minimization problem into smaller sub-
problems and then coordinate solutions from subproblems.
Through this decomposition-coordination process, we may
end up obtaining a global solution of the original problem.
This algorithm was firstly proposed in the late 1960s by
Hestenes [20] and Powell [21] and recently reintroduced by
Boyd et al. [19]. The general form of ADMM is presented for
the following problem:

min 𝑓 (𝑥) + 𝑔 (𝑧)
s.t. 𝐴𝑥 + 𝐵𝑧 = 𝑐, (5)

with variables 𝑥 ∈ 𝑅𝑛 and 𝑧 ∈ 𝑅𝑚, where𝐴 ∈ 𝑅𝑝×𝑛,𝐵 ∈ 𝑅𝑝×𝑚,
and 𝑐 ∈ 𝑅𝑝. Assume that 𝑓 and 𝑔 are convex functions.

The augmented Lagrangian function associated with
problem (5) is𝐿𝜌 (𝑥, 𝑧, 𝜆) = 𝑓 (𝑥) + 𝑔 (𝑧) − 𝜆𝑇 (𝐴𝑥 + 𝐵𝑧 − 𝑐)

+ 𝜌2 ‖𝐴𝑥 + 𝐵𝑧 − 𝑐‖2 , (6)

where 𝜆 ∈ 𝑅𝑚 is the Lagrangian multiplier and 𝜌 > 0 is the
parameter for the quadratic penalty item of the constraint.
This penalty item guarantees convergence of the objective
function without requiring strict assumption conditions like
strict convexity or finiteness. The iterative scheme of ADMM
for (5) embeds a Gauss-Seidel decomposition into iterations
of 𝑥 and 𝑧 as follows:𝑥𝑡+1 = argmin

𝑥
𝐿𝜌 (𝑥, 𝑧𝑡, 𝜆𝑡) ,

𝑧𝑡+1 = argmin
𝑧
𝐿𝜌 (𝑥𝑡+1, 𝑧, 𝜆𝑡) ,

𝜆𝑡+1 = 𝜆𝑡 + 𝜌 (𝐴𝑥𝑡+1 + 𝐵𝑧𝑡+1 − 𝑐) .
(7)

The augmented Lagrangian is minimized over 𝑥 and𝑧 separately during each process of the iteration. In (7),
functions 𝑓 and 𝑔 as well as variables 𝑥 and 𝑧 are treated
individually, so the subproblems can be easily generated.This
feature is quite attractive and advantageous for solving the
RTP optimization problem. The convergence of ADMM for
the convex optimization problem with such two blocks of
variables and functions has been given by Boyd et al. [19].

3.2. Lagrangian Multiplier. In order to bring about robust-
ness to the subgradient algorithm and to yield convergence
without assumptions like strict convexity or finiteness of the
objective function, the augmented Lagrangian function has
been employed by the research. To decompose the problem,
by attaching a Lagrange multiplier 𝜆 into a linear constraint,
the augmented Lagrangian function for problem (4) can be
given by

𝐿𝜌 (𝑋𝑘, 𝐺𝑘, 𝜆𝑘) = 𝐶𝑘 (𝐺𝑘) − 𝑁∑
𝑖=1

𝑈𝑖 (𝑥𝑖 (𝑘))
− 𝜆𝑘(𝐺𝑘 − 𝑁∑

𝑖=1

𝑥𝑖 (𝑘))
+ 𝜌2 𝐺𝑘 − 𝑁∑𝑖=1𝑥𝑖 (𝑘)


2 ,

(8)

where 𝑋𝑘 = (𝑥1(𝑘), 𝑥2(𝑘), . . . , 𝑥𝑁(𝑘)) and 𝜆𝑘 ≥ 0 (the
Lagrangian multiplier 𝜆𝑘 associated with the inequality
constraint problem (3) is nonnegative; the uniqueness of
the multiplier will be clarified subsequently in Remark 1;
the uniqueness guarantees that the multiplier of equality
constraint problems (4) that satisfies the condition 𝜆𝑘 ≥ 0 for
(4) has the same solution as (3)) is the Lagrangian multiplier
to embody the shadow price in economics and is often used
to indicate the electricity price. Note that𝐿0 (𝑋𝑘, 𝐺𝑘, 𝜆𝑘)

