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In order to improve the computational accuracy and efficiency of response surface method for reliability analysis on structures, a
modified iterative response surface method (called as NDIRSM) is proposed. Firstly, a new starting center point, which is closer
to design point, is calculated out as the starting center point instead of the point at mean values of input variables and a dynamic
factor vector 𝑓1, which is inversely proportional to the change rate of performance function with respect to variance, is calculated
out for the first iteration. Then the arbitrary factors 𝑓𝑘 are determined according to the design matrix condition number for the
subsequent iteration.Thus the sample points are close to limit state function and the response surface function can approximate the
limit state function accurately and efficiently. Two examples are employed to validate the advantages of NDIRSM and the results
show that NDIRSM improves the computational accuracy and efficiency of response surface method. At last, NDIRSM is applied
to the reliability analysis on low cycle fatigue life of a gas turbine disc, which provides a useful reference for reliability analysis on
low cycle fatigue life of gas turbine disc and demonstrates the high computational accuracy and efficiency of NDIRSM.

1. Introduction

There aremany uncertain variables, such as geometry param-
eters, loadings, and material properties, which influence
the safety of structures, so the estimation of the reliability
probability of structures is very important. However, the
performance function (PF) is implicit for themost of practical
engineering structures, so it is very difficult to estimate the
reliability probability of structures with analytic methods. So
in order to calculate the reliability probability of structures,
many methods are proposed. Monte Carlo simulation [1]
(MCS) provides an accurate method to predict failure proba-
bility, but it is very time consuming because it needs toomany
finite element executions, especially for the complex struc-
tures with low failure probabilities. The first-order reliability
method (FORM) and the second-order reliability method
(SORM) [2–5] are difficult to apply to the structure reliability
analysis because the PF of structures generally cannot be
expressed explicitly. Response surface method (RSM) is

an appropriate method to estimate the failure probability,
which approximates the limit state function (LSF), which is
defined as PF=0, with a simple and explicit function with
respect to random variables such as a quadratic polynomial.
It needs a few finite element executions and provides an
accurate result relatively. So it has been studied by many
researchers.

Bucher and Bourgund [6] suggested an iterative RSM
with an adaptive interpolation scheme to improve the accu-
racy of RSM. The response surface function (RSF) is a
quadratic polynomial without cross terms to improve the effi-
ciency. Then the Monte Carlo simulation (MCS) is employed
to obtain the failure reliability. Based on this, Rajashekhar
and Ellingwood [7] proposed an adaptive iterative RSM to
improve the computational accuracy which more iteration is
needed until the convergent condition is achieved.

Kim and Na [8] used the gradient projection method
to select the sample points so that the sample points are
close to LSF, which improve the efficiency and accuracy of
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RSM. Taking into account the knowledge of the engineering,
Gayton et al. [9] proposed an improved RSM. A resampling
technique, which is called Complete Quadratic Response
Surface with Resampling (CQ2RS), is used and a confidence
interval is used to check the result. In order to make full
use of the sample points close to the LSF, Kaymaz and
McMahon [10] proposed an improved RSM, which normal
regression is replaced by a weighted regression, so that the
sample points closer to the LSF can have larger weighted
factors when calculating the coefficients of the RSF. Xuan
Son Nguyen et al. [11] proposed an adaptive RSM based on
a double weighted regression technique, which can improve
the convergence speed and reduce the computational effort.
Soo-Chang Kang et al. [12] propose a RSM based on the
moving least squares approximation. In order to reduce the
computational efforts, a linear polynomial is used in the first
iteration and a quadratic polynomial without mixed terms
is employed for the subsequent iteration. Allix and Carbone
[13] proposed an improved RSM. The sample points are
selected after rotating the coordinate system according to the
sensitivity vector of the LSF in U-space, which improves the
accuracy without increasing the computational efforts. Guan
and Melchers [14] studied on the effect of different values
of the arbitrary factor 𝑓𝑘 (k represents the kth iteration).
It is observed in the paper that the arbitrary factor 𝑓𝑘
has a considerable effect on approximating the LSF and
the shape of the LSF has a great effect on it. The author
suggests that the appropriate value of the arbitrary factor
𝑓𝑘 is around 2 or 3. Gavin and Yau [15] research on the
use of high-order polynomials as RSF. The order of the
polynomial is determined through a statistical analysis of
polynomial coefficients. Compared with the second-order
RSM, more accurate results are reached. Roussouly et al.
[16] proposed an improved RSM that the most important
variables are selected according to the statistical criteria and
cross-validation method with Latin Hypercube Sampling
(LSH) method firstly. Then LHS is refined in a region
of interest defined with respect to an important level on
probability density in the design point. Finally, Bootstrap-
based indicators are adopted to evaluate the influence of the
error on the failure probability. Gaspar et al. [17] proposed an
efficient RSM with the Krigng interpolation models instead
of the quadratic polynomial without cross terms. Goswami
et al. [18] proposed an improved RSM with the moving least-
squares method, which can reduce the number of iteration.
Shayanfar et al. [19] proposed a new efficient RSM, which
is combined with the importance sampling concepts. The
vicinity of the design point is located with the method of
the concepts of importance sampling and an effective two-
step updating role, through which a suitable seedbed for
the subsequent iteration of RSM is obtained. Then the RSM,
with Bucher experimental design, starts to work from the
seedbed. Ali Hadidi et al. [20] proposed an improved RSM
with the exponential RSF instead of quadratic polynomial
without cross terms. The sample points are selected through
a novel approach and an experimental updating technique is
applied. The accuracy and efficiency are improved through
this method.

In order to improve the computational accuracy and
efficiency of RSM, RSM is also studied with some intelligent
algorithms, such as the neural network [21–23] and the
support vector machines [24–26].