= 𝐶𝑘 (𝐺𝑘) − 𝑁∑
𝑖=1

𝑈𝑖 (𝑥𝑖 (𝑘)) − 𝜆𝑘(𝐺𝑘 − 𝑁∑
𝑖=1

𝑥𝑖 (𝑘)) . (9)

Formula (9) is the standard, nonaugmented Lagrangian
function associated with (4). The augmented Lagrangian (8)
can be depicted as (9) associated with the following problem:

min 𝐶𝑘 (𝐺𝑘) − 𝑁∑
𝑖=1

𝑈𝑖 (𝑥𝑖 (𝑘)) + 𝜌2 𝐺𝑘 − 𝑁∑𝑖=1𝑥𝑖 (𝑘)

2

s.t. 𝑁∑
𝑖=1

𝑥𝑖 (𝑘) = 𝐺𝑘. (10)

When the penalty term added to the objective function is
zero for any feasible 𝑥𝑖(𝑘), problem (10) is clearly equivalent
to the original problem (4). In this specific problem, the
penalty item depicts the uncertainty of the use of electricity.
The benefit of involving a penalty term in the minimization
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problem is that the corresponding function (10) can be
verified to be differentiable under rather mild conditions on
the original problem.

Next, we give the detailed analysis of the existence and
uniqueness of the Lagrangian multiplier associated with the
inequality constraints problem (3).

Remark 1.

(i) Existence. The optimization problem of RTP (3) has been
modeled on a practical problem in the system of smart grid.
Therefore, there exists an optimal solution. This conclusion
has been illustrated by Samadi et al. [6]. Deriving from the
saddle point theorem, the existence of an optimal solution
is the necessary and sufficient condition of existence of a
saddle point [22]. Thus, we should reach a conclusion that a
Lagrangian multiplier satisfying Slater’s condition is existent
for convex optimization problem (3).

(ii) Uniqueness. Suppose that, for given 𝐺𝑘 ∈ G ⊆𝑅, the local optimal solution of problem (3) is 𝑋𝑘 =(𝑥1(𝑘), 𝑥2(𝑘), . . . , 𝑥𝑁(𝑘)) ∈ 𝑅𝑁 and the related Lagrangian
multiplier is 𝜆𝑘 ≥ 0. Obviously, (𝑥𝑖(𝑘), 𝐺𝑘, 𝜆𝑘) is the saddle
point, and it satisfies the KKT conditions with multiplier 𝜆𝑘
depicted as follows:𝑈𝑖 (𝑥𝑖 (𝑘)) − 𝜆𝑘 = 0, 𝑖 ∈ N,𝐶𝑘 (𝐺𝑘) − 𝜆𝑘 = 0,

𝜆𝑘(𝐺𝑘 − 𝑁∑
𝑖=1

𝑥𝑖 (𝑘)) = 0,
𝐺𝑘 − 𝑁∑
𝑖=1

𝑥𝑖 (𝑘) ≥ 0,
𝜆𝑘 ≥ 0.

(11)

Given 𝑔(𝑋𝑘, 𝐺𝑘) = ∑𝑁𝑖=1 𝑥𝑖(𝑘) − 𝐺𝑘, we prove that the
following three conditions are satisfied.

(a) Second-Order Sufficient Condition. For ∇2𝑋𝑘𝐿0(𝑋𝑘, 𝐺𝑘, 𝜆𝑘)= diag(𝛼1, 𝛼2, . . . , 𝛼𝑁), 𝛼𝑖 > 0, we conclude that ∇2𝑋𝑘𝐿0(𝑋𝑘,𝐺𝑘, 𝜆𝑘) is a positive definite matrix. Inevitably, ⟨𝑦, ∇2𝑋𝑘𝐿0(𝑋𝑘,𝐺𝑘, 𝜆𝑘)𝑦⟩ > 0, 𝑦 ̸= 0,𝑦 ∈ 𝐶𝑆𝑘(𝑋𝑘, 𝐺𝑘), is satisfied, where𝐶𝑆𝑘 (𝑋𝑘, 𝐺𝑘) = {𝑦 ∈ 𝑅𝑛 | ⟨∇𝑋𝑔 (𝑋𝑘, 𝐺𝑘) , 𝑦⟩ = 0, 𝜆𝑘> 0, ⟨∇𝑋𝑘𝑔 (𝑋𝑘, 𝐺𝑘) , 𝑦⟩ ≤ 0, 𝑔 (𝑋𝑘, 𝐺𝑘) = 0, 𝜆𝑘≤ 0} .
(12)

(b) Linearly Independent Constraint Specification. There is
only one constraint condition, and the gradient of the
constraint condition is not equal to zero. This means∇𝑋𝑘𝑔(𝑋𝑘, 𝐺𝑘) ̸= 0, and the constraint condition is linearly
independent.

(c) Strict Complementarity. It is obvious, based on the defini-
tion of shadow price and the model established on a practical
problem of smart grid, that the condition is satisfied. With
the increment of electricity consumption which produces
more social welfare, inevitably, the utility function increases
monotonously. This means that 𝑔(𝑋𝑘, 𝐺𝑘) = 0 is equivalent
to 𝜆𝑘 > 0.

Derived by Theorem 3.32 [23], we can conclude that, in
the neighborhoodΩ ∈ G of𝐺𝑘, there exist continuous differ-
entiable functions 𝑥𝑖(⋅) : Ω → 𝑅 and 𝜆𝑘(⋅) : Ω → 𝑅 satisfying
conditions 𝑥𝑖(𝐺𝑘) = 𝑥𝑖(𝑘) and 𝜆𝑘(𝐺𝑘) = 𝜆𝑘, respectively.
It is presented that both the local optimal solution and the
related Lagrangian multiplier exist uniquely in a local region,
while the parameter variable 𝐺𝑘 varies a little. In summary,
the description of this remark is established.

Remark 1 clarifies that the optimization problem (3) has
a unique nonnegative Lagrangian multiplier. It ensures that
the equality-constrained optimization problem (4) has a
unique nonnegative multiplier. The solution of (3) can be
obtained through solving (4) due to the equivalence with two
problems.

4. Distributed Optimization Algorithm
Based on ADMM-GBS

The ADMM is an effective tool for solving the convex
optimization problem of two separable variables. It has
been well studied in previous research [20–24]. However,
directly extending ADMM method into an optimization
model with more than two variables cannot guarantee its
convergence. It is necessary to amend it. Setzer et al. and He
and Yuan amended the basic ADMM model and analyzed
some interesting applications in more general cases where its
variables are more than two [25, 26].

In light of the improved methods [26], we propose a
distributed optimization algorithm based on ADMM-GBS
to solve the RTP problem (4). We first give the definitions
of several matrices which will be used frequently in our
following algorithm. More specifically, for given positive
constants 𝛽 > 0, 𝑟𝑗 ≥ 𝛽 for 𝑗 = 1, 2, . . . , 𝑁 + 1, let

𝑀 = (((((
(

𝑟1 0 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 0𝛽 𝑟2 d d 0... d d d
...−𝛽 ⋅ ⋅ ⋅ −𝛽 𝑟𝑁+1 00 0 ⋅ ⋅ ⋅ 0 1𝛽
)))))
)

. (13)

The matrix 𝑀 defined by (13) is a nonsingular lower
triangular matrix. Moreover, let

𝐻 = diag(𝑟1, 𝑟2, . . . , 𝑟𝑁+1, 1𝛽) . (14)