In the process of RSM, it can be concluded that the
positions of sample points are very important since the
result of RSM is determined by them to a great extent. And
the positions of sample points in each iteration is up to
the sample points for the first iteration and the arbitrary
factors 𝑓𝑘 (k represents the kth iteration) for the subsequent
iteration, so it is very important to get appropriate sample
points for the first iteration and the arbitrary factors 𝑓𝑘
for the subsequent iteration. In this paper, a new starting
center point is calculated out as the starting center point
which is close to design point for the first iteration and, in
order to make the surrounding sample points close to the
design point, a dynamic factor vector 𝑓1 is proposed for
the first iteration. Then reasonable arbitrary factors f k for
the subsequent iteration are selected according to the design
matrix conditionnumber. Based on these, amodified iterative
response surface method (called as NDIRSM) is proposed.

Inwhat follows, Section 2 introduces the classical iterative
RSM. Based on this, Section 3 modifies the conventional
iterative RSM with a new starting center point and dynamic
factor vector 𝑓1 for the first iteration and reasonable arbi-
trary factors 𝑓𝑘 for the subsequent iteration are determined
according to the design matrix condition number. Section 4
validates NDIRSM with two examples. Section 5 discusses
reliability analysis on low cycle fatigue life of gas turbine disc
with NDIRSM. Section 6 summaries the conclusions.

2. The Classical Iterative Response
Surface Method

In classical iterative RSM, in order to reduce the number
of sample points and improve the efficiency, a quadratic
polynomial without cross terms is employed by Bucher and
Bourgund [6] as the RSF, so only 2n+1 sample points are
needed in each iteration. The quadratic polynomial without
cross terms can be expressed as

𝑔 (𝑥) = 𝑎 +
𝑛

∑
𝑖=1

𝑏𝑖𝑥𝑖 +
𝑛

∑
𝑖=1

𝑐𝑖𝑥2𝑖 (1)

where 𝑔(𝑥) is RSF and a, bi, and ci are the coefficients of
polynomials which represent the RSF; n denotes the number
of random variables.

The values of the coefficients in (1) are evaluated by 2n+1
sample points and their PF values, so the positions of the 2n+1
sample points are very important. The 2n+1 sample points for
the first iteration are starting center point (SCP) 𝑥c, which is
a point at the mean value 𝑥m of the input random variables
𝑥 = [𝑥1, 𝑥2 . . . 𝑥𝑛], and the surrounding sample points 𝑥c ±𝑓𝑘𝜎. Generally, the value of arbitrary factor𝑓k is 3 in classical
RSM.The coefficients of (1) are evaluated by

𝑏 = 𝑥−1𝑔 (2)
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where 𝑏 is the vector of the coefficients of RSF; 𝑔 is the vector
of the corresponding values of PF; 𝑥 is the design matrix,
which is expressed as follows when a quadratic polynomial
without mixed terms is used.

𝑥 =
[[[[[[[
[

1 𝑥11 ⋅ ⋅ ⋅ 𝑥1𝑛 𝑥211 ⋅ ⋅ ⋅ 𝑥21𝑛
1 𝑥21 ⋅ ⋅ ⋅ 𝑥2𝑛 𝑥221 ⋅ ⋅ ⋅ 𝑥21𝑛
... ... ⋅ ⋅ ⋅ ... ... ⋅ ⋅ ⋅ ...
1 𝑥𝑛1 ⋅ ⋅ ⋅ 𝑥𝑛𝑛 𝑥2𝑛1 ⋅ ⋅ ⋅ 𝑥2𝑛𝑛

]]]]]]]
]

(3)

Then the FORM is used to obtain the reliability index 𝛽
and design point 𝑥d.

A linear interpolation proposed by Bucher and Bourgund
[6] (given by (4)) is used to generate a new center point 𝑥c for
the next iteration, which is expressed as

𝑥c = 𝑥m + (𝑥d − 𝑥m) 𝑔m
𝑔m − 𝑔 (𝑥d) (4)

Equation (4) ensures that the new center point 𝑥c is closer
to LSF than design point 𝑥d obtained in previous iteration.

The process above is repeated until an accurate result is
obtained.

3. The Improved Response Surface Method

During to the process of classical RSM, it can be seen that
the key points of RSM are the positions of sample points
for first iteration and arbitrary factors 𝑓𝑘 after the form of
the RSF is selected. In order to improve the computational
accuracy and efficiency of RSM, a new method of selecting
the sample points for first iteration is proposed. Then the
arbitrary factors𝑓𝑘 are calculated out according to the design
matrix condition number of (3). Based on these, NDIRSM is
proposed.

3.1. �e New Starting Center Point. To improve the compu-
tational efficiency and accuracy, a new starting center point
(NSCP) is proposed to replace the SCP in this paper, which is
closer to the design point 𝑥d than the SCP at the mean values
𝑥m of random variables. In order to get the NSCP, a final
direction 𝑢 is constructed, which is approximately pointing
at the design point from the point at mean values in standard
normal space.

Firstly, the point at themean values𝑥m andn surrounding
sample points 𝑥m − 𝑓𝜎 are selected and the corresponding
values of PF 𝑔𝑖 are calculated out.The value of f is 1-3 in some
literatures [7, 8, 10, 12–14, 16] and it is advised that the value
of f is 1.5 since it is used to obtain the basic information of PF
around SCP. Based on the basic information of PF, the change
rate vector 𝜂 around 𝑥m is defined as

𝜂𝑖 = 𝑔𝑖 − 𝑔m𝑓𝜎𝑖 = 𝑟𝑖 (𝜎−1𝑖 ) 𝑖 = 1, 2, 3, ⋅ ⋅ ⋅ , 𝑛; (5)

The components of the vector 𝑟 in (5) are normalizedwith
the expression as follows:

𝑝𝑖 = 𝑟𝑖
max (𝑟𝑗

)
𝑖 = 1, 2, 3, ⋅ ⋅ ⋅ , 𝑛; 𝑗 = 1, 2, 3, ⋅ ⋅ ⋅ , 𝑛 (6)

It can be seen that the value of pi is between -1 and 1.
The absolute value of pi indicates the influence of 𝜎𝑖 on

the value of PF around the mean values 𝑥m. If the absolute
value of pi is larger, it means that 𝜎𝑖 has a greater influence
on the value of PF; to the contrary, if the absolute value of pi
is smaller, it means that 𝜎𝑖 has a less influence on the value
of PF. Regarding the sign of pi, if the sign of pi is negative, it
indicates that −𝑓𝜎𝑖 have a negative influence on the value of
PF while if the sign of pi is positive, it indicates that −𝑓𝜎𝑖 have
a positive influence on the value of PF. Based on these, the
final direction 𝑢 is defined according to the influence of pi on
the value of PF firstly, which is expressed as

𝑢𝑖 =
{{{{
{{{{
{

0.25 × sign (𝑝𝑖𝑔m) 0 ≤ 𝑝𝑖 < 0.3
0.5 × sign (𝑝𝑖𝑔m) 0.3 ≤ 𝑝𝑖 < 0.6
1 × sign (𝑝𝑖𝑔m) 0.6 ≤ 𝑝𝑖 ≤ 1

𝑖 = 1, 2, 3, ⋅ ⋅ ⋅ , 𝑛

(7)

where sign(𝑝𝑖𝑔m) is a sign function, which is expressed as

sign (𝑝𝑖𝑔m) =
{{{{
{{{{
{

−1 𝑝𝑖𝑔m < 0
1 𝑝𝑖𝑔m > 0
0 𝑝𝑖𝑔m = 0

𝑖 = 1, 2, 3, ⋅ ⋅ ⋅ , 𝑛 (8)

Equation (8) ensures that the final direction points to LSF
in standard normal space no mater 𝑔m is greater or less than
zero.The vector obtained with (8) is called as initial direction
vector 𝑣.

The coefficients before sign(𝑝𝑖𝑔m) in (7) are the weight
coefficients, which are selected between 0 and 1 according
to the absolute value of pi, so the coefficients represent the
influence of 𝜎𝑖 on the value of PF. Though the coefficients
can be selected by others to represent the influence of 𝜎𝑖
on the value of PF, the values of coefficients in (7) are
accuracy enough for the proposed method. The coefficients
after sign(𝑝𝑖𝑔m) in (7) are used to divided the range of 𝑝 into
corresponding number of approximately equal intervals.

It can be concluded from many examples in many
literatures [7, 8, 10, 12–14, 16] that the components of exact
direction vector (𝑥d−𝑥m)./𝜎 𝑒𝑑 (pointing at the design point
in standard normal coordinates) have positive correlations
with the components of vector 𝑝, and the direction of exact
direction vector 𝑒𝑑 and the final direction 𝑢 are located
closely, which is also demonstrated with the examples in
Sections 4 and 5. So the NSCP, which is close to LSF, obtained
along the final direction is close to design point.

However, for many problems in many literatures [7, 8,
10, 12–14, 16], the biggest value of the components of exact
direction vector (𝑥d − 𝑥m)./𝜎 𝑒𝑑 is around 2, so 2 is selected
as the biggest coefficients before sign(𝑝𝑖𝑔m) in (7), so the
coefficients before sign(𝑝𝑖𝑔m) in (7) are multiplied by 2 and
(7) becomes the following:
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Figure 1: Process of obtaining the coefficient s.

𝑢𝑖 =
{{{{
{{{{
{

0.5 × sign (𝑝𝑖𝑔m) 0 ≤ 𝑝𝑖 < 0.3
1 × sign (𝑝𝑖𝑔m) 0.3 ≤ 𝑝𝑖 < 0.6
2 × sign (𝑝𝑖𝑔m) 0.6 ≤ 𝑝𝑖 ≤ 1

𝑖 = 1, 2, 3, ⋅ ⋅ ⋅ , 𝑛

(9)

Then the final direction 𝑢 is obtained.
At last, the NSCP is sought for along the final direction

with

𝑥NSCP = 𝑥m + 𝑠 × 𝑢. × 𝜎
= 𝑥m + 𝑠 × (𝑢1𝜎1, 𝑢2𝜎2, ⋅ ⋅ ⋅ , 𝑢𝑛𝜎𝑛)

(10)

where .× means the multiplication of the corresponding
between two vector as shown in Eq. (10). s is a coefficient. For
𝑔m > 0, if the value of s becomes large, the PF value 𝑔NSCP
of 𝑥NSCP will become small; if the value of s becomes small,
the PF value 𝑔NSCP of 𝑥NSCP will become large. For 𝑔m < 0, if
the value of s becomes small, the PF value 𝑔NSCP of 𝑥NSCP will
become small; if the value of s becomes large, the PF value
𝑔NSCP of 𝑥NSCP will become large. So the PF value 𝑥NSCP can
be close to zero along the final direction through changing
the value of s. The criterion close to zero is that the absolute
value of 𝑔NSCP is less than 𝑔m/10 and the value of 𝑔m/10 is
a compromise of the efficiency and accuracy. The details of
searching for NSCP are shown in Figure 1.