Clearly, 𝐻 defined in (14) is a positive definite diagonal
matrix.
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With the definitions depicted by (13) and (14), it is easy
that we have the result below:

𝐻−1𝑀𝑇 =
(((((((((((
(

1 𝛽𝑟1 𝛽𝑟1 ⋅ ⋅ ⋅ − 𝛽𝑟1 0
0 1 𝛽𝑟2 d − 𝛽𝑟2 0... d d d d

...0 d d 1 − 𝛽𝑟𝑁 00 ⋅ ⋅ ⋅ 0 0 1 00 ⋅ ⋅ ⋅ 0 0 0 1

)))))))))))
)

. (15)

Herein, formula (15) is an upper-triangular block matrix
with diagonal components being identity equal to one.
Accordingly, we present the algorithmic framework to solve
(4).

Distributed Optimization Algorithm Based on ADMM-GBS.
Each subscriber sends𝑥𝑡𝑖(𝑘) to the energy provider, combined
with 𝐺𝑡𝑘 and 𝜆𝑡𝑘; the energy provider then gets the initial
iteration 𝜁𝑡𝑘 = (𝑥𝑡1(𝑘), 𝑥𝑡2(𝑘), . . . , 𝑥𝑡𝑁(𝑘), 𝐺𝑡𝑘, 𝜆𝑡𝑘), and the new
iteration 𝜁𝑡+1𝑘 = (𝑥𝑡+11 (𝑘), 𝑥𝑡+12 (𝑘), . . . , 𝑥𝑡+1𝑁 (𝑘), 𝐺𝑡+1𝑘 , 𝜆𝑡+1𝑘 ) is
generated as follows.

Step 1. Obtain 𝜁𝑡𝑘 = (𝑥𝑡1(𝑘), 𝑥𝑡2(𝑘), . . . , 𝑥𝑡𝑁(𝑘), 𝐺𝑡𝑘, �̃�𝑡𝑘) in
the forward (alternating) order by the following ADMM
procedure:

𝑥𝑡𝑖 (𝑘) = argmin{−�̂�𝑖 (𝑥𝑖 (𝑘))
+ 𝑟𝑖2 𝑥𝑖 (𝑘) − (𝑥𝑡𝑖 (𝑘) + 1𝑟𝑖 𝑞𝑘𝑖 )2 | 𝑥𝑖 (𝑘)
∈ [𝑚𝑘𝑖 ,𝑀𝑘𝑖 ]} ,

(16)

𝐺𝑡𝑘 = argmin{𝐶𝑘 (𝐺𝑘)
+ 𝑟𝑁+12 𝐺𝑘 − (𝐺𝑡𝑘 − 1𝑟𝑁+1 𝑞𝐺𝑘)2 | 𝐺𝑘
∈ [𝐺min
𝑘 , 𝐺max

𝑘 ]} ,
(17)

�̃�𝑡𝑘 = 𝜆𝑡𝑘 − 𝛽(𝐺𝑡𝑘 − 𝑁∑
𝑗=1

𝑥𝑡𝑗 (𝑘)) , (18)

for 𝑖 = 1, 2, . . . , 𝑁,

𝑞𝑘𝑖 = 𝜆𝑡𝑘 − 𝛽(𝑖−1∑
𝑗=1

𝑥𝑡𝑗 (𝑘) + 𝐺𝑡𝑘 − 𝑁∑
𝑗=𝑖

𝑥𝑡𝑗 (𝑘)) , (19)

𝑞𝐺𝑘 = 𝜆𝑡𝑘 − 𝛽(𝐺𝑡𝑘 − 𝑁∑
𝑗=1

𝑥𝑡𝑗 (𝑘)) . (20)