The process of obtaining the final direction and 𝑥NSCP is
shown in Figure 2. The initial direction vector obtained by
(8) constructs a direction that is pointing to the LSF.The final
direction vector 𝑢 obtained by (9) forms a direction that is
approximately pointing at design point. The exact direction
in Figure 2 is pointing at design point. It can be seen from
Figure 2 that the final direction and the exact direction are
closely located compared with the initial direction and the

LSF
design point
NSCP
initial direction

final direction
exact direction
SCP

−3 −2 −1 0−4
−0.5

0

0.5

1

1.5

2

2.5

3

3.5






Figure 2: Process of obtain the final direction and NSCP.

NSCP, which is in the final direction, is close to the design
point.

3.2.�e Value of the Arbitrary Factor 𝑓𝑘. The arbitrary factor
𝑓𝑘 can affect the approximation of LSF since the positions
of surrounding sample points are determined by it after the
center point is determined. If the arbitrary factor 𝑓𝑘 is too
small, the sample points only have an effect on a small region
and even (2) to evaluate coefficients of the RSF becomes ill-
conditioned. If the arbitrary factor 𝑓𝑘 is too large, the details
between the sample points may be neglected, and even a
wrong result may be calculated out when the LSF is highly
nonlinear around the design point. So an appropriate value
of the arbitrary factor 𝑓𝑘 is very important. And as stated
in Section 3.1, it is advised that the value of f is 1-3 in some
literatures [7, 8, 10, 12–14, 16]. The value of arbitrary factor
𝑓𝑘 should be large firstly so that the algorithm can expend
the searching region. After a center point close to the design
point is found, the value of arbitrary factor𝑓𝑘 should be small
to obtain the details of LSF around the design point. Based
on these, a new method of selecting the arbitrary factor 𝑓𝑘 is
proposed.

3.2.1. Dynamic Factor Vector 𝑓1 for the First Iteration. If the
PF value of sample point 𝑥 is close to zero, it indicates that the
sample point 𝑥 is close to LSF; to the contrary, it indicates that
the sample point 𝑥 is away from LSF. The PF value 𝑔NSCP of
𝑥NSCP is close to zero so theNSCP is very close to LSF. In order
to make the sample points around the NSCP close to LSF, 𝑓1𝑖
should be inversely proportional to the change rate of LSF
with respect to 𝜎𝑖. However, the change rate of LSF around
the 𝑥NSCP cannot be obtained, so a change rate defined in (5)
of PF around the 𝑥m is employed to approximately substitute
the change rate of LSF around the 𝑥NSCP, and the parameter
obtaining the factor 𝑓1𝑖 is expressed as
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Figure 3: Process of calculating the factor 𝑓𝑘.

𝜆𝑖 =
min (𝑟𝑗

)𝑟𝑖 𝑖 = 1, 2, 3, ⋅ ⋅ ⋅ , 𝑛; 𝑗 = 1, 2, 3, ⋅ ⋅ ⋅ , 𝑛 (11)

ri is the change rate of PF with respect to 𝜎𝑖 as shown in
(5). It can be seen that 0 < 𝜆𝑖 ≤ 1. Then in order to make
the value of f in the range of 1-3, an exponential function is
employed expressed as

𝑓1𝑖 = 3𝜆𝑖 𝑖 = 1, 2, 3, ⋅ ⋅ ⋅ , 𝑛 (12)

Then the surrounding sample points can be obtained
through 𝑥m ± 𝑓1𝑖 𝜎, which are close to LSF. The surrounding
sample points obtained with dynamic factor vector are shown
in Figures 6 and 9.

3.2.2. Factors 𝑓𝑘 for the Subsequent Iteration. In order to
evaluate the reliability index accurately, the arbitrary factor
𝑓𝑘 should be as small as possible on the condition of
the design matrix condition number of (3) not being ill-
conditioned, when the center point is close enough to the
design point. After the calculation of the first iteration, the
center point is very close to the design point, so the arbitrary
factor 𝑓𝑘 should be as small as possible on the condition
of the design matrix condition number of (3) not being ill-
conditioned. In order to select appropriate values of arbitrary
factor 𝑓𝑘 for the subsequent iteration, a method according to
the design matrix condition number of (3) is proposed.

The details of the method are shown in Figure 3. It can be
seen from Figure 3 that the least value of factor 𝑓𝑘 obtained
with this method is 0.1 and the largest value of factor 𝑓𝑘
obtained with this method is 3. If the condition number
of design matrix is small enough, the algorithm decreases
the factor 𝑓𝑘 to improve the computational accuracy and
efficiency of RSM; if the condition number of design matrix
is too large, it can be decreased through increasing the value
of factor 𝑓𝑘. Thus the algorithm can obtain a factor 𝑓𝑘
as small as possible on the condition of the design matrix
condition number not being ill-conditioned, and the RSF can
approximate the LSF accurately around the design point.

3.3. �e Procedure of NDIRSM. To improve the compu-
tational accuracy and efficiency of RSM, the NSCP and
dynamic factor vector are proposed for the first iteration.
The sample points generated with the NSCP and dynamic
factor vector are close to LSF around the design point, so
an accurate reliability index 𝛽 can be obtained after the
first iteration. Then the RSF is established with a quadratic
polynomial without cross terms. Reliability index 𝛽 and
design point 𝑥d are calculated out through FORM. For the
subsequent iteration, the design point 𝑥d is selected as the
center point for the next iteration and an appropriate factor
𝑓𝑘 is obtained with the method in Section 3.2.2, which can
improve computational accuracy and efficiency.

The result of reliability analysis of RSM is reliability index
𝛽, so the algorithm can be stopped when reliability index 𝛽
satisfies a certain precision and the stopping criterion can be
expressed as

𝛽𝑘 − 𝛽𝑘−1
𝛽𝑘 < 𝜀 (13)

where 𝛽 is the reliability index and k indicates the kth
iteration. 𝜀 is equal to 0.001. Then NDIRSM is formed, the
process of which is shown in Figure 4.