Step 2. Let 𝜐 ∈ (0, 1), amend the output 𝜁𝑡𝑘 by the following
Gaussian back substitution procedure, and generate the new
iteration 𝜁𝑡+1𝑘 :𝐻−1𝑀𝑇 (𝜁𝑡+1𝑘 − 𝜁𝑡𝑘) = 𝜐 (𝜁𝑡𝑘 − 𝜁𝑡𝑘) . (21)

Step 3. Stop criteria 𝜆𝑡+1𝑘 − 𝜆𝑡𝑘 < 𝜀1,𝜁𝑡+1𝑘 − 𝜁𝑡𝑘 < 𝜀2. (22)

The convergence of the proposed distributed optimiza-
tion algorithm based on ADMM-GBS can be guaranteed by
the following theorem.Thenext theoremwill use a symmetric
and positive semidefinite matrix defined as

𝑄 = (((((
(

𝛽 𝛽 ⋅ ⋅ ⋅ 𝛽 −𝛽 1... ... d
... ... ...𝛽 𝛽 ⋅ ⋅ ⋅ 𝛽 −𝛽 1−𝛽 −𝛽 ⋅ ⋅ ⋅ −𝛽 𝛽 −11 1 ⋅ ⋅ ⋅ 1 −1 1𝛽

)))))
)

. (23)

Theorem 2. Let 𝜁𝑡𝑘 = (𝑥𝑡1(𝑘), 𝑥𝑡2(𝑘), . . . , 𝑥𝑡𝑁(𝑘), 𝐺𝑡𝑘, �̃�𝑡𝑘) be gen-
erated by the ADMMprocedure in formulae (16), (17), and (18)
from the given vector 𝜁𝑡𝑘 = (𝑥𝑡1(𝑘), 𝑥𝑡2(𝑘), . . . , 𝑥𝑡𝑁(𝑘), 𝐺𝑡𝑘, 𝜆𝑡𝑘),∀𝑘 ∈ K, and {𝜁𝑡𝑘} be the sequence generated by the proposed
algorithm. Denote ‖𝑥‖𝑄 fl √𝑥𝑇𝑄𝑥; ∀𝜁∗𝑘 ∈ 𝑅𝑁+2, one has

(𝜁𝑡𝑘 − 𝜁∗𝑘 )𝑇𝑀(𝜁𝑡𝑘 − 𝜁𝑡𝑘)≥ 12 𝜁𝑡𝑘 − 𝜁𝑡𝑘2𝐻 + 12 𝜁𝑡𝑘 − 𝜁𝑡𝑘2𝑄 , (24)

𝜁𝑡+1𝑘 − 𝜁∗𝑘 2𝐺≤ 𝜁𝑡𝑘 − 𝜁∗𝑘 2𝐺 − 𝑐0 (𝜁𝑡𝑘 − 𝜁𝑡𝑘2𝐻 + 𝜁𝑡𝑘 − 𝜁𝑡𝑘2𝑄) , (25)

where 𝐺 = 𝑀𝐻−1𝑀𝑇 and 𝑐0 = 𝜐(1 − 𝜐) > 0. Furthermore, the
sequence {𝜁𝑡𝑘} is monotone and satisfies lim𝑡→∞‖𝜁𝑡𝑘 − 𝜁𝑡𝑘‖ = 0.
In addition, {𝜁𝑡𝑘} converges to the solution of problem (4).

Proof. Formula (21) can be rewritten as 𝜁𝑡+1𝑘 = 𝜁𝑡𝑘 −𝑀−𝑇𝐻𝜐(𝜁𝑡𝑘 − 𝜁𝑡𝑘). Cited from the literature by He and Yuan
[26], conclusions of (24) and (25) can be obtained. Following
(24), we have⟨𝑀𝐻−1𝑀𝑇 (𝜁𝑡𝑘 − 𝜁∗𝑘 ) ,𝑀−𝑇𝐻(𝜁𝑡𝑘 − 𝜁∗𝑘 )⟩≤ −12 𝜁𝑡𝑘 − 𝜁𝑡𝑘2𝐻+𝑄 . (26)

This ensures −𝑀−𝑇𝐻𝜐(𝜁𝑡𝑘 − 𝜁𝑡𝑘) is a descent direction of
function (1/2)‖𝜁 − 𝜁∗𝑘 ‖2𝐺 at point 𝜁 = 𝜁𝑡𝑘 while 𝜁𝑡𝑘 ̸= 𝜁𝑡𝑘,
where 𝜁𝑡𝑘 is generated by a procedure in formulae (16), (17),
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Step 1. When 𝑘 ∈ K, for each user 𝑖 ∈ N, initializes 𝑥𝑡𝑖 (𝑘) ∈ [𝑚𝑘𝑖 ,𝑀𝑘𝑖 ], and energy provider announces𝜆𝑡𝑘 ≥ 0, 𝐺𝑡𝑘 ≥ 0 to each user.
Step 2. In time slot 𝑘, each user does the following:(1) Updates the value of 𝑞𝑘𝑖 by (19);(2) Solves local problem (16) to obtain 𝑥𝑡𝑖 (𝑘);(3) Broadcasts 𝑥𝑡𝑖 (𝑘) to each user and energy provider.
Step 3. In time slot 𝑘, energy provider does the following:(1) Updates 𝑞𝐺𝑘 via (20);(2) Receives 𝑥𝑡𝑖 (𝑘) from all the users, solves problem (17) to get 𝐺𝑡𝑘, updates the value of �̃�𝑡𝑘 by (18);(3) Broadcasts 𝐺𝑡𝑘 and �̃�𝑡𝑘 to the users.
Step 4. Energy provider corrects 𝜁𝑡𝑘 via (21) to get 𝜁𝑡𝑘.
Step 5. If stop criteria (22) are satisfied, algorithm stops. Otherwise, repeats Steps 2 to 5.

Algorithm 1: Distributed optimization algorithm based on ADMM-GBS.

and (18), 𝜁∗𝑘 ∈ 𝑅𝑁+2 and 𝐺 = 𝑀𝐻−1𝑀𝑇. The conclusion in
(25) shows that sequence {𝜁𝑡𝑘} generated by this algorithm is
contractive with respect to 𝑅𝑁+2, which means lim𝑡→∞‖𝜁𝑡𝑘 −𝜁𝑡𝑘‖ = 0. Furthermore, these conditions are adequate to ensure
convergence of the distributed optimization algorithm based
on ADMM-GBS [26].

Finally, a summarization of the distributed optimization
algorithm based on ADMM-GBS is depicted in Algorithm 1.

5. Numerical Evaluation

In this section, we illustrate the performance of the dis-
tributed optimization algorithm based on ADMM-GBS by
providing several results of the numerical simulations. In
order to give the range of parameters, realistic hourly
load profiles have been considered in this paper. Sourc-
ing the residential load data published by Open EI, we
obtained/developed samples of hourly load profiles of res-
idential homes [27]. Figure 1 shows a sample in the load
profiles. It reflects a user’s power consumption at each slot
(24 hours, the horizontal axis) of a year (365 days, the vertical
axis). The range of the user’s hourly power demand is 𝑥𝑖(𝑘) ∈[0.5, 4.5]. The lower power consumption of the residential
user is identified as blue while the higher one is identified
as red. The peak demand moments for the user can be
recognized easily.

Considering a smart grid system in a small area with𝑁 =5, that is, 5 users, we shownumerical simulation resultswithin
a 24-hour time pattern as an evaluation of daily operations.
The utility function of the user is chosen as follows with𝜔𝑖(𝑘) ∈ [1, 3.5]:𝑈𝑖 (𝑥𝑖 (𝑘))

= {{{𝜔𝑖 (𝑘) 𝑥𝑖 (𝑘) − 18𝑥𝑖 (𝑘)2 , 0 ≤ 𝑥𝑖 (𝑘) ≤ 4𝜔𝑖 (𝑘) ,2𝜔𝑖 (𝑘)2 , 𝑥𝑖 (𝑘) ≥ 4𝜔𝑖 (𝑘) .
(27)