4. Verification of NDIRSM with
Testing Examples

In this section, two mathematical problems are used to
demonstrate the computational accuracy and efficiency of
NDIRSM.

4.1. Example One: An Exponential Function. The first exam-
ple is an exponential function, expressed as

𝑔 (𝑥) = exp [0.4 (𝑥1 + 2) + 6.2] − exp (0.3𝑥2 + 5.0)
− 200 (14)

where 𝑥1 and 𝑥2 are independent variables and have a
standard normal distribution, respectively. This example is
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Figure 4: Process of NDIRSM.

studied by many researchers [11, 12, 16, 27, 28]. Some of the
results are shown in Table 1.

According to NDIRSM proposed in this paper, the initial
sample points for calculating the NSCP are 𝑥m (0 0), 𝑥1
(0 -1.5) and 𝑥2 (-1.5 0) and the corresponding values of PF
are 748.220, 254.432 and 802.000. Based on these, the initial
direction vector 𝑣, which is [−1 1], is calculated out according
to (8) and the final direction vector, which is [−2 0.5], is
calculated out by (9). Finally, the NSCP is obtained with the
method in Section 3.1.

It can be seen from Figure 5 that the initial direction 𝑣 is a
direction along which the value of PF is close to zero and the
final direction𝑢 is approximately pointing at the design point.
The final direction 𝑢 and the exact direction 𝑒𝑑 are located
closely compared with the initial direction. Figures 5 and 6
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Figure 5: The new starting center point and directions.
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Figure 6: Sample points for the first iteration.

show that the NSCP is very close to the design point, which
is easier to find the design point than SCP at the mean values
𝑥m.

The appropriate factor 𝑓𝑘 can be obtained with the
method in Section 3.2 for each iteration. The dynamic factor
vector 𝑓1 obtained by the method in Section 3.2.1 for the
first iteration is [1.1268 3.0000] and the surrounding sample
points obtained with 𝑓1 are shown in Figure 6, from which it
can be seen that the sample points are closer to LSF compared
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Table 1: Results of example 1.

method 𝛽 𝑥1 𝑥2 Number of sample
points

FORM [12] 2.7099 -2.5398 0.9450 27
NDIRSM 2.7099 -2.5398 0.9449 13
Method in [11] 2.707 -2.567 0.860 12
Method in [12] 2.7100 -2.5411 0.9417 12
Method in [27] 2.7099 -2.5478 0.9236 Not avail.
Method in [28] 2.7103 -2.538 0.951 21

Table 2: Successive results of example 1 with different methods.

items 𝛽 (NDIRSM) 𝛽 (classical RSM)
𝑓𝑘 = 3 𝑓𝑘 = 2 𝑓𝑘 = 1 𝑓𝑘 = 0.1

First iteration 2.7093 2.1222 2.8610 2.5132 1.5308
Final result 2.7099 2.7113 2.7102 2.7099 2.7099
Number of sample points 13 29 23 17 17
Number of iteration 2 5 4 3 3
𝑥1 -2.5398 -2.5725 -2.555 -2.5437 -2.5397
𝑥2 0.9449 0.8566 0.9033 0.9344 0.9453

with classical RSM. For this example, the center point for
second iteration is almost the same place as the design point,
which is shown in Figure 7. So the value of 𝑓2 obtained with
the method in Section 3.2 is relatively small and the details
around the design point is obtained, which can improve the
computational accuracy and efficiency of RSM.

The final result with NDIRSM proposed in this paper is
shown in Table 1. The algorithm is converged in 2 iterations
with 13 sample points. The reliability index in this paper
is calculated out with FORM, so the result of FORM is
considered as the exact result. In terms of the reliability index
𝛽 and design point 𝑥d, it can be seen from Table 1 that the
NDIRSM proposed in this paper can achieve a more accurate
solution with almost the same number of sample point that
represents the efficiency of algorithm.

The processes of iteration are listed in Table 2 including
the NDIRSM proposed in this paper and classical RSM
with different 𝑓𝑘. The NDIRSM is converged after two
iterations, which is fewer than classical RSM. Compared with
the classical RSM, an accurate reliability index in the first
iteration is obtained through NDIRSM, which lead to a fewer
iteration. Compared with the exact result listed in Table 1, a
more accurate result is obtained by NSIRSM in terms of the
design point and reliability index.

It can be seen from Table 2 that it needs only one more
iteration for the classical RSM with 𝑓𝑘 =0.1 compared with
NDIRSM. That is, only 4 more sample points are required
to get almost the same result. However, there are many input
variables for practical engineering problems andmore sample
points are required for each iteration with classical RSM. So
the NDIRSM can improve the efficiency of RSM significantly
for the problems with many input variables.

The final direction vector 𝑢 of this example is [−2,
0.5]. The exact direction vector (𝑥d − 𝑥m)./𝜎 𝑒𝑑 is
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Figure 7: Sample points for the second iteration.

[−2.5398, 0.9450], which is obtained with the reference
result listed in Table 1. Then the 𝑒𝑑 is transformed with
the equation 𝑒𝑑𝑖 = 𝑒𝑑𝑖/max(|𝑒𝑑|) × 2 to keep the biggest
value of edi equal to the biggest value of ui and the result is
[−2, 0.744]. It can be seen that the values of the corresponding
components ui and edi are equal to or close to each other,
which indicates that the directions they represent are close
to each other as shown in Figure 5.