Since the utility function is quadratic and the feasible sets
are intervals, the explicit solutions for 𝑥𝑖∗(𝑘), 𝐺∗𝑘 , and 𝜆∗𝑘 are
given [10], and 𝜆∗𝑘 = (2𝑎𝑘∑𝑁𝑖=1 𝜔𝑖(𝑘) + 𝛼𝑖𝑏𝑘)/(2𝑎𝑘𝑁 + 𝛼𝑖), we
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Figure 1: Resident user’s electricity consumption at each slot of a
year.

obtain that 𝜆min
𝑘 ≤ 𝜆∗𝑘 ≤ 𝜆max

𝑘 , 𝜆min
𝑘 = (2𝑎𝑘𝑁 ⋅ min(𝜔𝑖(𝑘)) +𝛼𝑖𝑏𝑘)/(2𝑎𝑘𝑁 + 𝛼𝑖), and 𝜆max

𝑘 = (2𝑎𝑘𝑁 ⋅ max(𝜔𝑖(𝑘)) +𝛼𝑖𝑏𝑘)/(2𝑎𝑘𝑁 + 𝛼𝑖), when 𝑁 → ∞, 𝜆min
𝑘 → min(𝜔𝑖(𝑘)) , and𝜆max

𝑘 → max(𝜔𝑖(𝑘)). Therefore, we may choose 𝜆𝑘 ∈ [1, 3.5],
which is identical to 𝜔𝑖(𝑘).

From the actual application, there is no doubt that
the objective function is greater than zero. This means∑𝑁𝑖=1𝑈𝑖(𝑥𝑖(𝑘)) − 𝐶𝑘(𝐺𝑘) ≥ 0. This implies that the param-
eters involved in the model need to satisfy the inequality∑𝑁𝑖=1(𝜔𝑖(𝑘)𝑚𝑘𝑖 −(𝛼𝑖/2)𝑚𝑘𝑖 )−𝑐+𝑏𝑘2/4𝑎𝑘 ≥ 𝑎𝑘(∑𝑁𝑖=1𝑚𝑘𝑖 +𝑏𝑘/2𝑎𝑘)2.

Based on this hypothesis, we assume that the user’s energy
demand 𝑥𝑖(𝑘) is selected from the set of [0.5, 4.5] for all 𝑖 ∈ N.
The cost parameters are 𝑎𝑘 = 0.05 and 𝑏𝑘 = 𝑐𝑘 = 0, ∀𝑘 ∈ K.
Two situations are analyzed, calculated, and discussed per
required accuracy selection 𝜀1 = 𝜀2 = 𝜀 = 0.03 or 𝜀1 =𝜀2 = 𝜀 = 0.001. Notice that, for each time slot 𝑘, we have a
terminating condition for the inner loop; that is, |𝜆𝑡+1𝑘 −𝜆𝑡𝑘| <𝜀 (∀𝜀 > 0), where 𝜀 is a positive real number small enough to
indicate the convergence of 𝜆𝑡𝑘.

As shown in Figures 2 and 3, 𝜀 has a great influence on
the iteration times for the subgradient algorithm. It presents a
very slow convergent speed and even nonconvergence during
the iteration process. When 𝜀 = 0.001, the reference price
(green line) converges at the 126th iteration. When 𝜀 = 0.03,
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Figure 2: Convergence of the subgradient algorithm when 𝜀 =0.001.
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Figure 3: Convergence of the subgradient algorithmwhen 𝜀 = 0.03.
the system reaches convergence at 30 times. A smaller 𝜀 value
produces a more precise optimal solution, but its iteration
process costs more steps and takes much more time on
computation than a larger 𝜀 value does. The aggregated load
(black line) fluctuates with reference price of electricity.There
is a certain deviation between optimal electricity production
(red line) and aggregated load while 𝜀 = 0.03.

The other factor that affects the convergence of the
iteration is step size𝛽.The subgradient algorithm suffers from
slow convergence or even nonconvergence and is numerically
sensitive to 𝛽 [1]. Furthermore, this research found that a step
size is suitable for one time slot but may be inappropriate
for another time slot through the simulation. One of the
advantages of the distributed optimization algorithm based
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Figure 4: Convergence of the distributed optimization algorithm
based on ADMM-GBS.

on ADMM-GBS is that it can overcome efficiently the
demerits of the subgradient algorithm described above. We
choose step size 𝛽 to be randomly selected in [0.01, 0.1], and𝑟𝑗 = 𝛽 + 𝛿, where 𝛿 is randomly selected from the set of[0, 0.1]. The deviation generated by 𝛽 could be eliminated
during the process of GBS. It guarantees the convergence of
the algorithm.

As shown in Figure 4, our numerical experiment ver-
ifies that the distributed optimization algorithm based on
ADMM-GBS is time-saving and has a rapid convergence
rate while meeting the required accuracy 𝜀 = 0.001. At the
same time, it verifies its low dependence on initial value. At
the beginning of the iteration, the price of electricity (green
line) is very low. Thus, the high aggregated load (black line)
results from the cheap price while the optimized generation
of electricity (red line) is low. With the signal of increasing
price, the difference between load and generation becomes
narrower and narrower and finally disappears after meeting
the termination criteria. This algorithm reflects the varying
process of iteration more clearly. Through clear illustration
of the dynamic iteration process shown in Figure 4, the
proposed algorithm presents a faster convergence rate than
the subgradient algorithm shown in Figures 2 and 3. Fast
convergence is critically important for a large-scale system
with a large population of users in customer domain, because
its requested speed on information exchange between the
energy provider and individual users is much higher than in
a small-scale system.

Figure 5 shows the performance of optimal electricity
generation (black line), user’s power consumption (red line),
and referential RTP (green line) in a typical day. Based on
Figure 5, the following conclusions could be reached. On
the one hand, RTP is closely related to the aggregated load
of users at each slot. Through the implementation of RTP,
the price signal may guide customers and motivate them to
consumemore energy in off-peak periods. It not only reduces
peak load for the energy provider, thus achieving its primary
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Figure 5: Optimal solutions of the distributed optimization algo-
rithm based on ADMM-GBS.

goal of cutting peak and fulfilling the ideal demand of power
load, but it reduces the electricity bill for the users also.
Fundamentally, it ends up benefiting the social community
by achieving the target on energy conservation and emission
reduction. On the other hand, the RTP depicted in the
simulation presents three peak demands per day. It verifies
the rationality of RTP optimization model and the validity of
algorithm this study proposed.

6. Conclusion

This study has proposed the distributed optimization algo-
rithm based on ADMM-GBS for solving the RTP model
in a smart grid system. To enhance the robustness of
the subgradient algorithm and ensure yielding convergence
of the algorithm, the augmented Lagrangian function has
been utilized in this research. This study has analyzed
the existence and uniqueness of the Lagrangian multiplier
and concluded that the local optimal solution and related
Lagrangian multiplier are all unique in the local region.
The distributed optimization algorithm based on ADMM-
GBS utilized in this research can not only make abundant
use of the separability of variables, but also improve the
convergence speed of the iteration. In addition, we have given
the theoretical proof of the convergence of the proposed
algorithm.Most importantly, the proposed algorithm inherits
the advantage of the distributed method which protects
individual users’ private information. The interdependent
relationship between variables has been discussed in depth
during the numerical simulation in the study. Furthermore,
the numerical simulation results (a) verify that the RTP
method can guide customers’ consumption behavior and
achieve our primary goal on cutting peak, which benefits
social community’s target on energy conservation and emis-
sion reduction, and (b) verify the rationality and validity of
the proposed algorithm.
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