4.2. Example Two: A Cantilever Beam. This example is a
cantilever beam with a rectangular cross, which is subjected
to uniformly distributed loading. The maximum deflection
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Table 3: Results of example 2.

method 𝛽 𝑥1 𝑥2 Number of sample
points

FORM [20] 2.3309 0.588 -2.256 30
NDIRSM 2.3309 0.5860 -2.2560 21
Method in [9] 2.318 0.586 -2.243 24
improved RSM(𝑓𝑖 = 1) [13] 2.33 0.595 -2.258 50
proposed iRSM [20] 2.3310 0.580 -2.258 30
Method in [27] 2.3309 0.5946 -2.2530 Not avail.
Method in [28] 2.3302 0.595 -2.253 19

is greater than l/325. The performance function is expressed
as:

𝑔 = (𝑤 × 𝑏) 𝑙
4

8𝐸𝐼 + 𝑙
325 (15)

Where 𝑤 denotes the load per unit area; b and l denotes
the width and length of the beam, respectively; E is the
elastic modulus and I is the moment of inertia of the
cross section. E and l equal to 2.6 × 104MPa and 6m,
respectively, as deterministic parameters. x1 and x2 represent
the random values of the load 𝑤 and the height h, with
𝑥1 ∼ 𝑁(0.001,0.00022) and 𝑥2 ∼ 𝑁(250.0,37.52). Then the
following function is obtained.

𝑔 (𝑥) = 18.46154 − 7.476923 × 1010 𝑥1𝑥32 (16)

This example is a polynomial with division, which is
studied by many researchers [9, 13, 20, 27, 28]. Some of the
results are shown in Table 3.

In order to calculate the NSCP, the point at the mean
values [0.001, 250.0] and 2 surrounding sample points 𝑥m −𝑓𝜎, which are [0.0007, 250] and [0.001, 193.75], are selected.
The corresponding values of PF are 13.6763, 15.1119 and
8.1814. The initial direction vector 𝑣, which is [1, −1], is
calculated out with (8).Then the final direction vector, which
is [0.5, −2.0], is calculated out by (9). Finally, the NSCP is
obtained with the method in Section 3.1.

It can be seen from Figure 8 that the initial direction 𝑣 is a
direction along which the value of PF is close to zero, and the
final direction𝑢 is approximately pointing at the design point.
The final direction 𝑢 and the exact direction 𝑒𝑑 are located
closely compared with the initial direction. Figures 8 and 9
show that the NSCP is very close to the design point, which
is easier to find the design point than SCP at the mean values
𝑥m.

The appropriate factor 𝑓𝑘 can be obtained with the
method in Section 3.2 for each iteration. The dynamic factor
vector 𝑓1 obtained by the method in Section 3.2 for the first
iteration is [1.1268 3.0000] and the sample points obtained
with 𝑓1 is shown in Figure 9, from which it can be seen that
the sample points are closer to the LSF compared with the
classical RSM. For this example, the center point for the third
iteration is very close to the design point, which is shown in
Figure 10. So the value of 𝑓3 obtained with the method in
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Figure 8: The new starting center point of example 2.

Section 3.2 is relative small so the details around the design
point is obtained, which can make a precise result.

The final result of NDIRSM proposed in this paper is
shown in Table 3. The algorithm is converged in 3 iterations
with 21 sample points. The result of FORM is considered as
the exact result. It can be seen from Table 3 that NDIRSM
can achieve a more accurate solution with less sample points
that represents the efficiency of the algorithm.

The processes of iteration are listed in Table 4 including
the NDIRSM and the classical RSM with different 𝑓𝑘.
NDIRSM is converged after three iterations, which is fewer
than the classical RSM. Compared with the classical RSM,
an accurate reliability index in the first iteration is obtained
through the proposed RSM, which leads to a fewer iterations.
So NDIRSM improves the computational efficiency and the
result obtained by NDIRSM is more accurate compared with
the other results in Table 3.

For this problem, only 5 sample points are required for
each iteration and 7 sample points are required to obtain the
NSCP, which lead to that the NDIRSM has not improved the
efficiency significantly compared with the classical RSMwith
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Table 4: Successive results of example 2 with different methods.

items 𝛽 (NDIRSM) 𝛽 (classical RSM)
𝑓𝑘 = 3 𝑓𝑘 = 2 𝑓𝑘 = 1 𝑓𝑘 = 0.1

First iteration 2.3068

Not convergent

2.6436 3.0522 3.1888
Final result 2.3309 2.3527 2.3332 2.3309
Number of sample points 21 83 29 23
Number of iteration 3 14 5 4
𝑥1 0.5860 0.2898 0.5080 0.5937
𝑥2 -2.2560 -2.3348 -2.2773 -2.2540
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Figure 9: Sample points for the first iteration of example 2.

𝑓𝑘 =0.1. However, there are many input variables for practical
engineering problems. So many sample points are required
to obtain the result for each iteration, which is more than the
sample points required to obtain NSCP. Thus NDIRSM can
improve the efficiency significantly.

The final direction vector 𝑢 of this example is [0.5, −2].
Then the exact direction vector 𝑒𝑑 obtained with the refer-
ence result listed in Table 3 is transformed with the same
method as example 1 and the result is [0.521, −2.000]. It can
be seen that the values of the corresponding components ui
and edi are almost the same and the directions they represent
are close to each other as shown in Figure 8.

4.3. A Summarize. The two examples above illustrate the
computational accuracy and efficiency of NDIRSM. The
results of classical RSM listed in Tables 2 and 4 show that
the values of arbitrary factor 𝑓𝑘 have a great influence on
the computational accuracy and efficiency. If the center point
around the design point is found, a small value of arbitrary
factor 𝑓𝑘 will benefit the accuracy of reliability index on the
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Figure 10: Sample points for the third iteration of example 2.

condition of the design matrix condition number of (3) not
being ill-conditioned, which can also improve the efficiency.
It can be concluded from Tables 1 and 3 that a SCP close to
LSF is also helpful to improve the computational accuracy
and efficiency.

TheNDIRSMproposed in this paper calculates the NSCP
and dynamic factor vector for the first iteration, whichmakes
the sample points very close to the LSF around design point.
Then in Section 3.2, the values of arbitrary factor 𝑓𝑘 are
selected according to the design matrix condition number
of (3) and an appropriate value is obtained. The results
listed in Tables 1 and 3 show that NDIRSM improves the
computational accuracy and efficiency of RSM.

5. Probabilistic Analyses on Low Cycle Fatigue
Life of Gas Turbine Disc

Gas turbine disc is a critical component of an aero-engine.
The large centrifugal loading and temperature gradient make
the gas turbine disc suffering a significant tensile stress, which
leads to low cycle fatigue (LCF) being one of the main failure
models [29]. At the same time, there are many uncertain
variables, such as the gas turbine geometry parameters,
loadings, and material properties, which influence the LCF
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1/57

Figure 11: The geometric model of gas turbine disc with blades.

life of gas turbine disc, so the LCF life of gas turbine disc
shows a significant scattering in nature [30–34]. Thus, it
is necessary to analyse the failure probability of LCF life
of gas turbine disc to reduce the risk. Besides, the input
variables make it very complicated and time consuming
to analyse the LCF life of gas turbine disc, especially for
the reliability analyses. This section NDIRSM is applied to
complete the reliability analyses on LCF life of gas turbine
disc.

5.1. Gas Turbine Disc Model and Input Variables. A simplified
model of gas turbine disc with blades, which is made of
GH4169 superalloy, is selected as the study object.The turbine
disc with blades is a cyclic symmetry structure. So a sector of
the gas turbine disc with blade, which is 1/57 gas turbine disc,
is created and the geometric model is shown in Figure 11. An
appropriate symmetry boundary constraint is imposed on the
sector disc. A general surface-to-surface contact is defined
to represent the contact interaction between the blade and
disc, which is a highly nonlinear behavior and requires larger
computing resources. So it is very time consuming to perform
reliability analysis on the turbine disc with blade. In order
to improve the computational accuracy and efficiency, the
NDIRSM proposed in this paper is used.

In the reliability analysis of the gas turbine disc with
blades, there are many input random variables: T1 represents
the temperature on the upper of blade leading edge; T2
represents the temperature on the lower of blade leading edge;
T3 represents the temperature on the upper of blade trailing
edge; T4 represents the temperature on the lower of blade
trailing edge; T5 represents the temperature on the root of
the tenon; T6 represents the temperature on the rim of the
disc; T7 represents the temperature on the lowest edge of the
disc; 𝑤 represents the angular velocity; E1 and E2 represent
the Young’s modulus of the blade and disc, respectively; u1
and u2 represent the Poisson ratio of the blade and disc,
respectively; p1 and p2 represent the density of the blade
and disc, respectively; a1 and a2 represent the expansion
coefficient of the blade and disc, respectively. The values and
properties of them are listed in Table 5. So the input random
vector is defined as

𝑥 = [𝐸1, 𝐸2, 𝑢1, 𝑢2, 𝑝1, 𝑝2, 𝑎1, 𝑎2, 𝑤, 𝑇1, 𝑇2, 𝑇3, 𝑇4, 𝑇5, 𝑇6, 𝑇7] (17)

5.2. Low Cycle Fatigue Life of Gas Turbine Disc. The finite
element model and the result of the finite element execution
are shown inFigure 12. It can be seen that themaximumstress
is located in the corner of the third lower slot of the fir-tree
rim region. So the LCF life in this location determines the
LCF life of the gas turbine disc and the reliability analysis on
the gas turbine disc LCF life is focused on the fir-tree rim
region.

In order to predict the LCF life of the gas turbine disc,
the Morrow formula [35, 36], which is an improvement of
theManson-Coffin [37, 38] formula by taking the mean stress
into consideration, is employed. It can be expressed as

Δ𝜀t
2 = 𝜎


f − 𝜎m
𝐸 (2𝑁f)𝑏 + 𝜀f (2𝑁f)𝑐 (18)

where Δ𝜀t is the strain range; the 𝜎f is the is the fatigue
strength coefficient; 𝜎m is the mean strain; 𝜀f is the fatigue
plasticity coefficient; b is the fatigue strength exponent; c is
the fatigue plasticity exponent and 𝑁f is the structural LCF
life.Then the LCF life of gas turbine disc can be obtained with
(18).

5.3. Probabilistic Analysis on Low Cycle Fatigue Life of
Gas Turbine Disc

5.3.1. Obtain the Allowed LCF Life of the Gas Turbine Disc
according to Reliability Probability. After the LCF life of the
gas turbine disc 𝑁f (𝑥) is calculated out with (18), the PF of
the gas turbine disc LCF life can be expressed as

𝑔 (𝑥) = 𝑁f (𝑥) − 𝑁allow (19)

𝑁allow denotes the allowed LCF life of the gas turbine disc.
The reliability probability value of the LCF life of gas

turbine disc should be greater than or equal to 99.87%and the
corresponding reliability index is 3.0115 which is obtained by
𝑝𝑓 = Φ(−𝛽). In order to get the value of 𝑁allow and analysis
the relationship between the reliability index and 𝑁allow, the
reliability index is calculated out when𝑁allow is equal to 1000,
1500, 1750, 2000, 2250, 2500, 2750, 3000, 3500 and 4000, and
the reliability index is obtained through NDIRSM.

The variation of the reliability probability with the𝑁allow
is presented in Figure 13(a). It can be seen that the reliability
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Table 5: Random properties.

Random variables Distribution type Mean(unit) Standard division
Material properties:

E1 normal 152(GPa) 2100
E2 normal 168.5(GPa) 200
u1 normal 0.32 2100
u2 normal 0.32 100
p1 normal 8.24 × 103 (Kg/m2) 750
p2 normal 8.24 × 103 (Kg/m2) 750
a1 normal 1.48 × 10−5(0C−1) 750
a2 normal 1.48 × 10−5(0C−1) 750

Multi-physical loads:
𝑤 normal 1357.168(rad/s) 13.57168
T1 normal 803(0C) 8.03
T2 normal 705(0C) 7.05
T3 normal 765(0C) 7.65
T4 normal 670(0C) 6.70
T5 normal 500(0C) 5.00
T6 normal 625 (0C) 3.25
T7 normal 320(0C) 3.20

920.834

819.112

717.391

615.669

513.947

412.225

310.504

208.782

107.060

5.339

Figure 12: The finite element model and magnified Nodal von Mises equivalent stress distribution.

probability decreases with the increase of𝑁allow and the LCF
life is around 2000 when the reliability probability is equal to
99.87%. In order to get an accurate allowed LCF life 𝑁allow,
the data of the reliability index and the logarithm of LCF life
of the gas turbine disc is fitted with a quadratic polynomial
presented in Figure 13(b), according to which the allowed
LCF life 𝑁allow is 1943.94 when reliability index is equal to
3.0115.The allowed LCF life is an integer, so the allowed LCF
life𝑁allow should be equal to 1943 to ensure the reliability.

5.3.2. Reliability Analysis. After the PF is obtained, reliability
analyses on LCF life of gas turbine disc can be performed
with NDIRSM. The processes of calculating the reliability
index are listed in Table 6 including the NDIRSM and
classical RSM with different 𝑓𝑘 when the allowed LCF life
𝑁allow is 1943. NDIRSM is converged in three iterations with

117 finite element method executions, which is fewer than
the classical RSM. It indicates that NDIRSM has a high
efficiency.

According to the results listed in Tables 2 and 4, the
reliability index obtained with small values of f k is very close
to the exact reliability index.The results listed in Table 6 show
that the reliability index calculated out with NDIRSMand the
classical RSM are equal with each other approximately, which
proves the correctness of the proposed RSM. The values of
the PF with respect to the design point calculated out with
different methods are listed in Table 6. It can be seen that the
value of the PF at design point calculated out with NDIRSM
is closer to zero than classical RSM. Since the design point is
a point on the LSF, the value of the LSF at the exact design
point should be equal to zero. So the value of PF at design
point can be applied to illustrate the accuracy of the RSM and
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Figure 13: Reliability probability of gas turbine disc.

Table 6: Successive results.

items 𝛽 (NDIRSM) 𝛽 (classical RSM)
𝑓𝑘 = 3 𝑓𝑘 = 2 𝑓𝑘 = 1

First iteration 3.0406 1.8607 1.8883 1.8183
Final result 3.0036 3.0102 3.0051 3.0027
Number of iterations 3 4 5 4
Number of sample points 117 135 169 135
Value of PF at design point -0.2325 -2.4131 -1.2155 0.4532

the value of PF at design point listed in Table 6 demonstrates
the accuracy of the result obtained by NDIRSM.

Some primary components of the final direction vector
𝑢 are listed in Table 7 and the corresponding components
of exact direction vector (𝑥d − 𝑥m)./𝜎 𝑒𝑑 are obtained with
RSM3. Then 𝑒𝑑 is transformed with the same method as
example 1 and the results are listed in Table 7. It can be seen
that the most values of the corresponding components ui and
edi are close to each other, which means that the directions
they represent are located closely to each other.

6. Conclusions

The aim of this study is to develop an accurate and efficient
reliability analysis method and a modified RSM called as
NSIRSM for reliability analysis is proposed in this paper. For
the first iteration, a NSCP, which is very close to the design
point, is calculated out as the SCP; a dynamic factor vector
is used to make the surrounding sample points close to LSF.
For the subsequent iteration, the center point is the design
point calculated out in the previous iteration and reasonable
arbitrary factors are obtained according to the design matrix
condition number, which makes the surrounding sample
points close to LSF. Thus the algorithm can improve the
accuracy and get a fast convergence. Several examples are

employed in Section 4 to demonstrate the advantages of
NDIRSM and the results show that NDIRSM improves
the computational accuracy and efficiency of RSM. The
comparison of the results of the classical RSM and NDIRSM
indicates that NDIRSM can obtain a good result after the
first iteration. The results obtained by the classical RSM
with different arbitrary factors illustrate that the value of the
arbitrary factor has a great influence on the computational
accuracy and efficiency of RSM. A small value of the arbitrary
factor will benefit the computational accuracy and efficiency
if a center point around the design point is found.

Then NDIRSM is applied to analyse the reliability prob-
ability of the LCF life of the gas turbine disc. The reliability
probability of the LCF life of the gas turbine disc is calculated
out with the classical RSM and NDIRSM. The comparison
of them illustrates the efficiency and correctness of NDIRSM
and the values of PF at design point demonstrate the accuracy
of NDIRSM. The relationship between the logarithm of LCF
life of gas turbine disc and the reliability index is obtained,
according to which the allowed LCF life of the gas turbine
disc can be got when the reliability probability is greater
than or equal to a threshold value. This provides a useful
reference for reliability analysis on low cycle fatigue life
of gas turbine disc and enriches the theory of mechanical
design.
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Table 7: Some components of exact direction vector 𝑒𝑑 and final direction 𝑢.

variables E1 p1 a1 E2 u2 p2 a2 𝑤 T5 T6
𝑒𝑑𝑖 0.130 1.731 -1.458 -0.287 -0.131 0.251 1.370 2.000 0.124 -0.973
𝑢𝑖 0.500 2.000 -1.000 -0.500 -0.500 0.500 0.500 2.000 0.500 -0.500
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